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Multipartite quantum correlations, in spite of years of intensive research, still leave many questions
unanswered. While bipartite entanglement is relatively well understood for Gaussian states, the
complexity of mere qualitative characterization grows rapidly with increasing number of parties.
Here, we present two schemes for transformations of multipartite permutation invariant Gaussian
states by Gaussian local operations and classical communication. To this end, we use a scheme for
possible experimental realization, making use of the fact, that in this picture, the whole N-partite
state can be described by specifying the states of two separable modes. Numerically, we study
entanglement transformations of tripartite states. Finally, we look at the effect our protocols have
on fidelity of assisted quantum teleportation and find that while adding correlated noise does not
affect the fidelity at all, there is strong evidence that partial non-demolition measurement leads to
a drop in teleportation fidelity.

PACS numbers: 03.67.Bg, 42.50.Ex, 03.67.Ac

I. INTRODUCTION

Gaussian states and operations, though a mere subset
of continuous-variable systems, represent an important
resource in quantum information processing and, partic-
ularly, in quantum optics [1, 2]. Their importance lies in
the fact that they can be easily described using only the
displacement and covariance matrix, the first and second
statistical moments of the quadrature operators, mak-
ing use of the formalism based on symplectic analysis;
on the other hand, their experimental importance stems
from the fact that Gaussian states can be generated and
manipulated using coherent laser light, passive linear op-
tical elements, optical parametric amplifiers and highly
efficient homodyne detection. All these tools enable us
to generate Gaussian entanglement deterministically.
The significance of Gaussian states is further empha-

sized when studying entanglement. Compared to a gen-
eral system of two N -level systems, where the question
of bound entanglement is still an important topic of re-
search, it has been shown that with two-mode bipartite
Gaussian states separability is equivalent to positive par-
tial transpose [3, 4], and later it has been proved that this
holds for any 1×N -mode bipartite states [5].
Multipartite Gaussian entanglement [6], nevertheless,

still represents a considerable challenge in our under-
standing of quantum correlations. Even restricting to
scenarios, where each party is in possession of only a sin-
gle mode, the complexity of the system grows rapidly
with increasing number of parties. While two-mode bi-
partite Gaussian states are either entangled or separa-
ble (depending on the positivity of the partial transpose,
therefore easily determined), with three-mode tripartite
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entangled Gaussian states, there are five entanglement
classes, depending on the separability of all three pos-
sible bipartitions of the state [7], and, to the best of
our knowledge, no such simple classification exists for
Gaussian states of four parties. Still, sufficient criteria
for multipartite continuous-variable entanglement have
been derived [8, 9] and additional methods for character-
izing multipartite entanglement were proposed, e.g., us-
ing localization to two-mode entanglement [10, 11], con-
nection between multipartite entanglement and telepor-
tation fidelity [12], or using multipartite entanglement
witnesses [13]. A need for better understanding of mul-
tipartite Gaussian entanglement is, moreover, motivated
by recent advances in experimental generation of Gaus-
sian cluster states [14–16], and by recent experimental
demonstration of entanglement distribution using sepa-
rable states [17, 18].

In this paper, we analyze protocols for transforma-
tions of multipartite Gaussian states by local Gaussian
operations and classical communication. We are mainly
interested in a qualitative characterization of entangle-
ment; therefore, our numerical results concern only tri-
partite Gaussian states that still can be unambiguously
classified, adopting the terminology of Ref. [7]. In ad-
dition, this approach is similar to that of Giedke and
Kraus [19] who were, nevertheless, interested in a more
general equivalence ofN -mode entangled Gaussian states
while we propose specific protocols to achieve this task.
Moreover, the focus of Ref. [19] lies in Gaussian local uni-
taries, whereas our protocols use a wider class of Gaus-
sian local operations and classical communication.

Secondly, our motivation is also to generalize protocols
for full symmetrization of bipartite Gaussian states [20].
Our generalization is twofold—not only do we consider a
higher number of modes but we also relax the condition
of full symmetry. By fully symmetric, we mean states
that are not only invariant with respect to the exchange
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of the two modes, but also have equal amplitude and
phase variances and exhibit equally strong correlations in
both quadratures. Our generalization works again with
permutation symmetric states, i.e., states that are not
changed by exchanging any two modes, however, we do
not require equal variances nor correlations.

The rest of the paper is organized as follows: We re-
view the description of Gaussian states and operations
in Sec. II. Here, we also present a scheme of equiva-
lent state preparation that enables us to describe the
N -partite states using only two separable modes. Indi-
vidual strategies used for transformations of symmetric
Gaussian states are introduced in the following sections.
Specifically, protocol based on correlated noise addition is
studied in Sec. III, and the use of partial non-demolition
measurement is investigated in Sec. IV. In Sec. V, we
study assisted quantum teleportation with permutation
invariant Gaussian states and investigate the effect of the
aforementioned protocols on the teleportation fidelity.
Finally, we conclude in Sec. VI.

II. MATHEMATICAL PREREQUISITES

Starting from creation â†j and annihilation âj opera-
tors, we can introduce the amplitude and phase quadra-

tures as x̂j = âj + â†j, p̂j = i(â†j − âj). Collect-
ing the quadrature operators of N modes into a vector
r̂ = (x̂1, p̂1, . . . , x̂N , p̂N )T , we can write the commutation

relations using the symplectic form [2] Ω =
⊕N

j=1 ω,

ω =

(

0 1
−1 0

)

, (1)

as [r̂j , r̂k] = 2iΩjk. Gaussian states, i.e., states with a
Gaussian phase-space representation (e.g., the Wigner
function), are then described using first and second sta-
tistical moments of the quadrature operators, the mean
value r̄ = Tr(r̂ρ̂), and the covariance matrix with ele-
ments γjk = 〈{∆r̂j ,∆r̂k}〉/2, where ∆r̂j = r̂j − 〈r̂j〉 and
{, } denotes the anticommutator. Note that the mean
value can be changed deterministically using local dis-
placements and does not affect the entanglement of the
state. We will, therefore, use only the covariance ma-
trix to describe Gaussian states; we will often use the
covariance matrix as a full state description instead of
the density matrix, speaking of state γ when referring to
state ρ̂. Gaussian unitary operations, i.e., unitaries that
map Gaussian states to Gaussian states, can be described
by their action on the covariance matrix, [1, 2]

γ → SγST , (2)

where S is a symplectic matrix; general Gaussian com-
pletely positive maps can, nevertheless, also be described
using the covariance matrix formalism [21, 22].

In the following, we will consider permutationally in-

variant Gaussian states with the covariance matrix

γ =











ν σ . . . σ
σT ν . . . σ
...

. . .
...

σT . . . σT ν











. (3)

Here, ν and σ are 2×2 matrices describing the mode co-
variance and the inter-modal correlations, respectively.
We assume canonical form, with diagonal ν and σ; as a
consequence, these matrices can be parametrized either
by the specific variances and correlations, ν = diag(m,n),
σ = diag(c,−d), or using the ratio of the diagonal terms,
ν = diag(m, k1m), σ = diag(c,−k2c).
In Fig. 1, we show how to prepare such states in an ex-

perimental realization. Such a scheme was originally pro-
posed by van Loock and Braunstein [23] for three modes
and later used in experiments demonstrating generation
of multipartite Gaussian entanglement [6] and assisted
quantum teleportation [24]. The N modes, N − 1 of
which are in an identical thermal squeezed state with
noise n1 and squeezing r1 while the remaining mode has
thermal noise nN and squeezing rN , are superimposed on
an array of beam splitters with transmittance-reflectance
ratios (N − 1) : 1, . . . , 1 : 1. The effect of this setup is
to distribute the N -th mode (i.e., the only different one)
equally among all output modes. Denoting the variances
of the input quadratures Vx = n1e

2r1 , Vp = n1e
−2r1 ,

Wx = nNe2rN , Wp = nNe−2rN , and assuming the beam
splitters imprint a phase shift of π on modes 1,. . . ,N − 1
upon reflection, it is a straightforward task to show that
the following relations between input variances and pa-
rameters of the output covariance matrix hold

m = [(N − 1)Vx +Wx]/N, (4)

n = [(N − 1)Vp +Wp]/N, (5)

c = (Wx − Vx)/N, (6)

d = (Vp −Wp)/N, (7)

or, inversely,

Vx = m− c, (8)

Vp = n+ d, (9)

Wx = m+ (N − 1)c, (10)

Wp = n− (N − 1)d. (11)

With the use of the presented experimental scheme,
we can significantly simplify the investigation of the pro-
tocols used for transformations of the states. Denoting
the covariance matrix of the input state of the N -port
beam splitter as γin and using B to describe the N -
port beam splitter transformation, we have the relation
γ = BγinB

T . If we consider a symplectic transformation
S on the state γ and use the fact that BBT = BTB = I,
where I is the identity, we can write

SγST = SBγinB
TST = BBTSBγinB

TSTBBT . (12)

Instead of performing the operation S on the state γ
(which would be, in an experiment, prepared by mixing
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Figure 1. An effective scheme for preparation of the studied
states. The input mode N is distributed equally among all
output ports, resulting in a permutationally invariant output
state. The main reason for introducing the scheme is, how-
ever, to simplify the analysis of the investigated protocols.

the modes of the state γin on the N -port beam splitter
B), we can thus perform the operation BTSB on the
state γin and then mix its modes on the N -port beam
splitter B. As a result, this description enables us to
consider the effect of the transformation BTSB on the
separable state γin (which will, in most cases, result in
local transformations on each mode) instead of calculat-
ing the overall transformation S on the whole (possibly
entangled) state γ. Moreover, if the operation factorizes
into a product of identical local single-mode operations
(as is often the case since we want to preserve the per-
mutation invariance), the operation is unaffected by the
N -port beam splitter and it does not matter if we apply
the transformation on the input or output modes as can
be proved by writing the symplectic operation in block
form [25].
To qualitatively characterize entanglement of the input

and output tripartite states, we follow the approach of
Ref. [7]. These states can belong to five entanglement
classes, three of which are relevant for permutationally
invariant states. The states can be fully entangled, i.e.,
inseparable with respect to any bipartition of the state,
fully separable, or bound entangled, i.e., separable with
respect to any bipartition, yet not separable to product
state of three subsystems. Adopting the terminology of
Ref. [7], the states are said to belong to entanglement
class I, V and IV, respectively. As an example, in Fig. 2,
we show entanglement classes for states with m = n = 4
(a) and m = 4, n = 1.5 (e). While it is not clearly visible
in the figure, bound entangled states form a boundary
between fully separable and fully entangled states of a
finite width. Thus, it is in principle possible to create
these states in a laboratory, given the experimental error
is sufficiently small.

III. CORRELATED NOISE ADDITION

The first approach for transformations of symmetric
Gaussian states we study is based on adding correlated
noise to each mode of the N -partite state. This can, in
practice, be accomplished performing random local dis-
placements xj → xj+xn, where xn is a Gaussian random

variable with zero mean and variance VN/2. The effect
of the noise addition, in terms of covariance matrices, is
given by

γ → γ + γn = γ +







α α . . .
α α . . .
...

. . .






, (13)

where γ is the covariance matrix of the input state and
γn describes the added noise; it is composed of 2×2
blocks α = diag(VN , 0). We can see that the added
noise increases correlations between amplitude quadra-
tures of individual modes; if the amplitude quadratures
are initially correlated, i.e., c > 0 in off-diagonal blocks
σ = diag(c,−d) in the original covariance matrix, these
correlations are increased. On the other hand, the noise
also increases variance of the amplitude quadrature of
each mode. As we will see in Sec. V, these two ef-
fects exactly cancel each other when using the state for
quantum teleportation. Thus, this procedure does not
increase quantum correlations between modes, as one
might naively expect from the increase of correlations c.
After adding correlated noise, all parties perform ad-

ditional squeezing on their mode; the whole protocol is
sketched in Fig. 3. Using the effective scheme in Fig. 1,
the protocol corresponds to adding Gaussian noise with
variance NVN to mode N and performing squeezing on
each mode. The former can be seen by propagating the
noise covariance matrix γN through the N -port beam
splitter B for three modes, the latter is a consequence of
the fact that the squeezing is the same on each mode and
is therefore, as discussed in Sec. II, invariant to the beam
splitter transformation. Taking this into account, the
transformation can be described in the effective scheme
by

Vx → 1

a
Vx, (14)

Vp → aVp, (15)

Wx → 1

a
(Wx +NVN ), (16)

Wp → aWp, (17)

with a = e2r giving the squeezing. Using Eqs. (4)-(7) and
requiring the ratios k′1 = n′/m′, k′2 = d′/c′ in the out-
put state (throughout the paper, we parametrize output
states by primed quantities and input states by unprimed
ones), we obtain the solution

a2 =
k′1k

′
2NVx

[k′2(N − 1)− k′1]Vp + (k′1 + k′2)Wp

,

= k′1k
′
2

m− c

k′2n− k′1d
, (18)

VN =
Vx −Wx

N
+

Vp −Wp

k′2N
a2 =

k′1md− k′2nc

k′2n− k′1d
, (19)

the physicality of the squeezing and noise is given by the
conditions

nc

m

k′2
k′1

< d < n
k′2
k′1

. (20)
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Figure 2. Left column: Entanglement classes for states with m = n = 4 (a) and m = 4, n = 1.5 (e). In the remaining panels,
transformations of entanglement classes with the noise addition protocol [top row, (b)-(d)] and with the QND interaction
strategy [bottom, (f)-(h)] are shown. Area A (dark gray) represents fully separable states of class V, area B (black) shows
fully entangled states, i.e., states belonging to class I while in area C (gray), bound entangled states, or states of class IV are
shown. Area D (large areas of light grey) shows states that cannot be brought to a state with required values of k1,2 using
given protocol and unphysical states are shown in white. Note that although the set of bound entangled states is very small
compared to both classes I, V, it has a non-zero measure. The required output state ratios k′

1,2 in panels (b)-(d), (f)-(h) are
k′

1 = 1, k′

2 = 2 for panels (b), (f); k′

1 = 2, k′

2 = 1 (c), (g); k′

1 = 3, k′

2 = 1 (d), (h); moreover, numerical calculations suggest
that only the ratio k′

2/k
′

1 is relevant, i.e., parameters k′

1 = 2, k′

2 = 4 would reproduce the results of panels (b), (f). Finally, the
behavior with different values of input variances m, n is qualitatively the same.

ργNS γN S

γN

S

Figure 3. Protocol for transformations of permutation sym-
metric Gaussian states by adding correlated noise. The par-
ties first add correlated Gaussian noise with zero mean and
variance VN/2 to the amplitude quadrature of their mode and
subsequently apply local squeezing to their mode.

The permutation invariant multipartite Gaussian
states are described using four real parameters, quadra-
ture variances and correlations, while the transformation
protocol has two degrees of freedom, the noise variance
and the squeezing. When generalizing protocols for full
symmetrization to operations preserving the permutation
symmetry, it is therefore natural to vary the variance

and correlation ratios k′1,2. Nonetheless, it is also possi-
ble to choose a different pair of parameters that ought
to be changed by the protocol. Consequently, our ap-
proach is of a more general applicability—the equations
describing the effective scheme transformation (14)-(17)
together with the relations between the effective scheme
and original state (4)-(7) and the required pair of pa-
rameters can be used to give the required noise variance
and squeezing. This generalization is also possible with
the protocol based on partial quantum non-demolition
measurement that is introduced in the next section.

We study the transformations of entanglement classes
of tripartite states by this protocol in Fig. 2 [top row,
panels (b)-(d)]. The physicality of squeezing and noise
variance Eq. (20) affects the set of states that can be
transformed by this protocol in a straightforward way:
The first inequality gives rise to the linear cutoff in each
panel with the slope given by the ratio k′2/k

′
1. The second

inequality leads to the horizontal cutoff that appears for
small ratio k′2/k

′
1 in panel (d).

Secondly, for c, d < 0, there is a rapid change in en-
tanglement classes, cf. Fig. 2 (a). For c, d > 0, on the
other hand, the entanglement classification is unaffected
by the transformation up to a very small widening of the
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ρgdAS g dB S

g

dC

S

Figure 4. Scheme of protocol for symmetric Gaussian state
transformation based on partial QND measurement. Each
mode undergoes a non-demolition interaction of strength g
with ancillary mode that is subsequently measured. After the
measurement results are made public, each party performs
a displacement d on their mode. In the end, each mode is
subject to squeezing S.

set of bound entangled states at the expense of fully en-
tangled states. In other words, while the boundary of
fully separable and bound entangled states stays fixed,
the border between bound entangled and fully entangled
states moves slightly into the region of fully entangled
states. We conclude this section by noting that for differ-
ent values of amplitude and phase variances, the behavior
is analogous in all respects discussed here.

IV. PARTIAL QND MEASUREMENT

The second strategy, which is schematically illustrated
in Fig. 4, is based on a quantum non-demolition (QND)
interaction with auxiliary modes, initially in the vacuum
state. The ancillas are subsequently measured and, de-
pending on the measurement results that are announced
publicly, each party performs a displacement on their
mode. Finally, each mode is subject to squeezing.

As both QND interaction and squeezing are the same
on each mode, these operations commute with theN -port
beam splitter for effective state preparation of Fig. 1. In
terms of the separable modes of the state preparation
scheme, the overall transformation reads (note that dis-
placements do not have any effect on the variances)

Vx → a

(

Vx − g2V 2
x

g2Vx + 1

)

, (21)

Vp → 1

a
(Vp + g2), (22)

and similarly for Wx, Wp. Here, g is the strength of the
QND interaction and a gives the squeezing. Similarly
as with noise addition strategy, requiring variance and
correlation ratio k′1 = n′/m′, k′2 = d′/c′ at the output,

we get the set of equations

πxδpg
4 + σxδpg

2 + k′2δxa
2 = −δp (23)

Nπxg
6 + (Nσx + πxνp)g

4 +

+(N + σxνp)g
2 −Nk′1πxg

2a2 − k′1νxa
2 = −νp, (24)

where δx = Vx −Wx, νx = (N − 1)Vx +Wx, πx = VxWx,
σx = Vx+Wx, and quantities with subscript p are defined
similarly. This set of equations can be solved analytically,
e.g., by expressing a2 from the first equation and plugging
it into the second equation, leading to a cubic equation
for g2.
Entanglement classification with QND interaction pro-

tocol for different values of variance and correlation ratio
k′1,2 is shown in Fig. 2 (f)-(h). Compared to the corre-
lated noise addition strategy, entanglement class is pre-
served for every input state. In addition, a larger subset
of entangled states can be transformed for each set of pro-
tocol parameters than with the noise addition protocol.
Finally, situation for different values of input variances
m, n is qualitatively the same.

V. ASSISTED QUANTUM TELEPORTATION

WITH SYMMETRIC GAUSSIAN STATES

While entanglement classification is useful in order to
understand the qualitative features of quantum states
and the transformations we presented, for any practical
applications of entangled states a figure of merit is re-
quired that would characterize how well given task can
be performed with given state. Most generally, entangle-
ment can be quantified by entanglement measures some
of which have been proposed for multipartite Gaussian
states [26, 27]; nevertheless, their calculation requires,
in case of mixed states, taking Gaussian convex roof,
making the calculation rather cumbersome. Therefore,
we use an operationalistic approach and are interested
in fidelity of assisted quantum teleportation [23, 24], as
shown in Fig. 5. Alice, who wants to teleport an unknown
coherent state to Bob, performs a Bell measurement on
the teleported state and her mode of the entangled state.
Other parties help to improve the teleportation fidelity by
certain measurements on their modes. Finally, all mea-
surement results are publicly announced so that Bob can
perform suitable displacements and get the teleported
state.
To find optimal measurement for the third party, Char-

lie, in case of quantum teleportation with three parties,
we proceed as follows: We start from the covariance ma-
trix of the tripartite state

γABC =















m 0 c 0 c 0
0 n 0 −d 0 −d
c 0 m 0 c 0
0 −d 0 n 0 −d
c 0 c 0 m 0
0 −d 0 −d 0 n















(25)
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A
B

C

in

(a)

|0〉

p

x

r2 : t2

(xin − xA)/
√
2

(pin + pA)/
√
2

Figure 5. (a) Scheme of assisted quantum teleportation with
three parties. Alice performs a Bell measurement on mode
A of the entangled state with an unknown coherent state in
mode “in” she wants to teleport to Bob and announces the
measurement result. Charlie helps to maximize the telepor-
tation fidelity by performing certain measurement on mode
C and announcing the result. (b) Detail of Charlie’s mea-
surement. Charlie splits mode C on a beam splitter with
amplitude transmittance t and reflectance r and performs ho-
modyne measurements of the outputs. In the limit t → 0, he
recovers homodyne measurement of the x quadrature while
for t → 1, p quadrature of the mode C is measured. Fi-
nally, t = 1/

√
2 corresponds to a heterodyne measurement of

mode C.

to which we add a fourth mode D in the vacuum state,
γABC ⊕ ID. Modes C and D are subsequently mixed
on a beam splitter with transmittance t and amplitude
(phase) quadrature of mode C (D) is then measured.
Thus, we can write the resulting covariance matrix of
the modes A, B in block form

γAB =

(

A C
CT B

)

, (26)

A = B = diag

(

m− c2r2

mr2 + t2
, n− d2t2

nt2 + r2

)

, (27)

C = diag

(

c− c2r2

mr2 + t2
,−d− d2t2

nt2 + r2

)

. (28)

The teleportation fidelity can be expressed as [28]

F =
2√

detE
, (29)

where E = 2D + RART + RC + CTRT + B, D = I is
the covariance matrix of the teleported coherent state,
and, assuming c > 0, d > 0 (this corresponds to Alice
measuring xin − xA, pin + xA), R = diag(−1, 1). Using
t2 = T , r2 = 1 − T , we find that ∂ detE/∂T < 0 for
T ∈ [0, 1]; the optimal choice is T = 1, corresponding
to a homodyne measurement of p quadrature by Charlie.
For the teleportation fidelity, we thus get

F =
1

√

(m− c+ 1)(n− d+ 1− 2d2/n)
. (30)

By comparison with teleportation in the bipartite case,
F = 1/

√

(m− c+ 1)(n− d+ 1), [by virtue of gener-
alizing the result in Ref. [20]], we see that Charlie’s
measurement maximizes anti-correlations in Alice’s and
Bob’s phase quadratures while preserving correlations in
x; while measuring small portion of Charlie’s amplitude
quadrature would lead to increasing Alice’s and Bob’s x-
correlations, it would also reduce the anti-correlations in
their p quadratures.

A. Correlated noise addition

Let us turn our attention to the scheme based on
adding correlated noise and its effect on the telepor-
tation fidelity. First important observation is that the
amount of added noise does not influence the teleporta-
tion protocol as can be seen by noting that the noise
variance enters the transformation formulas solely in
Eq. (16). As a result, its contributions in the expres-
sions for amplitude variance and amplitude correlations
Eqs. (4), (6) cancel each other in the formula for fidelity
Eq. (30). In other words, while adding correlated noise
increases the inter-modal amplitude correlations, it also
leads to an increase of the amplitude variance, and these
two effects exactly cancel each other. This holds also
in the bipartite case; then, the fidelity takes the form
F = 1/

√

(m′ − c′ + 1)(n′ − d′ + 1), keeping the crucial
term m′ − c′. This suggests that the finding is of a more
general nature—while it is necessary to keep both noise
addition and squeezing to obtain an arbitrary combina-
tion of variance and correlation ratios [but, naturally,
within bounds given by physicality of the expressions
(18), (19)], only the squeezing is responsible for the in-
crease in teleportation fidelity.
The optimal squeezing for a tripartite resource state

can be found by taking the derivative of the argument of
the square root in Eq. (30) ∂[(m′ − c′ + 1)(n′ − d′ + 1−
2d′2/n′)]/∂a and putting it equal to zero. A straightfor-
ward calculation leads to the result

a2opt =
Vx(2Vp +Wp)

3VpWp

. (31)

In addition, it is easy to check that the second derivative
is positive; hence the expression (m′−c′+1)(n′−d′+1−
2d′2/n′) reaches its minimum and the fidelity is maximal.
In an experimental realization, however, it is not neces-

sary to perform squeezing on all modes of the entangled
state. Squeezing of Charlie’s mode is directly followed
by a homodyne measurement; hence, it can be emulated
by properly rescaling the measurement result. Similarly,
rescaling the result of Alice’s Bell measurement corre-
sponds to squeezing both of her modes. In addition, if
both squeezing parameters are the same, the squeezing
operations can be propagated through the balanced beam
splitter, as discussed in Sec. II. As a result, proper rescal-
ing of Alice’s measurement outcomes (without squeezing
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her mode of the entangled state) corresponds to teleport-
ing squeezed version of the input state. Therefore, in-
stead of Alice and Charlie performing squeezing on their
respective modes, Bob can equivalently rescale the classi-
cal signals corresponding to their measurement outcomes
to obtain a squeezed version of the input state. Applying
inverse squeezing (either on the mode or on his measure-
ment data), Bob can recover the original input coherent
state.
To demonstrate the power of squeezing to improve tele-

portation fidelity, in Fig. 6, we study the teleportation
fidelity as a function of squeezing for several resource
states. Comparison with initial fidelity (dashed line in
Fig. 6) shows that the best improvement of teleporta-
tion fidelity can be achieved with states with high initial
noise [Fig. 6 (a)]; this conjecture has been supported by
extensive numerical calculations. The optimal squeezing
is, in the case of Fig. 6 (a), about 6 dB which would
be very difficult to realize perfectly in an experiment;
note that general noise introduced by imperfect squeez-
ing would, in contrast to correlated noise added to am-
plitude quadratures, lead to a drop in the teleportation
fidelity. Nevertheless, the curve in Fig 6 (a) is rather
flat around the maximum making it possible to use lower
squeezing without much decrease in fidelity. Even with 3
dB of squeezing, it is possible to reach an enhancement
of almost 20 %. In general, numerical calculations sug-
gest that the higher the optimum squeezing is, the wider
the maximum is, making it possible to use smaller val-
ues of squeezing and still achieve significant increase in
teleportation fidelity.

B. QND interaction

A general analysis is more complicated in case of the
protocol with partial QND measurement. In this case, it
is not possible to find a closed formula for optimal inter-
action strength g. Nevertheless, if we use the transforma-
tion formulas (21)-(22) and plug them into formulas for
the covariance matrix parameters (4)-(7) it can be shown
that F → 0.5 for g → ∞ independent of the resource
state. This follows by finding QND-interaction-strength-
dependent optimum squeezing aopt from ∂[(m′ − c′ +
1)(n′−d′+1−2d′2/n′)]/∂a = 0 and taking the limit to ar-
rive at limg→∞(m′−c′+1)(n′−d′+1−2d′2/n′) = 4. Sim-
ilarly, we can reach a local extremum in fidelity by set-
ting g = 0. Extensive numerical calculations suggest that
these are the only two possible maxima of the teleporta-
tion fidelity as a function of the interaction strength.
To illustrate this point, in Fig. 7, we plot the telepor-

tation fidelity as a function of interaction strength for
several resource states. While there can, in general, be a
local minimum for a finite nonzero interaction strength
[such as in Fig. 7 (b), (c)], only g = 0 or g → ∞ can play
the role of a local maximum. If the former choice is true,
this corresponds to improving the fidelity by squeezing
alone, as discussed in the previous section; the latter op-
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Figure 6. Teleportation fidelity F as a function of squeezing a
for states with (m,n, c, d) = (7.5, 7.5, 5, 3.7) (a), (4, 4, 3.8, 1.6)
(b), (4, 4, 0.5, 1.9) (c), (4, 1.5, 3.5, 0.5) (d). The dashed lines
show the fidelity of the original state, the full lines give fidelity
after squeezing. Best fidelity improvement can be reached
with states containing more initial noise (a). While, in this
case, the fidelity is initially below the classical limit of 0.5,
local squeezing can improve the fidelity by about 25 %, leading
to a value of 0.62.

tion leads to a projective measurement of the multipartite
resource state, followed by a measure-and-prepare strat-
egy which cannot exceed the F = 0.5 bound and is, for
this reason, of little interest.

VI. CONCLUSIONS

In summary, we investigated two protocols for trans-
formations of permutation symmetric Gaussian states by
means of local Gaussian operations and classical commu-
nication. In the transformations, we were interested in
keeping permutation invariance of the state while chang-
ing the ratio of amplitude and phase variances and cor-
relations.
While the transformation parameters are determined

generally for any number of parties, our numerical anal-
ysis is focused on tripartite states as they constitute
the simplest class of multipartite states in terms of
entanglement classification, having three entanglement
classes permutation symmetric Gaussian states can fall
into—fully entangled, bound entangled or fully separable
states.
Firstly, we considered a protocol based on adding cor-

related noise followed by local squeezing operation. In
this setup, states with correlations in amplitude and anti-
correlations in phase quadratures keep their entangle-
ment class, apart from a very small subset of fully en-
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Figure 7. Dependence of the teleportation fidelity
F on the QND interaction strength g for states with
(m,n, c, d) = (4, 4, 3.8, 1.7) (a), (4, 4, 3, 1.6) (b), (4, 4, 1, 1.9)
(c), (1.5, 1.5, 0.2, 0.4) (d). The dashed lines show the fidelity
with the original resource states. Generally, local maxima
occur only for g = 0 or g → ∞.

tangled states that become bound entangled, if the noise
is added in the amplitude quadratures. This does not
hold for states with anti-correlations in amplitude, since
adding correlated noise to the anti-correlated quadrature
decreases the anti-correlations. As a result, the entan-
glement is degraded for states with correlations in phase
and anti-correlations in amplitude; nevertheless, this can
be avoided if one adds the noise to the phase quadratures
instead.

Next, we used quantum non-demolition interaction
with ancillary vacuum modes and local squeezing. This
approach is experimentally more challenging (QND in-
teraction can be achieved by interaction of light modes
with atomic ensembles [29] or in cavity quantum optome-
chanics setups [30], or it can be emulated using linear
optics and additional modes [31]) but this approach has
two major advantages compared to the noise addition
scheme. First of all, this quantum filtering protocol pre-
serves entanglement classes for all input states and sec-
ond, for given values of variance and correlation ratio,

a larger subset of fully entangled states can usually be
transformed, indicating a better applicability of this pro-
tocol. Similar to the noise addition strategy, the possi-
bilities of the protocol can be improved by considering
partial QND measurement of the phase quadrature.
Apart from the transformation protocols, we also in-

troduced an experimental scheme for generation of per-
mutation symmetric Gaussian states. This setup is rel-
evant not only from experimental point of view but also
because it significantly simplifies description of studied
states, and theoretical analysis of the protocols. In fact,
this approach can in future be used to assess properties of
other feasible protocols for manipulations of permutation
invariant Gaussian states.
Finally, we also investigated the fidelity of assisted

quantum teleportation with permutation symmetric
Gaussian states to get a quantitative characterization of
the change of the structure of the multipartite entangle-
ment. For correlated noise addition strategy, we showed
that the amount of added noise does not affect the fi-
delity at all and optimum squeezing that maximizes the
teleportation fidelity can be found. On the other hand,
in the QND interaction protocol, the fidelity depends on
the interaction strength. We identified two possible fi-
delity maxima—for zero interaction strength, meaning
there is no non-demolition interaction with an ancillary
system, and for infinitely strong interaction, correspond-
ing to a projective measurement and a classical measure-
and-prepare teleportation strategy; our numerical results
suggest that there are no other possible maxima for tele-
portation with tripartite states. Thus, while the QND
interaction protocol serves better than correlated noise
addition strategy when only entanglement classification
is concerned, it degrades the teleportation fidelity. While
teleportation fidelity cannot be viewed as an entangle-
ment measure as it can be deterministically affected by
local operations and classical communication, it would
be interesting to investigate whether similar result holds
also for entanglement measures (such as Rényi entropy
of order 2 [27] or the contangle [26, 32]) or for other ap-
plications of continuous-variable entanglement.

ACKNOWLEDGMENTS

This work was supported by the Czech Science Foun-
dation (Grant No. P205/12/0694) and by the Palacký
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[20] J. Fiurášek, Phys. Rev. A 86, 032317 (2012).
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