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Optical frequency combs have had a remarkable impact
on precision spectroscopy' . Enabling this technology
in the x-ray domain is expected to result in wide-ranging
applications, such as stringent tests of astrophysical
models and quantum electrodynamics®, a more sensitive
search for the variability of fundamental constants®, and
precision studies of nuclear structure®. Ultraprecise x-
ray atomic clocks may also be envisaged’. In this work,
an x-ray pulse-shaping method is put forward to gener-
ate a comb in the absorption spectrum of an ultrashort
high-frequency pulse. The method employs an optical-
frequency-comb laser, manipulating the system’s dipole
response to imprint a comb on an excited transition with
a high photon energy. The described scheme provides
higher comb frequencies and requires lower optical-comb
peak intensities than currently explored methods® '°, pre-
serves the overall width of the optical comb, and may be
implemented by presently available x-ray technology''.

The spectrum of an optical frequency comb consists
of equally spaced, precisely known peaks, centred at an
optical frequency'?. Optical-comb generation was ini-
tially pursued via intracavity phase modulation'?'? and
subsequently with stabilized mode-locked lasers'¢. Op-
tical frequency combs are employed?, e.g., in precision
spectroscopy'®, all-optical atomic clocks'®, astronom-
ical spectrographs calibration!”, attosecond science'®,
and control of atomic coherence!®. X-ray frequency
combs would enable the aforementioned applications in
the x-ray range. Stringent tests of fundamental physics
may be pursued, e.g., accurate measurements of transi-
tion energies in highly charged ions, which are predicted
to be more sensitive to the variability of fundamental
constants® than currently investigated species.

Presently, XUV combs (~ 30eV) are generated!? via
intracavity high-order harmonic generation (HHG)®°. A
femtosecond enhancement cavity is utilized to reach the
required peak intensities® ', up to ~ 10'* W /cm?. How-
ever, relativistic effects limit the efficiency of HHG at
high harmonic orders?’. The investigation of schemes
to further increase the carrier frequency of the comb at
accessible driving intensities is therefore required.

Short-wavelength light sources with improved bril-
liance and bandwidth!'! enable studies of x-ray quantum
optics, e.g., in highly charged ions or nuclei*®2?!. Re-
cently, an amplitude-shaping scheme was put forward
to imprint a comb onto narrowband x rays??. Comb
generation was also suggested?® via quantum phase
modulation?*. However, these schemes are conditioned
either by demanding requirements on the x-ray source
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Figure 1. Three-level scheme used to describe the in-
teraction between the model system and the driv-
ing fields. (a) A low-density ensemble of ions, modelled as
a three-level system, is driven by an ultrashort, broadband
x-ray pulse (X1, solid, blue), exciting the fast decaying level
2, followed by an optical pulse (L1, dashed, red) coupling this
excited state to the metastable state 3. Thereby the system is
prepared in an initial state which is a superposition of states
1 and 3. (b) An optical frequency comb (L2, solid, red) is
subsequently used to periodically drive the optical transition
2 <+ 3. The emitted x rays (Xout, dashed, wavy, blue) lead
to either gain or attenuation of the incident pulse X1 while
it propagates through the medium. This is detected via the
absorption spectrum of the transmitted pulse X1. (c¢) Input
and output pulses from the previous panels. The pulses are
linearly polarized along the z direction and copropagating.

bandwidth?2, or by the spectral width of the emerg-
ing comb?3. In contrast, here, the predicted comb re-
quires x-ray pulses as presently provided by free-electron
lasers!! (FELs) and, being as wide as the employed opti-
cal frequency comb, is suitable to bridge the gap between
a reference level and a nearby unknown level!?13,

The key idea of our method is introduced via the three-
level system of Fig. 1; we then prove its viability in a
realistic atomic implementation. The excited level of the
high-energy transition 1 — 2 is coupled by an optical
laser to a third metastable level. This is chosen such that
it cannot be excited in a one-photon transition and de-
cays via two-photon emission. Hence, the decay rate I3
of this dark state is by orders of magnitude lower than
the decay rate I of the bright (fast decaying) level 2.
The system is described via the density operator j(t), of
matrix elements p;;(t), with ¢, j € {1, 2, 3}. The diago-
nal element p;;(t) describes the occupation probability of



level i, whereas the off-diagonal element p;;(t) describes
the coherence between states ¢ and j. Atomic units are
used throughout unless otherwise stated.

As shown in Fig. 1, an x-ray pulse (X1) excites the
atomic system, whose dipole response is given by the co-
herence p12(t). While propagating through the medium,
the pulse interferes with the radiation X,,; emitted by
the driven system, thus creating gain or attenuation in
the absorption spectrum

o(w) x —wIm{pia(w)} (1)

transmitted  pulse X1, with  the
frequency-dependent dipole response®® pia(w) =
75 pra(t)e ! dt.  Here, o(w) > 0 corresponds to
absorption and o(w) < 0 to gain.

If only the pulse X1 is employed, spontaneous decay of
the bright level follows its x-ray excitation. The result-
ing absorption spectrum, centred at the transition energy
wo1 between states 2 and 1, exhibits a Lorentzian profile
of width I;. Based on previous experiments on time-
domain control?*2%, we augment this x-ray-only scheme
by two optical fields [Figs. 1(a) and (b)]. The first op-
tical pulse [L1 in Fig. 1(a)] depletes the fast decaying
state 2 by transferring coherences and population into
the metastable level 3. By preparing the system in a
long-lived initial state which is a superposition of states
1 and 3, the fast decay of the system due to the large
decay rate of level 2 is circumvented (see the Supple-
mental Information). An optical frequency comb [L2 in
Fig. 1(b)] is subsequently employed to periodically mod-
ulate the emission out of the bright state, leading to a
pulse train at the x-ray transition wo;.

To better understand this, we analyse the dynamics
of the system interacting with the optical pulse train
L2. The electric field Er2(t) = ELa(t) cos(wrat)é, has
envelope &12(t) and carrier frequency wrp. The linear
polarization é,, parallel to the dipole-moment matrix
element ds3 between states 2 and 3, leads to the in-
stantaneous Rabi frequency®” Q2r(t) = da3 - €, ELa(t).
The envelope E12(t) consists of identical pulses, located
at t; = to + j1p, 7 € Ng, with repetition period T,
and single-pulse FWHM duration 7 < T},. The peak
intensity I corresponds to a maximum field strength
Emax = V8mal, with « being the fine-structure constant.
By integrating the corresponding Rabi frequency {2g (%)
over T, we define the pulse area @ & Epax 7 (Supplemen-
tal Information). The coupled differential equations?”

of  the

% = (i w21 — %)Pw(t) + iQRT'(t) et pis(t), (2a)

o2 — (fwg — 5 pra(t) + 1288 e7irt pio(1), (2b)

describe the dynamical evolution of the system, where
the coherence p13(t) between states 1 and 3 decays with
rate I3 < I5.

By interacting with the fields X1 and L1 [Fig. 1(a)],
the system is prepared in an initial state in which the co-
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Figure 2. Time evolution and x-ray frequency comb
absorption spectrum driven by a resonant optical fre-
quency comb. The three-level system of Fig. 1 is used to
describe Be?* ions driven by a train of optical pulses tuned
to the 2 <> 3 transition. The driving comb is modelled via
present-day parameters'®, i.e., a single-pulse FWHM dura-
tion of 100 fs, a spectral width of 0.07 eV, and 100-MHz rep-
etition frequency. The peak intensity of 2.57 x 10*® W /cm?
corresponds to a 27 pulse area. Panel (a) displays the time
evolution of |p12(t)| during the first 50 pulses of the opti-
cal frequency comb. The inset shows |p12(t)| (blue, solid line)
and |p13(t)| (red, dashed line) in the presence of the first pulse.
Panel (b) exhibits the peak amplitudes of the frequency comb
featured by the absorption spectrum, normalized to the max-
imum of the single-peak Lorentzian spectrum in the absence
of optical control. The comb is centred at the x-ray transition
energy wa1 = 123.7eV. The comb structure is apparent from
the inset on the left, while the inset on the right shows the
shape of a single comb tooth. For an x-ray pulse! tuned to
the transition energy w1, with duration of 100 fs, beam radius
of 50 um, peak intensity of 2.5 x 10> W/cm?, and bandwidth
of 1eV, driving a sample of ions with density? of 10° cm™3
over a length of 2cm, this corresponds to a power per comb
line of ~ 30pW (Supplemental Information), on the same
order of magnitude as XUV combs generated via HHG°.

herence is “stored” in the slowly decaying function pq3(t),
while p12(t) initially vanishes. Then, the train of pulses
L2, with properly set peak intensity and duration, is em-
ployed to periodically transfer the coherence to the fast
decaying function p12(t). Specifically, by either using 27-
area pulses, or pulses detuned from the corresponding
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Figure 3. X-ray comb absorption spectrum driven by
a detuned optical frequency comb. We use Be?" ions
to implement the three-level scheme of Fig. 1. A train of
off-resonant, 1.5-eV pulses is employed, with a detuning of
A = —0.52 eV. Single-pulse FWHM duration and repetition
period are set as in Fig. 2. The spectra associated with dif-
ferent values of the peak intensity, i.e., 4.54 x 10" V\/'/crn2
(red), 9.14 x 10" W/cm? (blue), 1.38 x 102 W /cm? (black),
and 1.85 x 102 W/cm? (green), are displayed, normalized to
the peak of the Lorentzian spectrum in the absence of optical
control. For the green curve, the insets show the amplitude
of the peaks in the comb (top) and the shape of a single comb
tooth (bottom).

optical transition, we show in the Supplemental Infor-
mation that p;2 can be converted into a vanishing value
at the end of each optical pulse??. Thereby, the envelope
of p12 is shaped into a function closely following Era(t).
A train of short pulses (Xoyt) is thus emitted at the x-ray
transition energy ws; and, from Eq. (1), a wide frequency
comb appears in the absorption spectrum of the trans-
mitted pulse X1.

To test the feasibility of our scheme, we apply the
three-level system of Fig. 1 to model isolated transitions
in heliumlike Be*". The transition energy?® of 123.7eV
between 15215, and 1s2p!P; (levels 1 and 2) is in the
x-ray range, while an optical energy of 2.02eV separates
152515y (level 3) from the bright state. The two-photon
decay rate?® I'; = 1.8 x 10*s7! is negligible compared to
Iy = 1.2 x 101 s, as computed with grasp2K®’. The
three levels are non-autoionizing and photoionization can
be neglected at the intensities discussed here.

In Fig. 2, we employ an optical frequency comb tuned
to the optical transition. The peak intensity of 2.57 x
10 W/cm?, corresponding to 27 pulses, is by several
orders of magnitude lower than the intensity required
for HHG-based schemes® 1%, As shown in Fig. 2(a), the
coherence, stored in pi3(t) in the long time interval in
between two pulses, is transferred to p12(¢) only in the
presence of an optical pulse, with corresponding decay
of the bright state. This results in the x-ray comb of
Fig. 2(b), centred and locked to the natural transition
frequency at 123.7eV, spanning as wide as the driv-

ing optical frequency comb, and consisting of Lorentzian
peaks separated by the optical-comb repetition frequency
of 100MHz (4.1 x 10~7 eV). The width of these peaks,
given by the inverse of the long, effective decay time of
the system, is by orders of magnitude smaller than the
natural width of the bright state. This leads to a corre-
spondingly high spectral resolution and attainable preci-
sion of the comb.

In Fig. 3, the scheme is used to analyse off-resonant
optical driving. We employ pulses with 1.5-eV photon
energy from mode-locked Ti:sapphire lasers. The chosen
peak intensities, near 102 W /cm?, are lower than those
presently used for XUV-comb generation with HHG® 19,
Position and line shape of the peaks in the absorption
spectrum depend controllably on the peak intensity (see
the Supplemental Information). Despite its asymmetric
shape, the x-ray absorption spectrum is as wide as the
optical frequency comb.

The scheme is, in principle, applicable to atomic sys-
tems at higher x-ray energies, provided an x-ray source'!
is available at that photon energy and an optical tran-
sition can be identified between the bright state and a
metastable level. Furthermore, the duration of the opti-
cal pulses and the time delay between X1 and L1 have
to be smaller than the decay time of the excited state,
to enable the preparation of the system and its further
manipulation [see Fig. 1 and the Supplemental Informa-
tion].

In conclusion, we developed a scheme to imprint a fre-
quency comb onto the absorption spectrum of an x-ray
FEL pulse''. The spectrum consists of equally spaced
lines whose exact positions, referenced to an atomic tran-
sition, may be used to precisely bridge a reference level
and an unknown x-ray frequency. Furthermore, by us-
ing transitions with a higher energy, e.g., 1s?> — lsnp
in heliumlike ions of higher nuclear charges, or nuclear
transitions, the presented scheme may enable comb gen-
eration up to gamma frequencies.
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I. EQUATIONS OF MOTION

In the article, we assume that the optical transition
2 < 3 in the three-level system from Fig. 1 is driven
by an optical laser field £r,(t) = & (t) cos(wLt) ér,, with
envelope &r(t), central frequency wr,, and polarization
vector ér,. The dynamical evolution of the coherences
p12(t) and p13(t) upon interaction with an optical field
E1,(t) is the solution of the following set of coupled, linear
ordinary differential equations':

d . I Q t iw
Q;Q - <1W21 - ?2)P12(t) +1%()e " pis(t), (la)
d . I Q t —iw
% - <1w31 - 73)913@) t1 R;( ) © LtPlZ(U( |
1b

Here, ws; and w3y are the transition energies between
the ground state and the two excited levels 2 or 3, respec-
tively, while I'; and I'; are the total decay rates of the two
excited levels. Furthermore, 2ry,(t) = da3-ér, EL(t) is the
instantaneous Rabi frequency, assumed to be a real func-
tion, provided that the electric field is polarized along the
polarization direction of the electric dipole-moment ma-
trix element dos of the 2 <+ 3 transition. We introduce
the slowly oscillating variables

pr2(t) = pra(t) e w2 (=70) e%(tiTO)a (2a)
p1s(t) = p13(t) e~ iws1(t—To) e%(t*To), (2b)

with respect to the initial time Ty. From Eq. (1), these
variables satisfy the following set of coupled differential
equations,

dprz _ iQRL ﬁlg(t)e(iAL+%)(t—To)’ (3a)
dt 2
i T ol BT, ()

with the detuning Ay, = wy, — (we1 —ws31). These two dif-
ferential equations combined lead to the following second-
order differential equation:

d2512_ 1 dQRL+iA +F2—F3 dp12
de2 Opn  dt L 2 dt
2 ()
+ o5
4 p12 = U.
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Finally, we define the pulse area

O = [ " On(t) dt. (5)

The previous definitions, valid for a general optical
field interacting with the three-level system of Fig. 1 in
the article, will be used in the following to study the dy-
namics of the system in the presence of the two fields,
Er1(t) and E12(t), respectively displayed in Fig.1(a) and
1(b) in the main text.

II. PREPARATION OF THE SYSTEM

The system is prepared in its initial state via the x-
ray pulse X1 and the immediately following optical laser
pulse L1 [see Figs. 1(a) and 1(c) in the main text|. The
optical field consists of a single pulse €,1(¢) with pulse
area (Qr; = 7 and is tuned to the corresponding optical
transition with energy ws3. The state of the system at
time Ty after the interaction with the x-ray pulse X1 is
given by p12(To) = p12(To) = iS5, p13(To) = p13(Tp) = 0.
The value of S, i.e., the coherence which results from the
interaction with the x-ray driving field, depends on the
actual envelope and phase of the x-ray pulse, e.g., from a
free-electron laser (FEL). The interaction of the system
with the driving pulse X1 can be investigated explicitly
by solving the master equation for all the elements of the
3 x 3 density matrix p. We do not show this here and
assume for simplicity that S = 1/2. This condition corre-
sponds to the case in which the x-ray pulse is sufficiently
long to transfer half of the population, initially in the
ground state 1, into the excited state 2. Such condition
could be achieved with the presently available pulses from
a FEL. The essence of our results is not affected by the
value of S, which is only restricted to satisfy the follow-
ing inequalities, 0 < |S| < 1/2, to ensure the Hermiticity
and positive definiteness of the density matrix. We no-
tice that p13(Tp) vanishes because the transition between
states 1 and 3 is not allowed by single-photon processes
and thus cannot be driven by the FEL x-ray pulse.

With these initial conditions, the second-order dif-
ferential equation (4) can be solved analytically, if the
envelope of the driving field € (t) is modelled via a
hyperbolic-secant function?,

ng(t) = E_Ll,max Sech['yl (t — to)]. (6)

Here, £11 max = V8malr; is the maximum of the enve-
lope, Ir; is the peak intensity, sech(x) = 1/cosh (z) is
the hyperbolic-secant function, with pulse width 7, cor-
responding to a FWHM duration of |€r;(¢)|? given by



71 = 2arccosh(v/2)/v1. The linear polarization vector,
the central frequency, and the detuning from the optical
transition of the optical pulse L1 are given by éy,1, wy1,
and Ay, respectively. The instantaneous Rabi frequency
follows to

Nrr1(t) = Agsech[yi(t —to)], (7)

where A1 = da3- €11 ng,max is the peak Rabi frequency’.
For a single hyperbolic-secant pulse, the pulse area fol-
lows with Egs. (5) and (7) to

C2L1 = A1 /oo sechhl(t — to)] dt = 7TA1/’)/1. (8)

We assume that 71 > I > I3, i.e., in particular,
the optical pulse L1 is shorter than the decay time of
the system. Furthermore, we also assume that the time
delay between the pulses L1 and X1, given by ty — Ty,
is larger than the duration of the optical pulse L1, such
that there is no temporal overlap between the two pulses
[see Fig. 1(a)]. By requiring that to — Ty < 1/I%,
we also ensure that at the arrival of the pulse L1 only
a small fraction of the initial coherence p12(Tp) has de-
teriorated as a result of spontaneous decay. Under the
just described conditions, the solution of the equations
of motion (EOMs) (1) becomes?

p1a(t) =18 ek (=70) o= F(t=T0) 2 Fy a, —a; ¢; (1, to)],
(9a)

pra(t) = — § Lo 0T o - 20T

x (A= 3 0) [, 1) [1 — 2(2, £)]' ¢
x 2F1[1 —a, 1+a; 1+ ¢ 2(t, to)].
(9b)
where oF)(a, b; ¢; z) is the Gaussian (or ordinary) hy-

pergeometric function? and where we have defined the
two parameters

Ay
a=—, 10a
2m (10)
1 Ay In—1I3
c=_- izt 278 10b
2 2m 47 (10b)
and the function
tanh t—t 1
ot 1) = bl : ol +1 (11)
By defining
. [C(c)]?
a — 1 F , —Q; G ta t = 9
Ha= 1% 21 (2, —a; ¢ 2(¢, o)) I(c—a)T(c+a)
(12a)

Ve = lim [z(¢, t9)]°

X (1= z(t, to)]* CoFi [l —a, 1 +a; 1+ ¢ 2(t, to)]
Fl+c¢)l'(l—c)
I'(l-a)l(1+a)

¢ csc (me)

a csc(mwa)’
(12b)

0 200 400 600 800
Time (fs)

0.0
0.1 )
~0.2 }
~0.3

Re [ps3 €]

0 200 400 600 800
Time (fs)

Figure 1. Time evolution of the atomic system em-
ploying a single optical pulse. The A-type, three-level
system introduced in the main text is applied to helium-
like Be?T ions. The transition energies3 are wo1 = 123.7eV
and waz = 2.02eV, while the decay rate is given by I =
1.2 x 10 571, computed with grasp2K*. The two-photon de-
cay rate I3 is comparably negligible. The 2 <+ 3 transition
is driven by a single pulse L1 with envelope (7), tuned to
the optical transition. We plot Tm[p12() e7*“21*] (top panel)
and Re[p13(t) e *21*] (bottom panel), by assuming an initial
state at Top = 0 given by p12(To) = i/2, p13(To) = 0 resulting
from the excitation with the x-ray pulse X1. The pulse L1 has
a FWHM duration of 71 = 100 fs, corresponding to a spectral
width of 7 = 0.07eV, and has its maximum at to = 400fs,
with the peak intensity Iii max = 6.42 X 10° W/ch.

with csc(x) = 1/sin(z) and I'(x) being the cosecant and
the Gamma function, respectively, we can see that, in the
long-time limit, the two off-diagonal matrix elements of
the density operator p12(t) and p13(t) behave like

ingl(t—To) e—%(t—Tg)
)

tlggo p12(t) =iSpge (13a)

hm plg(t) = — S % ef(iALl“’%)(tofTo) eiw31(t_TD)
t—oo c
X e_%(t—to)_

(13b)

The aforementioned limit ¢ — oo is already realized right
after the single pulse L1. The two parameters, there-
fore, describe the state of the system immediately after
that the interaction with the optical pulse has concluded.
In particular, p, allows one to quantify the effect of the
pulse on the variable p12(t). For times following the in-
teraction with the optical pulse, the function pi2(t) in
Eq. (13a) freely decays with decay rate I from a new,



effective initial value i.S p,. The behaviour of the co-
herence p13(t) in Eq. (13b) after the interaction with the
optical pulse can be similarly explained, i.e., the function
decays with the much smaller decay rate I's from a new,
effective initial value —S (av,/c) o~ (1411432 )(to=T0)

Because of the poles of the Gamma function I'(z) for
negative integers’ x = —n, we observe that u, = 0 if
c=a,ie., if

ALI = 0, (143)

1 1T 1
@:,,uz,. (14b)
27 2 4y 2

A vanishing value of p, guarantees that, in the long-time
limit, the off-diagonal matrix element pi2(t) in Eq. (13a)
is also equal to O.

The preparatory stage of which we take advantage in
Fig. 1(a) in the main text exploits Eq. (14) to ensure that
the system, after having interacted with the x-ray pulse
X1 and the optical pulse L1, is prepared in an initial
state in which all the coherence is “stored” in the slowly
decaying function pi13(t), while p12 is equal to 0. With
the aforementioned requirements on the duration of the
optical pulse and the time delay ¢ty — T, we ensure that
spontaneous decay of the excited level 2 does not com-
promise this mechanism. As apparent from Eq. (14), this
requires the use of an optical pulse L1 which is tuned to
the optical transition, A,y = 0, and with a pulse area of
Qi =m— ”(1;27?3) ~ 7, such that p, = 0 and therefore
p12 = 0. Since the decay rates I, and I3 are by or-
ders of magnitude smaller than the spectral width of the
optical pulse 71, the area of the pulse is approximately
equal to w. The corresponding evolution of the elements
of the density matrix is displayed in Fig. 1. The effect
of a tuned, 7-area pulse is to transfer the coherence from
p12(t) to p13(t). Note that, even if the condition (14)
on the pulse area is not exactly met, the rapid decay of
p12(t), with rate I, after the optical pulse L1 ensures
that, in a time interval on the order of the repetition pe-
riod T, of the subsequent train of optical pulses L2, the
residual coherence p;5 between states 1 and 2 will have
completely decayed.

III. COHERENCE TRANSFER WITH AN
OPTICAL FREQUENCY COMB

A. Interaction with the first pulse

Let us assume for the time being that the three-level
system in Fig. 1(b) in the main text interacts with a sin-
gle pulse L2. We also assume that the interaction with
the x-ray pulse X1 and the optical pulse L1 [Fig. 1(a)
in the main text] has prepared the system in an initial
state which, owing to Eq. (14), is given by p12(To) =
ﬁlg(T()) =0, plg(T()) = ﬁm(To) = —V. The initial time
Ty now shall follow the whole preparatory step, i.e., af-
ter both the x-ray pulse X1 and the optical pulse L1.

Furthermore, V' is the value of the off-diagonal matrix
element p;3 obtained when the interaction with the opti-
cal pulse L1 has concluded. The subsequent optical pulse
L2 is centred at tg, such that there is no temporal over-
lap between this pulse and the (FEL x-ray and optical)
pulses adopted to prepare the system in its initial state.
The pulse L2 has central frequency wy,2, polarization éy,s,
and detuning Ars = wr2 — (w21 —ws1). In order to solve
the differential equation (4) analytically, we use again a
pulse with a hyperbolic-secant envelope,

EL2(t) = EL2.max sech[ya (t — to)]. (15)
The instantaneous Rabi frequency is
QRLQ (t) = A2 SeCh[’YQ (t — to)L (16)

with Ay = da3 - ér2 (C:‘L27max, and the pulse area is given
by

QL2 = mA2/72. (17)

We assume that vo > Iy > I3, ie., in particular, the
optical pulse L2 is shorter than the decay time of the
system. The parameters a and ¢ are now defined as

A
=, 18a
s (18a)
e=l_jBr2_ Ii—ly (18b)
2 2m 42

while the function z(¢, tg) is defined as in the previous
section. For the given set of initial conditions, the so-
lution of the EOMs is symmetric to the previously dis-
cussed solution (9), i.e.,

pi2(t) = =iV 1 o i c glw21(t=To) e_%(tO_T‘)) glAr2(to—To)
X e F 0 (1, 1)1 C L — (¢, to)]°
X oF1[1 —a, 14+ a; 2 —¢; 2(t, to)],

(19a)
p1a(t) = — V elwsi(t=To) o~ FH(t=To) (19h)
x oFy [a, —a; 1 —¢; z(t, to)] .
Also in this case we define the two variables
. 1-c _ c
Ao = tlggo[z(t, to)] "1 — z(¢, to)]
X 2F1 [1 —a, 1+ a; 2 — C; Z(t, t())} (2()&)
I'(c)T(2—-c) (1 —c)cscn(l—c)
T T(l—a)T(14a) a csc (ma) ’
ga = tli>n’olo 2F1 [aa —a; 1- C; Z(t7 tO)]
[T(1—¢))? (20b)

rl—c—a)T(1—c+a)’



which describe the action of the optical pulse L2 on the
atomic coherences. In particular, we observe that

11m p12(t) _ IV )\aa eiw21(t—T0) e*(iA}_Q‘F%)(t[)*TQ)
t—o0

1—-c¢
% e*%(t*to)’
(21a)
Jim, p13(t) = =V & et (t=T0) =3 (=T0), (21b)

The aforementioned limit t — oo is already realized right
after the pulse L2. The value of A, vanishes (i) for a = n,
n € N; i.e., for a pulse area Q12 which is an integer mul-
tiple of 27, or (ii) in the large-detuning limit, i.e., when
Ay > 9. This means that, when one of these two con-
ditions is satisfied, the coherence p12(t) after interaction
with the optical pulse L2 is led back to its vanishing ini-
tial value. As a result, the time interval in which p12(t)
differs from 0 is given by the duration of the pulse itself.
Its envelope results in a pulse-shape function which is as
short as the envelope of the driving optical pulse.

The factor &, represents the modification of p13(¢) in
phase and amplitude as a result of the interaction with
the optical pulse L2. The function p13(t) undergoes a
phase shift given by arg (§,) and a decrease in its ampli-
tude given by |£,]| < 1.

B. Interaction with the periodic train of pulses

The train of pulses from an optical frequency comb
Er2(t) = Epra(t) cos(wrat) éra, which drives the three-
level system of Fig. 1(b) in the main text, is described by
the carrier frequency wro and by the periodic envelope
ELa(t), which we model as

gLQ (t) = gLQ’max Z SeCh[’yg (t - tj)]. (22)

=0

The envelope of the field L2 consists of a train of
hyperbolic-secant pulses located at t; = tg+j T}, j € No,
with repetition period 7},. The other defining parameters
of the comb, such as peak intensity, detuning, FWHM du-
ration, and spectral bandwidth, were already introduced
in the preceding section while analysing the results for a
single pulse. In this case, the pulse area Qo is defined
via the integral of the instantaneous Rabi frequency

_QRLQ (t) = Ag Z SeCh[’)/g (t - tj)], (23)
§=0
over a single pulse, i.e.,

t;i+Tp
QL2 = / .QRLQ (t) dt = 7TA2/’}/2. (24)
t

J

For the case 7 < T, the envelope function is given
by a train of independent pulses. From the single-pulse
solution (19) we know that p12(¢), after interaction with
an optical pulse, is led back to its vanishing initial value
if the constant A, in Eq. (20a) is equal to 0. This con-
dition is fulfilled when either (i) the pulse area Qs in
Eq. (24) is an integer multiple of 27, or (ii) the detun-
ing is much larger than the pulse width, Aps > ~s.
When one of these two conditions is met, then the so-
lution of the EOMs (4) describing the interaction of the
system with each one of the pulses in the periodic en-
velope &12(t) can be obtained from the previously de-
scribed single-pulse solution (19). For the initial condi-
tions p12(7o) = p12(To) = 0, p13(To) = p13(To) = =V,
resulting from the interaction of the atomic system with
the x-ray pulse X1 and the optical pulse L1 [Fig. 1(a) in
the article], the solution of the EOMs is given by

a . I's
= -1V —— [1(W21+AL2)*f}(t7TO)
p12(t) 1V2(1_C)e 5
x &l sechlya(t — t)] 2Fi[l — 0,1+ ;2 — ¢ 2(t, 1))
§=0

(25a)
pra(t) = —V e(war—3)(t=T0)
X {1 + Z@f X (2F1[a7 —a; 1 —¢ 2(t, t;)] — 1)]
-~ (25b)

In the following, the main features of the obtained so-
lution are described. The envelope of p12(t) is given by
a periodic train of hyperbolic-secant functions, centred
at t; = to + j1, and with the same FWHM duration
as the optical pulses in the optical frequency comb. The
phase of p12(t) displays fast oscillations given by the term
el@21+412)t - The amplitudes of both pia(t) and py3(t)
undergo a constant decrease during a period T}, i.e.,

|p1e(t + Tp) P = e 7% ol |pue(t)?

(rolog(léal) ks (26)
(B2 5T (0 = o5 Joun ()2,

for t > to and k € {2, 3}, which leads to the effective
decay time

. 1
T g loall&])” (27)

describing the decrease of p1;. This decay time deter-
mines the effective decay rate 1/7, of the system.

To evaluate the absorption spectrum of the transmit-
ted x-ray pulse X1 in Eq. (1) in the main text, we perform



the Fourier transform

/ P12 (t) e*iw(th[)) dt

To
a . r
17 e[—l(w—wm—ALz)—TS](tU—To)
1-c
o [1(someom—dua—ospfe =3 ) 4 —olal

>
I3

lo, a . ar 2
m=—co 3 ng ‘ +1<W*W21*AL2* 2 *Lm)

Ty Ty

X 2’}’72TTp sech [27’2}1) (2mm + arg&, —ilog \§a|)}

X 3F2[1—a,1—|—a,

L
2 272 T )

(28)

A comb of equidistant peaks is displayed in Eq. (28).
Each peak has a spectral width given by the effective
decay rate 1/7, of the atomic variables. Furthermore, the
large overall width of the spectrum, i.e., the large number
of comb peaks, is a consequence of the short duration of
the pulses constituting the envelope of p12(t). The mth
peak is centred at the frequency w,, = wa; +AL2+%+

2mm

it with a direct dependence on Ars and arg(€,): This
can be understood as a consequence of the oscillating
term e!(@21+412)t and of the periodic phase shift arg(&,)
which characterize the time evolution of the coherence

p12(t).

IV. ESTIMATION OF THE EMITTED POWER
PER COMB LINE

The x-ray pulse-shaping method put forward in the
main text uses an optical frequency comb driving an op-
tical transition to rearrange the spectral distribution of
the x-ray energy which is absorbed by a sample of ions
driven by an initial pulse X1. The total output energy is
given by®

dEXl (w)

EXout = NL/Uabs(w) dw

dw, (29)

where N is the number density in the atomic sample, L
the interaction length, o.ps(w) the energy-dependent ab-
sorption cross-section, and dFx1(w)/dw the energy den-
sity of the driving pulse tuned to the x-ray transition wo;.
For an intensity of Ixi, a duration of 7x;, a beam area
of @/x1, and a bandwidth of Awxi, we approximate the
energy density around the transition energy wo; with the
constant value

dExi(w) — Ixamxaexa

dw T Awxy (30)

If only the pulse X1 is employed, the resulting absorp-
tion cross section®

Xl-only(w) _ 37T202F21 1 Iy

a o 5 (3].)
bs w2 27 (w—wa)? + %22

. 2mm—+targ £, —ilog €] . 2_¢.1: 1] .

with ¢ being the speed of light in vacuum, is given by a
Lorentzian function centred on the x-ray transition en-
ergy wop and with line width equal to the decay rate I,
such that the following identities are satisfied:

32T
on 6mc I
A (war) =~ (32b)

Iyws
The corresponding total absorbed energy is given by

2 2

X1-only 3mec Iy Ix1mx1.9x1

BXlomy - N2 C .
ou w3y Awx1

(33)

The quantum-control scheme which we present in the
manuscript modifies the absorption spectrum [see Eq. (1)
in the main text|, by distributing the total energy over
a large number of equally separated peaks, centred on
the frequencies w,, = ws; + Ars + % + Q;Tm, with
m being an integer number. Because of energy conser-
vation, the width of these peaks decreases correspond-
ingly, being given by the effective decay rate 1/7, from
Eq. (27). In Figs. 2 and 3 in the main text we display
the optically modified absorption spectrum o,ps(w), nor-
malized to the maximum a;(,j; °nlY (4591) of the x-ray-only,
single-peak Lorentzian spectrum from Eq. (32b). From
the pictures it appears that, at the central frequency w,,
of the mth peak, the ratio o.ps (wm)/aﬁs_only(wgl) is of
the order of 1. The energy Ex_,, m in the mth peak in
the x-ray comb X, can be estimated by integrating the
output x-ray energy (29) within an interval of width 1/7,

around the peak central frequency w,,, thus obtaining

X1-only

~ N %abs (wa1) Ix1mx19%x1

Ta Ale

Fx (34)

out

We obtain the power per comb peak Px_, m averaged
over the effective decay time 7, of the atomic system as
the energy in the mth peak divided by 7,:

1 6mc? o I o5
-~ NL— 2721 Iximxi @1 (35)

Px
= 2
72 Thwy;  Awxy

outs

We assume an x-ray pulse with 10'2 photons, cen-
tred at the x-ray transition energy we;, with a dura-
tion of 100 fs and a focal volume with area of 7(50 pm)?
and length of 2cm, thus with a peak intensity of 2.5 x
10'2 W/cm?, as available at FEL facilities. The band-
width of the pulse is assumed to be 1eV. The ensemble
of Be?T ions which we use to model our quantum-control
scheme could be generated, e.g., with an electron-beam
ion trap (EBIT), which has already been successfully uti-
lized for highly-charged-ion optical laser spectroscopy®
and x-ray spectroscopy at an x-ray FEL”. We assume
therefore an ion density of 10° cm™3, as typically reached
in an EBIT”. By inserting these parameters in Eq. (35),
we predict a power per comb line of ~ 30 pW, of the same



order of magnitude of XUV combs generated via HHG-
based methods at lower photon energy and with larger
driving intensity®. Furthermore, it is realistic to assume
that both the ion density and the sample length can be
increased, using either EBITs” or Paul traps”, in the case
of lowly charged ions such as Be?T. This would yield a
further improvement in the output power per comb line.

Alternatively, experimental settings for the generation
of the cloud of ions based on gas discharge or photoioniza-
tion by an x-ray pre-pulse'%!! may lead to higher ion den-
sities, with an improvement in the signal-to-background
ratio. However, this would also result in a less stable
ion cloud and one would have to ensure that a constant
density of ions and atoms is encountered by the train of
pulses from the optical-frequency-comb laser.
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