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We carry out numerical-relativity simulations of coalescing binary neutron stars in a scalar-tensor theory that
admits spontaneous scalarization. We model neutron stars with realistic equations of state. We choose the free
parameters of the theory taking into account the constraints imposed by the latest observations of neutron-star–
white-dwarf binaries with pulsar timing. We show that even within those severe constraints, scalarization can
still affect the evolution of the binary neutron stars not only during the late inspiral, but also during the merger
stage. We also confirm that even when both neutron stars have quite small scalar charge at large separations,
they can be strongly scalarized dynamically during the final stages of the inspiral. In particular, we identify
the binary parameters for which scalarization occurs either during the late inspiral or only after the onset of
the merger when a remnant, supramassive or hypermassive neutron star is formed. We also discuss how those
results can impact the extraction of physical information on gravitational waves once they are detected.

PACS numbers: 04.25.D-, 04.30.-w, 04.40.Dg

I. INTRODUCTION

Coalescing binary neutron stars are among the most
promising sources for the next-generation of kilometer-size
gravitational-wave detectors such as advanced LIGO, ad-
vanced Virgo, and KAGRA (or LCGT) [1]. These detectors
will be operational within the next five years. Based on the
current estimates of event rates from binary neutron stars, we
expect that advanced detectors will observe ∼ 0.4–400 events
per year at the distance of 200 Mpc [3, 4], which is the aver-
age distance the advanced detectors will be sensitive to. Thus,
likely, the first detection(s) of gravitational waves will happen
before the end of this decade by observing gravitational waves
emitted by coalescing binary neutron stars.

One of the most interesting payoff of gravitational-wave ob-
servations is the exploration of the validity of general relativ-
ity in the strong-field dynamical regime. Scalar-tensor gravity
is the simplest and most well motivated class of alternative
theories to general relativity — for example it has been pos-
tulated as a possible low-energy limit of string theory. The
most popular scalar-tensor gravity theory was proposed by
Jordan-Fierz-Brans-Dicke (JFBD) [5–7] (see also Ref. [8] for
a review). The JFBD theory depends on one single, constant
parameter, ωBD, which determines the coupling strength be-
tween the gravitational and scalar fields. This parameter has
been strongly constrained by a number of observations and ex-
periments [9]. In particular, the experiments performed using
the Cassini spacecraft [10] imply ωBD & 4×104.

There exist generalizations of the JFBD scalar-tensor the-
ory that still satisfy the weak but not the strong equivalence
principle and have richer phenomenology. An interesting
class of theories is the one proposed by Damour and Esposito-
Farése [11–13] in the early 90s. In their models, ωBD is no
longer constant but depends on the scalar field φ , i.e., ω(φ).
The latter can be chosen to be sufficiently large in the weakly

gravitating field of a star, such as the Sun, so that it satisfies
experimental tests [10], but it may be significantly small, e.g.,
ω = O(1), in the strongly gravitating field in the vicinity of
massive neutron stars. Because gravitational-wave observa-
tions will probe the strong-field dynamical regime of coalesc-
ing neutron stars, they could detect or constrain those alter-
native theories to general relativity. Other modified theories
to general relativity have been proposed in the literature [9].
Among them, the f (R) theories were introduced as an alterna-
tive to the conventional dark-energy model, to provide an ex-
planation for the acceleration of the Universe. Those theories
can be recast into the form of a scalar-tensor theory [14]. The
Einstein-aether theory [15] violates Lorentz symmetry due to
the existence of a preferred time direction at each spacetime
points. The free parameters in the Einstein-aether theory have
been constrained with a variety of observations [16].

Coalescing compact-body binaries offer a unique labora-
tory to test alternative theories to general relativity through
gravitational-wave observations. To reach this goal, the two-
body dynamics and gravitational-wave emission in modified
theories have been computed analytically, in an approximated
way, via the post-Newtonian framework [8, 17–19], and more
recently, also numerically, solving the field equations with
all the nonlinearities [20–22]. Here we focus on the scalar-
tensor theory by Damour and Esposito-Farése (DEF) [11–13]
and study its strong-field dynamical regime by performing
numerical-relativity simulations of coalescing binary neutron
stars. As we shall see below, the possibility of observing de-
viations from general relativity in the gravitational waveforms
in those theories may be possible because (i) neutron stars in
binaries can have large component masses (i.e., larger than the
canonical value 1.4M�), (ii) the merger remnant is a neutron
star with a large mass, (iii) scalarization enhances the gravita-
tional interaction between the two neutron stars, reducing the
time to merger [21], and (iv) neutron stars can be strongly
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scalarized during the last stages of the inspiral and plunge
even if one or both neutron stars [21] had a quite small scalar
charge at much larger separations. This latter phenomenon
open the possibility of observing deviations from general rel-
ativity via direct detection of gravitational waves from binary
neutron stars even if the indirect observation of gravitational-
waves via pulsar timing [24, 25] did not detect any deviation
at much larger separations.

Reference [21] has recently performed numerical-relativity
simulations of binary neutron stars in the DEF theory. Here,
we shall investigate in more detail several interesting fea-
tures found in Ref. [21] and improve their work in differ-
ent directions. First, we start the numerical simulations from
quasiequilibrium configurations that consistently include also
the scalar field. By contrast, Ref. [21] set initially the scalar
field to zero. Second, Ref. [21] employed a simple poly-
tropic equation of state (EOS) with Γ = 2 for the neutron star.
Whereas this choice of the EOS may be acceptable for a qual-
itative study, it does not describe very realistic neutron stars.
As we shall see below, the degree of scalarization in neutron
stars does depend on the EOS. Thus, if we want to make re-
alistic predictions, we need to employ realistic EOS, which is
what we do here. Third, as a first study, Ref. [21] focused only
on the late stages of inspiral and plunge. They did not investi-
gate in any detail the merger phase. As we shall find below, the
frequency of gravitational waves emitted by the newly-born,
massive neutron star can be strongly modified due to scalar-
ization — for example the frequency characteristics not only
depend on the EOS [26, 27] but also on the scalar field. Fi-
nally, an important difference between Ref. [21] and our work
is that we carry out the numerical simulation in the so-called
Jordan frame, while Ref. [21] employed the so-called Einstein
frame.

This paper is organized as follows. In Sec. II, we de-
scribe the basic equations of the scalar-tensor model employed
here and the numerical methods used to carry out the nu-
merical simulations. We also briefly discuss how we build
the quasiequilibrium initial conditions (for more details see
Ref. [23]). In Sec. III, we discuss the phenomenon of sponta-
neous scalarization for a single neutron star and describe how
we choose the free parameters in our scalar-tensor model tak-
ing into account constraints from pulsar-timing observations
of binary pulsars [24, 25]. In addition, we explain how dy-
namical scalarization can occur in close binaries of neutron
stars. In Sec. IV, we present the results of the numerical sim-
ulations and discuss the effect of scalarization on the gravi-
tational waveforms during the last stages of inspiral, plunge,
and merger. Section V is devoted to a summary and a dis-
cussion of future studies. Finally, in Appendix A we check
the validity of the numerical code developed for scalar-tensor
theories by performing simulations of spherical neutron stars.
In Appendix B, we study the numerical convergence of the
simulations and we estimate the numerical errors due to reso-
lution.

Throughout this paper, we employ the geometrical units
c = 1 = G where c and G are the speed of light and bare grav-
itational constant, respectively. Subscripts a, b, c, · · · denote
the spacetime components while i, j, k, and l denote the spa-

tial components, respectively.

II. NUMERICAL SIMULATIONS IN SCALAR-TENSOR
GRAVITY

A. Basic equations

We briefly summarize the basic equations of the JFBD-type
scalar-tensor theory in the 3+1 formulation. Scalar-tensor the-
ories of the simplest form are composed of the spacetime met-
ric gab and a single real scalar field φ that determines the
strength of the coupling between the matter and the gravita-
tional field. The action in the so-called Jordan frame is:

S =
1

16πG

∫
d4x
√
−g
[

φR− ω(φ)

φ
gab

∇aφ ∇bφ

]
−
∫

d4x
√
−gρ(1+ ε) , (1)

where R is the Ricci scalar associated with gab, ρ is the rest-
mass density, and ε is the specific internal energy. We note
that in this paper, we describe the matter component with a
perfect fluid. The equations of motion are

Gab = 8πφ
−1Tab

+ ω(φ)φ−2
[
(∇aφ)∇bφ − 1

2
gab(∇cφ)∇c

φ

]
+φ
−1(∇a∇bφ −gab2gφ), (2)

2gφ =
1

2ω(φ)+3

[
8πT − dω

dφ
(∇cφ)∇c

φ

]
, (3)

∇aT a
b = 0, (4)

where Gab and ∇a are the Einstein tensor and covariant deriva-
tive associated with gab, 2g is ∇a∇a, ω(φ) determines the
strength of the coupling between the gravitational and scalar
fields, and Tab is the stress-energy tensor of the perfect fluid
with T = T a

a . The matter is coupled only to the gravitational
field in the Jordan frame, as Eq. (4) shows, and hence, the
equations for the perfect fluid are the same as those in general
relativity in this frame. In the following, we write Eqs. (2) and
(3) in the 3+1 formulation.

The basic equations in the 3+1 formulation for the gravita-
tional field are derived simply by contracting nanb, naγb

i, and
γa

iγ
b
j with Eq. (2). Here, γab denotes the spatial metric, and na

is the unit normal to spatial hypersurfaces. A straightforward
calculation yields the Hamiltonian constraint as

R k
k +K2−Ki jKi j = 16πφ

−1
ρh

+ ωφ
−2[Π2 +(Diφ)Di

φ ]

+ 2φ
−1(−KΠ+DiDi

φ), (5)

where R k
k is the three-dimensional Ricci scalar, Di the covari-

ant derivative with respect to the spatial metric, ρh := Tabnanb,
Π := −na∇aφ , and Ki j is the extrinsic curvature with K its
trace.
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The momentum constraint is written as

DiKi
j−D jK = 8πφ

−1J j +ωφ
−2

ΠD jφ

+ φ
−1(D jΠ−Ki

jDiφ), (6)

where Ji :=−Tabnaγb
i.

Finally, the evolution equation is

∂tKi j = αRi j−8παφ
−1
[
Si j−

1
2

γi j(S−ρh)
]

+ α(−2KikK k
j +KKi j)

− DiD jα +β
kDkKi j +KikD jβ

k +Kk jDiβ
k

− αωφ
−2(Diφ)D jφ −αφ

−1
[
DiD jφ −Ki jΠ

+
1

2(2ω +3)
γi j

{
8πT +

dω

dφ
(Π2− (Dkφ)Dk

φ)
}]

,

(7)

where Ri j is the spatial Ricci tensor and Si j := Tabγa
iγ

b
j with

S its trace. Equation (7) together with the Hamiltonian con-
straint yields the following evolution equation for K:

(∂t −β
k
∂k)K = 4παφ

−1(S+ρh)+αKi jKi j−DiDi
α

+αωφ
−2

Π
2 +αφ

−1
[
DiDi

φ −KΠ

− 3
2(2ω +3)

{
8πT +

dω

dφ
(Π2− (Dkφ)Dk

φ)
}]

. (8)

The left-hand side of Eq. (3) is recast in the following form

2gφ = DaDa
φ +(Da lnα)Da

φ +(∇ana)Π+na
∂aΠ,

(9)

and then Eq. (3) is re-written into a set of equations that are
first order in the time derivatives

(∂t −β
k
∂k)φ =−αΠ, (10)

(∂t −β
k
∂k)Π =−αDiDi

φ − (Diα)Di
φ +αKΠ

+
α

2ω +3

[
8πT − dω

dφ
(∇cφ)∇c

φ

]
. (11)

The evolution equations for the gravitational fields are
solved in the Baumgarte-Shapiro-Shibata-Nakamura formal-
ism [28, 29] with the moving-puncture gauge [30–32] as we
have been doing in general relativity [33]. In particular, we
evolve the conformal factor W := γ−1/6, the conformal met-
ric γ̃i j := γ−1/3γi j, the trace of the extrinsic curvature K, the
conformally-weighted trace-free part of the extrinsic curva-
ture Ãi j := γ−1/3(Ki j − Kγi j/3), and the auxiliary variable
Γ̃i := −∂ j γ̃

i j. Introducing the auxiliary variable Bi and a
parameter ηs, which we typically set to be ∼ m−1, m being
the total mass of the system, we employ the moving-puncture
gauge in the form [34]

(∂t −β
j
∂ j)α =−2αK, (12)

(∂t −β
j
∂ j)β

i = (3/4)Bi, (13)

(∂t −β
j
∂ j)Bi = (∂t −β

j
∂ j)Γ̃

i−ηsBi. (14)

The spatial derivative is evaluated by a fourth-order central fi-
nite difference except for the advection terms, which are eval-
uated by a fourth-order noncentered finite difference. We em-
ploy a fourth-order Runge-Kutta method for the time evolu-
tion. For the scalar field, we use the same scheme as those
for the tensor field because the structure of the equations is
essentially the same.

To solve the hydrodynamics equations, we evolve ρ∗ :=
ραutW−3, ûi := hui, and e∗ := hαut − P/(ραut) with ua,
P, h being the four velocity, pressure, and specific enthalpy.
The advection terms are handled with a high-resolution cen-
tral scheme by Kurganov and Tadmor [35] with a third-order
piecewise parabolic interpolation for the cell reconstruction.
For the EOS, we decompose the pressure and specific internal
energy into cold and thermal parts as

P = Pcold +Pth , ε = εcold + εth. (15)

Here, Pcold and εcold are functions of ρ , and their forms are
determined by nuclear-theory-based zero-temperature EOSs.
Specifically, the cold parts of both variables are determined
using the piecewise polytropic EOS (see, e.g., Ref. [36] for
details).

Then the thermal part of the specific internal energy is de-
fined from ε as εth := ε − εcold. Because εth vanishes in
the absence of shock heating, εth is regarded as the finite-
temperature part. In this paper, we adopt a Γ-law ideal gas
EOS

Pth = (Γth−1)ρεth, (16)

to determine the thermal part of the pressure, and choose Γth
equal to 1.8 following [37].

B. Choice of the functional form of ω and equations for the
scalar field

To obtain a scalar-tensor model with spontaneous scalariza-
tion we use the following function for ω(φ)

1
ω(φ)+3/2

= B lnφ , (17)

where B is a free parameter. For reasons that will become clear
below we also introduce the field ϕ defined as φ = exp(ϕ2/2).
If we want to compare our model (17) with the one used in
Refs. [11–13], we should consider that Damour and Esposito-
Farése worked in the Einstein frame, while we use the Jor-
dan frame. In the Einstein frame one introduces the field ϕ̄ 1,
which is related to φ through the following equations

φ =
1

A2(ϕ̄)
, (18)

α
2(ϕ̄) =

[
∂ lnA(ϕ̄)

∂ ϕ̄

]2

=
1

2ω(φ)+3
, (19)

1 We note that in Refs. [11–13] the authors denote the scalar field ϕ̄ with ϕ .
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The simplest function that the authors of Refs. [11–13] used
to generate spontaneous scalarization is

A(ϕ̄) = e
1
2 βϕ̄2

. (20)

We have α0 = (∂ lnA/∂ ϕ̄)ϕ̄=ϕ̄0 = βϕ̄0 and β0 =

(∂ 2 lnA/∂ ϕ̄2)ϕ̄=ϕ̄0 = β . Moreover, ϕ =
√
−2βϕ̄ , so

we find that B = −2β . In summary, the parameters (ϕ̄0,β0)
in Refs. [11–13] play a role similar to the parameters (ϕ0,B)
in this paper. As in previous works [11–13, 21], we focus in
this paper on the cases with B . 10.

We note that when ω =const, the scalar-field equation (3)
is a simple wave equation for φ , i.e., it is a hyperbolic partial
differential equation and it has a well-posed initial value prob-
lem. However, when ω is not a constant, such as in Eq. (17),
φ does not obey a wave equation because of the presence of
the second term in the right-hand side of Eq. (3). To derive
a wave equation, at least in the far zone, it is convenient to
introduce ϕ which is related to φ by

φ = exp(ϕ2/2). (21)

Then, the equation for ϕ reduces to

2gϕ = 2πBT ϕ exp(−ϕ
2/2)−ϕ(∇cϕ)∇c

ϕ. (22)

In the far zone, the right-hand side of this equation falls off
sufficiently rapidly, and hence, ϕ obeys a wave equation in
the far zone.

We find it convenient to introduce a new variable Φ :=
−na∇aϕ and replace Eqs. (10) and (11) by

(∂t −β
k
∂k)ϕ =−αΦ, (23)

(∂t −β
k
∂k)Φ =−αDiDi

ϕ− (Diα)Di
ϕ

−αϕ(∇aϕ)∇a
ϕ +αKΦ

+2παBT ϕ exp(−ϕ
2/2). (24)

Here, the boundary condition for r→ ∞ should be ϕ = ϕ0 6=
0 where φ0 = exp(ϕ2

0/2). In addition, we have Π = φϕΦ

and Diφ = φϕDiϕ , and, in a straightforward manner, we can
replace (φ ,Π) to (ϕ,Φ) in all the gravitational-field equations.

Lastly, since in the far zone φ = eϕ2/2 → 1 + ϕ2/2, the
asymptotic wave component of φ is 1+ϕ2

0/2+ϕ0(ϕ−ϕ0)+

O[(ϕ−ϕ0)
2]. As we shall find in Sec. III, because of observa-

tional constraints ϕ0 has to be sufficiently small, and thus, the
wave components in φ are also quite small. This implies that
scalar-type gravitational waves, which are directly related to
φ , are negligible in this theory, although scalar waves associ-
ated with ϕ are emitted to carry energy and angular momen-
tum from the system.

C. Equations of state employed

In this paper, we employ APR4 [38] and H4 [39] EOSs as
in Refs. [27, 36]. We remind that the APR4 EOS was derived
by a variational method with modern nuclear potentials for
the hypothetical components composed of neutrons, protons,
electrons, and muons. The H4 EOS was derived by a relativis-
tic mean-field theory including effects of hyperons. Here, for

both EOSs, the maximum allowed mass of spherical neutron
stars is larger than 2M� (≈ 2.20M� for APR4 and ≈ 2.03M�
for H4), and hence, the observational constraints by the latest
discovery of two-solar mass neutron stars [25, 40] are satisfied
for these EOSs. The main difference between the two EOSs is
that APR4 is a stiff but relatively soft EOS in which the stellar
radius of a spherical neutron star with canonical mass 1.35M�
is ≈ 11 km while H4 is a relatively stiff EOS in which the
stellar radius of a spherical neutron star with canonical mass
1.35M� is ≈ 13.5 km. This stiffness is quite important for de-
termining the properties of the scalarized neutron stars, as we
shall describe in Sec. III.

D. Initial conditions for quasiequilibrium configurations

We now explain how we prepare the initial conditions of
the numerical simulations using quasiequilibrium configura-
tions for a binary in a circular orbit with angular velocity Ω.
To derive quasiequilibrium configurations, we adopt the con-
formal flatness formulation, that is

γi j = ψ
4 fi j, (25)

we assume the presence of a helical Killing vector, (∂t +
Ω∂ϕ)

a, and the maximal slicing K = 0 [41]. Here, fi j is the
flat spatial metric. For the fluid part, the equations are the
same as those in Einstein’s gravity in the Jordan frame. Thus,
assuming that the velocity field is irrotational, the first inte-
gral of the hydrodynamics equations is readily determined in
the same manner as those in Einstein’s gravity [42].

The basic equations for the tensor field are obtained from
the Hamiltonian and momentum constraints, together with
Eq. (8) under the condition K = 0. Except for the modifica-
tions introduced by the presence of the scalar field φ , the equa-
tions are the same as that in Einstein’s gravity. The Hamilto-
nian and momentum constraints are, respectively, written as

(0)
∆ψ =−2πφ

−1
ρhψ

5− 1
8

Ãi jÃi j
ψ

5

−ψ5

8
[
ωφ
−2{Π2 +(Diφ)Di

φ}+2φ
−1DiDi

φ
]
,

(26)

and

(0)
Di(ψ

6Ãi
j) = ψ

6
[
8πφ

−1J j +ωφ
−2

Π

(0)
Djφ

+φ
−1(

(0)
DjΠ− Ãi

j

(0)
Diφ)

]
, (27)

where
(0)
∆ and

(0)
Di are the Laplacian and covariant derivative

with respect to fi j. Ãi j is the tracefree conformal extrinsic
curvature satisfying K j

i = Ã j
i for K = 0 and its equation is

derived from the evolution equation for γi j with Eq. (25) as

Ãi j =
1

2α

(
fik

(0)
Djβ

k + f jk

(0)
Diβ

k− 2
3

fi j

(0)
Dkβ

k

)
, (28)
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where indices of Ãi j, Ãi j, and
(0)
Di are raised and lowered by f i j

and fi j. The condition K = 0 yields

(0)
∆ χ = χψ

4
[

2πφ
−1(2S+ρh)+

7
8

Ãi jÃi j

+
1
8

ωφ
−2{7Π

2− (Diφ)Di
φ
}

+
3

4φ

{
DiDi

φ − 2
(2ω +3)

×
(

8πT +
dω

dφ
(Π2− (Dkφ)Dk

φ)
)}]

, (29)

where χ := αψ . Note that we will replace the Laplacian term
of DiDiφ using the equation for φ (see below).

In addition to these equations, we have to solve the equa-
tion for ϕ . If we simply impose that ϕ satisfies the helical
symmetry, we have

Φ =−α
−1(Ω∂ϕ +β

i
∂i)ϕ. (30)

In this case, Diφ and Π in Eq. (11) behave as ∝ r−1 in the far
zone. If so, the spacetime cannot be asymptotically flat be-
cause in the Hamiltonian constraint there exist terms in the
right-hand side that are proportional to Π2 and (Diφ)Diφ .
Thus Π and Diφ have to be of order r−2 in the far zone. To
guarantee this condition, we simply set Π = 0. Then, Eq. (11)
becomes an elliptic-type equation so that Diφ = O(r−2) is
guaranteed in the far-zone. The boundary condition to be im-
posed for ϕ is ϕ → ϕ0 for r→ ∞. Note that the resulting el-
liptic equation for ϕ can be substituted in the right-hand side
of Eq. (5).

We compute the quasiequilibrium configurations using a
new code which is developed from a general-relativistic
code originally implemented in the spectral-method library
LORENE [43]. We shall present details of the numerical study
of quasiequilibrium configurations in Ref. [23].

E. Definition of masses

In scalar-tensor theories of gravity there are several defini-
tions of masses. Here, we review them briefly.

The ADM mass is defined as

MADM :=
1

16π

∮
∞

γ
jk

γ
il(∂kγi j−∂iγ jk)d

(0)
Sl , (31)

where d
(0)
Sl is the surface integral operator in flat space and

∮
∞

denotes
∮

r→∞
. In the conformally flat spatial hypersurface, the

ADM mass may be defined as

MADM :=− 1
2π

∮
∞

Qγ
jk

∂kψd
(0)
Sj, (32)

where Q is a function which reduces to unity when r→ ∞.
From the asymptotic behavior of φ at r→∞, we can define

the scalar mass MS [8, 45] as

φ = φ0 +
2MS

r
+O

(
1
r2

)
, (33)

where φ0(= exp(ϕ2
0/2)) is a constant close to unity because

ϕ0 � 1 (see Sec. III). Equation (33) implies that the asymp-
totic behavior of ϕ is

ϕ = ϕ0 +
Mϕ

r
+O

(
1
r2

)
, (34)

where Mϕ is constant and related to MS by 2MS/ϕ0. In pres-
ence of a timelike Killing vector or helical Killing vector, we
can define the Komar mass [46], which is related to the ADM
mass and the scalar mass by [47]

MK = MADM +2MS. (35)

In addition, it is useful to define the tensor mass [45]

MT = MADM +MS, (36)

which, as Lee showed in Ref. [45], obeys a conservation law
similar to the one that the ADM mass obeys in general relativ-
ity. Thus, in scalar-tensor theories of gravity, we find it more
appropriate to identify the neutron-star mass with the tensor
mass rather than the ADM mass. Henceforth, we shall use
this identification and set the neutron-star mass MNS := MT.

F. Simulation set-up and validation

We perform numerical simulations using an adaptive-mesh
refinement code SACRA-ST that was implemented by mod-
ifying the original code for general relativity [33]. As done
for the simulations in Refs. [27, 36], the semi-major diameter
of neutron stars is initially covered by ≈ 100 grid points (we
refer to this grid resolution as high resolution). For APR4 and
H4, the finest grid resolution is ≈ 0.17 and 0.22 km, respec-
tively. We also perform lower-resolution simulations covering
the semimajor diameter by ≈ 67 and 80 grid points (we refer
to these grid resolutions as low and medium resolutions), and
check that we achieve sufficient convergence to trust the con-
clusions of this paper (see Appendix B for details).

We also confirm the validity of our code by performing
(i) simulations of spherical stars, (ii) longterm evolutions of
scalarized spherical neutron stars, and (iii) collapses of a
scalarized neutron star to a black hole. The success of these
tests give us confidence in our new scalar-tensor code (see
Appendix A for details).

III. PARAMETERS CHOICE FOR SPONTANEOUS
SCALARIZATION IN BINARY NEUTRON STARS

In this section, we first review the key mechanism respon-
sible for spontaneous scalarization in a single star and then
present a physical argument to explain why scalarization can
occur in binary systems even if the scalar charge at large sepa-
rations were very small. Furthermore, for the EOSs employed
in this paper, we determine the values of B and ϕ0 such that
they satisfy the constraints imposed by pulsar-timing obser-
vations [24, 25]. We shall perform numerical simulations for
those choices of the parameters.
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FIG. 1. We plot the value of Mϕ as a function of the neutron-star mass for spherical, isolated neutron stars using the APR4 and H4 EOSs, and
several values of B. The values of ϕ0 are chosen to be 10−5 and 5×10−5 for APR4 and H4 EOSs, respectively.

A. Spontaneous scalarization in an isolated star

Here, we follow Ref. [11] and review the key idea under-
lying spontaneous scalarization. For simplicity we restrict the
discussion to the static case and we neglect the gravitational
field and nonlinear terms in ϕ . Within these approximations
Eq. (22) can be written as

∆ϕ = 2πBT ϕ, (37)

where ∆ denotes the flat Laplacian. Assuming that relativistic
corrections are small, we have T ≈ −ρ < 0. We also assume
that T = const., B > 0, and set k2 = −BT . Considering that
the star is spherically symmetric in isolation, we find that the
solution of Eq. (37) is [11]

ϕ =

 A
sin(kr)

r
r ≤ R,

Mϕ

r
+ϕ0 r ≥ R,

(38)

where A is a constant and R denotes the stellar radius. The
continuity conditions of ϕ and dϕ/dr at r = R then yield

A =
ϕ0

k cos(kR)
, (39)

Mϕ = ϕ0[k−1 tan(kR)−R], (40)

This suggests that for kR→ π/2, ϕ , as well as Mϕ , signifi-
cantly increases, i.e., the scalarization occurs, irrespective of
the value of ϕ0. Thus, the onset of scalarization depends on
three parameters, B, T , and R. Then, if we assume T ∼ −ρ

and use ρR3 ∼MNS where MNS is the mass of the neutron star,
we have that kR is proportional to B1/2(MNS/R)1/2. Thus we
conclude that the scalarization is determined by two parame-
ters: B and the stellar compactness (or the mass of the neutron
star).

For B< 0 or T > 0 (i.e., for BT > 0), the solution of Eq. (37)

in spherical symmetry is [11]

ϕ =

 A
sinh(kr)

r
r ≤ R,

Mϕ

r
+ϕ0 r ≥ R,

(41)

and the continuity conditions yield

A =
ϕ0

k cosh(kR)
, (42)

Mϕ = ϕ0[k−1 tanh(kR)−R]. (43)

Here we set k2 = BT . Thus, in this case, the scalarization is
not likely to occur for any value of B, T , and R. This suggests
that for the ultra-relativistic case with T =−ρh+4P > 0 (and
B > 0), the scalarization does not occur.

The above analysis suggests that when the scalarization
does not occur, Mϕ is proportional to ϕ0 and we can write

Mϕ = F(MNS,B)ϕ0, (44)

where F is a function that depends on MNS and B. From a nu-
merical analysis of spherical neutron stars in equilibrium, we
indeed find that this relation is satisfied as long as the sponta-
neous scalarization does not set in.

In Fig. 1 we plot Mϕ as a function of the neutron-star
mass MNS for the APR4 and H4 EOSs, using ϕ0 = 10−5 and
= 5× 10−5, respectively. We observe the following interest-
ing properties. If MNS is smaller than a critical value MNSc1,
Mϕ is much smaller than MNS. The critical value depends
strongly on the value of B. For larger values of B, MNSc1
is smaller, and hence, spontaneous scalarization sets in for
smaller neutron-star masses. By contrast, if MNS is larger than
a critical value MNSc2, Mϕ is again much smaller than MNS.
Thus, when neutron stars have sufficiently large masses spon-
taneous scalarization never sets in. This is due to the fact that
for those large masses, the relativistic effects are so significant
that T = −ρh+ 4P could be positive. This would imply that
observations of neutron stars with large masses, e.g., ≈ 2M�,
may not be very useful in constraining the value of B. Finally,
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TABLE I. The value of F for the APR4 EOS with ϕ0 = 10−5 and the H4 EOSs with ϕ0 = 5×10−5. The unit of F is M�. When “—” appears,
it means that for such a model, the relation (44) breaks down, thus scalarization occurs.

APR4 B
MNS(M�) 8.0 8.5 9.0 9.5 10.0

1.30 21 32 62 3.8×102 —
1.35 24 39 91 — —
1.40 27 48 1.6×102 — —
1.45 30 59 4.0×102 — —
1.50 34 75 — — —

H4 B
MNS(M�) 8.0 8.5 9.0 9.5 10.0

1.30 14 18 24 34 54
1.35 16 21 28 42 77
1.40 17 23 34 55 1.3×102

1.45 19 27 41 77 3.7×102

1.50 22 31 51 1.2×102 —

for MNSc1 < MNS < MNSc2, neutron stars are spontaneously
scalarized, for certain values of B, e.g., B & 8.5 for the APR4
EOS. Indeed, in these cases, Mϕ is on the order of MNS. Us-
ing the qualitative analysis worked out at the beginning of this
section, in particular Eq. (40), we find that the value of Mϕ

could diverge when spontaneous scalarization occurs. How-
ever, when using the realistic nonlinear equation for ϕ , in-
stead of Eq. (37), we find that nonlinear effects always con-
strain Mϕ to be at most equal to the neutron-star mass MNS.

B. Condition for scalarization in inspiraling binary neutron
stars

As described in the previous section, for an isolated, spher-
ical neutron star in which the scalarization has not occurred,
the profile of ϕ is approximately described by Eq. (34), where
Mϕ � MNS. Given this field configuration, we now suppose
that the neutron star is in a binary system and it is not yet
spontaneously scalarized. In this case it is natural to assume
that Eq. (44) gets approximately modified by the companion
star as

Mϕ ≈ F(MNS,B)
(

ϕ0 +
Mϕ

a

)
, (45)

where a is the orbital separation. Namely, the value of ϕ just
outside the neutron star is enhanced by the presence of the
companion. (Note that for simplicity we are considering an
equal-mass (or nearly equal-mass) binary.) Solving Eq. (45)
for Mϕ yields

Mϕ ≈ F(MNS,B)ϕ0

(
1− F(MNS,B)

a

)−1

, (46)

and hence, Mϕ can increase steeply and can become on the
order of MNS when a ∼ F(MNS,B). Thus, even if the val-
ues of ϕ0 and B are such that spontaneous scalarization of the
isolated neutron star is absent or it occurs only weakly, the
neutron star can be strongly scalarized if it is part of a binary
system and if the condition a . F(MNS,B) is satisfied. Be-
cause this scalarization sets in when the neutron star is part
of a binary system, we denote it dynamical scalarization to
distinguish it from spontaneous scalarization. 2 This property

2 We note that Ref. [21] simulated a binary configuration in which neu-
tron stars are not initially spontaneously scalarized and found that induced

is indeed confirmed in our accompanying paper [23]. Let us
now investigate when the condition a . F(MNS,B) holds.

We list in Table I the values of F for different neutron-star
masses and different values of B, for the two EOSs that we
use in this paper, notably APR4 and H4. (When “—” appears,
it means that for such a model the spontaneous scalarization
does occur, and thus, Eq. (44) no longer holds.) For binary
neutron stars, the merger occurs typically at a = 30 – 45 km
≈ 20 – 30M� depending on the EOS. This implies that if F
is smaller than 20 – 30M�, dynamical scalarization does not
occur during the inspiral stage. We find that for dynamical
scalarization to occur, F has to be larger than at least 20M�
for APR4 and ∼ 25M� for H4. As we see in Table I, for
MNS = 1.35M�, dynamical scalarization can always set in be-
fore merger for APR4 EOS when B & 8.0. By contrast, for
H4 EOS, dynamical scalarization can take place only when
B & 9.0 for MNS = 1.35M�. These properties are confirmed
in our accompanying paper [23].

Before ending this section, we present the analysis for
unequal-mass binary systems. Let Mϕ,1 and Mϕ,2 be the val-
ues of Mϕ for stars 1 and 2. Then, Eq. (45) can be rewritten in
two equations

Mϕ,1 ≈ F1

(
ϕ0 +

Mϕ,2

a

)
, (47)

Mϕ,2 ≈ F2

(
ϕ0 +

Mϕ,1

a

)
, (48)

where F1 := F(MNS,1,B) and F2 := F(MNS,2,B) with MNS,i
being the mass of neutron star i. Equations (47) and (48) yield

Mϕ,1 ≈ ϕ0F1

(
1+

F2

a

)(
1− F1F2

a2

)−1

, (49)

Mϕ,2 ≈ ϕ0F2

(
1+

F1

a

)(
1− F1F2

a2

)−1

. (50)

Thus, we expect the scalarization to occur when a ≈
√

F1F2
for both neutron stars approximately simultaneously.

scalarization can set in in the late inspiral. They also gave a qualitative
explanation of this phenomenon resorting to energetically favoured argu-
ments discussed in Ref. [44].
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FIG. 2. The allowed region in the B-ϕ0 plane derived from the
constraint equation (57) setting the pulsar mass to 1.46M� for
PSR J1738+0333. The thick and thin solid curves show the result
for αr = 0.05 and 0.2, respectively. At B ≈ 3.5 for the APR4 EOS
and B ≈ 3.2 for the H4 EOS, the dipole radiation is suppressed be-
cause the relation Mϕ/MNS ≈ Mϕ,WD/MWD is satisfied [12, 24].
Note that the constraint by the Cassini spacecraft [10] is written as
Bϕ2

0 . 5×10−5 and is stronger than that imposed by the binary pul-
sar for B . 5.

C. Constraints from pulsar binary systems

Pulsar timing observations of binary systems composed of
a neutron star and a white dwarf [24, 25] impose the strongest
constraints on B and ϕ0 for a high value of B & 5. The con-
straints come primarily from the fact that the scalar-wave lu-
minosity has to be substantially smaller than the gravitational-
wave luminosity.

The neutron-star masses measured in Refs. [24, 25] are
MNS = 1.46+0.06

−0.05M� and MNS = 2.01± 0.04M� at one–σ

error, respectively. As we shall find below, those observa-
tions imply that neutron stars with masses . 1.46M� and
& 2.01M� cannot be scalarized and that the possible values of
B, which depend on the EOS, are strongly limited. Although
Refs. [24, 25] has already constrained the DEF scalar-tensor
model, they did it employing one specific EOS for the nu-
clear matter [13]. As we have emphasized when discussing
Fig. 1, the constraint on B depends on the EOS. Therefore,
our analysis, although similar to and simpler than the one of
Refs. [24, 25], pays special attention to the dependence of the
constraints on the EOS.

In the following we work at leading order, that is we neglect
all higher-order, nonlinear corrections in the luminosity (see
Refs. [13, 19, 48] for more precise results). The gravitational-
wave luminosity from the tensor quadrupole moment in a bi-
nary system in circular orbits is

dE
dt

∣∣∣
tensor quad

=
32
5

(
µ

m

)2(m
a

)5
, (51)

where m, µ , and a are the total mass, the reduced mass
MWDMNS/m, and the orbital separation, respectively. Here-
after, we consider binaries composed of a neutron star of mass

MNS and a white dwarf of mass MWD. We derive the scalar-
wave luminosity from the scalar dipole moment integrating
Eq. (22). The relevant term in the wave zone is ϕ → ḋini/r
where ni is the unit spatial vector pointing along the radial
direction and di is the scalar dipole moment with magnitude

a
m

∣∣MWDMϕ −MNSMϕ,WD
∣∣= aµ

∣∣∣∣ Mϕ

MNS
−

Mϕ,WD

MWD

∣∣∣∣ . (52)

Here, Mϕ and Mϕ,WD are the scalar charges of the neutron
star and white dwarfs, and ḋi = (d/dt)di. Substituting this
dipole-moment contribution into the stress-energy tensor of
the scalar field, we find that the scalar-wave luminosity from
the scalar dipole moment in a neutron star-white dwarf binary
in a circular orbit is

dE
dt

∣∣∣
scalar dip

=
1
6

(
2
B
− 1

2
ϕ

2
0

)(
µ

m

)2(m
a

)4

×
(

Mϕ

MNS
−

Mϕ,WD

MWD

)2

. (53)

Assuming that Bϕ2
0 � 1, we write 2/B−ϕ2

0/2≈ 2/B≈ω0ϕ2
0

where ω0 denotes the asymptotic value of ω , which has to be
& 4× 104 [10]. Thus in the following, we neglect the term
ϕ2

0/2 in Eq. (53). The ratio of the luminosities (51) and (53)
is

αr :=
(dE/dt)scalar dip

(dE/dt)tensor quad
=

5
96B

(
Mϕ

MNS
−

Mϕ,WD

MWD

)2( a
m

)
.

(54)

If observations constrain αr to a certain value, then, the fol-
lowing constraint on Mϕ holds

Mϕ <

(√
96Bαr

5

(m
a

)1/2
+

Mϕ,WD

MWD

)
MNS, (55)

for Mϕ/MNS > Mϕ,WD/MWD and

Mϕ >

(
−
√

96Bαr

5

(m
a

)1/2
+

Mϕ,WD

MWD

)
MNS, (56)

for Mϕ/MNS < Mϕ,WD/MWD. We notice that for large values
of B & 4, Mϕ/MNS > Mϕ,WD/MWD.

Currently, the strongest constraint on the DEF scalar-tensor
theory [11–13] is due to the observation of the white dwarf-
neutron star PSR J1738+0333 system [24]. For this system,
MNS = 1.46+0.06

−0.05M�, m = 1.65+0.07
−0.06M�, and the orbital pe-

riod is 0.35479 days with ≈ 0 eccentricity. These data imply√
m/a = (1.19± 0.02)× 10−3. For this binary system, the

decrease rate of the orbital period is measured with≈ 12% er-
ror and agrees with the prediction of general relativity within
∼ 7% at the one–σ level. This would imply that in this binary
system the scalar-wave luminosity cannot exceed∼ 5% of the
gravitational-wave luminosity, i.e., αr . 0.05. The same qual-
itative conclusion would apply for the PSR J0348+0432 bi-
nary [25], which contains a neutron star with mass ∼ 2M�.

The numerical calculation shows that Mϕ,WD/MWD ≈
Bϕ0/2 for low-mass white dwarfs with MWD . 0.2M�. This
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relation is also expected from Eq. (37) with T ≈ −ρ which
holds in the Newtonian limit. Thus, we employ this relation
in the following.

Then, for PSR J1738+0333, we can write Eq. (55) as

Mϕ <

[
5.1×10−3M�

(
αr

0.05

)1/2
(

B
9

)1/2
( √

m/a
1.19×10−3

)

+6.57M�

(
B
9

)
ϕ0

](
MNS

1.46M�

)
. (57)

Equation (56) is also written in the similar form. Using these
constraint relations for PSR J1738+0333 , we can determine
the allowed regions in the parameter space B–ϕ0 of the scalar-
tensor model. We do it constructing spherical-star configura-
tions with MNS = 1.46M� and different values of B and ϕ0. In
Fig. 2 we show those allowed regions for a spherical neutron
star of mass 1.46M�. We find that B has to be smaller than
≈ 9.0 and 10.0 for APR4 and H4 EOSs irrespective of the
value of ϕ0. Therefore, Mϕ �MNS and the PSR J1738+0333
binary pulsar is not scalarized at the separation at which it has
been observed. The allowed regions vary if we take into ac-
count the one-σ error for the mass of the pulsar. For example,
if the mass of the pulsar were≈ 1.40M�, the constraint is less
severe (allowed region is slightly wider), whereas if it were
≈ 1.50M�, the constraint is more severe.

It is straightforward to derive a constraint similar to Eq. (57)
for the PSR J0348+432 binary pulsar. Also in this case we find
that Mϕ has to be much smaller than MNS ∼ 2.0M�. As a con-
sequence, also the PSR J0348+432 binary pulsar is not scalar-
ized at the binary separation at which it is observed. However,
as it can be seen in Fig. 1, for APR4 EOS, the constraint (57)
is not as strong as the one we obtain for PSR J1738+0333, be-
cause this pulsar has a large mass, so the relativistic effects are
in any case too significant to induce the scalarization (we note
that this is also the case for relatively soft EOSs in which the
radius of 1.35M� neutron stars is 11 – 12 km). For H4 EOS,
we find that the value of B has to be smaller than ∼ 9.0 and in
this case, neutron stars are scalarized up to MNS ∼ 2M�.

Thus to summarize, because of the constraints coming from
the observations of PSR J1738+0333 and PSR J0348+0432, B
has to be smaller than ∼ 9.0, both for APR4 and H4 EOSs.
We note that for stiff EOSs in which the radius of neutron
stars is large ∼ 15 km and the maximum mass for spherical
neutron stars is larger than 2.5M�, the constraint imposed by
the observation of PSR J0348+0432 is quite severe. For exam-
ple, for MS1 EOS [49] in which the radius of 1.35M� neutron
stars is ≈ 14.5 km, B has to be smaller than ∼ 8.8.

Finally, because the PSR J1738+0333 binary pulsar is not
scalarized, we can use Eq. (44) to rewrite Eq. (55) as

ϕ0 < 5.1×10−5
(

αr

0.05

)1/2
(

B
9

)1/2( MNS

1.46M�

)
×
(

F−BMNS/2
100M�

)−1
( √

m/a
1.19×10−3

)
. (58)

The above equation implies that ϕ0 is smaller than∼ 10−5 and
∼ 10−4 for APR4 and H4 EOSs with MNS = 1.46M�, αr =

0.05, and B = 9.0, because for this mass, F ∼ 500M� and ∼
50M�, respectively. Thus, ω0 ≈ 2/(Bϕ2

0 ) has to be larger than
∼ 2×109 and ∼ 2×107 for APR4 and H4, respectively, if B
is as large as ∼ 9 – 10. These constraints are much stronger
than those given in Ref. [10], as also found in Ref. [24].

In the previous section, we have found that for MNS =
1.35M�, the condition for the onset of dynamical scalariza-
tion during the inspiral with the APR4 EOS is relatively weak,
B & 8.0. By contrast, with the H4 EOS, the condition for dy-
namical scalarization is rather limited as B & 9.0. Combining
the constraints derived in this section, we obtain the follow-
ing conditions for the onset of dynamical scalarization during
the inspiral stage: for the APR4 EOS, 8 . B . 9, while for
the H4 EOS, we find only a very narrow window in the vicin-
ity of B ∼ 9.0. These analyses clearly illustrate that the EOS
of neutron stars is a key ingredient to determine the onset of
dynamical scalarization in the inspiral stage.

D. Choice of scalar-tensor parameters

Taking into account the constraints of the previous section,
we employ the following values of B in the numerical simula-
tions: B = 9.0, 8.7, 8.4, 8.0, and 7.5 for the APR4 EOS, and
9.5, 9.0, 8.5, and 8.0 for the H4 EOS. The value of B = 9.5 for
the H4 EOS is not allowed by the pulsar-timing observations
as mentioned above. However, we shall investigate this case
because we want to show that scalarization in binary neutron
stars occurs qualitatively in a universal manner irrespective of
the EOS employed. For small values of B . 8.0 for APR4 and
. 9.0 for H4, we do not expect dynamical scalarization to oc-
cur during the inspiral stage. However, the scalarization can
still occur in the merger stage. This is why we employ such a
small value for B.

For a given value of B, the value of ϕ0 is also constrained
(see Sec. III C). Taking into account the constraint given by
Eq. (58), we choose ϕ0 = 10−5 for the APR4 EOS and 5×
10−5 for the H4 EOS. Note that the results presented in this
paper depend very weakly on the choice of ϕ0.

For the chosen values of B with neutron-star mass ≈
1.35M�, dynamical scalarization of neutron stars in a binary
system occurs for a . 100M� ≈ 150km. For the total mass
of 2.7M�, this implies that dynamical scalarization can oc-
cur only for f & 100Hz where f is the gravitational-wave
frequency. Therefore, due to the presence of the strong con-
straints from the observations of PSR J1738+0333 [24] and
PSR J0348+0432 [25], if neutron stars have canonical masses
1.3 – 1.4M�, the scalarization can take place only if the neu-
tron star is in a compact binary system.

In this paper we choose the initial value of the angular
velocity as mΩ = 0.026 for the APR4 EOS and 0.023 for
the H4 EOS with m = 2.7M�; the initial orbital period is
3.21 ms and 3.63 ms, respectively; the initial separation is
a/m ≈ (mΩ)−2/3 = 11.4 for the APR4 EOS and 12.4 for the
H4 EOS; a≈ 31M� for the APR4 EOS and 33M� for the H4
EOS. Thus, for B = 9.0, 8.7, and 8.4 with the APR4 EOS and
for B = 9.5 with the H4 EOS, for which a < F , dynamical
scalarization has already occurred at the initial separation (see
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FIG. 3. Evolution of the maximum values of the rest-mass density and scalar field ϕ for several models of m = 2.7M� with the APR4 EOS
(left panel) and the H4 EOS (right panel). The merger sets in at the time where the maximum density steeply increases. We note that for
B≥ 8.4 with APR4 EOS and for B = 9.5 with H4 EOS, the scalarization already occurred at t = 0 (cf. Table II).

TABLE II. We list key quantities of our numerical simulations: EOS,
the value of B, initial angular velocity in units of m−1, and total num-
ber of orbits. The total mass of the binary neutron stars is 2.7M�. In
the last column, we indicate when the scalarization occurs. We con-
sider that dynamical scalarization has occurred when the value of
Mϕ computed for a neutron-star in a binary cannot be described by
Eq. (44) (see Ref. [23] for details).

EOS B mΩ Orbits Scalarization
APR4 GR 0.026 ≈ 5.0 —
APR4 7.5 0.026 ≈ 5.0 no scalarization
APR4 8.0 0.026 ≈ 5.0 at merger
APR4 8.4 0.026 ≈ 3.5 mΩ≈ 0.024
APR4 8.7 0.026 ≈ 3.5 mΩ≈ 0.014
APR4 9.0 0.026 ≈ 3.5 mΩ≈ 0.005

H4 GR 0.023 ≈ 5.0 —
H4 8.0 0.023 ≈ 5.0 after merger
H4 8.5 0.023 ≈ 5.0 after merger
H4 9.0 0.023 ≈ 5.0 at merger
H4 9.5 0.023 ≈ 3.0 mΩ≈ 0.017

Table II). On the other hand, for B≤ 8.0 with the APR4 EOS
and for B≤ 9.0 with the H4 EOS, dynamical scalarization has
not yet occurred at the initial separation because a > F .

IV. NUMERICAL RESULTS

A. Characteristics of the merger process

In Fig. 3 we plot the maximum values of the neutron-star
density ρ and scalar field ϕ as functions of the time for several
values of B and for the APR4 EOS (left panel) and the H4
EOS (right panel) (see also Appendix B for a convergence
study). For comparison, we also plot the maximum density
for the general-relativistic case. Note that the merger sets in
at the time where the maximum density steeply increases. We
observe the following features of the merger process:

• For B ≤ 8.0 with the APR4 EOS and for B ≤ 9.0 with
the H4 EOS, the maximum value of ϕ , ϕmax, is always
much smaller than unity before the onset of the merger.
This shows that for these models, the scalarization does
not occur during the inspiral stage as we expected in the
analysis of Sec. III.

• Even for the initially weakly scalarized case (e.g., B =
8.4 with the APR4 EOS), the scalar fields are amplified
as the orbital separation decreases, signaling the occur-
rence of dynamical scalarization.

• For the binary neutron stars that have scalarized, the du-
ration of the inspiral stage is much shorter than that for
the nonscalarized case [21]. For both EOSs, we find
that starting from the same initial frequency mΩ, the in-
spiral stage of the scalarized binaries is shorter than the
one of binaries in general relativity by 1 – 2 orbits. In
the general-relativistic case the inspiral stage lasts for
≈ 5 orbits for both APR4 and H4 EOSs (cf. Table II).
Thus, the scalarization shortens the inspiral stage by a
significant fraction. The reason for the modification of
the inspiral orbits for the scalarized case is that the in-
crease rate of the absolute value of the binding energy is
decreased by the scalarization effect. We have also in-
vestigated this effect using quasiequilibrium sequences
of binary neutron stars in Ref. [23]. We notice that in
the scalarized stage, the orbital motion does not depend
much on the values of B.

• For the binary neutron stars that undergo dynamical
scalarization (i.e., they have scalarized because of the
presence of the companion), the maximum density in-
creases with the decrease of the orbital separation. This
is in contrast with the general-relativistic case in which
the maximum density decreases with the decrease of
the orbital separation because of the tidal force exerted
by the companion star. The continuous increase of the
maximum density in the scalarized case is due to the
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FIG. 4. We show plus-polarization gravitational waves observed along the axis perpendicular to the orbital plane and the frequency of gravita-
tional waves as functions of the retarded time for m = 2.7M� for the APR4 EOS (left panel) and the H4 EOS (right panel). We note that when
spikes occur in the frequency plots (at tret ≈ 23 ms for B = 8.7 in the left panel and at tret ≈ 26 ms for B = 9.5 in the right panel), the amplitude
of the gravitational waves is too low to accurately determine the frequency.

fact that the amount of scalarization is enhanced with
the decrease of the orbital separation.

• For B = 8.0 with the APR4 EOS and for B = 8.0 – 9.0
with the H4 EOS, the scalarization occurs after the on-
set of the merger. (We note that for B = 7.5 with the
APR4 EOS, the scalarization does not occur and hence
the entire evolution is approximately the same as that
in the general-relativistic case.) The maximum density
of the scalarized massive neutron star formed after the
merger is significantly different from that of nonscalar-
ized or general-relativistic cases. This implies that the
structure of the scalarized remnant massive neutron star
is also quite different from the nonscalarized neutron
star.

• For relatively small values of B, the amplitude of the
scalar field of scalarized remnant massive neutron stars
decreases with time because their density increases, and
eventually, the scalar field approaches zero (see the
curves for B = 8.4 with the APR4 EOS and B = 8.0
with the H4 EOS). This is due to the fact that relativis-
tic effects become so strong during the evolution of the
remnant massive neutron star that the scalarization is
turned off (see Sec. III A).

The reason of why the scalarization occurs after the on-
set of the merger, even for relatively small values of B, may
be explained using the analysis of Sec. III A. Indeed, we
have found there that the scalarization is likely to occur for
(−BT )1/2R→ π/2. Here, R denotes the stellar radius. This
implies that even for a small value of BT , the scalarization can
occur for a large value of R or a large value of the compact-
ness,

√
−T R ∼

√
M/R where M is the mass of the remnant

massive neutron star. The compactness of the massive neutron
star of mass∼ 2.6M� is larger, by several 10%, than the com-
pactness of a spherical neutron star of mass 1.35M�. Thus,
even for a small value of B for which the scalarization cannot

occur for an isolated neutron star, the scalarization may occur
when the massive neutron star is formed as a remnant.

In addition, we find that the lifetime of remnant massive
neutron stars can be significantly changed by the scalariza-
tion. For the H4 EOS with m = 2.7M�, the lifetime is sev-
eral 10 ms and hence relatively short in general relativity [27].
This is also the case when B = 8.0 for the H4 EOS. In these
cases, the angular momentum of the massive neutron stars is
primarily reduced by the angular-momentum transport to the
outer material, which is induced by the torque exerted by the
massive neutron star of an ellipsoidal figure. After substantial
spin-down, the massive neutron star collapses to a black hole.
By contrast, in the presence of scalarization (e.g., B & 8.5),
the massive neutron star relaxes to a quasistationary state of
a smaller degree of nonaxisymmetry. This seems to indicate
that the scalar field contributes to the redistribution of angu-
lar momentum. The scalarized massive neutron stars seem to
possess high angular momentum but the profile is not signifi-
cantly nonaxisymmetric. Because these massive neutron stars
are hypermassive, they will collapse eventually to a black hole
by some dissipation or transport processes of angular momen-
tum. However, the lifetime seems to be much longer than that
in general relativity.

Before ending this section, we briefly comment on the mass
ejection that could be a source of transient electromagnetic
signals (e.g., see Ref. [50]). Since the merger dynamics is
modified by the scalar field, we expect that the amount of
ejected material is also modified. For the APR4 EOS, the
scalarized massive neutron stars formed after the merger is
less compact than that in general relativity (see Fig. 3). In
addition, the amplitude of the quasiradial oscillations, which
enhance angular-momentum transport, are lower. Because
of these effects, the total amount of ejected mass is slightly
decreased. Indeed, Ref. [36] found that compact massive
neutron stars with high oscillation amplitude produce larger
mass ejection. In general relativity, an equal-mass binary with
m = 2.7M� ejects a mass of∼ 7×10−3M� [36] while we find
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that for B = 9.0, the mass ejected is ∼ 5×10−3M�. Thus, the
effect is mild. By contrast, the effect is significant for the H4
EOS. In this case, the total amount of ejected mass is quite
small in general relativity ∼ 5× 10−4M�. However in the
scalar-tensor theory, it becomes ∼ 5× 10−3M� for B = 9.5
and ∼ 2× 10−3M� for B = 9.0. A possible reason of this
finding is that due to scalarization, the massive neutron star
becomes more compact and hence the effect of shock heating
is enhanced and more material is ejected.

B. Gravitational-wave characteristics

As a result of the modification of the dynamical motion in-
duced by the scalarization, gravitational waveforms are also
modified. We show in Fig. 4 the gravitational waveforms
and the corresponding frequencies for several values of B
and for the APR4 EOS (left panel) and the H4 EOS (right
panel). We also show the Fourier spectrum of these gravita-
tional waves in Fig. 5 at a distance of 50Mpc. As described
above and also found in Ref. [21], the inspiral stage short-
ens when the neutron stars are scalarized, e.g., typically the
number of gravitational-wave cycles in the scalarized case is
smaller than in the general-relativistic case by 2 – 4 cycles.
We obtain this reduction simulating a binary evolution that
is not very long. The difference in number of cycles between
the scalarized and general-relativistic cases would increase for
much longer waveforms. Long, accurate evolutions are be-
yond the scope of this paper. They will be investigated in the
future using also comparisons with post-Newtonian models.
Thus, in the following we focus on the merger waveforms.

The modification of the waveform emitted by a massive
neutron star formed after the merger is quite evident even for
relatively small values of B & 8.0 both for the APR4 and H4
EOSs. However, the way in which the merger waveform is
modified depends on the EOS. For the APR4 EOS, we find
that a scalarized remnant massive neutron star is less compact

than a massive neutron star in general relativity. As a result,
the frequency of quasiperiodic gravitational waves is signifi-
cantly (down to ∼ 0.5 kHz) decreased due to the scalarization
(see Fig. 5). In general relativity, the peak frequency is 3.2 –
3.3 kHz while for B = 9.0, it is much lower 2.6 – 2.8 kHz. We
also note that the spectrum around the peak is rather wide for
the large values of B ∼ 9.0. This reflects the fact that the fre-
quency of quasiperiodic gravitational waves varies with time.

For the H4 EOS, the scalarized massive neutron star formed
after merger is more compact than the one in general relativity.
However, the frequency of quasiperiodic gravitational waves
does not become higher; rather, it becomes slightly lower due
to the scalarization. This indicates that not only the compact-
ness but also the presence of the high-amplitude scalar field
plays an important role for determining the oscillation-mode
frequency. For the H4 EOS, it is also remarkable that the
damping time scale of the wave amplitude for the scalarized
case is shorter than in general relativity. The reason for this
is that the ellipticity of the massive neutron star decreases in a
shorter time scale for the scalarized case.

It is worth to emphasize that these modifications are seen
even in the case for which the scalarization does not occur
during the inspiral stage. For such cases, the inspiral signal is
not modified and cannot be used to constrain the scalar-tensor
theory. For such a small value of B, the effects of the scalar
field cannot be observed in standard neutron stars, as well, and
in the next section we shall discuss some implications of these
findings.

In addition to gravitational waves, scalar waves 3 produced
by the scalar field ϕ can carry away nonnegligible energy from
the system. However, we find that the energy emitted is a
small fraction of the total energy dissipated. For example,

3 Those scalar waves should not be confused with the scalar mode of gravi-
tational waves in a scalar-tensor theory.
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for the APR4 EOS with B = 9.0, we find that scalar waves
are emitted in both the late inspiral and merger stages. Even
for this case, the total energy emitted in scalar waves is only
∼ 3% of that emitted in gravitational waves. For the case of
smaller values of B, this fraction is smaller. The primary rea-
son for this small contribution is that for the equal-mass case,
the dipole radiation is absent, and the main contribution comes
only from the monopole and quadrupole radiation. Therefore,
the gravitational-wave emission primarily determines the evo-
lution of the binary system during the inspiral stage, even if
the scalarization occurs during the late inspiral stage.

V. SUMMARY AND DISCUSSION

In this paper we used numerical-relativity simulations
to investigate the late inspiral and merger dynamics and
the gravitational-wave emission of binary neutron stars in
a scalar-tensor theory that admits spontaneous scalariza-
tion [11–13].

We confirmed, through several numerical-relativity simula-
tions, what was suggested in Ref. [21], notably that if one or
both neutron stars are not initially spontaneously scalarized,
they can be scalarized dynamically during the late inspiral
stage due to nonlinear interactions of the scalar field configu-
ration (see also Ref. [23] for more details). After the scalariza-
tion sets in, the inspiral is accelerated and the total number of
gravitational-wave cycles is significantly decreased with re-
spect to the general-relativistic case. Given the mass of the
neutron star, its EOS and the constraints from binary pulsar
observations, we determined for which values of B dynam-
ical scalarization occurs. For example for MNS = 1.35M�,
we found for the APR4 EOS, 8 . B . 9, while for the H4
EOS, we found only a very narrow window in the vicinity of
B ∼ 9.0 where the neutron stars in a binary system are dy-
namically scalarized before coalescing. These results imply
that even if the DEF scalar-tensor theory may give deviations
to general relativity that are not detected by observations of bi-
nary systems at large separations, i.e., in the weak-field regime
(pulsar timing observations), nevertheless, the binary system
may undergo dynamical scalarization during the last stages of
inspiral, i.e., in the strong-field regime, and produce larger
deviations to general relativity which could be detected by
ground-based gravitational-wave detectors. Further studies,
which make use of longer numerical-relativity waveforms, an-
alytical templates to model them, and data-analysis techniques
of the kind employed in Ref. [62], will address and assess the
interesting possibility of observing such deviations to general
relativity with ground-based detectors.

Furthermore, we found that the scalarization can occur even
after the onset of the merger. The reason is that the newly
formed, massive neutron star can have larger compactness,
and hence, the scalarization can occur even for small values of
B for which standard-mass neutron stars cannot be scalarized
in a binary system (see Sec. III A). We also found that the sub-
sequent evolution of the remnant massive neutron star is quan-
titatively different from that in general relativity. When the
remnant massive neutron star is scalarized, the compactness

is different from that in general relativity and the frequency
of quasiperiodic gravitational waves is modified. The modifi-
cation depends on the EOS. For the APR4 EOS, the remnant
massive neutron stars are less compact and the frequency of
the quasiperiodic oscillations is in general lower. By contrast
for the H4 EOS, the remnant is only slightly more compact
and the frequency of the quasiperiodic oscillations is not sig-
nificantly modified. Furthermore, the scalarization seems to
enhance the redistribution of angular momentum. In fact, we
found that for scalarized massive neutron stars, which are in
general nonaxisymmetric, the time scale of the decrease of the
ellipticity of the massive neutron star is shorter than in general
relativity. As a consequence of this effect, the gravitational-
wave amplitude decreases with a shorter time scale, and in
addition, the life time of the massive neutron star is increased.

For the case the scalarization occurs only after the merger,
the inspiral signal is the same as that in general relativity and
cannot be used to constrain the scalar-tensor theory. Never-
theless, we found that quasiperiodic gravitational waveforms
from the scalarized, massive neutron stars are different from
those in the general-relativistic case. References [26, 27] dis-
cussed the possibility that the EOS of neutron stars can be
constrained by observing the frequency of those quasiperiodic
gravitational waves emitted by remnant massive neutron stars.
Assuming that general relativity is correct, this method could
be useful. However, our results showed that if general relativ-
ity is slightly violated, the method proposed in Refs. [26, 27]
alone is not sufficient to extract the EOS because the fre-
quency of quasiperiodic gravitational waves emitted by rem-
nant massive neutron stars depends not only on EOS but also
on the degree of scalarization.

Nevertheless, the results found in this paper suggest a new
way of testing general relativity. When B is such that spon-
taneous and dynamical scalarization does not set in before
merger or they are very weak, then the inspiral signal is not
modified significantly, and the EOS can be determined from
the inspiral stage by observing finite-size effects in binary
neutron stars [51–59]. If for those values of B, the merger
signal is modified because the newly, formed neutron star is
sufficiently massive to be scalarized and one finds that the
characteristic frequency of quasiperiodic gravitational waves
agrees with the prediction of general relativity, then one would
conclude that general relativity is correct also in the strong
field regime. However, if the characteristic frequency does not
agree with the general-relativity prediction, then one would
find that general relativity is violated. The success of this
test depends crucially on the sensitivity of the gravitational-
wave detectors at frequencies between 400 Hz and ∼ 4 kHz,
on the statistical significance of the quasiperiodic oscillations
in the merger waveform and on the possibility of producing
numerical-relativity waveforms in scalar-tensor theory with
systematic errors smaller than statistical ones.
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Appendix A: Numerical simulations of isolated, spherical
neutron stars

To check the validity of our newly developed numerical-
relativity code for binary neutron stars in scalar-tensor the-
ories, we perform simulations of isolated, spherical neutron
stars in scalar-tensor theories. We prepare spherical neutron
stars using a piecewise polytropic EOS (see, e.g., Ref. [36]
for details). We perform many simulations varying the EOS
and find that our conclusions are essentially the same irrespec-
tive of the chosen EOS. For this reason, here we focus on the
results with the H4 EOS, which is a rather stiff EOS, with the
maximum mass of a spherical neutron star in general relativity
being ≈ 2.03M� (see Fig. 6).

To show that our code works properly also in the case the
coupling between the scalar and tensor fields is strong, we
choose B = 10 and ϕ0 = 3× 10−3, even if those values are
not realistic because they were already excluded by the obser-
vation of neutron star-white dwarf binaries (see Sec. III). For
this choice of the parameters, we plot in Fig. 6 the neutron-
star (tensor) mass as a function of the central density in gen-
eral relativity and in the scalar-tensor theory under investiga-
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FIG. 7. Evolution of the central density ρc for five spherical neutron
stars. Curves from bottom to top show the results for (A) to (E),
respectively.

tion. As we see from Fig. 6, the mass in scalar-tensor the-
ory starts differing from the one in the general-relativistic case
for ρc & 5× 1014 g/cm3 (or for M & 1.35M�). We find that
this difference is a consequence of the fact the scalar field
is significantly excited, resulting in the modification of the
density profile of the neutron star. When the central den-
sity is extremely high, ρc & 1.8× 1015 g/cm3, the neutron
star in general relativity and the scalar-tensor theory agrees
with each other approximately. The reason is that T (= T a

a )
becomes positive in this density range, and thus the scalar
mass becomes much smaller than the neutron-star mass (see
Sec. III A). We also find that in the scalar-tensor theory, the
maximum mass is ≈ 2.2M�, that is larger than in the general-
relativistic case. The fraction of increase depends strongly on
the value of B as well as ϕ0. All those properties are universal
and qualitatively independent on the EOS.

We perform numerical simulations using five neutron stars,
for which the central density and neutron-star mass are plotted
in Fig. 6 (with labels (A) – (E)). The neutron stars (A) – (C) are
expected to be stable, while (D) and (E) could be unstable; in
particular for (E), it is reasonable to expect that it is unstable
because the central density is larger than that of the neutron
star with the maximum mass.

We plot in Fig. 7 the evolution of the central density for
the five neutron stars. Note that the dynamical time scale of
these neutron stars defined by ρ

−1/2
c is shorter than 0.2 ms,

and hence, the simulations run for a time much longer than the
dynamical time scale. As expected, the neutron stars (A) – (C)
(having lower central density) are stable; the central density
(as well as the stellar structure) is unchanged in the simulation
time. By contrast, for (E), the star collapses to a black hole in
a short time scale. Therefore, we conclude that it is unstable
against the radial oscillation.

The stability of (D) is not very clear. In our simulation, this
star always collapses to a black hole in the time scale of 10
milliseconds. However, the lifetime depends strongly on the
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grid resolution. In Fig. 8 we plot the evolution of the central
density for (D) with three different grid resolutions. We find
that the lifetime significantly increases as we improve the grid
resolution. Thus, we cannot draw a strong conclusion for the
stability to this neutron star. This finding is not surprising
because the star (D) is located in the vicinity of the maximum
mass along the equilibrium sequence and thus it is likely that
this star is approximately equal to a marginally stable star.

By contrast, the convergence of the numerical results is
achieved in a much better manner for the evolution of stable
neutron stars. In Fig. 9 we plot the evolution of the central
density for (A) with three different grid resolutions. Note that
for this star, the mass is approximately 1.35M�, i.e., approx-
imately equal to the neutron-star mass considered in this pa-
per. We find that due to the numerical error, the central density
gradually decreases with time, but with improving grid resolu-
tion, such numerical effects become smaller. To find the order
of convergence, we also plot (ρc/ρc,0−1)(∆xhigh/∆x)2 where
∆x is the grid spacing and ∆xhigh is ∆x for the high resolution
run. We show in Fig. 9 that this quantity agrees approximately
with ρc/ρc,0−1 for the high-resolution run. This implies that
the error convergences approximately at second order.

Finally, we show that we can accurately follow in our code
the black hole formation and evolution. In Fig. 10 we plot
the evolution of the irreducible mass defined by

√
AAH/16π

where AAH is the area of the apparent horizon for neutron star
(E) in units of the initial ADM mass. Note that the ADM mass
is not equal to the tensor mass (neutron-star mass) and for this
neutron star, the initial Komar and tensor masses are 0.6% and
0.3% larger than the initial ADM mass. After the formation
of the black hole, the scalar mass is lost, and hence, the mass
of the black hole approaches the initial ADM mass. We show
in Fig. 10 that the final black hole mass agrees with the initial
ADM mass within 0.1% for the high-resolution run. Thus, the
final mass does not agree with the initial Komar mass nor the
initial tensor mass. This indicates that our code can follow the
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black hole accurately.

It is also worth to note that the irreducible mass decreases
with time in the early stage of the black hole evolution. In
general relativity, this is not allowed. However, this is reason-
able in the present case because in the Jordan frame, the null
energy condition can be violated due to the presence of the
scalar field, as pointed out in Ref. [60].
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Appendix B: Convergence of numerical results

Here we want to discuss the convergence of the numerical-
relativity simulations.

To check the convergence, we consider simulations for the
APR4 EOS with B = 9.0 and ϕ0 = 10−5 and for the H4 EOS
with B = 9.5 and ϕ0 = 5×10−5. We perform runs using three
grid resolutions. For low, medium, and high resolutions, the
stellar diameter at the initial stage is covered approximately
by 67, 80, and 100 grid points, respectively.

In Fig. 11 we plot the evolution of the maximum density

and the maximum value of ϕ for three grid resolutions. As
often found in the simulations of inspiraling neutron stars, a
lower grid resolution always results in shorter merger time be-
cause of the larger numerical dissipation. To align the merger
time, we shift the curves of low and medium resolutions ap-
proximately by +0.7 and +0.3 ms, respectively. Although the
inspiral duration is modified by the numerical effect, Fig. 11
shows that the merger dynamics depends only weakly on the
grid resolution. Thus, for drawing the conclusions in our pa-
per, we can assume that we achieved convergence.

We plot in Fig. 12 the gravitational waveform and the cor-
responding frequency for the APR4 EOS with B = 9.0 and for
the H4 EOS with B = 9.5. Again, the time is shifted to align
the waveforms at merger. The waveforms computed with the
three grid resolutions agree qualitatively well, with the agree-
ment being the best with the H4 EOS. For the early merger
stage (i.e., in the first∼ 5 ms after the onset of the merger), the
agreement is quantitatively better independently on the EOSs.
For the later merger stage, the agreement becomes poorer,
because the dynamics in the merger stage depends strongly
on the efficiency of shock heating for which the convergence
is achieved only at first order. Nevertheless, the characteris-
tic frequency of gravitational waves depends only weakly on
the grid resolution. We find that the disagreement is within
∼ 0.1 kHz for the APR4 EOS and within ∼ 0.05 kHz or less
for the H4 EOS. Those differences are much smaller than the
differences from the general-relativity results. We find that the
convergence for the H4 EOS is much better than that for the
APR4 EOS. The possible reason for this is that neutron stars
with the H4 EOS are less compact and shock heating effects
are weaker with this EOS.

Finally, we extracted these gravitational waves at the finite
radii ≈ 200 – 400 km and we did not extrapolate the wave-
forms at infinity because we expect that the numerical error
due to the extraction at finite radius is smaller than the one
due to resolution (see Refs. [61]).

[1] J. Abadie, et al., Nucl. Instrum. Meth. A624, 223 (2010); T.
Accadia, et al., Class. Quantum Grav. 28, 025005 (2011); K.
Kuroda, et al., Class. Quantum Grav. 27, 084004 (2010).

[2] V. Kalogera et al., Phys. Rep. 442, 75 (2007).
[3] J. Abadie et al. (The LIGO Scientific Collaboration and Virgo

Collaboration), Class. Quantum Grav. 27, 173001 (2010).
[4] J. Aasi et al. (The LIGO Scientific Collaboration and Virgo Col-

laboration), arXiv:1304.0670 [gr-qc] (submitted to Living Re-
view in Relativity).

[5] P. Jordan, Nature 164, 637 (1949); Z. Phys. 157, 112 (1959).
[6] M. Fierz, Helv. Phys. Acta 29, 128 (1956).
[7] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).
[8] C. M. Will, Theory and experiment in gravitational physics

(Cambridge University Press, 1992).
[9] C. M. Will, Living Review in Relativity, 9, 3 (2006).

[10] B. Bertotti, L. Iess, and P. Tortora, Nature 425, 374 (2003).
[11] T. Damour and G. Esposito-Farése, Phys. Rev. Lett. 70, 2220
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85, 104030 (2012); S. Bernuzzi, A. Nagar, M. Thierfelder, and
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