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7. SUPPLEMENT TO “MULTISCALE CHANGE-POINT INFERENCE”

In this supplement we collect the proofs of the main assertions in the paper together with

some auxiliary lemmas. We further give more general versions of some results in the paper.

7.1. Large deviation and power estimates. We begin by recalling some large deviation
results for exponential families. By D(4)| |§) we will denote the Kullback-Leibler divergence
of Fy and Fy, i.e.

D(6|Jf) = /Rfew log J2(2) j j

@) dv(z) = $(0) — ¢(0) — (60 — )m(0). (43)

With the techniques used in (?, Thm.7.1) it is readily seen that for a sequence of indepen-
dent and Fj-distributed r.v. Y7,...,Y,, one has that

P (? —m(6) > 7]) < UD(O]0+e)—ne) (44)

for all € > 0 such that 0 + ¢ € ©. The following restatement of inequality turns out

to be very useful.

Lemma 7.1. Let Y = (Y7,...,Y,) be independent random variables such that Y; ~ Fj
and assume that § > 0 is such that 6 + J € ©. Then,

P(m (V) > 0+ ) < e PO,
Proof. First observe that according to
P(m  (Y) > 0+6) =P —m(0) >m(0 + ) — m(0))
< exp(n(D(0]|0 + ) — (m(0 + &) — m(0))J)).
Now it follows from that
D(0]|0 + 6) — (m(0 + 6) —m(0))6 = (0 + 6) — ¥ (0) —m(0 + )0
= —(¥(0) = (0 +0) = (0 = (0+0))m(0 +9))
— —D(6 + 4]|6).
U

From (44)) we further derive a basic power estimate for the likelihood ratio statistic (4]).

Lemma 7.2. Let Y = (Y3,...,Y,) be independent random variables such that Y; ~ Fj
and assume that § € R is such that § +§ € ©. Then,

P (T7(Y,0+0) > q) > 1 —exp (n inf [D(eue te)— %D(&HG +0) + %D .

€€[0,4]
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Proof. For
J(Y,0) = 6(Y) — (YO —(0))
we obtain
JY,0+6)=J,0)—06Y —(0) + (0 +6). (45)
Thus, we have
(g, m,9) TH(Y, 0 +9)

J(Y,0) - 8§Y

=P > q)
P(JY 6+ ) >%>
P (v > L y(0+0)+v(0))
2P<—5Yzﬁ—w(0+6)+w<9)),

where in the last inequality holds since J(z,0) > 0 for all x € R and § € ©. Now, let us
first assume that 0 > 0. Then by we find

P(—57z%—¢(9+5)+¢(9)) :P(?—m(e)g—%+w> (46)

Combining this with the large deviation inequality (44 @ ) yields

[1(g.n.6) > 1 —exp (n(D(0]]6 +2) = D016 + ) + ) .

for all 0 < e < §. The case when § < 0 follows analogously. 0

For Gaussian observations the estimate can be made explicit.

Lemma 7.3. Let Y;,...,Y, be i.i.d. random variables such that ¥; ~ A(0,1) and let
x4 = max(0,z) for € R. Then,

P(17(V.0) 2 ) 21— exp (5 (vVis - vE1) ). (47)

Proof. Since D(0]|0 + ¢) = £2/2 we find that
: € eq d/n g \° 1 2
t n[D ~<p I (VAL I /2
nf n D0 +e) = 5DO]16 +0) + né} 2 ( 2 5\/5) =73 (ﬁé q) ’
if \/nd > /2q. O

7.2. Proof of Theorem 2.1} Throughout this section we will assume that Y = (¥7,...,Y},)
are independent and identically distributed random variables with Y; ~ Fy and 6 € ©O.
Without loss of generality we will assume that m(f) = ¢(f) = 0 and v(f) = ¢(§) = 1.
Moreover, assume that (¢, )nen satisfies and introduce Z(¢,,) = {(i,7) : j—i+1 > ¢,n}.
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We start with some approximation results for the extreme value statistic of the partial sums
Y.

(2

Lemma 7.4. There exist i.i.d standard normally distributed r.v. Z;,..., Z, on the same

probability space as Y7,...,Y, such that

lim +/logn I)HE%X (\/j—l+ “Y‘— )—0 a.s.
n—00 (4,7)EZ(cn)
Proof. We define the partial sums S = 0 and S} Y] + ...+ Y, and observe that

(j—z’+1)|?j| = ’S]Y - S}:J. Analogously we define SZZ. Now let (Z,j) such that j—i4+1 >
nc, and observe that
S B it 1 | D i B el A R & el il
— max ————.
vVi—1+1 vVi—1+1 Vvne, Jne, oglg}i ney,
It follows from the KMT inequality (?, Thm. 1) and that

Y _ oz
v/log n max M

0<i<n nc,

=o0(1) as.

Lemma 7.5.

2T (Y,0) — /5 —i+1

max
(3,7)EZ(cn

Proof. Set € = m~! and note that £ is strictly increasing. Since © is open, there exists
for each given ¢’ > 0 a ¢ > 0 such that £(B;(0)) C Bs(0) C ©. Next define the random
variable

Y’

L, = max j—1+1.

1<i<j<n
Then it follows from Shao’s Theorem (?) that L,/v/logn converges a.s. to some finite

constant and we hence find that
logn L,
< — 0 a.s.
=V ne, iogn

Thus, for each € > 0 there exists an index ny = ng(e) € N such that for all n > ng

P ( max
(i,9)€Z(cn)

In other words, £(Y ) € Bs(f) uniformly over Z(c ) Wlth probability not less than 1 — e.
Consequently, (b(YZ) — maxgpeo 0Y — ¥(0) = £(Y)Y] — (6(Y Z)) which in turn implies
that

Y?

max
(3,5)€Z(cn)

?{(25 <e.

J(Y],0) = 6(Y]) — Y +4(0) = (£(Y)) = O)Y) — (W(&(Y])) — 4(6)).
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Taylor expansion of 1 around # gives (recall that ¢)(8) = 0 and ¢(§) = 1)
V(EYT) —v(0) = S(E(V7) = 0)° + v (0)(E(Y7) - 0)°

for some 6 € B.(f). This implies

T7,0) = (V) ~ 6)(73) — 5(6(V]) — 67 — ST (BT~ 0)"
Again, Taylor expansion of £ = m™! around 0 shows
oIy i O0) i
§Y;)—0=Y; 2(@(9))2(3/@)

for some 6 € By /(). This finally proves that

2T/ (Y,0) = (j—z'+1)J(?]f 0)=(—i+ D)2+ G —i+1Df(V))

where f,, is such that ‘ (Y | < (2. (_ )3 for a constant C' = C(4") > 0 (independent of
e, 1 and 7) and for all n > ng. It thus holds with probability not less than 1 — ¢ that
\ 31/2
max ‘ 277 (Y, 6*) j—i+1 <C max (j—z'—i—l)(??)
(4,9)€Z(cn (i,7)€Z(c
R AT
:C(ijjr)réaznén) eS| i ) (j—i+1) 1/6

<C L, 3/2 4 1og3n
Viogn ne,

From Shao’s Theorem it follows that the last term vanishes almost surely as n — co. [
Combination of Lemma [7.4] and [7.5] yields

Proposition 7.6. There exist i.i.d standard normally distributed r.v. Zi,...,Z, on the
same probability space as Y1, ...,Y, such that

V2TV (Y,0) — /i —i+1|Z]|| =

Lemma 7.7. For n € N, define the continuous functionals h, h, : C([0, 1]) = R by

max
(4,9)EZ(cn)

|z (t) — x(s)| ¢ )
hz,c) = —— " —/2log —— d
(z:0) 0<SsliIt)<1 ( Vi—s s o
—s>c
NET R— <|$(J/.n) —ali/n)l Wlog %> |
1<Jsn — —
(j=i+1)/nze G—it+D/n J
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respectively. Moreover assume that {z,},.y C C([0,1]) is such that x, — x for some

x € C([0,1]). Then hy,(zn,c) = h(z,c).

Proof. Let § > 0. Then there exists an index ny € N such that |z, (t) — x(t)| < d for all n >
no and ¢ € [0,1]. Thus, it follows directly from the definition that h,(z) = h,(z,) + O(0)
for n > ng. Since u +— \/W is uniformly continuous on [c, 1] we consequently have
that h,(z) — h(z) as n — oo and the assertion follows. O

Before we proceed, recall the definition of M in . Moreover, we introduce for 0 < ¢ <1

the statistic B(t) — B(s)
t)— B(s e
M(c) := —— —/2log— ). 48
<c) ogssglt)g ( Vt— s 08 t— s) ( )
t

From (?, Thm. 6.1) (and the subsequent Remark 1) it can be seen that M (c) converges
weakly to M as ¢ — 0.

Proposition 7.8. Let ¢ > 0 and define

TS(Y,0) = max (\/ZTJ Y, 6) \/210g )
(4,9)€Z(c) Jg—1+1

Then lim, o+ lim,, 0 T5(Y, 0) = M, weakly.

Proof. Set Sy =0and S, =Y; +...+Y, and let {Xn(t)}t20 be the process that is linear
on the intervals [i/n, (i + 1)/n] with values X,,(i/n) = S;/y/n. We obtain from Donsker’s
Theorem that X, 2 B. Now, recall the definition of A and h,, in Lemma and observe

that
hn(Xp,c) = max (\/j—z—i— !Y!—\/ZlogL>.

(4,5)€Z(c) 7+ 1

It hence follows from Lemma [7.5] that

ITS(Y,0) — h,(X,, 0)] < max

2T7(Y,0) —\/j —i+ 1
(4,7)€Z(c)

(49)

D

Since X, B B, Lemma [7.7 and (Billingsley, 1968, Thm. 5.5) imply that hn(X,,c¢) 2
h(B,c). Theorem 4.1 in (Billingsley, |1968]) and thus imply that T¢(Y, 0) 3 h(B,c) =
M(c) as n — oo for all ¢ > 0. Thus, the assertion finally follows, since M (c) — M weakly
as ¢ — 0% O

Theorem 7.9. Let Y = (Yi,...,Y,) be independent and identically distributed random
variables with distribution Fy, € ©. Moreover, assume that {c,}, oy i a sequence of

positive numbers such that n~"log*n/c, — 0 and set

T.(Y,0,c,) = max (\/QTJYQ 2log )
(i,5)€Z(cn) ]—z—i—l
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Then, T,,(Y,0,¢c,) — M weakly as n — oo.

Proof. First observe that according to Proposition we have for all ¢t > 0 that

P(Tn(Y,Q;cn)gt):P< max (m\zy—\/gbg%)gomm

(4,7)€Z(cn)

>P (ogili?g (%\/TBS(S” — \/2log ‘ S) < t) +o(1)

This shows that for all ¢ > 0

liminf P(T,,(Y,0,¢c,) <t) > P(M <1t)

n—oo
Now let ¢ > 0 be fixed and assume w.l.o.g. ¢, < c for all n € N. With 7¢ as defined in
Proposition [7.8 we conversely find
limsup P(T,,(Y,0,¢,) <t) <limsupP(T:(Y,0,¢c,) <t) =P(M(c) <1t).

n—oo n—0o0

Hence the assertion follows from Proposition after letting ¢ — 0" and the fact that
M >0 a.s. Il

Proof of Theorem[21. Let T,,(Y,9;c,) be defined as in (14). From Theorem it then
follows that

B(t) - B
T.(Y,0; cp) 2 max  sup (M —4/2log ¢ ) .
0Sk<K 7, <s<t<mpi1 Vt—s t—s

Clearly the limiting statistic on the right hand side is stochastically bounded from above

by M. Conversely, we observe by the scaling property of the Brownian motion that

Tk SS<tSTk+1

B(t) - B 1 D 1
z sup M— 2log ‘ +2log——— | > M — /|2log ———.
0<s<t<1 Vit—s t—s Thtl — Tk Thtl — Tk

7.3. A general exponential inequality. In this section we give a general exponential
inequality for the probability that SMUCE underestimates the number of change-points.

To this end, we will make use of the functions

. g
KE(vw,e,y) = inf sup | (D@0 £a)—y) - D8], (50)
otociow €107
Ky (v, w, ) = v<1r01£w D(0 + x||0). (51)

0+ v,w)
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Theorem 7.10. Let g € R and K(q) be defined as in (18). Moreover, assume that ki and
k5 are defined as in (50) and , respectively and set

. Q,@,A (C]+ 210g%>2 B Q,@% (q+1/210g%>2

K1 = min ¢ K] 5 Y Ky ) Y and
_ A - A
Ko = min {ff; <Q,9, 5) Ky <Q,9, 5) } .
If X > 2c¢,, then
N n\K n\k
P (K(q) < K) < 2K [ 45 (52)

Proof. Let A and A be the smallest jump size and the smallest interval length of the true

regression function 4, i.e.
A= inf |0p—60,1 and A= inf 7y — 7.
1<k<K 0<k<K

Now define K disjoint intervals I; = (1; — A\/2,7; + A/2) C [0,1]. Let 6 = max {6; 1,0},
0; = min {6;_1,06;} and split each interval I; accordingly, i.e. I;- = {t € I; : 9(t) = 6]}

and I7 ={te€ [, :9(t) =0; }. Clearly [, = I, UI'.
From the definition of the estimator K (¢) it is clear that

K(g) <K < 30 e8,[K—1]such that T,(Y,9) < q.

If Y € S,[K—1], then there exists an index k € {1,..., K} such that o) is constant on Ij. Let

Qr = {Elé €0: ,/TI;(Y,HA) — . /log ;Zj < \% and 1/TII;(Y,0A) — , /log #GZZ < %} Since

the K intervals I; are disjoint we find

P(K(q) < K) <) P ().

k=1

If § € S,[K — 1] is constant on some I, with value 6, then either § < 0,7 — A/2 or
0 > 6, + A/2, by construction. Set

+ _ A + ) N en
OF = {39 <Of — A/2: [T, (Y.0) — flog e
. ~ en
Q. =<30>0, +A/2:4/T,-(Y,0) — , /1
k { 0>0,+A/ \/ Ik( ,0) Og#[,: }

and observe that P(Q) < P(Q;)+P(Q; ). We proof an upper bound for P(£2; ), the same
bound can be obtained for P(;) analogously. Recall that 6 — TI;<Y7 -) is convex and
has its minimum at mfl(Vka). Thus, T'- (Y,6) > Ty (Y. 6, +A/2) whenever m*l(VI;) <

IN

Sl Sls

IN
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07 + A/2. This yields
P(Q7) <P (Qk " {mwlk_) <6 + %}) P <m1(71k—) S0 + %)

<1-P (le (Y, 0 + %) >1/2(q+ \/m)2) +P <m—1(?,k) S0+ %)
q+ \/W%/A))2

Aln

n. 25(
<exp | — inf | D0y +¢)— (0,110, +A/2) +

€
—D
2 £€[0,A/2] A/2

A
+ exp <—§D(9k + A/2||8k)>

A _
< exXp _%Hf Qu 97

% (q+ \/zlog(ze/A)y 4o (_%)\K; <Q,5,%)>

An

by Lemma [7.1] and Lemma [7.2l With the definition of the constants «; as in the Theorem
(7 = 1,2) we eventually obtain

P(K(q) < K) < 2K {exp (-”A;”) +exp (—”AQ’””QH .

g

The constants s (i = 1,2) basically depend on the exponential family F. Their explicit
computation can be rather tedious and has to be done for each exponential family sepa-
rately (for the Gaussian case see below). Therefore, it is useful to have a lower bound for

these constants.

Lemma 7.11. Let v be as in and x7 and k3 be defined as in and , respectively.

Then,

[E2

_ + > 7
y and k5 (v,w,z) > 5 vgltlgfwv(t)'

infvgtgw v (t) 2

Supvﬁtﬁw v (t)

1,2
H?(U,M,x,y) Z g

Proof. First observe from , that for any 8 € © and ¢ > 0 such that 8 4+ ¢ € O one has

D8]0 +¢) = ;%(6’ + e —t)v(t) dt. Thus if follows that for all 0 <e <z

c c 0+ O0+¢
=D(l10 +2) — D)0 +2) = = / 0+ — o) dt — / (0 + ¢ — t)o(t) dt
0 0
2
EX £
> — Inf wv(t)——= sup v(f).
2 te[0,0+a) ( ) 2 te[@,@rj-x] ( )
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Maximizing over 0 < ¢ < x then yields

infyeip040) v(t)?

SUPyeg g+a) V(E)

2
sup ZD(0]|6+ z) — D(O||6 + &) > =
e€l0,z] L 8

This proves that
22 inf i<y v(t)?

8 SUPy<i<y v(t)

ki (v,w,z,y) >

Likewise, one finds
2

x
+ >
Ky (V,w,x) > 5 vglgfwv(t).

The estimates for k] and k, are derived analogously. U

The combination of Theorem [7.10[ and the estimates in Lemma [7.11]yield the handy result
in Theorem . For the case of Gaussian observations, the constants x;° (i = 1,2) can be

computed explicitly and in particular ; is strictly larger than the approximations obtained
from Lemma by setting v(t) = 1.

Theorem 7.12. Let g € R and f((q) be defined as in and assume that F is the famaly

of Gaussian distributions with fized variance 1. Then,

2
P(K(q)<K) <2K |exp _§< ;ﬁ”_q_ 2@{) +exp(_ 26 )
+

Proof. The proof is similar to the proof of Lemma From Lemma it follows that

K3 (v, w,x) = % and one computes explicitly that xi (v, w,z,y) = %(% —4)2 > %(w— V2y)?
if 22 > 2y. The assertion now follows from Theorem [7.10] O

We close this section with the proof of Theorem [2.§ which is very much in the same spirit
than the proof of Theorem above.

Proof of Theorem[2.8. Let again A be the smallest jump of the true signal ¥ and recall that
J(t) € 16, 0] for all t € [0,1]. Moreover, define the K disjoint intervals I; = (7;—cp, Ti+¢,) C
[0,1] and accordingly I, I;", 0;, 6 and 9; as in the proof of Theorem .

Now assume that K € N and that J € S,[K] is an estimator of ¥ such that T,(Y,9) < ¢
and

max min |7 — 7| > ¢p.
0<k<K 0<i<K

Put differently, there exists an index i € {1,..., K} such that |7, — 7;| > ¢, for all 0 <1 <

K or, in other words, J contains no change-point in the interval I;. With the very same
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reasoning as in the proof of Theorem we find that

P(EIKENQS‘ES[ ] : T,(Y,0) < gand max min \Tl—Tk]>cn>

0<k<K 0<l<K

K 2 2
A 1 1
<y"p (3«96@:TI;(Y,9) <3 <q+1/logci) and T (V,0) < 3 <q+,/1ogci) )
k’:l mn n

By replacing A/2 in the proof of Theorem by ¢, and applying Lemma the assertion
follows. O

7.4. Proof of Theorems [2.6] and [2.7]

Proof of Theorem[2.0. W.l.o.g. we shall assume that ¢, > 0. The main idea of the proof
is as follows: Let J, = argmax{|J| : J C[0,1], JN I, =0} In order to show that

holds, we construct a sequence 6 € © such that

2
SUPgsg: P (Tjn(x f) <1/2 (qn +\/2log (¢] |Jn])> ) 0 and (53)

SUpg<gp: P (Tln(Y, g) <1/2 (qn ++/2log(e/ |In)|>2) — 0. (54)

Note that the true signal ¥, takes the value 0y + 6,, on I, and 6y on J, and it is not
restrictive to assume that inf,cy|J,| > 0. We construct 6% = 6y + /3, /n for a sequence

(Bn)nen that satisfies v/f3,,/q, — oo.
We first consider . To this end observe that for all ¢ € J,, we have |0 — 0,,(t)] \/W —

/B | Jn|. We further find that
n \/m
BalJnl = an — \/210g(e/ [Ju]) = an (\éf_l_ g; /] |>> .

Thus, we can apply and find for all 6 > 07

2 2
P (TJH(Y, 0) <1/2 (qn ++/2log(e/ !Jn!)) ) < exp (— g”) — 0.
Now observe that for ¢ € I,, we have |6 — U, (¢)| \/|1n]n = 6ur/|Lnln — /B0 |In]. Thus
follows from given
= on/ [l — /B || = 2log(e/ |In]) — .

It hence remains to construct sequences (3,,) for each case (1) and (2) such that the previous
condition holds while v/, /¢, — .
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We assume first that liminf, , |[1,|] > 0 and define (3, through the equation /5, |I,,| =

c (5n || n — ¢ — v/2log(e/ ]In|)> for some 0 < ¢ < 1. Then,
VBu L] <5n\/|fn|n L Wog@/mo)
an an

—_— =

an

From the condition in case (1) of the theorem and the fact that |I,,| is bounded away from
zero for large n, we find that v/B,/g, — oo. Further we find T, = (1 — ¢)\/B, || = oo.
Finally we consider the case when |I,,| — 0 and define 3, through the equation \/m =
ceny/— log |I,,] for some 0 < ¢ < 1. From the conditions in case (2) of the theorem and the
inequality vz + 1 — /= < 1/(24/), which holds for any > 0, one obtains

T, 2 (V2+en)y/=1ogl L] = v/Bu [L] = ¢u — v/210g(e/ |1.])
= (V2 + (1= ¢)ea) V= log || — gu = V2y/1 +log(1/ |1.])

> (1= e/ T0g Ta] — ———— ..

-2 lOg |In‘

This shows that I';, — oo for a suitable small ¢, such that sup,,cyqn/(€,1/10g(1/ |1,])) <
1 — 2¢. Again from the assumptions in the theorem it follows that v/f3,/q, — oc. O

Proof of Theorem [2.7. Theorem implies P(K (g,) < K,) < e Ttn + e T2 with

2

1 (VA A nA\, A2
Fip=-[—""—q, —2log(2e/\, —logK, and Ty, = ——" —log K,,.
=5 (Vo = o VEREA) ) —logk, and T, = P38~ log

It is easy to see, that any condition (1) - (3) implies I'y,, — co. It remains to check that

'y, = oo. Under condition (1) we observe that

2
Iin 1 VRANA, g+ +/2log(2e/)A,) log K,
2 =3 - —— 5 X
a8\ 2v2¢, n . 4

Since ¢, is bounded away from zero, the assertion follows. Next, we consider conditions

(2) and (3). To this end, assume that v/n\, A, > (C' + &,)+/log(1/),) for some constant
C > 0 and a sequence ¢, such that €,+/log(1/\,) — co. We find that

2
1 [ (C+en)y/log -
Fl,n > g 2\/5 —4n — 21Og(26//\n> - log K,

+

2
em/log 5 o4 1 1+ log2
o ( ) + log g K,

log — — @y — ———o—
2v/2 2V/2 PV V/2log(1/)\,)
+

ool —
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where we have used the inequality vz + 1 — /z < 1/(2y/x). If sup,, oy K,, < 00, then the
choice C' = 4 implies I'y ,, — co. Otherwise, we use the estimate K, < 1/\,, which results

in C' = 12 as a sufficient condition for I'; ,, — oo. O

7.5. Proof of Lemma [3.1l

Proof. First observe that the definition of 9(g) in (6) implies that ¢ > T,(Y, J(q)) and
hence, by identifying 9(q) with the pair (P(q),0(q)), we find

(R + )0 > () + DT 00) = 3 (V2130 0) - V2ol T

IeP(q)

> V2 | Y (116(Y1) = 1Y, D(q) — ny/2log(en)
I€P(q)
> V23UV, 0(q)) — 1Y, m~(V)) - ny/Zlog(en)

The last inequality follows from the fact that ¢(Y ;) > Y0 — 4(6) for all § € © and all
I € P(q) for the choice § = m~'(Y). Summarizing, we find

32 ((R(a) + g+ n/2loglen) ) /24 1(v,m (V) > (Y, 5(q)).

Now, let ¥ = (P,0) be a minimizer of (31). The definition of K(q) in implies that
D(P,6) = oo if #P < K(g). Thus we have that ‘75| > K(q). Assume that there exists
k > 1 such that #P = K(¢)+k (for k = 0 nothing is to show). Since (P, #) is a minimizer
of and since D > 0 we find

}73|—1 < D(P
D(P
( — k) ﬁ(q +7(\7’\—1)

This is a contradiction for [ (19) being non-negative and hence we conclude that ‘75‘ =K (q)
and that 9 = (P, 0) solves (). O

9), <q>> <75é +M75 )| -1)
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