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ARTICLE INFO ABSTRACT

Available online 18 February 2014 Biomimetic membranes are fluid and can undergo two different elastic deformations, bending and stretching.
The bending of a membrane is primarily governed by two elastic parameters: its spontaneous (or preferred) cur-

Keywords: ) vature m and its bending rigidity k. These two parameters define an intrinsic tension scale, the spontaneous ten-

Membranes and vesicles sion 2 km?. Membrane stretching and compression, on the other hand, are determined by the mechanical tension
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acting within the membrane. For vesicle membranes, the two elastic deformations are coupled via the enclosed
vesicle volume even in the absence of mechanical forces as shown here by minimizing the combined bending and
stretching energy with respect to membrane area for fixed vesicle volume. As a consequence, the mechanical
tension within a vesicle membrane depends on the spontaneous curvature and on the bending rigidity. This
interdependence, which is difficult to grasp intuitively, is then illustrated for a variety of simple vesicle shapes.
Depending on the vesicle morphology, the magnitude of the mechanical tension can be comparable to or can

be much smaller than the spontaneous tension.
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1. Introduction

[ first met Wolfgang Helfrich in 1987 when he invited me to give a
talk at the Free University Berlin. It was a very interesting visit, both be-
cause of our scientific discussions and because of our excursions to the
Berlin wall at the Glienecker Briicke and around Steinstiicken. In the fol-
lowing decade, we had many more, highly stimulating discussions on
membranes and vesicles. One of the controversial topics at the time
was the unbinding transition of interacting membranes [1,2]. Another
recurrent theme of our discussions was the notion of ‘membrane ten-
sion’. This notion is confusing because such a tension can be defined in
different ways and one would like to know whether these different def-
initions lead to the same or to different tensions.

From a mechanical point of view, membrane tension is intimately
related to membrane stretching. In his pioneering paper from 1973
[3], Helfrich briefly discussed the stretching of membranes but then ar-
gued that one can ignore this elastic deformation compared to the
membranes' curvature elasticity. A few years later, Deuling and Helfrich
[4] regarded the vesicle membranes as (essentially) incompressible and
viewed the tension as a Lagrange multiplier conjugate to the fixed
membrane area. The latter viewpoint has been very useful in order to
develop quantitative theories for the observed polymorphism of lipid
vesicles, see Fig. 1. [5-9].

Additional insight into the notion of membrane tension has been
obtained from molecular dynamics simulations. Indeed, in these simu-
lations, one can directly ‘measure’ the mechanical tension of the mem-
branes by calculating their stress (or pressure) profiles [10,11]. In
addition, the mechanical tension can be controlled by varying the
projected area of the lipid molecules. One then finds an optimal packing
of these molecules, for which the mechanical tension vanishes. The
latter states represent the natural reference states of the bilayer mem-
branes, see, e.g.,[12-17], and our original algorithm for the stress profile
[10] has been implemented in popular molecular dynamics packages
such as GROMACS.

In the present paper, I will reconsider the mechanical tension with-
in vesicle membranes by minimizing the combined bending and
stretching energy of these membranes. This minimization is performed
in two steps. First, the vesicle membranes are considered to be incom-
pressible as in the conventional approach introduced by Deuling and
Helfrich. One then obtains equilibrium shapes that depend on the vesi-
cle volume, the membrane area, and the parameters of the membrane's
bending energy. Second, the area compressibility of the vesicle mem-
branes is taken into account by minimizing the combined bending and
stretching energy with respect to membrane area for fixed vesicle vol-
ume. As a result, the Lagrange multiplier used to ensure a certain,
fixed membrane area in the conventional minimization procedure of
the bending energy is found to be identical with the mechanical tension
within the vesicle membrane.

The identity of Lagrange multiplier and mechanical tension applies
to any form of the bending energy. In order to explicitly calculate the
mechanical tension for some simple shapes, I will use the spontaneous
curvature model [3,6] because it represents the simplest form of
the bending energy and depends only on two elastic parameters, the
spontaneous curvature m and the bending rigidity . These two param-
eters define an intrinsic tension scale, the spontaneous tension 2xm?
[18,19]. For some vesicle shapes, the mechanical tension is found to be
of the order of the spontaneous tension. For other vesicle shapes, the
mechanical tension turns out to be much smaller than the spontaneous
tension.

The paper is organized as follows. Section 2 reviews some general
aspects of curvature elasticity. As shown by molecular dynamics simula-
tions, the concept of curvature applies to membrane patches with a
lateral extension that is somewhat larger than the membrane thickness.
Therefore, membrane curvature should be viewed as a collective prop-
erty of many amphiphilic or amphipathic molecules. On nanoscopic
or mesoscopic length scales, the bending energy of the membrane can
be parametrized in terms of a few elastic parameters. One of these pa-
rameters is the spontaneous curvature, which describes possible
asymmetries between the two sides of the membranes and can arise
from a variety of molecular mechanisms such as the adsorption of
ions, small molecules, or proteins. Section 3 describes the conven-
tional approach to determine the shape of vesicles by minimizing
the bending energy for fixed vesicle volume and membrane area. In
Section 4, the two-step procedure for minimizing the combined bend-
ing and stretching energy of the membrane is introduced, which leads
to the identification of Lagrange multiplier tension and mechanical
tension. The stretching of lipid bilayers is characterized by a rather
large value of the area compressibility modulus Ky, which makes it pos-
sible to set up an expansion in powers of 1/K, as shown in the last sub-
section of Section 4. The mechanical tension is then calculated for some
simple shapes in Section 5. The paper concludes with a summary and an
outlook on more complex membrane systems, which involve some ex-
trinsic tension scales, and on open issues related to the interplay of
membrane tension and shape fluctuations.

2. Curvature elasticity of membranes
2.1. Membrane curvature on different length scales

Curvature is a mathematical concept of differential geometry, origi-
nally developed to characterize the shape of smooth curves and sur-
faces. Membranes appear to be rather smooth when viewed on the
micron scale in the optical microscope, see Fig. 1, but this smoothness
does not persist to molecular scales. Indeed, because membranes are
immersed in liquid water, each membrane molecule is thermally
displaced both parallel and perpendicular to the membrane. The
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Fig. 1. Different shapes of a giant unilamellar vesicle (top row) are well described by axisymmetric shapes (bottom row) as obtained by minimizing the bending energy of the vesicle mem-

brane. [5].
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perpendicular displacements represent molecular protrusions that
roughen the two interfaces bounding the membrane, see Fig. 2
[20,21]. Therefore, in order to characterize a lipid/protein bilayer by its
curvature, one has to consider small membrane patches and average
over the molecular conformations within these patches. The minimal
lateral size of these patches can be determined from the analysis of mo-
lecular dynamics simulations and was found to be about 1.5 times the
membrane thickness, see Fig. 2 [11]. For a lipid bilayer with a thickness
of 4 nm, this minimal size is about 6 nm.

A lipid bilayer patch with a lateral size of 6 nm contains about 80 to
100 lipid molecules. Therefore, membrane curvature should be viewed
as a supramolecular feature arising from the collective behavior of a
large number of membrane molecules. The same conclusion applies to
the spontaneous curvature of membranes. This curvature describes the
intuitive notion that thin layers with two different sides tend to bend
or bulge towards one of these sides. This bending or curvature prefer-
ence was first described by Bancroft for surfactant monolayers in
water/oil emulsions [22] and was included by Frank, as the so-called
‘splay term’, in the curvature elasticity of liquid crystals [23]. In the con-
text of lipid bilayers, spontaneous curvature was first considered by
Helfrich [3], who mentioned the analogy with the splay term for liquid
crystals.

2.2. Bending energy of curved membranes

We now view the membranes as smooth surfaces with certain elas-
tic properties. The local geometry of these surfaces is then described
by their principal curvatures, C; and C,, which define the mean curva-
ture M = 1(Cy + C,) and the Gaussian curvature G = C;C,. As described
in the previous subsection, see Fig. 2, the molecular dynamics simula-
tions imply that such a description applies on nanoscopic scales, for
which

IM|1/(26me) (1

with a typical value of 4 nm for the membrane thickness /.. The abso-
lute value sign in Eq. (1) is necessary because the mean curvature M can
be positive or negative. Here and below, the mean curvature M of a ves-
icle membrane is taken to be positive and negative when the membrane
bulges towards the exterior and interior aqueous compartment, respec-
tively. In Fig. 1, for example, the upper segments of the stomatocyte
shapes have a positive curvature whereas the ‘interior’ segments such
as the inverted sphere or spherical in-bud on the rightmost image
have a negative curvature.

Fig. 2. Typical conformation of a lipid bilayer as observed in molecular dynamics simula-
tions. The bilayer has a thickness of about 4 nm and is bounded by two membrane-
water interfaces. These interfaces are roughened by molecular protrusions, which displace
the head groups (open squares) perpendicular to the membrane. In order to characterize
such a membrane by its curvature, one has to average over membrane segments with a
lateral size that exceeds about 1.5 times the bilayer thickness [11].

If the vesicle membrane is asymmetric and does not change its to-
pology, the simplest form of the bending energy for a vesicle of shape
S is given by

Epe{S} = [dA 2K (M—m)? 2)

corresponding to the spontaneous curvature model introduced by
Helfrich [3,6]. The notation E.{S} indicates that Ey. is viewed here as a
functional of the vesicle shape S, which is described locally by its
mean curvature M. The bending energy (2) depends only on two mate-
rial parameters, the spontaneous curvature m and the bending rigidity k.

The bending energy as given by Eq. (2) represents the leading terms
of a Taylor expansion in powers of M and G. Higher-order terms of such
an expansion have the form

Ebe = [dAr, o MP G 3)

where the elastic parameters ;4 have the dimension of energy multi-
plied by length to the power p + 2q — 2. If we take the bending energy
K as the basic energy scale and the membrggqeﬁghickness /me as the basic
molecular length scale, we obtain K, ;~K{ye . On the other hand, the
basic length scale for the geometric properties of the vesicle shape,
such as membrane area, mean curvature, and Gaussian curvature,
is provided by the vesicle size Ry.. Therefore, dimensional analysis im-
plies that the higher-order terms &5 of the bending energy are propor-
tional to K(Rye/lme) ™ P + 29 = ), For large vesicles, i.e., in the limit of
large Re/¢me, all terms with p + 2g > 2 decay to zero. The term with
p = 0and g = 1 is special because the integral over G does not depend
on the vesicle shape according to the Gauss-Bonnet theorem. Thus, for
Rye>>{phe, the dominant terms correspond to £BS with 0 < p < 2, all of
which are contained in the bending energy (2). A systematic classifica-
tion of the higher-order terms leads to 3 third-order and 8 fourth-order
terms [24].

The bending energy (2) represents the area integral over a local en-
ergy density. In general, the bending of a bilayer membrane consisting
of two leaflets may be constrained in a non-local manner. Indeed, if
the membrane molecules cannot undergo flip-flops between the two
leaflets, the number of molecules is fixed within each leaflet and the
quenched difference between these two numbers leads to a preferred
area difference between the leaflets. This constraint was originally
considered by Evans [25], incorporated into the bilayer-coupling
model of Svetina and Zeks [26,6], and generalized in terms of the area-
difference-elasticity model of Wortis and collaborators [8,9]. However,
these constraints on the area difference are expected to become irrele-
vant if the bilayer membranes contain molecules such as cholesterol
that can easily undergo flip-flops and, thus, relax local stresses induced
by the bending deformations [27,28].

2.3. Different mechanisms for spontaneous curvature

The molecular bilayer displayed in Fig. 2 is symmetric in the sense
that it consists of two leaflets that have the same molecular composition
and are exposed to the same aqueous solutions on both sides of the
membrane. Real membranes are typically asymmetric. This asymmetry
may reflect a variety of different mechanisms such as different molecu-
lar compositions of the two leaflets or the insertion of transmembrane
molecules with a preferred orientation. In addition, membranes can ac-
quire such an asymmetry from their environment as provided by the
exterior and interior aqueous compartments. Indeed, the membranes
become asymmetric when these two compartments contain different
concentrations of ‘particles’ such as ions, small molecules, and/or pro-
teins, as indicated in Fig. 3.

One interesting and generic mechanism for the generation of spon-
taneous curvature is provided by ‘particle’ adsorption onto the two
sides of the membrane [19,30]. Examples are provided by ions [31],
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(a)
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Fig. 3. Spontaneous curvature of membrane segments in contact with different particles such as ions, small molecules, or proteins within the interior and exterior aqueous compartments:
(a) Two types of non-adhesive particle species that differ in their size; (b) One adhesive and one non-adhesive species; and (c) Two adhesive species. [29] The spontaneous curvature m

induced by the different environments is positive in (a) and negative in (b,c).

small amphipathic peptides [32], or large BAR-domain proteins [33,34].
If these ‘particles’ have the bulk concentrations I'ex and I}, within
the exterior and interior aqueous compartments, the adsorption-
desorption equilibrium between these compartments and the two
membrane/water interfaces will lead to certain adsorbate densities on
the two sides of the membrane, even if the membrane contains some
lipid components such as cholesterol that undergo relatively fast flip
flops. For the sake of simplicity, let us focus here on a single species of
adsorbing particles as in Fig. 3(b) and let us ignore the effects of the
nonadsorbing species onto the membrane curvature. Energetic consid-
erations then lead to the spontaneous curvature [29,19]

_ ksT

m4/<

eme (rex _rin) (4)

which depends on the thermal energy kgT, the bending rigidity k, the
membrane thickness /e, and the difference I'.y — I3, of the adsorbate
densities on the exterior and interior leaflets. The sign of m follows
from the Gibbs adsorption equation, which implies that the membrane
bulges towards the leaflet with the higher adsorbate density. Using typ-
ical values for these different parameters, the expression (4) leads to the
prediction that the spontaneous curvature m induced by the adsorption
of small molecules can be quite large with a maximal value of about 1/
(20 nm) [19]. The relation (4) between the spontaneous curvature m
and the other system parameters has been recently confirmed by
coarse-grained molecular dynamics simulations [35].

2.4. Intrinsic tension scale of curvature elasticity

The bending energy as given by Eq. (2) attains its minimal value
when the mean curvature M is equal to the spontaneous curvature m
everywhere on the membrane surface. The expression (2) also implies
that the bending rigidity ~ represents a ‘spring constant’ for deviations
of the actual mean curvature M from the spontaneous or preferred cur-
vature m of the membrane.

Real membranes experience a variety of constraints that necessarily
lead to such deviations of M from m. One important constraint is provid-
ed by the size of the membrane. If the membrane area is large compared
to 4m/m?, the membrane cannot adapt its curvature to the spontaneous
curvature by forming a single sphere but can do so by forming a long
cylinder with radius R.y = 1/(2m). Another important constraint arises
from the osmotic conditions that determine the vesicle volume and,
thus, the volume-to-area ratio. If the vesicle volume is increased by

osmotic inflation, it will eventually attain a spherical shape with mean
curvature M = 1/Ry;, that usually differs from the spontaneous curva-
ture m of the vesicle membrane. In fact, for a giant spherical vesicle,
the actual mean curvature M = 1/Rg, can be quite small compared to
the spontaneous curvature m and the elastic bending energy of the ves-
icle membrane is then equal to the membrane area A times the sponta-
neous tension [19]

0 =2km?.

(5)

Such a tension will be present in any membrane segment that has an
appreciable spontaneous curvature m but is forced, via external con-
straints, to assume a mean curvature M that is much smaller than m.

The spontaneous tension o represents the only tension scale that can
be defined by the two elastic parameters x and m (apart from a dimen-
sionless, multiplicative factor). Therefore, this tension may be viewed as
the intrinsic tension scale of curvature elasticity. As shown in Table 1,
the spontaneous tension can vary over several orders of magnitude,
from very small values of the order of 108 up to 1 mN/m, the latter
value being of the order of the tension of rupture. Depending on the ves-
icle morphology, the spontaneous tension may or may not provide the
scale for the mechanical tension, see Section 5 below.

3. Vesicles with incompressible membranes

In this section, we consider vesicles with incompressible mem-
branes, for which the equilibrium shapes correspond to the minima of
the bending energy. The main purpose of this section is to review an ex-
plicit relation between the Lagrange multiplier tension used to enforce a
certain, fixed membrane area and the bending energy of the (meta)sta-
ble vesicle shapes [26,6,38,39] and to provide an intuitive explanation
for this relation.

Table 1

Spontaneous (or preferred) curvature m in units of 1/um and associated spontaneous
tension o = 2kxm? in units of 2 mN/m? for four different membrane systems where the
bending rigidity was taken to have the typical value k=~ 10""2].

Sugar DNA PEG/dextran BAR-domain

Solutions [36]  Strands [37]  Solutions [18]  Proteins [33,34]
m [1/um] 0.01-0.1 0.1-1 3-10 10-50
o[2mN/m] 1078-107° 1076-107* 1073-1072 1072-0.5
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3.1. Shape functional for the bending energy

For giant unilamellar vesicles, one can directly measure the vesicle
volume V and the membrane area A. Thus, it is rather natural from an
experimental point of view to regard V and A as basic control parame-
ters for the vesicle shape. Thus, one would like to minimize the bending
energy &pe{S}) for fixed V and A, which is conveniently done by introduc-
ing two Lagrange multiplier — AP and 3. Thus, one has to minimize the
shape functional

E{S) = —APV{S} + SA[S) + £, {S), (6)

where the superscript ‘inc’ refers to incompressible membranes and
the curly brackets indicate that&,,, V and A are functionals of the vesicle
shape S. The two Lagrange multipliers have to be chosen in such a way
that V{S} = V and A{S} = A.

The variational problem &, = Othen leads, in general, to several so-
lutions that form smooth subspaces or ‘branches’ in the parameter
space [6,38]. For each set of parameters, we are primarily interested in
those branches that correspond to (meta)stable equilibrium shapes
S,

3.2. Formal relations for the Lagrange multipliers

In order to get further insight into the two Lagrange multipliers AP
and 3, it is useful to change our viewpoint and to regard these two
parameters, for the time being, as independent control parameters.
The vesicle shapes of each branch are then characterized by the shape
energies

Eve (AP, 3) = Em {8} = —APV + A + £, {5} @

which implies the relations

dEn
- (25)
3
and
dEme
A_< dz) | ©)
AP

Inverting these two relations, we obtain
AP =AP(V,A) and 3 =3(V,A) (10)
and the Legendre-transformed shape energy

Epe(V,A) = E (AP, 3) + APV —3A = €, {5} (11)

which leads to the Lagrange multiplier pressure [26,6,38,39]

- (552

and the Lagrange multiplier tension

P —<%>V‘ (13)

The shape energy Ep.(V,A) as given by Eq. (11) is physically mean-
ingful and corresponds to the bending energy of a vesicle membrane
that encloses the volume V and has the area A. In contrast, the shape
energy EN°(AP,3) in Eq. (7) represents an auxiliary quantity that has
no direct physical interpretation. In particular, the area term 3A does

not correspond to a physical energy and should not be confused with
the stretching energy of the membrane as discussed further below.

The relation (13) provides an explicit connection between the
Lagrange multiplier tension X and the bending energy E.(V,A) along a
certain branch of solutions. This relation looks simple but is difficult to
grasp intuitively. The vesicle morphology usually involves membrane
segments with different curvatures. As we move along a branch of equi-
librium shapes by changing the membrane area A for constant vesicle
volume V, the area change AA is partitioned among these different seg-
ments, which can, however, make very different contributions to the
bending energy Epe(V,A). As an example, consider a vesicle membrane
with an appreciable spontaneous curvature m. We can then distinguish
weakly curved segments with |M| < |m| and strongly curved segments
with M = m. The area change AA is now given by AA,,c + AA, i.e., by the
sum of the area changes for the two types of membrane segments. Be-
cause the strongly curved segments contribute very little to the bending
energy, the change in bending energy is primarily determined by the
weakly curved segments and comparable to 2km?AAye = OAAwe.
Thus, in order to estimate this energy change, we need to know the
area decomposition AA = AA,,c + AAs., which depends on the vesicle
shape and on the vesicle volume V.

4. Vesicles with compressible membranes

In this section, we will include the compressibility of the vesicle
membranes and determine their equilibrium shapes by minimizing
the combined bending and stretching energy with respect to membrane
area for fixed vesicle volume.

4.1. Mechanical tension and stretching energy

In the absence of external forces or constraints, a bilayer membrane
attains a certain optimal area Aop, Which corresponds to the optimal
packing of its molecules. The membrane experiences a mechanical ten-
sion, 3mec, When its area A deviates from the optimal area Ap. This me-
chanical tension can be expressed as

A—A
opt (14)
Aopt

Emec(A) = KA
up to first order in A — Aqp, which defines the area compressibility
modulus Kj.

The work of stretching or compression, starting from the initial area
A = Ao, defines the stretching energy

2
A A—Agp
Eo) = [ i) = <1/2>1<A(A—)- (15)
AOpt opt
which may be rewritten in the form
Eqi(A) = Agpt Smec(A)/ (2K4) (16)

Compared to the term A that appears in the auxiliary quantity
Ein(AP3) as given by Eq. (7), the stretching energy E(A) is propor-
tional to the additional factor 3mec/(2Ka). The mechanical tension
Smec must be smaller than the tension of rupture, 3. Therefore, the
stretching energy also satisfies the inequality

3
Ey(A)=s ﬁ ZmecAopt- (17)

For lipid bilayers, the rupture tension 3, is about two orders
of magnitude smaller than the area compressibility modulus K, as
discussed further below in subsection 4.6.
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4.2. Combined bending and stretching energy

Now, let us again consider an arbitrary vesicle shape S. The total elas-
tic energy of the vesicle membrane, which consists of its combined
bending and stretching energy, is now equal to

Ea{S} = Epe{S} + Eqt(A{S}) = Epe{S} + E{S}- (18)
The corresponding shape functional of the vesicle has the form
v (S} = —APV{S} + Epe (S} + £ (S} (19)

where the superscript ‘com’ refers to compressible membranes and the
Lagrange multiplier AP is used, as before, to enforce a certain prescribed
vesicle volume.

4.3. Two-step minimization procedure

The minimization of the shape functional (19) can be performed in
two steps:

(i) First, we minimize the shape functional (7) using the Lagrange
multiplier tension 3 to enforce the membrane area A. As a result,
we obtain the bending energy function

Eve(V,A) = e {5} (20)

asin Eq. (11), which represents the membrane's bending energy
as a function of volume V and membrane area A along a branch of
(meta)stable equilibrium shapes S®. In general, we expect to
find several branches of such shapes as illustrated in Fig. 4 for
vanishing spontaneous curvature, m = 0.

(ii) Second, we minimize the combined elastic energy functional
Eei = Epe + E With respect to membrane area A for fixed vol-
ume V. Because the stretching energy is an explicit function
of the membrane area, we can replace the minimization of
the elastic energy functional £, by the minimization of the
elastic energy function

: (A A
B (V.A) = Bye(V. ) + Eq(A) = Epe(V,A) £ 53 =g
op

The relation (dE¢(V,A)/dA)y = 0 then determines the equilibrium
value A = A®9 of the membrane area via

A% —A dE,.(V, A%
kAo (Bl AT (22)
Agpt dA v
25 -
\
—E be \\‘ \r»to
8T K sI ob%C
leo e
: stoma; t sto M
cytes D
D
15 oblates
prolates
0 02 0.4 0.6 0.8 1

\%

Fig. 4. Bending energy Ey. as a function of reduced volume v= 6\/ﬁV/A3/2 for the sponta-
neous curvature model with m = 0 [6]. The slope dEy/dv is proportional to — (dEpe/dA)y.

In this way, the minimization of the combination of bending and
stretching energy has been reduced to the minimization of the bending
energy alone, which determines the bending energy E. as a function of
Vand A.

4.4. Mechanical tension from membrane bending

The relation as given by Eq. (22) has a very simple physical interpre-
tation. By definition, the left-hand side of Eq. (22) is equal to the me-
chanical tension 3, see Eq. (14), whereas the right-hand side of this
equation is equal to the Lagrange multiplier tension ¥ as in Eq. (13).
Therefore, the relation (22) is equivalent to

A Ay dEpe (V,A%)
Emec = KA Aopt = dAea y =3 (23)

which reveals that the Lagrange multiplier tension 3 is, in fact, identical
with the mechanical tension 3,,e. The identity (23) is not restricted to a
specific form of the bending energy but holds for any such energy, when
minimized for fixed vesicle volume and fixed membrane area. An anal-
ogous equation also holds for the bilayer coupling model [26], in which
the bending energy function E,. depends on the volume V, membrane
area A, as well as total mean curvature M = J- dA M, and the partial de-
rivative on the right-hand side of Eq. (23) has to be taken at constant
volume V and constant total mean curvature M.

4.5. Membrane stretching and compression

Inspection of relation (23) shows that the membrane is stretched
with

A%>A,y for (dE§2’£E“>)V<0 (24)

and that it is compressed with

A%>A,y for (dfbégggm)fo. (25)

As a simple but instructive example, let us consider the case with
vanishing spontaneous curvature. In this case, the reduced elastic bending
energy Epe/i depends only on the reduced volume v, i.e., Ee (V, A) = KEq (V)
as depicted in Fig. 4 [6]. Using the relation

dEy,(V, A) 3v dE,(v)
( bedA )V:H{ﬂ c(lJv (

m=0) (26)

we conclude from Fig. 4 that the vesicle membranes are compressed along
the prolate and oblate branches and have an area close to the optimal area
along the stomatocyte branch.

In Fig. 4, the vicinity of the spherical shape with reduced volume v =
1 provides an example for a branch of stable shapes close to a limit
shape. Because (dEy/dA)y > 0 along this branch, the vesicle membrane
is compressed and the shape that minimizes the combined elastic ener-
gy Epe + Eg for fixed V has the area A®d < A,p. However, the smallest area
that the vesicle can attain for fixed V is provided by the spherical area

Agy(V) = (4m)' 2322 v?P, (27

which implies that the equilibrium value A®? of the membrane area
must satisfy the inequality

A=A (V). (28)

Now, as we approach the spherical limit shape, the area A that
minimizes Epe + E for fixed V will eventually move into the unphysical
region with A < Agp(V). In such a situation, we need to replace the
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smooth minimum obtained from Eq. (23) by the boundary minimum
with A%9 = Agp(V).

4.6. Weakly compressible membranes

So far, the magnitude of the area compressibility modulus K4 has not
been taken into account. For lipid bilayers, this material parameter,
which has the dimension of a tension, is about 200 mN/m [40]. There-
fore, this modulus is two orders of magnitude larger than the tension
of rupture, which represents the largest mechanical tension that can
be applied to the membrane. Likewise, the area compressibility modu-
lus Ky is always much larger than the tension-like parameter combina-
tions K/RZ., km/Rye, and km? where Ry, is the linear size of the vesicle as
defined by its volume or area.

For lipid bilayers, the rupture tension 3, is of the order of a few
mN/m, which is about two orders of magnitude smaller than the area
compressibility modulus Ku. Therefore, for lipid bilayers at their equi-
librium area A = A%, the inequality (17) for the stretching energy
becomes

Est (Aeq)S]O_z ZmecAopt- (29)

Thus, for these membranes, the stretching energy is smaller than
Smec Aopt by at least two orders of magnitude.

Inspection of the combined bending and stretching energy Epe + Es;
as given by Eq. (21) shows that the membrane area has the equilibrium
value

A=A, inthelimitof large K. (30)

Therefore, in this limit, we may expand the bending energy Ep.
around A = Ao which leads to

0 1 2.2
Epe(V,A) = Egpy + AMEgy; + 5 (AA)° Egyy (31)
up to second order in

AA=A—Agy (32)

with the partial derivatives

(n) _ 0"E
Eopt = aAr?e Agpe* (33)

If we insert this expansion into expression (21) for the combined
bending and stretching energy and minimize the latter energy with re-
spect to area A, we obtain the asymptotic equality

(1) eq @ , Kyl
Eopt + (A _Aopt) |:Eopt + /?/;t:| =0 (34)

which implies the area dilation

AN_A m—p Eom[q
opt P,

opt™opt

AopiES
—e } (35)

up to second order in 1/K,. Likewise, the stretching energy becomes

(Aeq _A()pt) 2

1 2
Ea(A) = 3Ka =3 Aoy [Eon] /2K) (36)
op!

up to first order in 1/K,.
5. Mechanical tensions for simple vesicle shapes

In this section, a couple of examples are discussed for which one can
explicitly calculate the mechanical tension 3, using the spontaneous

curvature model. In the first two examples, the scale for the mechanical
tension is provided by the spontaneous tension o = 2km?, whereas, in
the last two examples, the mechanical tension is much smaller than
the spontaneous tension.

5.1. Spherical vesicles

First, consider the simplest vesicle morphology as provided by
spherical shapes. The mean curvature M, of the sphere satisfies the
relation

AP = 2(3 + 2km” )My, —4kmMy, (37)

as follows by minimizing the shape functional (6) for the bending ener-
gy (2).Because the relation (37) is obtained when the shape is displaced
in the direction of its normal vectors, this relation represents the normal
stress balance for each membrane segment. Such a spherical shape is
stable provided [41,6,38]

AP>P}, = 4kM2, (m—31v15p) . (38)

At the critical pressure P = PS: , the spherical shape loses its stability
and starts to transform into a prolate or oblate shape, where the prolate
shape has the lowest bending energy for small m/Mp-values whereas
the oblate shape represents the lower energy shape for sufficiently
large negative values of m/Mjy, see Fig. 10 in [6]."

It is therefore useful to rewrite the normal stress balance (37) in the
form

«  AP-P,
Smee =2=2g+ ZMspp (39)
with the threshold tension
. _ 2 2
34 = —2r(m’ —2mMg, + 3Mg, ). (40)

The stability condition AP > Psff then implies that stable spheres are
characterized by 3mec > Sqn-

The reduced threshold tension 25: /k depends on the mean curva-
ture M, of the spherical vesicle, which is taken to be positive here,
and on the spontaneous curvature m, which may attain positive or neg-
ative values. It is then useful to consider the straight lines

My, =am with a#0 (41)

sp
within the (m,Ms, > 0) half plane. The threshold tension now becomes
5, = —2km’ (3a2—2a + 1) =—0 (3a2—2a + 1) (42)
which implies, together with Eq. (40), that

35<0 forall m. (43)

A vesicle with M, = m and a = 1, for example, is characterized by
the threshold tension 3¢, = —4xm? = —20. Furthermore, the smallest
absolute value |Zs*p\ corresponding to the smallest compression of the
vesicle membrane at the bifurcation point is obtained for a = 1/3,
which leads to 3, = —4xm? = —3o0.

5.2. Small spheres connected to large sphere

Next, consider a small spherical bud connected to a large sphere by a
small membrane neck. The small and the large spheres have the radii Rgs

1 Fig. 10 in Ref. [6] first appeared in the diploma thesis of K. Berndl [42].
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and Ry, respectively, both of which are always taken to be positive.
The sign convention for the curvature implies that the mean curvature
Mjs = 1/Rjs of the large sphere is always positive as well whereas the
mean curvature Mgs = =4 1/Rss of the small sphere is positive for an
out-bud as in Fig. 5(a) and negative for an in-bud as in Fig. 5(b).

The out-bud shape shown in Fig. 5(a) can arise from the osmotic de-
flation of a pear-like vesicle provided the area of this vesicle membrane
satisfies A > 8m/m? where the equality sign corresponds to Ry = Ry. The
equality with A = 8m/m? corresponds to the reduced volumev = 6/mV/
A*? =1/v/2~0.71 and the reduced spontaneous curvature co =
2m(A/4n)'/? = 23/2 = 2,83, which determines the end point of the
line LP*?" in Fig. 10 of Ref. [6]. The in-bud shape in Fig. 5(b) can arise
from the osmotic deflation of a stomatocyte without any restriction
on its membrane area. An alternative process, by which one can obtain
the shapes in Fig. 5(a) and (b) as limit shapes from smoothly curved
vesicle shapes, is by increasing the positive spontaneous curvature of
pear-like vesicles and decreasing the negative spontaneous curvature
of stomatocytes, see the lines denoted by LP**" and L** in Fig. 10 of
Ref. [6]. When the ideal necks arise as limiting shapes of wider necks,
they satisfy the ideal neck condition [42,6,38]

M + Mg, = 2m, (44)

which implies that positive spontaneous curvatures m > 0 always lead
to out-buds whereas negative spontaneous curvatures m < 0 always
lead to in-buds. The ideal neck condition (44) has been used to estimate
the spontaneous curvature m induced by the adsorption of biotinylated
DNA bound to membrane-anchored avidin [37].

One may also consider an ideal neck and ask under what conditions
this neck is locally stable. One then finds the curvature inequality [43]

Mis + M <2m for locally stable out—buds (m>0) (45)
as in Fig. 5(a) and the inequality [44]
M5+ Mg>2m  for locally stable in—buds (m<0) (46)

as in Fig. 5(b), the latter being equivalent to — M5 + |Mgs| < 2|m|.

(a) (b)

C@o

Fig. 5. Small spherical buds connected to a large spherical vesicle by narrow necks:
(a,c) Out-buds that protrude into the exterior compartment can be formed for m > 0,
whereas (b,d) In-buds that protrude into the interior compartment imply m < 0. The
large vesicle has the radius Rjs; when the buds form as limit shapes, the out-buds have
the radius Rgs = Rjs/(2mRjs—1) and the in-buds have the radius Rss = Rjs/(1—2mRy).

@Q

The two mean curvatures M;s and Mg satisfy the normal stress bal-
ance relations
AP = 2(3 + 2km” )My, —4rmMG,

with Mg, = Mjs or M. (47)

Eliminating the pressure difference from these two equations and
inserting the ideal neck condition, the mechanical tension is found to
satisfy the simple relation

S e =3 = 2km” = 0, (48)

which is valid for the limit shapes of both out- and in-buds. Thus, for this
vesicle morphology, the scale for the mechanical tension is again pro-
vided by the spontaneous tension ¢, but, compared to the threshold ten-
sion Esff for spherical vesicles as discussed in the previous subsection,
the mechanical tension now has the opposite sign and acts to stretch
the membrane.

The relation 3 = 2xkm? was first obtained from numerical solutions
for axially symmetric vesicle shapes [6]. The derivation presented here
implies that the relation (48) also applies to limit shapes consisting of
a large sphere and an arbitrary number of small spheres, all connected
to the large sphere by small membrane necks, see Fig. 5(c,d). Because
of the ideal neck condition, all small spheres must have the same
mean curvature Mss = 2m — M, which implies that all small spheres
are either out- or in-buds and that they all have the same radius Rgs. In
general, morphologies as in Fig. 5(c,d) can arise from nonuniform
perturbations of the membrane and may represent limit shapes with
Mis + Mss = 2m or locally stable shapes with Mjs + Mss > 2m or Mys +
Mss < 2m for out- and in-buds, respectively.

Starting from the shapes in Fig. 5(c,d), one can construct somewhat
different morphologies by detaching one small sphere from the large
sphere and reattaching it, via an ideal neck, to one of the other small
spheres. Because the ideal necks have vanishing bending energy [6],
this ‘cut and paste’ operation does not change the bending energy of
the vesicle membrane but the resulting shapes exhibit two different
ideal necks: ss-1s-necks between a small sphere and the large sphere
as well as ss-ss-necks between two identical small spheres. Both
types of necks can, in fact, be locally stable at the same time. Using the
curvature inequalities in Eqs. (45) and (46) for both types of ideal
necks, one concludes that both ss-Is-necks and ss—ss-necks are locally
stable for out-buds with Mg < m and for in-buds with Mg > m, the latter
inequality being equivalent to |m| > |Ms|. Thus, ss-1s-necks and ss-ss-
necks can coexist in both cases for sufficiently large absolute values of
the spontaneous curvature.

5.3. Qylindrical tubules connected to large sphere

Another example, for which the mechanical tension can be calculat-
ed explicitly, is provided by cylindrical tubules that are connected to a
large sphere, see Fig. 6(a,b). If the tubule and the sphere are in mechan-
ical equilibrium, we have three stress balance conditions. First, the

mean curvature M, of the sphere again satisfies the relation (37). Sec-
ond, the normal stress balance for the cylindrical tube has the form

AP = 2( 3+ 26m” )Moy —4r MY, (49)
whereas the tangential stress balance along the tube is described by
AP = 4(3 + 25m” )Mo, —165mM2, + 8KMy (50)

Eliminating the pressure difference AP and the tension X from the
three Egs. (37), (49), and (50), one obtains the mean curvature [18,19]

1
Meymm—; M, for small M/|m| (51)
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Fig. 6. Membrane nanotubes emanating from a large spherical vesicle: (a,b) Cylindrical in-
and out-tubes; and (c,d) Necklace-like in- and out-tubes consisting of a string of small
spheres.

of the cylindrical tube and the mechanical tension

Snec = 2=KkmM; for small My/|m| (52)
within the whole membrane.

If we were able to measure the tube radius Ry, we could also deter-
mine the spontaneous curvature via

1 1

~ M=t
mNMCy+4M15 iZRcy+4Rls

(53)

where the plus and minus signs apply to the out- and in-tubes as shown
in Fig. 6(a,b), respectively. Linear stability analysis implies that cylindri-
cal in-tubes are stable whereas cylindrical out-tubes are unstable and
transform into necklace-like out-tubes, see Fig. 6(c,d) and the next sub-
section [19]. However, because the two shapes can be continuously
transformed into each other via unduloids that have the same area,
the same mean curvature, and the same bending energy, both cylindri-
cal and necklace-like morphologies may coexist in the same vesicle.

5.4. Necklace-like tubules connected to large sphere

Now, as a last example, let us consider the necklace-like tubules as
depicted in Fig. 6(c,d). The mean curvatures of the large spherical
‘mother’ vesicle and of the small spheres within the necklace-like tu-

bules again satisfy the two relations in Eq. (47). Furthermore, the tan-
gential stress balance along the necklace-like tube now has the form

AP = 3(3+ 2m” | Myg— 12k mMz, + 6KMz,. (54)

Eliminating again AP and 3 from the three relations in Egs. (47) and
(54), we obtain the mean curvature

My mm—1M, for small Mi/|m| (55)
of the small spheres and the mechanical tension
Siec = Ezgﬁlis for small M,/|m| (56)

within the whole membrane for both out- and in-tubes.

Neighboring spheres within the necklace now satisfy the perturbed
neck condition

2
Mgs + Mg =2m—2 M, (57)

which becomes identical to the ideal neck condition (44) in the limit of
vanishing M, corresponding to a very large sphere.? Because M <m,
necklace-like out-tubes can be connected to the large sphere by an
ideal ss-I1s-neck.

If we were able to measure the radii Ry of the small spheres, we
could determine the spontaneous curvature also via

1 1

1
=My + Mg =+ —+ 55—
m ss+3 Is Rss+3Rls

(58)

where the plus and minus signs apply to out-tubes and in-tubes as in
Fig. 6(c) and (d), respectively.

6. Summary and outlook

The mechanical tension 3. has been determined by minimizing
the combined bending and stretching energy with respect to membrane
area for fixed vesicle volume. This minimization leads to the rela-
tion (23) which shows that the mechanical tension 3. is identical
with the Lagrange multiplier tension 3 that has been adjusted in the
minimization of the bending energy to enforce a certain, prescribed
equilibrium value of the membrane area.

The identity of the mechanical tension with the Lagrange multiplier
tension has then be used in Section 5 to determine the mechanical ten-
sion for a variety of simple shapes.

For a spherical vesicle close to the prolate/oblate instability, the me-
chanical tension 3¢ is negative and its absolute value is of the order of
the spontaneous tension 2km?, see Eq. (42). For limit shapes with spher-
ical in- and out-buds connected to a larger sphere as in Fig. 5(a,b), the
mechanical tension is positive and equal to the spontaneous tension,
see Eq. (48). On the other hand, for cylindrical or necklace-like tubes
connected to a large spherical vesicle, the mechanical tension is nega-
tive and much smaller than the spontaneous tension, see Eqs. (52)
and (56).

The same analysis can be applied to more complex vesicle geome-
tries. One example is provided by vesicles enclosing two aqueous drop-
lets as shown in Fig. 7. In this case, the vesicle membrane consists of two
segments, the ary segment between the « droplet and the external y
phase as well as the 3y segment between the (3 droplet and the 7y
phase. The two segments form a three-phase contact line with the o3
interface between the two droplets. The force balance along this contact
line involves the total membrane tensions [18,19]

3,=3,+0, with q=ayorpy (59)

of the two membrane segments with the mechanical tensions Smecq =
3. If the segment g forms nanotubes, the spontaneous tension oy is
large compared to the mechanical tension 3yecq and one can determine
the spontaneous curvature of the g-segment from the measured contact
angles, see Fig. 7.

The two-droplet geometry in Fig. 7 involves an extrinsic tension
scale as provided by the interfacial tension 3. of the interface
between the two droplets. Along the contact line, the latter tension
must be balanced by the tensions 34, and 3z, of the two membrane

2 The correction terms in Ref. [18] have different prefactors because, in the latter refer-
ence, the ideal neck condition has been used, corresponding to Eq. (57) without the cor-
rection term —2 M.
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oy

Zop
(a) (b) (c)

Fig. 7. Geometry of a large vesicle enclosing two aqueous droplets: (a) The vesicle membrane (solid blue line) separates the two interior aqueous phases cvand (3 from the exterior aqueous
phase . This membrane consists of two spherical segments, one segment in contact with the a phase and another segment in contact with the 3 phase. The o3 interface (broken purple
line) and the two membrane segments meet along the contact line, which defines the three effective contact angles 6, 65, and 6,; (b) Mechanical equilibrium at the contact line implies
that the interfacial tension 3, balances the two membrane tensions Sqy and 3; (c) Triangle formed by the three tensions S, Say, and 3g,; and (d) Intrinsic contact angle 6, when the

membrane is viewed with nanoscopic resolution [45].

segments. If the oy segment forms tubules, the force balance implies
[19,30]

sin6,—sin by

Sy = py T OpyROay + Zap — 0

(60)

which can be used to determine the spontaneous tension Og,. The
three (effective) contact angles 6,, 0, and 6, are defined in
Fig. 7(a,b); the trigonometric term (sin o — sin 6)/sinf,, is equal
to cos(6;,) with the intrinsic contact angle 6;, as defined in Fig. 7(d)
[45]. The relation (60) implies that the 3y segment can adapt its me-
chanical tension 3peczy = 3p, in order to balance the other two ten-
sions along the contact line.

Another vesicle geometry that involves an extrinsic tension scale is
provided by vesicles adhering to a solid surface as in Fig. 8. In this
case, the extrinsic tension scale corresponds to the adhesive strength
W, which represents the adhesion free energy per unit area. Theoretical
considerations predict that the vesicle will unbind from the surface by
the formation of tubules, see Fig. 8(b,c), as soon as the spontaneous ten-
sion o= 2km? of the membrane exceeds the critical value 0 = o* = |W)|,
i.e., as soon as o exceeds the absolute value |W] of the adhesive strength
[30]. The variation of the spontaneous curvature can be probed experi-
mentally by changing the concentration of adsorbate particles in the in-
terior or exterior aqueous compartment. In this way, one can estimate
the critical value of the spontaneous tension and, thus, of the spontane-
ous curvature if one knows the adhesive strength W and vice versa.

Finally, a few remarks about an aspect that I did not address in the
main body of this paper, namely possible effects of thermally-excited
shape fluctuations on the membrane tension. First, it is important to

note that the mechanical tension as determined in molecular dynamics
simulations [10] includes all of these fluctuation effects. Second, for
small or ‘harmonic’ fluctuations around an equilibrium shape of the ves-
icle, the vesicle membrane experiences an ‘effective tension’, which can
be identified with the Lagrange multiplier tension, provided the fluctu-
ation modes break the symmetry of the equilibrium shape [46]. The
identity between the Lagrange multiplier tension and the mechanical
tension as derived in the present paper implies that the symmetry-
breaking modes are, in fact, governed by the mechanical tension within
the vesicle membrane.

The spectrum of thermally-excited shape fluctuations can also be
determined by molecular dynamics simulations [11]. In the presence
of membrane tension, the fluctuation spectrum should scale as 1/k?
for small wavenumber k, and the coefficient of this k-dependence
also defines a tension, the fluctuation tension. One interesting and
open question is the relation between this fluctuation tension and
the mechanical tension. In our original molecular dynamics simula-
tions of the fluctuation spectrum, we implicitly assumed that the
two tensions can be identified. On the one hand, subsequent molec-
ular dynamics simulations found small differences between the nu-
merical values of the two tensions [47-49]. On the other hand,
symmetry arguments and simulations of ‘1-dimensional mem-
branes’, which are equivalent to semiflexible polymers or wormlike
chains [50], seem to support the identity of fluctuation and mechan-
ical tension [51,52]. Because the molecular dynamics simulations in
[47-49] were necessarily restricted to certain ranges of membrane
areas, it is possible that the small differences between the two ten-
sions as found in these simulations arise from finite-size effects.
Thus, one would like to study these effects in a systematic manner

AN A WAV,

(@) (b) ()

Fig. 8. Vesicle adhering to a solid surface: (a) If the vesicle membrane has a small spontaneous curvature, the adhering vesicle forms a spherical cap, the geometry of which reflects its
volume-to-area ratio; (b,c) Membrane binding of proteins or nanoparticles that generate a large positive or negative spontaneous curvature m: If the absolute value |m| exceeds a certain
threshold value, the vesicle starts to reduce its contact area with the solid surface and store the resulting excess area in necklace-like out-tubes for m > 0 as in (b) and in cylindrical in-tubes
for m <0 as in (c). In both cases, the tubulation process will continue until the contact area disappears and the vesicle unbinds from the solid surface [30]. The free energy difference be-
tween necklace-like and cylindrical tubes is quite small, which implies peristaltic shape fluctuations that connect the two tube morphologies.
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by increasing the size of the membrane patches. However, larger
membrane patches are less stable against rupture or pore forma-
tion [15,53], which implies that the range of mechanical tensions
that can be explored in the simulations shrinks as one increases
the size of the membranes. So, even today, the notion of membrane
tension continues to provide us with both conceptual and compu-
tational challenges.
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