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Abstract

We study the relation between the frame-like and metric-like formulation of higher-spin gauge theories

in three space-time dimensions. We concentrate on the theory that is described by an SL(3) × SL(3)

Chern-Simons theory in the frame-like formulation. The metric-like theory is obtained by eliminating

the generalised spin connection by its equation of motion, and by expressing everything in terms of the

metric and a spin-3 Fronsdal field.

We give an exact map between fields and gauge parameters in both formulations. To work out

the gauge transformations explicitly in terms of metric-like variables, we have to make a perturbative

expansion in the spin-3 field. We describe an algorithm how to do this systematically, and we work out

the gauge transformations to cubic order in the spin-3 field. We use these results to determine the gauge

algebra to this order, and explain why the commutator of two spin-3 transformations only closes on-shell.
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1 Introduction

Higher-spin gauge theories have gained a lot of attention in recent years, in particular because of the

proposed higher-spin AdS/CFT correspondence in four and three dimensions (see [1, 2] for reviews).

Higher-spin gauge fields can either be described by extending the vielbein formalism of gravity to higher-

spins [3], or by extending the metric formulation [4]. Although the metric-like description might be the

more intuitive ansatz, because one needs less auxiliary fields, it is the frame-like formulation that allowed

Vasiliev to construct a consistent non-linear theory of interacting higher-spin gauge fields [5, 6]. In the
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metric-like formulation, on the other hand, one only knows how to construct interactions in a perturbative

expansion, e.g. one has obtained a classification of consistent cubic terms [7, 8, 9, 10, 11, 12, 13, 14, 15].

It would be desirable to understand the theory also in the metric-like formulation. In particular one

would hope that one could get a better geometric understanding of the higher-spin gauge symmetry

as generalised diffeomorphisms. This might also improve our understanding of particular solutions of

higher-spin theories like higher-spin analogues of black holes [16, 17, 18, 19, 20]. In [21] it was shown

how one could use the Wald formula in a metric-like higher-spin formulation to compute the entropy of

higher-spin black holes (for other approaches see e.g. [16, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]).

Higher-spin gauge theories in three dimensions are considerably simpler than in higher dimensions,

because they do not contain propagating degrees of freedom and can be written as a Chern-Simons

theory [32, 33]. Also, in contrast to higher dimensions, it is possible to truncate the tower of typically

infinitely many higher-spin gauge fields to a finite selection – the simplest theory only contains gravity

and one spin-3 field. In this case the generalised vielbein e = eµdx
µ and the generalised spin connection

take values in the Lie algebra sl(3,R),

eµ = eAµ JA , ωµ = ωA
µ JA , (1.1)

where JA form a basis of sl(3,R),

[JA, JB] = fAB
C JC . (1.2)

The gauge sector of this theory is described by the action

S =
1

16πG

∫

tr

(

e ∧R+
1

3l2
e ∧ e ∧ e

)

, (1.3)

where

R = dω + ω ∧ ω ⇔ RA = dωA +
1

2
fA

BC ω
B ∧ ωC (1.4)

is the curvature of the generalised spin connection, G is the gravitational constant and tr is the trace

in the fundamental representation of sl(3,R). The parameter l is related to the cosmological constant

– a real and positive l coincides with the radius of the AdS solution. This action can be rewritten as

a Chern-Simons theory whose gauge group depends on the cosmological constant: e.g. for a negative

constant (positive l2) the gauge group is SL(3,R)× SL(3,R).

The frame-like formulation being so simple, it is tempting to try to reformulate it in terms of metric-

like fields. First one has to eliminate the spin connection by its equation of motion,

D[µeν] = 0 , (1.5)

where Dµ is the covariant derivative including spin connection and the Levi-Civita Christoffel symbols,

Dµe
A
ν = ∂µe

A
ν + fA

BC ω
B
µ eCν − Γλ

µν e
A
λ . (1.6)

Then one has to express everything in terms of metric-like fields, which have to be expressions in the

vielbeins where all sl(3) indices are contracted with invariant tensors. In [34] it was proposed to define

the metric and the spin-3 field as

gµν = κAB eAµ eBν (1.7)

and

φµνρ =
1

3!
dABC e

A
µ eBν eCρ . (1.8)

The remaining task is then to rewrite the action (after eliminating ω) in terms of these fields.

Because the vielbein is not invertible (it is not a square matrix), this is rather complicated. In [21]

the action was worked out to quadratic order in the spin-3 field by making a general ansatz and then
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demanding that explicit solutions of the frame-like theory should map to solutions in the metric-like

theory. We will follow here a different approach which was started also in [21].1

Instead of considering the action and its solutions we concentrate on the gauge transformations. We

formulate an exact map of the gauge parameters in the frame- and the metric-like formulation (section 2).

Notice that one always has the freedom to reparameterise the gauge transformations, therefore this map

is not unique. We then formulate an algorithm that can be used to map any given contraction of frame-

like quantities to metric-like quantities in a perturbative expansion in the spin-3 field (section 3). We use

this algorithm to explicitly compute the gauge transformations in the metric-like theory to cubic order.

We are then in the position to compute commutators of these transformations to better understand the

gauge algebra in the metric-like theory (section 4). We also discuss there why the commutator of two

spin-3 transformations only closes on-shell.

Our work clarifies a few issues that were left unanswered in [21]. First of all we could show that the

perturbative ansatz for the map between gauge parameters in [21] can be used as an exact map without

any corrections, such that one has an exact dictionary of fields and gauge parameters. Secondly we can

explain why the gauge transformations only close on-shell in the metric-like theory (whereas they close

off-shell on the frame-like side). Thirdly we worked out a systematic approach to obtain the explicit

expressions on the metric-like side that does not require the use of specific solutions of the theory. Last

but not least we worked out the gauge transformations and gauge algebra to one order higher than in [21]

in the hope to understand the metric-like theory better.

The expressions that we obtain for the gauge transformations to the order we consider are already

quite large, they fill two pages of the appendix. In principle one could now go on and determine the

corresponding action (which is a fairly easy task if one uses a powerful computer algebra program), and

the result will be of similar size. We have not found any pattern in our expressions that could help to

organise them – but without such a pattern it does not make sense to work out the metric-like theory to

even higher orders. On the other hand, one might hope that there is a clever redefinition of fields and

gauge parameters which makes the theory more manageable.

2 Relating frame- and metric-like gauge transformations

In this section we relate the gauge transformations in the frame- and in the metric-like description. In

the frame-like theory there are the two types of gauge transformations; the generalised local Lorentz

transformations,

δLΛeµ = [Λ, eµ] (2.1)

δLΛωµ = DµΛ , (2.2)

and the generalised local translations,

δΞeµ = DµΞ (2.3)

δΞωµ =
1

l2
[eµ,Ξ] . (2.4)

The local Lorentz transformations act trivially on all metric-like fields built from the vielbeins eµ. The

generalised local translations, on the other hand, induce non-trivial transformations on them, and they

can be interpreted as diffeomorphisms and higher-spin generalisations thereof.

1For an alternative ansatz for a metric-like description see [35, 36].
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Let us first consider pure diffeomorphisms. It is well-known (see e.g. [37]) that a generalised transla-

tion, where the parameter Ξ is of the form

ΞA = eAµ ξµ , (2.5)

induces a diffeomorphism generated by the vector-field ξµ (up to a local Lorentz rotation) if one imposes

the torsion constraint (1.5). The action of such a diffeomorphism (spin-2 gauge transformation) on any

metric-like field φ built from the vielbeins e is given by

δ
(2)
ξ φ = Lξφ , (2.6)

where Lξ denotes the Lie derivative.

For the higher-spin transformations we do not know how they act in general, but only in the lin-

earised theory where they should reproduce the transformations of free Fronsdal fields [4]. The spin-3

transformation should act as

δ
(3)
ξ gµν = 0 + · · · (2.7)

δ
(3)
ξ φµνρ = ∇(µ

(

ξνρ) −
1

3
gνρ)ξλ

λ
)

+ · · · , (2.8)

where ξµν is a symmetric tensor that labels the spin-3 gauge transformations, and the dots indicate terms

that are at least linear in the spin-3 field. The covariant derivative ∇µ is defined with respect to the

Levi-Civita connection.

We combine the gauge parameters for spin-2 and spin-3 transformations into a single object ξ =

(ξµ, ξνρ). We are looking for a map

ξ = (ξµ, ξνρ) 7→ Ξ(ξ) , (2.9)

such that

δΞ(ξ)φ = δ
(2)
ξ φ+ δ

(3)
ξ φ . (2.10)

Note that such a map is not unique, even if we have fixed the expression of the metric-like fields in

terms of frame-like ones such that no field redefinitions are possible. We can still redefine the higher-spin

gauge parameters by terms that are at least linear in the higher-spin fields, such that the linearised gauge

transformations are untouched. In the following we will construct one such map that is valid at all orders

in the spin-3 field.

2.1 A proposal for the map

The map ξ 7→ Ξ(ξ) is linear, so we can write it as

ΞA(ξ) = SA
µ ξ

µ + SA
νρ ξ

νρ , (2.11)

with possibly field-dependent matrices S. The implementation of pure diffeomorphisms is given by (2.5),

this fixes the coefficients SA
µ to

SA
µ = eAµ . (2.12)

An arbitrary frame-like gauge transformation ΞA will induce both a diffeomorphism and a spin-3 trans-

formation, therefore there will be projections P and (1−P ) such that PΞ induces a pure diffeomorphism,

and (1− P )Ξ a pure spin-3 transformation. Instead of fixing SA
νρ directly, we will rather first attempt

to fix the projection P . It should project an arbitrary gauge transformation to a pure diffeomorphism,

therefore we demand that

for every ΞA there is a ξµ such that PA
B ΞB = SA

µ ξ
µ , (2.13)
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and P 2 = P . A natural requirement for the projector is that it is orthogonal w.r.t. the Killing form, in

other words that

PAB = PBA , (2.14)

where we have raised the indices with the Killing form. This then fixes the projector uniquely to be

PAB = eAµ gµν eBν . (2.15)

Indeed we can easily check that

PA
B PB

C = eAµ gµν eDν κBD eBρ gρσ eEσ κEC (2.16)

= eAµ gµν gνρ g
ρσ eEσ κEC (2.17)

= eAµ gµσ eEσ κEC = PA
C , (2.18)

where we used the definition of the metric (1.7) to go to the second line. Furthermore, for an arbitrary

ΞA we have

PA
B ΞB = eAµ

(

gµν eCν κCB ΞB
)

, (2.19)

therefore P indeed projects onto pure diffeomorphisms (where we interpret the term in the parentheses

as the corresponding vector field). Notice that defining P to be an orthogonal projector was a choice we

made, but we will see in the next section that by redefining the gauge parameters it is always possible to

bring the projector to the form above.

Having fixed P we can now look for an SA
νρ that satisfies

PA
B SB

νρ = 0 . (2.20)

In addition we want that SA
νρ coincides with the free field expression when we set the higher-spin fields

to zero, i.e.

SA
νρ = 3 dAbc e

b
ν e

c
ρ + · · · (2.21)

A natural ansatz for a covariant expression that is consistent with the linearisation and with the projection

P is then

SA
νρ =

(

δAD − PA
D

)

3 dDBC e
B
ν eCρ + · · · (2.22)

The linearised gauge transformation does only depend on the traceless part of the gauge parameter ξµν .

If we want this property to hold also at the non-linear level, we have to add the projection to the traceless

part,

ξµσ 7→
(

δµν δσρ − 1

3
gµσ gνρ

)

ξνρ . (2.23)

Our final ansatz for SA
νρ then reads

SA
νρ =

(

δAD − PA
D

)

3 dDBC e
B
µ eCσ

(

δµν δσρ − 1

3
gµσ gνρ

)

(2.24)

= 3
(

dABC e
B
µ eCσ − 6 eAκ gκλ φλµσ

)

(

δµν δσρ − 1

3
gµσ gνρ

)

, (2.25)

where we used our definition for the spin-3 field φ in (1.8).

To summarise we propose the following map for the gauge parameters,

ΞA = SA
µ ξ

µ + SA
νρ ξ

νρ (2.26)

= eAµ ξµ + 3
(

δAD − PA
D

)

dDBC e
B
µ eCσ

(

δµν δσρ − 1

3
gµσ gνρ

)

ξνρ . (2.27)

In the following section we will argue that this is a consistent choice to all orders in the higher-spin field.
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2.2 The proposed map is exact

Our goal is to obtain an exact map between the gauge parameters on the metric-like side and on the

frame-like side,

ΞA = SA
M ξM . (2.28)

Here, M is a collective label for the metric-like labels, e.g. in the sl(3) case {M} = {µ, (νρ)}, where
(νρ) denote symmetric pairs of space-time labels without any trace constraints. The matrix S is then

not a square matrix, and it can depend on the fields and on the vielbein. In the last section we have

made a proposal for such a map (see (2.27)). In this section we want to show that there will always be a

redefinition of the gauge parameters such that the proposal (2.27) provides the exact map.

Given a frame-like gauge parameter ΞA we may ask what the corresponding diffeomorphism and

spin-3 transformation are that it induces, in other words we want to have an inverse relation of the form

ξM = T M
A ΞA , (2.29)

such that

SA
M T M

B = δAB , T M
A SA

N = KM
N =

(

δµν 0

0 Kµ1µ2

ν1ν2

)

. (2.30)

Here, K is a projector: not all components of ξµν give rise to independent gauge transformations, and

those ξ that are annihilated by K do not contribute. Therefore K projects ξµν to the part that contributes

to non-trivial gauge transformations. In the linearised approximation, K projects onto traceless tensors,

in the full theory K could act differently. Of course this structure generalises straightforwardly to the

situation with more higher-spin fields.

Such a map between frame- and metric-like gauge parameters, specified by S and T , is not unique,

because we can redefine the gauge parameter on the metric-like side. Suppose we are given S and T , and

the associated projector K. Then we can parameterise ξM by a new gauge parameter ξ̃M ,

ξM = ΦM
N ξ̃N , (2.31)

with a possibly field-dependent matrix Φ. It does not need to be invertible, but we want that ξ̃ still

parametrises the full set of gauge transformations. Therefore we request that

Im
(

KΦ
)

= Im
(

K
)

. (2.32)

Then there is a map Ψ in the opposite direction,

ξ̃M = ΨM
N ξN , (2.33)

such that

KΦΨ = K . (2.34)

Ψ acts as an inverse after projection by K.

With such a redefinition of the gauge parameters, the map (2.28) between frame-like and metric-like

gauge parameters is changed into

ΞA = S̃A
M ξ̃M , S̃ = SΦ . (2.35)

Similarly we can introduce a new inverse map T̃ ,

ξ̃M = T̃ M
A ΞA , T̃ = ΨT , (2.36)

such that

S̃T̃ = 1 , T̃ S̃ = ΨKΦ =: K̃ . (2.37)
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Notice that the prescription is symmetric in the sense that we can also view ξM to provide a new

parameterisation of ξ̃M via Ψ, and the maps Φ and Ψ satisfy

K̃ΨΦ = K̃ , (2.38)

in analogy to (2.34).

Let us now apply this general discussion to the situation we are interested in. We assume that there is

an exact map relating the gauge parameters as above with corresponding matrices S and T which are a

priori unknown. We then show that there is a redefinition of gauge parameters such that the transformed

S coincides with our proposal.

We already know how a pure diffeomorphism is implemented on the frame-like side, therefore SA
µ =

eAµ is fixed, and should not be altered by a reparameterisation. We can then restrict to matrices Φ and

Ψ of the form

Φ =

(

1 ∗
0 ∗

)

, Ψ =

(

1 ∗
0 ∗

)

. (2.39)

Suppose now that we have found a T̂ µ
A such that

T̂ µ
A SA

ν = δµν . (2.40)

In our case this will be given by

T̂ µ
A = gµν eBν κBA , (2.41)

such that we recover our projector on diffeomorphisms (see (2.15)) as

SA
µ T̂ µ

B = PA
B . (2.42)

Then we set

Ψ =

(

1 Ψµ
ρσ

0 1

)

, Ψµ
ρσ =

(

T̂ µ
A − T µ

A

)

SA
ρσ . (2.43)

With this transformation one finds

T̃ µ
A = T µ

A +Ψµ
ρσ T ρσ

A (2.44)

= T µ
A +

(

T̂ µ
B − T µ

B

)

SB
ρσ T ρσ

A (2.45)

= T µ
A +

(

T̂ µ
B − T µ

B

)(

δBA − SB
ν T ν

A

)

(2.46)

= T̂ µ
A , (2.47)

so it is possible to transform T such that the new T̃ coincides in its µ-components with T̂ . This means that

it is always possible to redefine the gauge parameters such that the projection on pure diffeomorphisms

is indeed given by P as defined in (2.15).

Assume now that we have fixed SA
µ = eAµ as well as T µ

A as in (2.41). Then we are left with block-

diagonal transformation matrices Φ and Ψ with the identity matrix in the µ−ν-block. Suppose now that

we have found a matrix ŜA
µν such that

T ρ
A ŜA

µν = 0 . (2.48)

In our case such a Ŝ is given by the expression in (2.25). Now we set

Φ =

(

1 0

0 ∗

)

, Φµν
ρσ = T µν

A ŜA
ρσ . (2.49)
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With this map Φ, the matrix S is transformed to

S̃A
ρσ = SA

µν Φ
µν

ρσ (2.50)

= SA
µν T µν

B ŜB
ρσ (2.51)

=
(

δAB − SA
µ T µ

B

)

ŜB
ρσ (2.52)

= ŜA
ρσ . (2.53)

We have to make sure that the transformation Φ that we defined is an allowed one, i.e. that it does

not reduce the set of gauge transformations. In the case at hand this is clear at least in a perturbative

expansion in the higher-spin fields, where we only have to check that the transformation is regular at

leading order. The leading terms of Ŝ and S coincide and are given by the linearised expression (2.21),

therefore the transformation is regular.

In conclusion we have shown that indeed there is a parameterisation of the metric-like gauge trans-

formations such that the proposed map (2.27) gives an exact relation between metric-like and frame-like

gauge parameters.

3 Translating frame- to metric-like quantities

In this section we will discuss an algorithm to translate frame-like to metric-like quantities. We will first

outline this algorithm for quantities which do not contain any covariant derivatives and illustrate it by

explicitly calculating the cosmological constant term in the metric-like formulation up to quartic order in

the spin-3 field. We will then generalise the algorithm appropriately for quantities containing covariant

derivatives. This will allow us to explicitly calculate the gauge transformations of the metric and spin-3

field to cubic order. Finally we will discuss why in these cases the mapping between metric-like and

frame-like quantities is unique despite the appearance of seemingly free parameters in the metric-like

expressions.

3.1 Restricting to vielbeins only

The aim of this section is to describe an algorithm which allows us to rewrite a frame-like expression

in terms of metric-like fields. This algorithm is based on a perturbative expansion of all quantities in

the spin-3 field φ. To this end we split the sl(3) generators into sl(2) generators {Ja}, labelled by small

Latin indices, and the remaining generators {JA}, labelled by capital Latin indices and chosen to be

orthogonal to the Ja with respect to the Killing form. Using this notation we decompose the vielbein

into the following components

eA = (ea, EA) . (3.1)

We first note that a given order in the spin-3 field φ corresponds to the same order of vielbeins EA,

O(φ) = O(E) . (3.2)

This can be seen by expanding (1.8) and (1.7),

φµνρ =
1

2
dAbc E

A
(µ e

b
ν e

c
ρ) +

1

6
dABC EA

µ EB
ν EC

ρ , (3.3)

gµν = κab e
a
µ e

b
ν + κAB EA

µ EB
ν =:

(0)

gµν +
(2)

gµν . (3.4)

Given any frame-like expression2, with space-time indices µ1 . . . µm and all frame indices contracted,

we can perturbatively find the metric-like equivalent by making an ansatz consisting of all possible

2For the moment we will not consider terms containing covariant derivatives. But, as discussed in section 3.3, by slightly
modifying our algorithm these kind of terms can be dealt with as well.
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contractions of metric-like fields up to a certain order n in the spin-3 field φ. We then proceed in five

steps:

Step 1: Expand both sides in terms of EA using (3.4) and (3.3) up to order n and subtract them from

each other.

Step 2: Isolate different orders in EA. For each order we obtain an equation of the following form

∑

i

c(i) t
(i)
a1...api

B1...Bli
({e}, {E}, {ǫ}, {(0)

g−1})a1...api
B1...Bli

µ1...µm = 0 (3.5)

where ({e}, {E}, {ǫ}, {(0)

g−1}) denotes a contraction of vielbeins of the given index structure contain-

ing the inverse zero-order metric, the vielbeins and the invariant space-time tensor ǫµνρ. We will

assume that each term has the same number of ǫµνρ, which carries only upper indices. The t(i) are

sl(2)-invariant tensors. Furthermore some of the c(i) are understood to be the coefficients of the

terms arising from the expansion of the frame-like side and are therefore equal to 1. The next steps

are to be performed for each order separately.

Step 3: Replace the EA by

EA
µ = EA

σ ∆σ
µ , (3.6)

where we used the following definition

∆σ
µ =

(0)

gσρ ebρ e
c
µ κbc . (3.7)

This operation ensures that the spacetime index of E is now contracted with a sl(2)-vielbein e.

Step 4: Impose
(0)

gµν eaµ e
b
ν = κab (3.8)

for all contractions of this type. After this replacement all terms in the sum of (3.5) are of the same

form and can therefore be written as

t̃a1...apB1...Bl
({c(i)}) ({e}, {E}, {ǫ}, {(0)

g−1})a1...apB1...Bl
µ1...µm

= 0 . (3.9)

This is because the replacement (3.6) will transfer the space-time index of the vielbein E to a

sl(2)-vielbein e. If the vielbein E carries a free space-time index it is therefore ensured that the

free index is now carried by an sl(2)-vielbein. If however the space-time indices of two vielbeins E

are contracted with each other they will be contracted with a sl(2)-vielbein after the substitution

(3.6) and imposing (3.8). Finally a vielbein E contracted with an sl(2)-vielbein e will stay invariant

under both performing (3.6) and (3.8). Note that the number of sl(2) frame indices in (3.9) might

have changed during this step.

Step 5: Solve (3.9) by stripping off the vielbeins. This leads to

P t̃a1...apB1...Bl
({c(i)}) = 0 , (3.10)

where P is a projector imposing the symmetry inherent in the tensor ({e}, {E}, {ǫ}, {(0)

g−1}). We

will explain this aspect in more detail in the next section. But (3.10) is a linear equation in the

coefficients c(i) and can therefore easily be solved using a computer algebra program.

We stress again that step 3 to 5 have to be performed for all orders from 0 to n separately.
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3.2 Example: cosmological constant term

Let us illustrate the algorithm described in the previous section by an example. We will consider the

higher-spin cosmological constant term which is given by

1

3l2
tr (e ∧ e ∧ e) =

1

3l2
fABC ǫ

µνρ eAµ eBν eCρ d3x . (3.11)

We make an ansatz for the metric-like equivalent of this term by writing down all the possible contractions

of the spin-3 field with the metric such that the resulting expression is a space-time scalar, i.e.

1

3l2
fABC ǫ

µνρ eAµ eBν eCρ =
2

l2
√−g

(

1 +

∞
∑

n=2

Ln

)

. (3.12)

Here Ln denotes all possible contractions compatible with the symmetries of the equation’s lhs containing

n of the φ fields and an arbitrary number of metric tensors. In the case of n = 2 this is given by

L2 = c1 φ
µνρ φµνρ + c2 φ

µ φµ , (3.13)

where φµ denotes the trace of the spin-3 field. We will now explain how the algorithm described in the

previous section allows us to fix the coefficients c1 and c2.

Step 1 and 2: We expand (3.12) up to second order in EA which corresponds to second order in φ as

explained in the previous section. For this we have to expand the determinant of the metric which

will also depend on EA. This yields

√−g =
1

3!
fuvw ǫχδǫ euχ e

v
δ e

w
ǫ

(

1 +
1

2

(0)

gµν κAB EA
µ EB

ν

)

+O(E4) . (3.14)

Subtracting the lhs from the rhs of equation (3.12) and considering only terms of quadratic order

we obtain up to an overall factor

c1 fuvw dAcd dBef ǫχδǫ euχ evδ e
w
ǫ ecρ e

e
ρ′

(0)

gρρ
′

edσ e
f
σ′

(0)

gσσ
′

EA
µ EB

ν

(0)

gµν

+2c1 fuvw dAcd dBef ǫχδǫ euχ e
v
δ e

w
ǫ ecρ e

e
ρ′

(0)

gρρ
′

EA
σ e

f
σ′

(0)

gσσ
′

edµ E
B
ν

(0)

gµν

+ . . .

+O(E4) = 0 .

(3.15)

Here we have only written out two terms explicitly and we will now show how the algorithm

transforms them into the same form.

Step 3: Performing the substitution (3.6) leads to

c1 fuvw dAcd dBef ǫχδǫ euχ e
v
δ e

w
ǫ ecρ e

e
ρ′

(0)

gρρ
′

edσ e
f
σ′

(0)

gσσ
′

EA
κ

(0)

gκγ egγ e
h
µ κgh EB

λ

(0)

gλτ elτ e
j
ν κlj

(0)

gµν

+2c1 fuvw dAcd dBef ǫχδǫ euχ evδ e
w
ǫ ecρ e

e
ρ′

(0)

gρρ
′

EA
κ

(0)

gκγ egγ e
h
σ κgh e

f
σ′

(0)

gσσ
′

edµ E
B
λ

(0)

gλτ elτ e
j
ν κlj

(0)

gµν

+ . . .

+O(E4) = 0 .

(3.16)

Step 4: Imposing the relation (3.8) we obtain

c1 fuvw dAcd dB
cd κlg ǫχδǫ euχ e

v
δ e

w
ǫ EA

κ

(0)

gκγ egγ E
B
λ

(0)

gλτ elτ

+2c1 fuvw dAdc dBf
c ǫχδǫ euχ evδ e

w
ǫ EA

κ

(0)

gκγ efγ E
B
λ

(0)

gλτ edτ

+ . . .

+O(E4) = 0 .

(3.17)
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Having written all terms in the same form we find up to a global factor

(−108 fABc κgd κhe + fcde(6c1 dAhf dBg
f + 4c2 dAgf dBh

f + 3c1 dAsf dB
sf κgh)

+ 18 fcde κAB κgh) ǫ
χδǫ ecχ e

d
δ e

e
ǫ E

A
γ

(0)

gαγ egα EB
σ

(0)

gβσ ehβ = 0 .
(3.18)

Step 5: We can solve this equation by stripping off the vielbeins. The remaining term has to be anti-

symmetrised in c, d, e and symmetrised with respect to exchange of the pair g,A with h,B. This

operation was denoted by P in (3.10). The resulting equation is linear in c1,c2 and can be easily

solved,

c1 = −3 , c2 =
9

2
. (3.19)

This is most conveniently done by choosing an explicit representation for the invariant tensors of

sl(3) and solving the resulting equation using a computer algebra program.

Therefore by using the algorithm described in the previous section we have found the metric-like equiv-

alent of the cosmological constant term to quadratic order in the spin-3 field.

By applying the algorithm also to the quartic order we obtain the result

1

3l2

∫

fABC eA ∧ eB ∧ eC =
2

l2

∫

d3x
√−g (1 + L2 + L4) +O(φ6) , (3.20)

where the quadratic terms are given by

L2 = −3φµνρ φµνρ +
9

2
φµ φµ , (3.21)

and the quartic contribution is

L4 =(9 + c) φµ
σκ φµνρ φνσ

τ φρκτ + c φµν
σ φµνρ φρ

κτ φσκτ

− (54 + 4c) φν φν
ρσ φρ

κτ φσκτ − 9 φν φν
ρσ φρ φσ

− (6 + 1
2c) φµνρ φ

µνρ φσκτ φ
σκτ + (92 + c) φν φν φσκτ φ

σκτ

+ (81 + 2c) φν φν
ρσ φρσ

κ φκ − (818 + 1
2c) φ

ν φν φ
κ φκ .

(3.22)

The sum of all terms term proportional to c is zero due to a dimension dependent identity as will be

explained in section 3.5.

Note that we can not build a scalar by contracting an odd number of spin-3 fields and therefore there

are no such contributions in (3.20).

3.3 Including covariant derivatives

In the last two sections we did not include terms involving covariant derivatives in our discussion. In

principle we can apply our algorithm also to these types of terms, but there is an additional complication.

In the frame-like approach covariant derivatives can act both on EA and ea. The algorithm described in

section 3.1 crucially relies on the fact that we can bring our expressions into the form (3.9). For this to

work for quantities involving covariant derivatives we need to be able to express Dµe
a
ν in terms of DµE

A
ν .

This can be achieved as follows. The metric is covariantly constant,

∇ρgµν = Dρgµν = κAB eAµ Dρe
B
ν + κAB eAν Dρe

B
µ = 0 , (3.23)

where Dµ was defined in (1.6).
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By summing three permutations of equation (3.23),

κAB eAµ Dρe
B
ν + κAB eAν Dρe

B
µ

−κAB eAρ Dµe
B
ν − κAB eAν Dµe

B
ρ

+κAB eAρ Dνe
B
µ + κAB eAµ Dνe

B
ρ = 0 ,

(3.24)

and using torsion constraint (1.5) we conclude

κAB eAµ Dρe
B
ν = 0 . (3.25)

Expanding this we obtain

Dµe
c
ν = −κAB

(0)

gσρ ecσ E
A
ρ DµE

B
ν . (3.26)

Using this result we can reformulate the algorithm described in section 3.1 such that it is also applicable

to expressions involving covariant derivatives. We only need to modify the prescriptions for step 1 and

step 3.

Step 1’: Expand both sides in terms of EA using (3.4) and (3.3) up to order n and subtract them from

each other. Perform the following substitution

Dµe
c
ν = −κAB

(0)

gσρ ecσ E
A
ρ DµE

B
ν . (3.27)

This ensures that all the covariant derivatives act on EA.

Step 3’: Replace covariant derivatives of EA by

DµE
A
ν = ∆σ

µ ∆
ρ
ν DσE

A
ρ (3.28)

and the EA without a derivative by

EA
µ = EA

σ ∆σ
µ . (3.29)

The notation ∆ρ
µ was defined in (3.7).

All others steps are unchanged.

3.4 Spin-3 transformations

In this section we determine the spin-3 transformations of both the metric and the spin-3 field perturba-

tively. For this we again make the most general ansatz for the gauge transformations of the metric-like

fields and fix its coefficients by applying the modified algorithm described in the last section. The gauge

transformation of the spin-3 field is then given by

δ
(3)
Ξ φαβχ = 3∇(αξ̂βχ) + (ξ̂φ∇φ)αβχ + (∇ξ̂φφ)αβχ +O(φ4) . (3.30)

Here ξ̂ denotes the traceless component of ξ, see (A.3). The explicit expressions for (ξ̂φ∇φ)αβχ and

(∇ξ̂φφ)αβχ are quite involved and are given in appendix D.

The metric transforms as follows

δ
(3)
Ξ gαβ =6 (2 ξ̂χδ ∇δφαβχ + 4 ξ̂χδ gαβ ∇δφχ + ξ̂αβ ∇δφ

δ − 2 ξ̂χδ gαβ ∇ǫφχδ
ǫ

− 4 ξ̂(α
χ∇β)φχ − 4 ξ̂(α

χ∇|χ|φβ) + 4 ξ̂(α
χ ∇δφβ)χδ

− 4 ξ̂χδ ∇(αφβ)χδ) + (ξ̂φφ∇φ)αβ +O(φ5) . (3.31)

The explicit expression for (ξ̂φφ∇φ)αβ can be found in appendix D.
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3.5 Ambiguities

Equation (3.22) contains a free parameter c, seemingly suggesting that the frame-like cosmological con-

stant term does not have a unique metric-like counterpart. However this is not the case. The parameter c

is due to a dimensional dependent identity (DDI), which arises by over-antisymmetrisation. An example

for a DDI is

δ
µ

[σ δ
ν
ρ δ

γ
σ δλτ ] = 0 , (3.32)

which obviously vanishes in three dimensions. A systematic way to construct all DDIs of a set of tensors is

described in [38]. For a certain tensor all possible contractions with (3.32) are determined. All identities

which arise by over-antisymmetrisation can be constructed in such a way as we can always pull out deltas

on the over-antisymmetrised indices. Using the Mathematica package xTras, described in [38], these

identities can automatically constructed by this method. For the case of the cosmological constant term

at quartic order there is the following relevant DDI,

φµ
δǫ φµνχ φνδ

φ φχǫφ + φµν
δ φµνχ φχ

ǫφ φδǫφ − 4φν φν
χδ φχ

ǫφ φδǫφ − 1
2 φµνχ φµνχ φδǫφ φ

δǫφ

+ φν φν φδǫφ φ
δǫφ + 2φν φν

χδ φχδ
ǫ φǫ − 1

2 φ
ν φν φ

ǫ φǫ ≡ 0 .
(3.33)

But the terms proportional to c in (3.22) are exactly given by this DDI and therefore vanish. Thus the

cosmological constant term to quartic order is uniquely determined by our calculation.

4 Gauge algebra

We will now discuss the algebra of the gauge transformations for the metric-like fields. While the algebra

of the frame-like transformations closes off-shell, in the metric-like formulation the algebra only closes

on-shell. We start by explaining this phenomenon and discuss also why the commutators with spin-2

transformations (diffeomorphisms) still close off-shell. We then determine explicitly the gauge algebra to

linear order in the spin-3 field φ.

4.1 On-shell gauge algebra

Recall from section 2.1 that in the frame-like theory general local translations induce pure diffeomorphisms

and spin-3 transformations. General translations are parametrised by ΞA. Obviously this corresponds to

having 8 degrees of freedom which nicely matches the 3+5 degrees of freedom of the parameter vµ corre-

sponding to pure diffeomorphisms and ξ̂µν = ξµν − 1
3 g

µν ξλλ parameterising the spin-3 transformations.

According to (2.3) the fields of the frame-like formalism transform as follows

δΞe
A
µ = DµΞ

A , (4.1)

δΞω
A
µ =

1

l2

[

eµ,Ξ
A
]

, (4.2)

and the gauge algebra closes off-shell.

When we translate the frame-like theory to the metric-like formulation we have to use the torsion

constraint (1.5) to express the spin connection in terms of vielbeins, ω = ω(e). This implicit dependence

induces a gauge transformation of the spin connection that differs from the transformation (4.2), and

only coincides with it on-shell, i.e. after using the equation of motion. This can be seen as follows. The

induced transformation of the spin connection can be calculated by varying the torsion constraint (1.5),

δΞ

(

D[µe
A
ν]

)

= δΞD[µe
A
ν] +D[µDν]Ξ

A = 0 . (4.3)
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The Christoffel symbol is symmetric in µ and ν and therefore the variation of the covariant derivative in

the equation above is given by the transformation of the spin connection. We thus obtain

fA
BC δΞω

B
[µ e

C
ν] + fA

BC R
B
µν Ξ

C = 0 (4.4)

with RA
µν from (1.4). The equation of motion for the vielbein is

RA
µν = − 1

2l2
fA

BC e
B
µ eCν . (4.5)

Using this equation of motion in (4.4), we find that the induced transformation reduces on-shell to (we

assume that the vielbein is non-degenerate)

δΞω
A
µ =

1

l2
fA

BC e
B
µ ΞC , (4.6)

which coincides with the transformation (4.2) in the frame-like theory. Therefore we expect that the

metric-like gauge algebra only closes on-shell.

Let us explicitly consider the commutator of two gauge transformations on a vielbein (all metric-like

fields are built out of the vielbein). Using (4.1) we obtain

[δΞ, δΠ]e
A
µ = Dµ

(

δΞΠ
A − δΠΞ

A
)

+ fA
BC

(

δΞω
B
µ ΠC − δΠω

B
µ ΞC

)

= δ(δΞΠ−δΠΞ)e
A
µ + fA

BC

(

δΞω
B
µ ΠC − δΠω

B
µ ΞC

)

. (4.7)

The first term is a local translation of the vielbein and therefore can again be interpreted as a gauge

transformation in the metric-like formulation. For the second term it might in general not be possible

to rewrite it as a gauge transformation on the vielbein. On the other hand, on-shell the last term is a

generalised local Lorentz transformation of the vielbein as can be checked by using the Jacobi identity,

fA
BC

(

δΞω
B
µ ΠC − δΠω

B
µ ΞC

)

= − 1

l2
fA

BC

(

fB
DE e

D
µ ΞE ΠC − fB

DE e
D
µ ΠE ΞC

)

=
1

l2
fA

BD

(

fB
EC Ξ

E ΠC
)

eDµ .

(4.8)

In the metric-like fields all frame indices are contracted with invariant tensors, and the local Lorentz

transformations do not have any effect. Hence we find that on-shell the gauge algebra in the metric-like

formulation is obtained by translating

[δΞ, δΠ] = δ(δΞΠ−δΠΞ) (4.9)

into metric-like quantities.

4.2 Off-shell closure for spin-2 transformations

In the last subsection we have shown that after imposing the vielbein’s equation of motion the second

term in (4.7) can be written as a local Lorentz transformation. In this section we will show that in the

special case in which at least one of the parameters describes a spin-2 transformation, i.e. ΞA = eAµ ξ
µ,

the last term of (4.7) is a local Lorentz transformation even off-shell. Firstly, using (4.4) we calculate the

variation of the spin connection in this special case.

fA
BC δΞω

B
[µ e

C
ν] = −fA

BC R
B
µν e

C
σ ξ

σ

= −fA
BC

(

RB
µσ e

C
ν +RB

σν e
C
µ

)

ξσ

= 2 fA
BC R

B
σ[µ e

C
ν] ξ

σ ,

(4.10)
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where we have used a Bianchi-like identity fA
BC R

B
[µν e

C
σ] = 0 (see appendix B). As the vielbein is non-

degenerate we conclude from (4.10) that

δΞω
B
µ = 2 ξσ RB

σµ (4.11)

is the induced transformation of the spin connection under a spin-2 transformation.

Plugging this result into the second term of (4.7) and using (4.4) we obtain

fA
BC

(

δΞω
B
µ ΠC − δΠω

B
µ ΞC

)

= fA
BC

(

2 ξν RB
νµ Π

C − δΠω
B
µ eCν ξ

ν
)

= fA
BC

(

2 ξν RB
νµ Π

C − 2 δΠω
B
[µ e

C
ν] ξ

ν − δΠω
B
ν eCµ ξ

ν
)

= fA
BC

(

2 ξν RB
νµ Π

C + 2 ξν RB
µν Π

C − δΠω
B
ν eCµ ξ

ν
)

= −fA
BC δΠω

B
ν eCµ ξ

ν .

(4.12)

But the final expression is just a generalised local Lorentz transformation and we have therefore shown

that the commutator of a spin-2 transformation with any other transformation can be expressed as a

gauge transformation also off-shell.

In the following we will compute the various commutators that arise in the algebra of metric-like

gauge transformations explicitly.

4.3 Spin-2 spin-2 commutator

Here we will consider the case of both transformations being diffeomorphisms, i.e. ΠA = eAµ π
µ and

ΞA = eAµ ξ
µ. As shown in the previous section this commutator closes off-shell and using (4.7) we can

calculate the resulting transformation

δΠ
(

eAµ ξµ
)

− δΞ
(

eAµ πµ
)

= Dµ

(

eAν πν
)

ξµ − ξ ↔ π

= −eAν Lπξ
ν + 2 ξµ πν D[µe

A
ν]

(4.13)

where Lπξ
ν = πµ∂µξ

ν − ξµ∂µπ
ν is the Lie derivative. But the last term in the last line vanishes as

we impose the torsion constraint (1.5). By (2.5) the result of this commutator therefore induces a

diffeomorphism with vector field −Lπξ
ν .

4.4 Spin-3 spin-2 commutator

We now want to discuss the commutator of a spin-3 and a spin-2 transformation. The spin-3 transfor-

mation is parameterised by

ΞA = SA
µ1µ2

ξµ1µ2 , (4.14)

where S is given in (2.25). The result for the commutator will not depend on the precise form of S, but
only on the property that it is built from the vielbeins. In fact we can also consider the more general case

of the commutator of a spin-(s + 1) and a spin-2 transformation without any additional complication,

where the spin-2 and the spin-(s+ 1) transformations are parameterised by

ΠA = eAσ π
σ and ΞA = SA

µ1...µs
(e)ξµ1...µs . (4.15)

Here, SA
µ1...µs

(e) is built by contracting vielbeins and it is completely symmetric in all space-time indices.

For a result that we need later we consider the following space-time tensor,

Oνµ1...µs
= κAB eAν SB

µ1...µs
(e) . (4.16)
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Because it is constructed from the vielbeins, under the spin-2 transformation the tensor Oνµ1...µs
changes

by the Lie derivative along π,

δΠOνµ1...µs
= πσ∇σOνµ1...µs

+ s ∇(µ1
πσO|νσ|µ2...µs) +∇νπ

σ Oσµ1...µs
. (4.17)

The lhs of this equation can be calculated by explicitly evaluating the variation of the vielbein, i.e.

δΠOνµ1...µs
= κAB Dν(e

A
σ π

σ)SB
µ1...µs

+ κAB eAν (δΠSB
µ1...µs

)

= κAB πσ(Dσe
A
ν )SB

µ1...µs
+ κAB eAν (δΠSB

µ1...µs
) +∇νπ

σOσµ1...µs
,

(4.18)

where we used (1.5) and suppressed the dependency of SB
µ1...µs

on the vielbeins to simplify notation.

Combining (4.17) with (4.18) yields

κAB eAν (δΠSB
µ1...µs

) = κAB eAν πσDσSB
µ1...µs

+ s κAB eAν ∇(µ1
πσ SB

|σ|µ2...µs) . (4.19)

We therefore conclude that

δΠSB
µ1...µs

= πσDσSB
µ1...µs

+ s ∇(µ1
πσ SB

|σ|µ2...µs) . (4.20)

We are now in the position to determine the commutator of the spin-2 transformation Π and the spin-

(s+ 1) transformation Ξ given in (4.15), and we find

δΞΠ
A − δΠΞ

A = πσDσ

(

SA
µ1...µs

ξµ1...µs
)

− ξµ1...µs δΠSA
µ1...µs

= SA
µ1...µs

(

πσ∇σξ
µ1...µs − s ξσ(µ1...µs−1∇σπ

µs)
)

= SA
µ1...µs

(Lπξ
µ1...µs) .

(4.21)

Thus the commutator is a spin-(s+ 1) transformation whose parameter is given by the Lie derivative of

the original spin-(s+ 1)-parameter. In particular in our case we find

[δ
(3)
ξ , δ(2)π ] = δ

(3)
Lπξ

. (4.22)

4.5 Spin-3 spin-3 commutator

In contrast to the commutation relation involving at least one spin-2 transformation we currently do not

have an all order result for the commutator of two spin-3 transformations. The commutator is specified by

traceless parameters ξ̂µν and π̂µν , and generically it will lead to a combination of a spin-2 transformation

and a spin-3 transformation, i.e.

[δΠ, δΞ] e
A
µ = δS(u,v) e

A
µ , (4.23)

where

SA(u, v) = SA
µv

µ + SA
ρσu

ρσ (4.24)

denotes the map defined in (2.11). In the following we will determine the parameters uµν and vµ pertur-

batively in the spin-3 field. First we will calculate explicitly the spin-2 parameter vµ by only considering

zeroth order contributions. Then we will use the algorithm discussed in section 3.1 to determine these

parameters at linear order.
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4.5.1 Spin-2 parameter vµ

This contribution was already calculated in [21] using a different method. We need to evaluate

δ
(3)
Π ΞA =3 δ

(3)
Π

{

δAB − PA
B

}

dBCD eCµ e
D
ν ξ̂µν + 3

(

δAB − PA
B

)

δ
(3)
Π

{

dBCD eCµ e
D
ν ξ̂µν

}

=− 3
(

δ
(3)
Π PA

B

)

dBCD eCµ e
D
ν ξ̂µν

+ 6
(

δAB − PA
B

)

dBCD

(

DµΠ
C
)

eDν ξ̂µν

+ 3
(

δAB − PA
B

)

dBCD eCµ e
D
ν

(

δ
(3)
Π ξ̂µν

)

.

(4.25)

The variation of the projector PA
B is given by

δ
(3)
Π PA

B =
(

DµΠ
A
)

gµν eCν κBC + eAµ gµνκBC

(

DνΠ
C
)

− 2eAµ κEF eCν e
E
(σ Dρ)Π

F gσν gρµ κBC ,
(4.26)

where the last term arises due to the variation of the inverse metric in the projector. We will now evaluate

(4.25) at leading order. Let us focus on the last term in (4.25) first. By using (3.31) it can be checked

easily that this term is of higher order as

δ
(3)
Π ξ̂µν = O(E) . (4.27)

Note that if we choose A = A all terms in (4.25) will be at least of linear order. For A = a we can easily

deduce that the second term in (4.25) does not contribute as

(δab − P a
b ) = 0 and P a

B = O(E) . (4.28)

So only the first term in (4.25) will contribute to leading order. From A = a it follows that to leading

order we have to choose B = B. The variation of the projector is then given by

δ
(3)
Π P a

B = 3 eaµ g
µν κBC dCef eeρ e

f
τ ∇ν π̂

ρτ +O(E) . (4.29)

Plugging this in the only non-vanishing term of (4.25) we find at leading order

δ
(3)
Π Ξa − δ

(3)
Ξ Πa = −9 dBef d

B
cd eaσ g

στ eeρ e
f
γ e

c
µ e

d
ν

(

ξ̂µν ∇τ π̂
ργ − ξ̂ ↔ π̂

)

= −18 eaσ g
στ
(

ξ̂µν ∇τ π̂µν − ξ̂ ↔ π̂
)

,
(4.30)

where we have used the identity (A.10b) in the last step.

But by (2.5) the result in (4.30) corresponds to a spin-2 transformation with the parameter

vµ = −18 gµν
(

ξρσ ∇νπρσ − 1

3
ξρρ∇νπ

σ
σ − ξ ↔ π

)

. (4.31)

4.5.2 Spin-3 parameter uµν

To determine the spin-3 parameter uµν we make the following ansatz

δ
(3)
Π ΞA − δ

(3)
Ξ ΠA = SA(uµν , vµ) , (4.32)

where SA is defined as in (4.24). The parameter vµ cannot be corrected by terms linear in the spin-3

field as we cannot build a vector by contracting a spin-3 field, a covariant derivative and the parameter
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uµν . In order to solve this equation we make an ansatz for the linear order of uµν by considering all

possible contractions of

ξρσ , πρσ and φστρ (4.33)

with two symmetric free indices, µ and ν, and antisymmetric with respect to the exchange of ξ and π.

We use the algorithm described in section 3.3 to determine the coefficients of the ansatz. The result for

uαβ contains three different contributions denoted by

uαβ = u
αβ
1 + u

αβ
2 + u

αβ
3 . (4.34)

Firstly terms with a derivative acting on the spin-3 field

u
αβ
1 =6

(

−5(ξ̂π̂)αβχδ∇δφχ + (ξ̂π̂)χδχ
ǫ(gαβ∇ǫφδ −∇ǫφ

αβ
δ) + 3(ξ̂π̂)αβχδ∇ǫφχδ

ǫ

− 6(ξ̂π̂)χδǫξgαβ∇ξφχδǫ + 3(ξ̂π̂)(α|χχ
δ|∇β)φδ + 2(ξ̂π̂)(α|χχ

δ|∇δφ
β)

− 3(ξ̂π̂)(α|χχ
δ∇ǫ|φβ)

δǫ − 5(ξ̂π̂)(α|χδǫ|∇χφ
β)

δǫ + 13(ξ̂π̂)(α|χδǫ|∇δφ
β)

χǫ

)

+ k1D
αβ
1 , (4.35)

where we have used the following notation

(ξ̂π̂)µνρσ = ξ̂µν π̂ρσ − ξ̂ ↔ π̂ . (4.36)

The hatted tensors again denote the traceless components of the parameters, see (A.3). The term D
αβ
1

is given in appendix C and vanishes due to DDIs.

Secondly there are contributions with a derivative acting on one of the parameters,

u
αβ
2 =12

(

(∇ξ̂π̂)δαβχδφ
χ + (∇ξ̂π̂)δχ

ǫ
δǫφ

χgαβ − (∇ξ̂π̂)χδǫχδφ
αβ

ǫ − 3
2 (∇ξ̂π̂)χαβδǫφχδǫ

+ 12(∇ξ̂π̂)χδǫχ
ξgαβφδǫξ − (∇ξ̂π̂)χ(α|δ|β)χφδ − (∇ξ̂π̂)χ(α|δ|χδφ

β)

−2(∇ξ̂π̂)χ(α|δχ
ǫ|φβ)

δǫ − 34(∇ξ̂π̂)χδǫ(αχφ
β)

δǫ

)

+ k2D
αβ
2 + k3D

αβ
3 + k4D

αβ
4 + k5D

αβ
5 .

(4.37)

Here we used the notation

(∇ξ̂π̂)µ
νρσǫ = π̂νρ∇µξ̂

σǫ − π̂ ↔ ξ̂ . (4.38)

The terms Dαβ
i , i = 2 . . . 5, are given in appendix C and are identically zero due to DDIs.

Finally there are contributions containing the trace of the parameters of the gauge transformations

u
αβ
3 =4(ξ̂π′ − π̂ξ′)λρφαβ

λ;ρ + 4(ξ̂π′ − π̂ξ′)λρgαβφλ;ρ + 2(ξ̂π′ − π̂ξ′)αβφρ
;ρ

− 8(ξ̂π′ − π̂ξ′)(α|λ|∇β)φλ − 8(ξ̂π′ − π̂ξ′)(α|λ|∇λφ
β) + 8(ξ̂π′ − π̂ξ′)(α|λ∇ρ|φβ)

λρ

− 8(ξ̂π′ − π̂ξ′)λρ∇(αφβ)
λρ ,

(4.39)

where we denoted

(ξ̂π′ − π̂ξ′)µν = ξ̂µνπσ
σ − π̂µνξσσ . (4.40)

It might at first seem surprising that the commutator contains traces of the gauge parameters, whereas

in a single gauge transformation only their traceless part contributes. This is due to the fact that the

notion of the trace is field-dependent (it depends on the metric), and that the field changes under the

gauge transformation.

Let us briefly explain this phenomenon in a very simple example. Consider an infinitesimal rotation

of a vector ~x ∈ R
3 parameterised by a vector ~v ∈ R

3,

δv~x = ~v × ~x . (4.41)

Obviously the component of ~v parallel to ~x, i.e. ~v‖ = (~v·~x)
‖x‖2 ~x, does not contribute to the rotation. However

the commutator of two rotations is given by

[δv, δw]~x = (~w × ~v)× ~x = ~v(~w · ~x)− ~w(~v · ~x) . (4.42)
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Therefore the components parallel to ~x contribute in the commutator although an individual rotation

only depends on the component orthogonal to ~x. This is completely analogous to the observation above

that the traces of the spin-3 parameter contribute to the commutator.

This concludes the computation of the commutator of two spin-3 transformations at linear order in

the spin-3 field. Together with the expression derived for the commutator of a spin-2 with either a spin-2

or spin-3 transformation, which are exact results, we have therefore determined the gauge algebra to

leading order.
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A Conventions

We denote symmetrisation by a pair of parentheses,

A(µ Bν) =
1

2
(Aµ Bν +Aν Bµ) . (A.1)

Likewise square brackets denote antisymmetrisation. We often omit contracted indices of a tensor to

simplify notation, for example

φµ ≡ φµλ
λ . (A.2)

Furthermore we will use hats to denote the traceless projection of a contravariant rank 2 tensor, i.e.

ξ̂µν =
(

δµσ δνκ − 1
3 g

µν gσκ
)

ξσκ . (A.3)

The algebra sl(3,R) can be given in terms of generators Ja and Tab with the commutation relations

[ Ja , Jb ] = ǫabc J
c , (A.4a)

[ Ja , Tbc ] = 2 ǫda(bTc)d , (A.4b)

[Tab , Tcd ] = − 2
(

ηa(cǫd)be + ηb(cǫd)ae
)

Je , (A.4c)

and T[ab] = ηab Tab = 0. Here the Levi-Civita symbol is given by

ǫ012 = − ǫ012 = 1 , (A.5)

and indices can be raised and lowered by ηab = diag(−1, 1, 1). A 3× 3 matrix representation for the Tab

is given by

Tab =

(

JaJb + JbJa −
2

3
ηab JcJ

c

)

, (A.6)

where Ja is in the three-dimensional representation of sl(2,R) →֒ sl(3,R). Furthermore {JA} denote a

set of five independent generators built from the matrix representation Tab. We use the notation {JA}
for the set of all generators {Ja, JA}.

The Killing form is defined to be one half of the matrix trace in the fundamental representation of

sl(3,R),

κAB =
1

2
tr (JA JB) , (A.7)
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therefore κab = ηab and κaB = 0. The anti-symmetric and symmetric structure constants are given by

fABC =
1

2
tr ([JA, JB]JC) , (A.8)

dABC =
1

2
tr ({JA, JB}JC) , (A.9)

such that fAbc = fABC = 0, fabc = ǫabc and dabc = dABc = 0. The structure constants satisfy a number

of identities of which we used

dAbc κ
bc = 0 , (A.10a)

dAbc d
A
de = − 2

3 κbc κde + 2 κd(b κc)e . (A.10b)

B Bianchi-like identity

For the curvature of the spin connection we have the following Bianchi-like identity,

fA
BC R

B
[µν e

C
ρ] = 0 . (B.1)

For convenience we display its proof here. We evaluate

fA
BCR

B
[µνe

C
ρ] = fA

BC

(

∂[µω
B
ν e

C
ρ] +

1
2f

B
EFω

E
[µω

F
ν eCρ]

)

= fA
BC∂[µω

B
ν e

C
ρ] − 1

2

(

fA
BEf

B
FC + fA

BFf
B
CE

)

ωE
[µω

F
ν eCρ]

= fA
BC∂[µω

B
ν e

C
ρ] − 1

2f
A
BEω

E
[µ∂νe

B
ρ] − 1

2f
A
BFω

F
[ν∂µe

B
ρ]

= fA
BC∂[µω

B
ν e

C
ρ] + fA

BE∂[µω
E
ν e

B
ρ]

= fA
BC∂[µ

(

ωB
ν e

C
ρ]

)

.

(B.2)

Here we have used (1.5) to obtain the third line. By using the torsion constraint (1.5) again we yield

fA
BC∂[µ

(

ωB
ν e

C
ρ]

)

= −∂[µ∂νe
A
ρ] = 0 , (B.3)

which concludes the proof of (B.1).

C DDI contributions to gauge algebra

In the following we will summarise the contributions to the parameter uαβ of the gauge algebra, given in

(4.34), which vanish due to dimensional dependent identities. These might be helpful in comparing with

our results.

First we give the term with a derivative acting on the spin-3 field.

D
αβ
1 =1

2

(

(ξ̂π̂)αβχδ∇δφχ − (ξ̂π̂)χδχ
ǫgαβ∇ǫφδ + (ξ̂π̂)χδχ

ǫ∇ǫφ
αβ

δ − (ξ̂π̂)αβχδ∇ǫφχδ
ǫ

+ 2(ξ̂π̂)χδǫξgαβ∇ξφχδǫ − (ξ̂π̂)(α|χχ
δ|∇β)φδ + 2(ξ̂π̂)(α|χδǫ|∇β)φχδǫ + (ξ̂π̂)(α|χχ

δ∇ǫ|φβ)
δǫ

+ (ξ̂π̂)(α|χδǫ|∇χφ
β)

δǫ − 3(ξ̂π̂)(α|χδǫ|∇δφ
β)

χǫ

)

.

(C.1)

Furthermore there are four more quantities with a derivative acting on the parameters.

D
αβ
2 =(∇ξ̂π̂)χ

δǫ
δǫφ

χgαβ − (∇ξ̂π̂)χδǫδǫφ
αβ

χ − (∇ξ̂π̂)χαβδǫφχδǫ − (∇ξ̂π̂)χδǫαβφχδǫ − 2(∇ξ̂π̂)χδǫδ
ξgαβφχǫξ

− 2(∇ξ̂π̂)χ(α|δ|β)δφχ + 2(∇ξ̂π̂)χ(α|δ|β)ǫφχδǫ + 2(∇ξ̂π̂)χ(α|δδ
ǫ|φβ)

χǫ + 2(∇ξ̂π̂)χδǫ(αδφ
β)

χǫ

(C.2)
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D
αβ
3 =(∇ξ̂π̂)δχδ

αβφχ + (∇ξ̂π̂)δχ
ǫ
δǫφ

χgαβ − (∇ξ̂π̂)χδǫχδφ
αβ

ǫ − (∇ξ̂π̂)χδǫαβφχδǫ − (∇ξ̂π̂)χδǫδ
ξgαβφχǫξ

+ (∇ξ̂π̂)χχ
δǫξgαβφδǫξ − (∇ξ̂π̂)χδǫχ

ξgαβφδǫξ − (∇ξ̂π̂)(α|χδ|β)χφδ − (∇ξ̂π̂)χ(α|δ|β)χφδ

− (∇ξ̂π̂)(αβ)χδǫφχδǫ + (∇ξ̂π̂)(α|χδ|β)ǫφχδǫ + (∇ξ̂π̂)(α|χδχ
ǫ|φβ)

δǫ + (∇ξ̂π̂)χ(α|δ|β)ǫφχδǫ

+ (∇ξ̂π̂)χ(α|δχ
ǫ|φβ)

δǫ − 2(∇ξ̂π̂)χχ
δ(α|ǫ|φβ)

δǫ + (∇ξ̂π̂)χδǫ(αχφ
β)

δǫ + (∇ξ̂π̂)χδǫ(αδφ
β)

χǫ

(C.3)

D
αβ
4 =− (∇ξ̂π̂)δαβχδφ

χ − (∇ξ̂π̂)δδ
ǫ
χǫφ

χgαβ + (∇ξ̂π̂)χχ
δ
δ
ǫφαβ

ǫ + (∇ξ̂π̂)χαβδǫφχδǫ + (∇ξ̂π̂)χδǫδ
ξgαβφχǫξ

+ (∇ξ̂π̂)χχ
δǫξgαβφδǫξ − (∇ξ̂π̂)χδǫχ

ξgαβφδǫξ + (∇ξ̂π̂)(αβ)χχ
δφδ + (∇ξ̂π̂)χ(αχ

β)δφδ

− (∇ξ̂π̂)(αβ)χδǫφχδǫ + (∇ξ̂π̂)(α|χδ|β)ǫφχδǫ − (∇ξ̂π̂)(α|χδχ
ǫ|φβ)

δǫ − (∇ξ̂π̂)χ(α|δ|β)ǫφχδǫ

− (∇ξ̂π̂)χ(αχ
|δǫ|φβ)

δǫ + 2(∇ξ̂π̂)χ(α|δχ
ǫ|φβ)

δǫ − (∇ξ̂π̂)χ(α|δδ
ǫ|φβ)

χǫ − (∇ξ̂π̂)χχ
δ(α|ǫ|φβ)

δǫ

(C.4)

D
αβ
5 =− (∇ξ̂π̂)δαβχδφ

χ − (∇ξ̂π̂)δχδ
αβφχ + (∇ξ̂π̂)χ

δǫ
δǫφ

χgαβ − (∇ξ̂π̂)δχ
ǫ
δǫφ

χgαβ − (∇ξ̂π̂)δδ
ǫ
χǫφ

χgαβ

+ (∇ξ̂π̂)(αβ)χχ
δφδ + (∇ξ̂π̂)(α|χδ|β)χφδ − (∇ξ̂π̂)(α|χδ|χδφ

β) + (∇ξ̂π̂)χ(αχ
β)δφδ + (∇ξ̂π̂)χ(α|δ|β)χφδ

− 2(∇ξ̂π̂)χ(α|δ|β)δφχ + (∇ξ̂π̂)χ(α|δ|χδφ
β) + (∇ξ̂π̂)χχ

δ(α
δφ

β) .

(C.5)

The quantities (∇ξ̂π̂) and (ξ̂π̂) are defined in (4.38) and (4.36).

D Higher order corrections to spin-3 transformations

In this section we list the higher order corrections to the gauge transformations given in section 3.4. By

making a particular choice of the undetermined constants due to dimensional dependent identities we

reduced the size of the expressions considerably. For the gauge transformation of the spin-3 field there

are corrections with a derivative acting on the φ field,

(ξ̂φ∇φ)αβχ = 18
(

2φδ ξ̂δ
ǫ∇ǫφαβχ + ξ̂δǫ

(

3φδǫ
ξ∇ξφαβχ + φαβχ(7∇ǫφδ − 3∇ξφδǫ

ξ)
)

− 4φ(αξ̂βχ)∇δφδ

+ 8φ(αξ̂β
δ∇χ)φδ + 9φ(αξ̂β

δ∇|δ|φχ) − 5φδ ξ̂(αβ∇|δ|φχ) − 2φδ ξ̂(α|δ|∇βφχ) − 8φ(αξ̂β
δ∇ǫφχ)δǫ

− 2φ(αξ̂
δǫ∇|δ|φβχ)ǫ + φδ ξ̂(α|δ|∇ǫφβχ)ǫ + 13φδ ξ̂(α

ǫ∇|δ|φβχ)ǫ − 3φδ ξ̂(α
ǫ∇|ǫ|φβχ)δ + 12ξ̂(αβφχ)

δǫ∇δφǫ

+ 5ξ̂(α
δφβχ)δ∇ǫφǫ − 12ξ̂(α

δφβχ)
ǫ∇δφǫ − 7ξ̂(α

δφβχ)
ǫ∇ǫφδ − 6ξ̂(α

δφβ|δ|
ǫ∇χ)φǫ

+ 8ξ̂(α
δφβ|δ

ǫ∇ǫ|φχ) − 3ξ̂δǫφ(αβ|δ|∇χ)φǫ − 4ξ̂δǫφ(αβ|δ∇ǫ|φχ) − 8ξ̂(αβφχ)
δǫ∇ξφδǫξ + ξ̂(αβφ

δǫξ∇χ)φδǫξ

+ 5ξ̂(αβφ
δǫξ∇|δ|φχ)ǫξ + 11ξ̂(α

δφβχ)
ǫ∇ξφδǫξ + ξ̂(α

δφβ
ǫξ∇χ)φδǫξ + 6ξ̂(α

δφβ|δ|
ǫ∇ξφχ)ǫξ

+ 3ξ̂(α
δφβ

ǫξ∇|δ|φχ)ǫξ − 18ξ̂(α
δφβ

ǫξ∇|ǫ|φχ)δξ − ξ̂(α
δφ|δ|

ǫξ∇βφχ)ǫξ − 11ξ̂(α
δφ|δ

ǫξ∇ǫ|φβχ)ξ

− 9ξ̂δǫφ(αβ
ξ∇χ)φδǫξ + 3ξ̂δǫφ(αβ|δ|∇ξφχ)ǫξ + 7ξ̂δǫφ(αβ

ξ∇|δ|φχ)ǫξ + 3ξ̂δǫφ(αβ
ξ∇|ξ|φχ)δǫ

− 7ξ̂δǫφ(α|δ
ξ∇ǫ|φβχ)ξ − 9ξ̂δǫφ(α|δ

ξ∇ξ|φβχ)ǫ − 3φ(αξ̂
δǫgβχ)∇δφǫ + 2φδ ξ̂(α|δ|gβχ)∇ǫφǫ

− 2φδ ξ̂(α
ǫgβχ)∇δφǫ − 3φδ ξ̂(α

ǫgβχ)∇ǫφδ − 3φδ ξ̂δ
ǫg(αβ∇χ)φǫ − 3φδ ξ̂δ

ǫg(αβ∇|ǫ|φχ)

+ φ(αξ̂
δǫgβχ)∇ξφδǫξ + 3φδ ξ̂(α

ǫgβχ)∇ξφδǫξ + 3φδ ξ̂δ
ǫg(αβ∇ξφχ)ǫξ − 7φδ ξ̂ǫξg(αβ∇|δ|φχ)ǫξ

+ 3φδ ξ̂ǫξg(αβ∇|ǫ|φχ)δξ − 3ξ̂(α
δgβχ)φδ

ǫξ∇ǫφξ − 2ξ̂δǫg(αβφχ)δǫ∇ξφξ + 9ξ̂δǫg(αβφχ)δ
ξ∇ǫφξ

+ 3ξ̂δǫg(αβφχ)δ
ξ∇ξφǫ − 4ξ̂δǫg(αβφ|δǫ

ξ∇ξ|φχ) + ξ̂(α
δgβχ)φδ

ǫξ∇γφǫξγ + ξ̂(α
δgβχ)φ

ǫξγ∇δφǫξγ

− ξ̂(α
δgβχ)φ

ǫξγ∇ǫφδξγ − 8ξ̂δǫg(αβφχ)δ
ξ∇γφǫξγ − 6ξ̂δǫg(αβφχ)

ξγ∇δφǫξγ + 6ξ̂δǫg(αβφχ)
ξγ∇ξφδǫγ

+ 6ξ̂δǫg(αβφ|δ|
ξγ∇χ)φǫξγ + 8ξ̂δǫg(αβφ|δ

ξγ∇ξ|φχ)ǫγ

)

. (D.1)
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Then there are contributions with a derivative acting on the parameter.

(∇ξ̂φφ)αβχ = −9
(

12φδφαβχ∇ǫξ̂δ
ǫ + 4φαβχφ

δǫξ∇ξ ξ̂δǫ + 14φ(αφβ∇δ ξ̂χ)δ + 6φ(αφ
δ∇β ξ̂χ)δ

+ φδφδ∇(αξ̂βχ) − 16φ(αφβχ)
δ∇ǫξ̂δǫ + 16φ(αφβ

δǫ∇χ)ξ̂δǫ − 8φ(αφβ
δǫ∇|δ|ξ̂χ)ǫ − 12φδφ(αβ

ǫ∇χ)ξ̂δǫ

− 8φδφ(αβ|δ|∇ǫξ̂χ)ǫ + 32φδφ(αβ
ǫ∇|δ|ξ̂χ)ǫ − 12φδφ(αβ

ǫ∇|ǫ|ξ̂χ)δ + 8φδφ(α|δ
ǫ∇ǫ|ξ̂βχ)

+ 4φ(αβ
δφχ)δ

ǫ∇ξ ξ̂ǫξ − 4φ(αβ
δφχ)

ǫξ∇ǫξ̂δξ + 14φ(αβ
δφ|δ|

ǫξ∇χ)ξ̂ǫξ − 12φ(αβ
δφ|δ

ǫξ∇ǫ|ξ̂χ)ξ

− 6φ(α
δǫφβ|δǫ|∇ξ ξ̂χ)ξ + 8φ(α

δǫφ|δǫ
ξ∇ξ|ξ̂βχ) − 12φ(αφ

δgβχ)∇ǫξ̂δǫ + 3φδφǫg(αβ∇χ)ξ̂δǫ

− φδφδg(αβ∇ǫξ̂χ)ǫ − 4φ(αgβχ)φ
δǫξ∇δ ξ̂ǫξ + 10φδg(αβφχ)δ

ǫ∇ξ ξ̂ǫξ − 16φδg(αβφχ)
ǫξ∇δ ξ̂ǫξ

+ 12φδg(αβφχ)
ǫξ∇ǫξ̂δξ − 6φδg(αβφ|δ|

ǫξ∇χ)ξ̂ǫξ + 2φδg(αβφ|δ
ǫξ∇ǫ|ξ̂χ)ξ + 2g(αβφχ)

δǫφδǫ
ξ∇γ ξ̂ξγ

− 2g(αβφχ)
δǫφδ

ξγ∇ǫξ̂ξγ + 10g(αβφχ)
δǫφδ

ξγ∇ξ ξ̂ǫγ + g(αβφ
δǫξφ|δǫξ|∇γ ξ̂χ)γ

− 2g(αβφ
δǫξφ|δǫ

γ∇ξ|ξ̂χ)γ − 16φ(αφ
δ∇|δ|ξ̂βχ)

)

. (D.2)
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Finally the transformation of the metric to cubic order is given by

(ξ̂φφ∇φ)αβ = 18
(

16φχξ̂δǫφαβδ∇χφǫ − 8φχξ̂δǫgαβφδǫ
ξ∇χφξ + 16φχξ̂δǫφδǫ

ξ∇χφαβξ

+ 16φχξ̂δǫgαβφδ
ξγ∇χφǫξγ + 5φχφδ ξ̂αβ∇δφχ − 14φχφ

χξ̂αβ∇δφ
δ + 4φχφδ ξ̂χ

ǫgαβ∇δφǫ

+ 12ξ̂χδφαβ
ǫφχǫ

ξ∇δφξ + 8ξ̂χδgαβφχ
ǫξφǫξ

γ∇δφγ − 10φχφδ ξ̂ǫξgαβ∇δφχǫξ − 8φχξ̂χ
δgαβφ

ǫξγ∇δφǫξγ

+ 8ξ̂χδgαβφχ
ǫξφǫ

γη∇δφξγη + 12φχφδ ξ̂χ
ǫgαβ∇ǫφδ − 20φχφ

χξ̂δǫgαβ∇ǫφδ + 14φχξ̂αβφχ
δǫ∇ǫφδ

− φχφδ ξ̂χδgαβ∇ǫφ
ǫ − 9φχφδ ξ̂αβ∇ǫφχδ

ǫ + 20φχξ̂δǫgαβφχ
ξγ∇ǫφδξγ + 8ξ̂χδφαβ

ǫφχǫ
ξ∇ξφδ

− 8ξ̂χδφαβ
ǫφχδ

ξ∇ξφǫ + 18ξ̂αβφχδ
ξφχδǫ∇ξφǫ − 10φχξ̂δǫgαβφχδǫ∇ξφ

ξ + 4ξ̂αβφχδǫφ
χδǫ∇ξφ

ξ

− 8φχξ̂χ
δφδ

ǫξ∇ξφαβǫ − 12φχφδ ξ̂χ
ǫgαβ∇ξφδǫ

ξ + 10φχφ
χξ̂δǫgαβ∇ξφδǫ

ξ + 18φχξ̂αβφχ
δǫ∇ξφδǫ

ξ

+ 16ξ̂χδgαβφχ
ǫξφǫξ

γ∇γφδ + 20ξ̂χδgαβφχ
ǫξφδǫ

γ∇γφξ + 6ξ̂χδgαβφχ
ǫξφδǫξ∇γφ

γ

+ 4ξ̂χδφχ
ǫξφδǫ

γ∇γφαβξ − 24ξ̂χδφχδ
ǫφǫ

ξγ∇γφαβξ − 8ξ̂χδφαβ
ǫφǫ

ξγ∇γφχδξ + 16φχξ̂δǫgαβφχ
ξγ∇γφδǫξ

+ 24ξ̂χδφαβ
ǫφχ

ξγ∇γφδǫξ − 12ξ̂αβφχ
ξγφχδǫ∇γφδǫξ − 16ξ̂χδφαβχφ

ǫξγ∇γφδǫξ − 12ξ̂χδφαβ
ǫφχǫ

ξ∇γφδξ
γ

− 14ξ̂αβφχδ
ξφχδǫ∇γφǫξ

γ + 8φχξ̂χ
δgαβφδ

ǫξ∇γφǫξ
γ − 4ξ̂χδgαβφǫξ

ηφǫξγ∇ηφχδγ

− 40ξ̂χδgαβφχ
ǫξφǫ

γη∇ηφδξγ − 8ξ̂χδgαβφχ
ǫξφǫξ

γ∇ηφδγ
η − 16ξ̂χδgαβφχ

ǫξφδǫ
γ∇ηφξγ

η

+ 8ξ̂χδgαβφχδ
ǫφǫ

ξγ∇ηφξγ
η + 2φ(αφ

χξ̂β)χ∇δφδ − 20φ(αφ
χξ̂β)

δ∇χφδ − 12φ(αφ
χξ̂β)

δ∇δφχ

+ 20φχφχ ξ̂(α
δ∇β)φδ − 12φχφδ ξ̂(α|χ|∇β)φδ + 20φχφχξ̂(α

δ∇|δ|φβ) − 4φχφδ ξ̂(α|χ∇δ|φβ)

+ 12φ(αφ
χξ̂β)

δ∇ǫφχδǫ + 16φ(αφ
χξ̂δǫ∇|χ|φβ)δǫ − 20φχφχξ̂(α

δ∇ǫφβ)δǫ + 12φχφδ ξ̂(α|χ|∇ǫφβ)δǫ

+ 20φχφδ ξ̂(α
ǫ∇|χ|φβ)δǫ + 16φ(αξ̂

χδφβ)χ
ǫ∇ǫφδ + 20φχξ̂(α

δφβ)χδ∇ǫφǫ + 8φχξ̂(α
δφβ)δ

ǫ∇χφǫ

− 8φ(αξ̂β)
χφχ

δǫ∇ξφδǫξ + 8φ(αξ̂β)
χφδǫξ∇χφδǫξ + 16φ(αξ̂β)

χφδǫξ∇δφχǫξ − 24φ(αξ̂
χδφβ)

ǫξ∇ǫφχδξ

− 8φ(αξ̂
χδφ|χ

ǫξ∇ǫ|φβ)δξ − 8φχξ̂(α|χ|φβ)
δǫ∇ξφδǫξ + 8φχξ̂(α

δφβ)
ǫξ∇χφδǫξ + 8φχξ̂(α|χ|φ

δǫξ∇β)φδǫξ

− 20φχξ̂(α
δφ|χ|

ǫξ∇β)φδǫξ − 20φχξ̂(α
δφ|χ

ǫξ∇δ|φβ)ǫξ − 32φχξ̂(α
δφ|χ

ǫξ∇ǫ|φβ)δξ − 16φχξ̂(α
δφ|δ

ǫξ∇χ|φβ)ǫξ

+ 8φχξ̂χ
δφ(α

ǫξ∇|ǫ|φβ)δξ − 40φχξ̂δǫφ(α|δ
ξ∇χ|φβ)ǫξ − 12ξ̂(α

χφβ)
δǫφχδǫ∇ξφξ − 20ξ̂(α

χφβ)
δǫφχδ

ξ∇ǫφξ

− 12ξ̂(α
χφβ)

δǫφχδ
ξ∇ξφǫ − 8ξ̂(α

χφβ)
δǫφδǫ

ξ∇χφξ − 8ξ̂(α
χφ|χ

δǫφδǫ|
ξ∇β)φξ

− 16ξ̂(α
χφ|χ

δǫφδǫ
ξ∇ξ|φβ) + 8ξ̂χδφ(α|χ|

ǫφβ)δ
ξ∇ǫφξ − 12ξ̂χδφ(α|χ|

ǫφβ)ǫ
ξ∇δφξ

− 40ξ̂χδφ(α|χ|
ǫφβ)ǫ

ξ∇ξφδ − 12ξ̂χδφ(α|χ
ǫφδǫ|

ξ∇β)φξ + 12ξ̂χδφ(α
ǫξφ|χδǫ|∇β)φξ − 24ξ̂χδφ(α|χ

ǫφδǫ
ξ∇ξ|φβ)

+ 24ξ̂χδφ(α
ǫξφ|χδǫ∇ξ|φβ) − 16ξ̂(α

χφβ)χ
δφδ

ǫξ∇γφǫξγ + 8ξ̂(α
χφβ)χ

δφǫξγ∇ǫφδξγ + 32ξ̂(α
χφβ)

δǫφχδ
ξ∇γφǫξγ

− 8ξ̂(α
χφβ)

δǫφχ
ξγ∇ξφδǫγ + 8ξ̂(α

χφβ)
δǫφδǫ

ξ∇γφχξγ − 8ξ̂(α
χφβ)

δǫφδ
ξγ∇χφǫξγ

− 8ξ̂(α
χφ|χ

δǫφδ|
ξγ∇β)φǫξγ + 8ξ̂(α

χφ|χ
δǫφδǫ|

ξ∇γφβ)ξγ + 40ξ̂(α
χφ|χ

δǫφδ
ξγ∇ξ|φβ)ǫγ

+ 8ξ̂(α
χφδǫξφ|δǫ

γ∇ξ|φβ)χγ + 12ξ̂χδφ(α|χ|
ǫφβ)ǫ

ξ∇γφδξγ − 24ξ̂χδφ(α|χ|
ǫφβ)

ξγ∇ǫφδξγ

+ 16ξ̂χδφ(α|χ|
ǫφβ)

ξγ∇ξφδǫγ + 28ξ̂χδφ(α
ǫξφβ)ǫ

γ∇ξφχδγ + 12ξ̂χδφ(α|χ
ǫφδǫ|

ξ∇γφβ)ξγ

+ 64ξ̂χδφ(α|χ
ǫφǫ

ξγ∇ξ|φβ)δγ − 12ξ̂χδφ(α
ǫξφ|χδǫ|∇γφβ)ξγ − 8ξ̂χδφ(α

ǫξφ|χδ
γ∇ǫ|φβ)ξγ

+ 8ξ̂χδφ(α
ǫξφ|χδ

γ∇γ|φβ)ǫξ − 4ξ̂χδφ(α
ǫξφ|χǫ

γ∇ξ|φβ)δγ + 4ξ̂χδφ(α
ǫξφ|χǫ

γ∇γ|φβ)δξ

− 16ξ̂χδφ(α
ǫξφ|ǫξ

γ∇γ|φβ)χδ − 8φχξ̂δǫφαβ
ξ∇χφδǫξ

)

. (D.3)
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