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In this paper, we outline a method to compute supersymmetric
one-loop integrands in ten-dimensional SYM theory. It relies on
the constructive interplay between their cubic-graph organiza-
tion and BRST invariance of the underlying pure spinor super-
string description. The five- and six-point amplitudes are pre-
sented in a manifestly local form where the kinematic depen-
dence is furnished by BRST-covariant expressions in pure spinor
superspace. At five points, the local kinematic numerators are
shown to satisfy the BC) duality between color and kinematics
leading to type IIA/B supergravity amplitudes as a byproduct.
At six points, the sources of the hexagon anomaly are identified
in superspace as systematic obstructions to BRST invariance.
Our results are expected to reproduce any integrated SYM am-
plitude in dimensions D < 8.

1 Introduction

Recent developments have shown that scattering ampli-
tudes take a much simpler form than the multitude of
Feynman diagrams would seem to suggest [1]. In a va-
riety of theories and spacetime dimensions, the labori-
ous computations based on textbook methods were suc-
cessfully sidestepped by new approaches to determine
amplitudes from first principles manifesting their hid-
den simplicity. Along these lines, this work describes
a method to obtain the integrands of one-loop ampli-
tudes in ten-dimensional /' = 1 super-Yang-Mills the-
ory (SYM) [2] on the basis of two fundamental principles:
locality and BRST symmetry.

Locality refers to the expansion of amplitudes in
terms of cubic graphs whose propagators encode the
structure of poles and branch cuts in the scattering
data [3]. BRST invariance is embedded into pure spinor
superspace where it guarantees supersymmetry and
gauge invariance as originally described in the context
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of the pure spinor superstring' [7]. This underpins
the observation of Howe [8] that pure spinor variables
simplify the description of ten-dimensional A" = 1 SYM.
In the subsequent, we will explain how to combine
locality and BRST invariance to
a constructive and intuitive pre-
scription to assemble one-loop in-
tegrands of SYM from their cubic-
graph expansion. The long-term
goal of this approach is to find
a general and intuitive mapping
from cubic graphs at any loop or-
der to superfields such as the ob-
jects Vi, and 13456 as seen on the left. The tree-level
mappings have already been worked out in [9, 10] and
the main result of this paper is a one-loop implementa-
tion of this dictionary. Using this method we obtain a lo-
cal form of the five- and six-point one-loop integrands of
ten-dimensional SYM.

The superspace expressions encoding the integrands
are in the cohomology of the pure spinor BRST charge,
whose action on kinematic factors follows from simple
equations of motion (11, 12]. The cohomology require-
ment on scattering amplitudes tightly constrains the ad-
missible combinations of superfields which, when sup-
plemented by the required propagator structure set by
cubic diagrams, empirically leads to unique answers.

The cohomology approach was successfully applied
to assemble tree amplitudes from its cubic graphs [9, 13].
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The kinematic objects which describe individual subdia-
grams share the symmetries of the associated color fac-
tors, leading to a manifestation of the BCJ duality [3] in
tree amplitudes [14]. Their generalization to multiparti-
cle superfields of SYM in [12] provides a superspace rep-
resentation for any tree-level subdiagram in a one-loop
amplitude. For example, the four-point box numerator
can be written as V; 15 3 4 while the six-point box in the
above figure is represented by Vi, T 4 56, where two of the
superfields are exchanged by their multiparticle repre-
sentatives. Hence, the leftover challenge boils down to
fixing the irreducible n-gon diagram in the n-point one-
loop amplitude using BRST invariance. Multiparticle su-
perfields then allow to infer the structure of massive n-
gons at higher multiplicity.

This paper is structured as follows. Section 2 reviews
the diagrammatic construction of tree-level amplitudes
based on BRST properties of the kinematic numerators
in superspace. In section 3, we introduce a set of one-
loop specific superfields as selected by the zero-mode
saturation of the open superstring. They furnish the al-
phabet of BRST-covariant building blocks for any kine-
matic numerator in one-loop integrands. Their precise
matching with box, pentagon and hexagon diagrams is
dictated by the BRST algebra and explained in section 4.
This leads to a superspace description of the hexagon
anomaly [15] inherent to the chiral fermions of ten-
dimensional SYM.

Even though BRST invariance serves as a driving force
to determine the kinematic numerators, it is not mani-
fest at the level of individual diagrams of the local inte-
grands. Hence, we provide an alternative representation
in section 5 where the propagators are reorganized such
that any kinematic factor is manifestly BRST pseudo-
invariant — meaning BRST closed up to anomaly effects
[16]. These cohomology objects have been classified in
[16] and shown to obey a rich network of relations un-
der permutations of external legs and contractions with
momenta. Representations with manifest BRST proper-
ties obscure locality but allow to check cyclic symmetry
of the integrated amplitudes in superspace — again up to
the hexagon anomaly.

Finally, section 6 is devoted to the BCJ duality. The
five-point integrand is shown to obey all kinematic Ja-
cobi relations, and the corresponding type IIA/B super-
gravity amplitudes are presented as a corollary — in lines
with the field theory limit of the closed superstring. How-
ever, the six-point amplitude suffers from obstructions to
satisfy the BCJ duality whose precise form might signal a
subtle relation to the anomaly.

The gluon and gluino components of any superspace
numerator presented in this work can be obtained by
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combining the known 6 expansions of the superfields
[17] with the prescription (A30°%) = 1 of pure spinor su-
perspace, see for example [18]. The gluon components
of any kinematic factor in the amplitude representations
of section 5 are available on the website [19].

2 Tree-level cohomology construction of SYM
amplitudes

In this section, we review the pure spinor cohomology
derivation of the tree-level amplitudes of SYM theory [9,
13] using the BRST block techniques of [12]. This will
prove useful to undertake the analogous construction of
one-loop amplitudes.

2.1 BRST-covariant building blocks from the pure spinor
string

The tree-level amplitude among n massless open super-
string states is encoded in iterated integrals along the
boundary of a worldsheet of disk topology parametrized
by real z;. The prescription in the pure spinor formalism
is given by [7]

n-2

A = / [ dzi(i(2) Ue(2)

j=2
<o Une2(20-2) Vie1(2-1) Vi(24) (1)

where V(z) and U(z) are the vertex operators for the
gluon super-multiplet

. . 1
Vi=2AL U = 00" A + I, AT + d, WY + EN,,mFi’””,
2

and [A,, A", W¥, F,,,] are the ten-dimensional super-
fields of N =1 SYM [11]. They are contracted into
the spinorial ghost A% subject to the pure spinor con-
straint Ay™A =0, and [06%, I1,,, d,, N;n,) are conformal
primaries of weight i = 1, see [20] for their OPEs.

The correlation function in (1) is determined by the
OPEs among the vertices, V(2) U(w) and U(2) U(w). Based
on the experience from four- to six-point computa-
tions [21], the general solution to this problem was ar-
gued in [12] to be captured by multiparticle superfields
[AB, A, W%, FB 1. As shown in [12], they generalize the
standard (single-particle) SYM superfields of [11] and
can be interpreted as representing a multiperipheral tree
level subdiagram with an off-shell leg, see Fig. 1 . The
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Figure 1 The correspondence of cubic graphs and the BRST blocks
with multiparticlelabel B = b1 b - - - by, For the unintegrated ver-
tex Vg = A Af, this mapping implies that the BRST variation of
cubic graph numerators cancels propagators and allows the con-
struction of BRST invariant tree-level amplitudes.

Sb} bgbg
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- e e AZA
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on-shell legs b; are collected in multiparticle labels B =
b b, - - - by, usually denoted by capital Latin letters.

More precisely, kinematic factors of the n-point string
amplitude at tree level can always be written in terms of
multiparticle vertex operators,

V= A2 A8,
1
Up = 36 AP + 11,, A" + d, W5 + ENm,,Fgm. 3
The simplest two-particle instance reads
1
Viz = E[VZ(kZ CAN + A (WY, — (1« 2)], 4)

and a recursive prescription for cases with three and
more particles is given in [12]. The resulting multiparti-
cle fields [AZ, A%, We, FI™ satisfy Lie-symmetries such
as
Vie=—=Va1, Vizs=—Vaiz, Viaz+ Vaz1 + V12 =0, (5)
in lines with the dual color tensors f'2¢and f'%¢ f%b [3].

Multiparticle vertices build up by iterating OPEs of
schematic form U,Uz — Uc and V43U — V. Once the
conformal fields [96%, I1,,, dy, Nyl in (1) are integrated
out along these lines, the most general kinematic pattern
in superstring tree amplitudes is furnished by V4V V.
Their ghost number three is compatible with the compo-
nent prescription [7]
(y0) Ly "0) Ly PO) (O ym)) = 2880. 6)
Since the open superstring reduces to ten-dimensional
N =1 SYM in the field-theory limit o’ — 0 [22], these
same ingredients of the form V, V3V, suffice to write
down SYM amplitudes. Furthermore, supersymmetry of
the string amplitudes in the pure spinor formalism is a
consequence of BRST invariance independently of the
o’ order, so the SYM amplitudes must also be BRST
invariant.

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

Jx mre
wg, Fn

Fortschritte
der Physik

Progress
of Physics

The above reasoning led to the conjec-
ture in [13] that the n-point tree ampli-
tudes of SYM could be obtained by requir-
ing BRST invariance of linear combinations
of V4,V V¢ with the appropriate kinematic
pole structure. This conjecture eventually led to a recur-
sive algebraic method for the n-point SYM tree amplitude
in [9], but it will be convenient to recall the diagrammatic
construction suggested in [13] since it will be generalized
to one-loop below.

2.2 BRST variations and diagrammatic interpretation

At the level of SYM superfields, the BRST operator acts as
a fermionic derivative,

1
Q=x*D,, D,= + Ekm(yme)a. (7)

a
a0
The multiparticle equations of motion for A? [12] imply
covariant BRST variations for V3,

QViz = si2i W,

QVizg = (S123 — $12) Vi V3 + $12(V) Vg + Vi3 V2), (8)

see [12] for generalizations to higher multiplicity Vi,...,.
The Mandelstam invariants in (8) are defined by

1 .
sij = (ki - kj) = E(ki + k),

2

1
E(ki1+k,'2+---+ki) 9)

Siyiyiy, =

and guide the diagrammatic interpretation shown in
Fig. 1. For example, the variation QV, = s, V1 V2 sug-
gests to associate Vi, with a propagator sle. The latter
in turn describes a cubic vertex with on-shell particles 1
and 2 as well as an off-shell leg carrying the overall mo-
mentum k} = K" + k. Higher-multiplicity V.., have
analogous BRST variations with Mandelstam invariants
Si2..j, j=2,3,..., p, so they are the natural superspace
representatives of cubic subdiagrams with these propa-
gators. The resulting multiperipheral tree level subdia-
grams with a terminal off-shell leg are depicted in Fig. 1.
The trilinears V,Vp V¢ selected by the above string the-
ory prescription allows to connect the three off-shell legs
through an additional vertex and to form an on-shell
tree-level diagram, see Fig. 2 .
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Figure 2 On-shell diagrams represented by V,; VgV connect
three off-shell subdiagrams. Propagators such as $44, and Sg 4,4
are suppressed on the left-hand side.
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Aee(1,2,3 4) =

+
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AY*5(1,2,3,4,5) = . +  eyelic(12345)

Figure 3 The four- and five-point tree amplitudes represented in
terms of cubic graphs.

2.3 Tree-level SYM amplitudes from the cohomology of
pure spinor superspace

The color-ordered tree-level SYM amplitudes can be or-
ganized in terms of cubic on-shell graphs capturing their
kinematic pole structure [3],

N;

0 B (10
k V1

ATC(1,2 ... n) = Z
ri

The sum encompasses all cubic diagrams I'; compati-
ble with the color ordering, and P, ; denote their corre-
sponding propagators, see Fig. 3 for four- and five-point
examples. The kinematic numerators N; carry the polar-
ization dependence and will be specified below.

The pure spinor cohomology method of [9] exploits
the dictionary of Fig. 2 between cubic diagrams and su-
perfields to associate trilinear V, Vg Vi with each numer-
ators N; in (10). The BRST-covariant properties of the
BRST blocks (see (8) and [12]) guarantee that these su-
perspace numerators satisfy the necessary condition for
BRST invariance:

each term of QN; must have a factor of P ; with

k=1,2,...,n-3. (11)

Otherwise, the BRST variation of the amplitude would
have a nonzero residue at the simultaneous pole [T, Px;
and could not vanish.
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One can check that the following mapping between
cubic graphs and pure spinor superspace expressions
leads to BRST-invariant four- and five-point amplitudes:

3
Viz2VaV Vi2VaVis

$12 812 $12 845 S12845

1 4 1 5
Using these mappings the four- and five-point ampli-
tudes displayed in Fig. 3 become

(Vi2 3 W) n (Vo3 V4 1)
S12 823
(Via V3 Vi)

S12845

A™¢(1,2,3,4) =

A"€(1,2,3,4,5) = + cyclic(1, 2, 3, 4, 5).

(12)

BRST invariance follows from the cancellation of the
propagators e.g.

V1. BV,
QVaVaVa _ 4y v,

S12

V3V, VRN AY V3V, Vs
Q12345:12345+12345’ (13)
$12845 S5 S12

and both terms on the right-hand side of the five-point
diagram can cancel against further diagrams which share
one of the propagators s2, s45. Note that any pure spinor
superspace numerator (V4 Vs V() is a local expression of
polarizations and momenta.

Higher-point amplitudes can be similarly obtained
using vertices V3 of higher multiplicity. SYM tree ampli-
tudes up to seven points can be found in [13], and the
n-point solution is presented in [9] based on a recursive
method. Furthermore, explicit component expansions of
SYM trees up to multiplicity eight can be found in the
website [19].

Note that the assignment of superfields to a cubic
graph is not unique. By choosing different vertices to
play the role of the center of Fig. 2, one can arrive at three
representations for the following five-point diagram:

2 4
™ ViggViVs  VieVaVys  VaggWiVa
812 845 812845 512845 812845
1 [ 4

They differ by contact terms and have to be chosen co-
herently such as to render the resulting amplitude (10)
BRST invariant. At tree level, a consistent choice con-
sists of trilinears of the schematic form ;.. V,_;.. V,,. The
legs of the integrated vertices 2,3,...,n—2 in (1) are

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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distributed along the ellipses of V;... or V,,_;...,, and the sin-
gle particle nature of V,, reflects the choice of worldsheet
position z,, — oo. This is also a (n — 2)! basis of local tree-
level numerators found in [14] which satisfy the duality
between color and kinematics.

As we will see in the next sections, similar ambiguities
arise at one-loop and can be settled through the choice of
unintegrated vertex operator V; such that the first parti-
cle one can only enter through Vz with B=1bbs - - -.

3 One-loop cohomology construction of SYM
integrands

In this section, the one-loop string amplitude prescrip-
tion will be used to propose kinematic building blocks
in superspace for SYM one-loop integrands. This will be
done in a similar diagrammatic fashion as reviewed for
tree-level amplitudes in the previous section.

3.1 Review of the four point amplitude

The four-point one-loop amplitudes of ten-dimensional
SYM and supergravity were firstly determined in 1982
by Brink, Green and Schwarz by taking the field-theory
limit of their superstring ancestors. Remarkably, the only
contributing Feynman integral was found to be the box
graph [22],

dPe S12823 A"¢(1,2, 3, 4)
Ad.2.3.4) = @m)P 200 — k)2 (€ — Ki2)? (€ — ki3)?
(14)
M, — / dPe S12823 813 Mj"°
) @m)P 20— k)2 — ki2)2 (€ — Kizs)?
+symm(2, 3, 4), (15)

where the ordering of particles in (14) refers to a single
color-trace. The analogous pure spinor derivations have
been performed in [23] resulting in superspace kine-
matic factors

S12823 A™C(1, 2, 3, 4) = (Vi (hym W5) by, WB) FJ™) (16)

$12523513 M = (| Vi, VB) Ay, WB) FJ™)?). 17)
In the remainder of this paper, we develop system-
atic methods to determine their generalization at higher
multiplicity, making either locality or BRST pseudo-
invariance manifest. As a first step, the superfields in
(16) will be generalized below to BRST-covariant build-
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ing blocks suitable to represent non-trivial tree subdia-
grams and ¢-dependent parts.

3.2 BRST-covariant building blocks from the pure spinor
prescription

The one-loop pure spinor amplitude prescription of [23]
leads to a richer set of BRST-covariant building blocks
when compared to the tree-level prescription. As ex-
plained in [16], the zero-mode saturation patterns fol-
lowing from different contributions from the b-ghost
suggest that building blocks of arbitrary tensor ranks ap-
pear in the one-loop string amplitudes. More precisely,
the superstring prescription for one-loop amplitudes
is given by an integral over conformally inequivalent
cylinder2 diagrams with circumference ¢ [23],

An:/ dt /
0

0<Imz;<Imz <t

dz dz - - - dz,

x </ nbZ Vi(z) Uh(z) - - Un(zn)>~ (18)

In contrast to the tree-level prescription (1), only one
vertex operator V; appears in the unintegrated picture
whereas n— 1 vertices U; are integrated along the cylin-
der boundary parametrized by purely imaginary z;. The
b-ghost, the various picture changing operators collec-
tively denoted by Z and the Beltrami differencial u are
explained in [23], and the subsequent discussion only
requires the schematic form of their zero-mode struc-
ture: Among the worldsheet fields of conformal weight
one, zero-modes of d,d; N must necessarily by satu-
rated by the integrated vertices, regardless of the contri-
bution from band Z. Given the single particle integrated
vertex (2), this mechanism gives rise to the superfields
We' WY E/™ in the four point amplitude (16).

At higher multiplicity, the correlator in (18) is deter-
mined by a cascade of OPEs among multiparticle ver-
tices of schematic form U Up — U; and V,Up — V.
The expression (3) for their integrated version identifies
the multiparticle fields W% W, F2"" along with the zero-
modes d, ds N"". The two-particle superfields beyond Vj,

2 Forthe purpose of deriving single-trace color-ordered SYM am-
plitudes, we neglect the worldsheet topologies beyond the pla-
nar cylinder even though they play an important role in string
theory for the cancellation of anomalies and divergences [24-
26].
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in (4) are given by

1
A = 5[A’p1~"§,,,, — ALK A+ (W, WP) — (1 < 2)]

1
Wh = "W F, + WE G - AD - (1 2)

mn
Fi2 = F2,(8 - AY) + F5,PF}  + K2 Wiy W) — (1 < 2)

np
(19)

with K% = k" + K, and generalizations to higher mul-
tiplicity can be found in [12]. The unique tensor struc-
ture combining the superfields W% W, F2" to a ghost-
number-two expression as required by the (A30%) =1
prescription [7] is given by the scalar

1
Tasc= g()\ymWA)()\VnWB)F(rjnn +(C < B, A). (20)

It is symmetric under exchange of the slots A, B, C and
generalizes the four—point kinematic factor in (16) to in-
corporate multiparticle tree-level subdiagrams.

The five- and six-point amplitudes presented in
the following also involve vector and symmetric tensor
building blocks

Ti'scp= [TA,BACAﬁ + (D <« C, B, A)] +Wigep (21

mn — Tm n m
TA,B,C, D.E = TA.B,C,DAE + WIIL BA,C,DAE

+(E< D,C, B A. (22)

They stem from additional saturations of [T zero-modes
from the integrated vertices (3) leaving behind the multi-
particle superfield A%. Moreover, absorption of I1" also
involves another b-ghost sector which is represented
through the shorthand

1
Wikcop = 12 (Ayn W) vy, Wa) (Wey ™P Wh)

+ (A, B|A, B, C, D). (23)

The notation (A,..., Apl|A;, ..., A,) instructs to
sum over all possible ways to choose p elements
A1, Ao, ..., Apoutoftheset {4, ..., Ay}, for atotal of(’;)
terms.

Similar to the BRST variation (8) of tree-level con-
stituents V3, the one-loop building blocks (20) to (22)
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transform covariantly under Q [12], e.g.

Qhi235=0, QTNaza=s2V1T34— VoTi34)
QT2345 = $12(V1 L 345 — VaTi345)
+534(V3Th245 — VaiTiz35)
QTi2345 = (S123 — $12) (M2 B a5 — V3 T2 a5) + $12(Vi B3 a5
+VisThas — VasThas — VaTiza5). (24)
The variation of vectors and tensors additionally involves
terms proportional to k" where the vector index is car-
ried by a momentum:
QT 3, =K'"ViTza+ (1< 2,3,4)
Q1) 345 =52(VMT5 45— VaT545) + K> Vi2 T a5
+[K'VsTi2.45 + (3 < 4,5)]
QT35 = [2k"ViTh 5+ (1 < 2.3,4,5)]
+8™Y1 2345 (25)
The last term in the tensor variation was firstly con-

sidered in the pure spinor description of the would-be
hexagon anomaly of the superstring3 in [27]

1
YaBcpE= 5()\VmWA)()‘-VnWB)()\VpWC)(WDanpWE),

(26)

it is totally symmetric in A, B, ..., E by the pure spinor
constraint. Generalizations to higher rank were intro-
duced in [16]. Another building block Jy234,5 [16] cap-
turing subtleties of the six-point anomaly in pure spinor
superspace will be discussed in section 4.4.

3.3 The diagrammatic structure of one-loop amplitudes

Since string theory reduces to field theory in the o’ —
0 limit, the above building blocks together with V4
should suffice to describe SYM one-loop amplitudes
up to multiplicity six. In the subsequent, we will focus
on the superspace integrand A(1,2,3, ..., n/¢) govern-
ing the integrated color ordered single-trace4 amplitude

3 Asshown by Green and Schwarz in 1984, the hexagon anomaly
cancels in the superstring for the gauge group SO(32) [24].

4 Atone-loop, SYM subamplitudes associated with double-trace
color factors can be recovered through linear combinations of
single-trace subamplitudes [28].
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A(l1,2,3,...,nvia

A(1,2,3,..., njt)). (27)

dPe
I’l) :/W<A(l,2,3,;

Similar to the cubic graph organization of the tree-level
amplitude (10), also one-loop SYM amplitudes can be
described in terms cubic graphs I';, [29],
N; (E)
, ) =
| Z ch Prilt

A(l,2,3,. (28)

The sum over cubic diagrams I'; ranges from boxes to
n-gons whose external tree-level subdiagrams respect
the color ordering on the left-hand side. The no-triangle
property [28] of maximally supersymmetric SYM ex-
cludes triangles, bubbles and tadpoles. The superspace
numerators N;(¢) and the propagators Py ;(¢) now de-
pend on the loop momentum ¢, in addition to the ex-
ternal kinematics. Moreover, supersymmetry bounds the
powers of loop momenta ¢ in the numerators N;(¢) of a
p-gon diagram to be < p— 4.

The observations above will be exploited to propose a
novel supersymmetric description of one-loop SYM in-
tegrands following two steps. Firstly, we propose map-
pings between n-gon numerators and pure spinor super-
space expressions such as VT ¢ p and generalizations
to higher rank. This mapping is naturally suggested by
the propagators cancelled by the BRST-covariant varia-
tion of the building blocks,

each term of QN;(¢) must have a factor of P ;(¢) with

k=1,2,...,n (29)

generalizing the tree-level counterpart (11) to ¢-
dependent Py ;. And secondly, an overall BRST-invariant
superspace expression compatible with the cubic graphs
in (28) must be assembled with the help of the mappings
proposed in step one.

Even though the construction is carried out in a ten-
dimensional setup, the momenta and external polariza-
tions can still be restricted to lower dimensions [2]. The
one-loop integrals in [29] are UV-finite if D < 8, the di-
mensional reduction [2] of our results is then expected to
integrate to SYM amplitudes in this dimension. In D = 4,
for instance, the subsequent integrands are checked? to
reproduce MHV amplitudes with the right unitarity cuts.

5> Wethank Song He for checking it.
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4 Local SYM superspace integrands at four, five
and six points

In this section the cubic-graph organization of the SYM
integrands (27) will be exploited in connection with their
BRST pseudo-invariance inherited from the pure spinor
superstring description. Using the building blocks re-
viewed in the previous section, manifestly local inte-
grands will be constructed following BRST cohomology
arguments.

4.1 Local form of the one-loop four-point SYM integrand

Let us rewrite the four-point SYM integrand using
the above superfield definitions in order to ap-
preciate the natural structure of its higher-point
generalizations. The integrand of the color-ordered
amplitude defined by (27) contains only one box:

A(1,2,3,4)0) =

1 4

and its pure spinor superspace expression is given by

ViTr34

A(l,2,3,4/0) = '
(1,2,3,410 k)Z(€ — ki2)?(€ — kizs)?

(30)

EZ(Z —

This simple example provides the essential intuition on
setting up a mapping between boxes and superspace ex-
pressions. It will be seen below that a general higher-
point box with corners encoded by multiparticle labels
A, B, C and D (having the structure of cubic-graph tree
subamplitudes) is mapped to Vs T3 ¢ p.

4.2 Local form of the one-loop five-point SYM integrand

In the color-ordered SYM five-point one-loop in-
tegrand the only cubic graphs compatible with
the no-triangle property are boxes and pentagons:

3

4
2 4
i eyolic(193d8). 4 ﬁ
Ll

5

o

Hence, we split its integrand according to box and
pentagon contributions
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Figure 4 The explicit superspace representation of the five-point box numerators. The form of the numerators depends on the location
of leg 1, and the origin of this difference is due to the string one-loop amplitude prescription (18) fixing the position of its first vertex

operator 1.

A(L, 2,3,4,5]€) = Apox(1,2,3,4,5) + Apent(1, 2, 3, 4, 5]4),
(B1)
where Apox(---) is independent on £ and Apen(- - -) car-

ries at most linear ¢-dependence. For the numerators
of the boxes, the requirement (29) yields a natural pure
spinor superspace representation seen in Fig. 4. Since tri-
angles in the BRST variation cannot be compensated by
any other p-gon diagram with p > 4, their BRST variation
must cancel the propagator (k + k;1)? of their external
tree-level subdiagram:

Apox(1,2,3,4,5)

_ VieT3.45
(ki + 16)2€2(€ — ki2)? (€ — ki23)% (£ — Kio34)?

V345

(kz + 1)202(€ — k)2 (€ — Kki23)? (€ — Kio3a)?
V345

(/Cs + k)02 (€ — k)2 (€ — ki2)? (€ — Kizsa)?
N1 3.45

(/q + 16)202 (0 — Ja)? (€ — ki2)? (€ — ki23)?

Vo1 12,34
(k1 + 15)% (€ — k)% (€ — ki2)?(€ — ki23)? (€ — Kizsa)?

(32)

These expressions can be thought of as descending from
a string calculation where particle one enters through
an unintegrated vertex V;. That is why the first leg al-
ways enters in the form Vi.. and ambiguities such as
Vi T3.45 <> Vo3 Ti 45 do not arise.

On the other hand, the pentagon numerator
Nipsa50) in

Apent(1, 2, 3, 4, 5/¢)

N 5450

T 20— k)20 — k)2 (€ — ki3)2(€ — Kizga)? 53)

must be designed such that ¢-dependent propagators
cancel in its BRST variation. This interlocks the vector

112 www.fp-journal.org

mVi T , 5 with the scalars in
N L, () =€, VWT, s+ = [VT + (2 < 3,4,5)]
112,3,4,5 =LmV1ip345 12 13,4,5 < 9,4,
1
+ E[Vl T3 45+ (2,3]2,3,4,5)]. (34)

In contrast to the box numerators of the form V, T ¢ p,
the pentagon numerator (34) depends on the ordering of
the external legs 2, 3, 4, 5 through the signs in the scalar
part. The variations (24) and (25) of the scalar and vecto-
rial building blocks imply that

(€ — k)?]

QN 54500 = 4/1V2T345[(z—ku)2

1
+ 2 ViVaToas[(€ — Kias)* — (€ — ki2)?]

1
+ 2 ViViTo 35006 — Kiz3a)® — (€ — Kiz3)?]

1
+ -V Vs To3406% — (£ — Ki234)*] (35)

2

is compatible with (29) and precisely cancels the BRST
variation of the boxes in (32):

QApox(1,2,3,4,5)

_ VWT345 ( 1 _ )
202(€ — ki23)?(€ — kio3a)? \ (€ — ki2)? (£ — k1)2
VD45 ( 1 )
20206 — k)2 — kizsa)? \ (€ — kiz3)? (€ — k12)2

W35 ( 1 B

20206 — k)%(€ — Ki2)? \ (€ — ki234)?
Vs34 (l
2(5 — k)?(0 — ki2)?(€ — ki23)? \ €2 (€ — k1234)2

(= k123)2)

(36)

Hence, the interplay between boxes and pentagons
renders the superspace integrand (31) BRST invariant,
QA(1,2,3,4,5|¢) = 0. Note the factor of 1 [kijk)z by
the convention (9) for Mandelstam invariants In section

5.2, we will present an alternative representation of the

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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five-point amplitude where BRST invariance is manifest.
And it will be shown in appendix A that the integrand (31)
is confirmed by the field-theory limit of the superstring
amplitude.

4.3 Shorthand notations

The length of the five-point box contribution in (32) and
the superspace presentation of the pentagon numera-
tor (34) motivate to introduce a compact notation for
both numerators and ¢-dependent propagators before
addressing the six-point amplitude.

4.3.1 £-dependent propagators

A general p-gon diagram involves
-- multiparticle  tree  subdiagrams

Ay, Az, ..., A, in its corners and we
Ay S define a shorthand I/, 4, for
the p propagators which depend on
¢. The figure on the left does not
yet specify the position of the loop
momentum ¢ in the diagram. The
five-point amplitude (31) was presented with uniform
propagators £2, (£ — k)%, ..., (£ — kizs4)?, i.e. without
any shifts ¢ — ¢ + k; of integration variables between
different diagrams. This was crucial to demonstrate
BRST invariance at the level of the integrand. Hence, we
pick the following convention to freeze the freedom of
redefining ¢

Ay
Az

/ll An

(p)
IA| yAz,,Ap

the only ¢-dependent propagators in A(1, 2, ..., nj¢) are

- k]z...j)z with 1 < ] <n (37)

The explicit formula for the Ii,’f? fo.....a, I the above figure
therefore requires to specify the position of leg 1 within
the first massive corner A; = B1C:

I(P)
BI1C, Az, As,..., Ap

1
T U=k —kica)C—Kicaa,)? - € — kica, -,
(38)

Whenever the first corner A; does not contain particle n
and starts with particle 1, we have B = ¢ and obtain (£ —
kica, a,--4,)* = €2 by momentum conservation, e.g.

1
- .
12.345.6 = 02(0 — J40)2(€ — Ki234)2 (€ — Ki2345)2 39

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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However, in cases with B # ( where a massive corner en-
compasses both legs 1 and n, absence of the ¢? prop-
agator will later on play a crucial role for the hexagon
anomaly, e.g.

52545
_ 1
T (= k)2 — k)% (€ — ki23)? (€ — Kizza)? (€ — Kizzas)?
(40)

4.3.2 Box and pentagon numerators

The form of the box numerators in (32) strongly suggests
the general pattern when arbitrary tree subdiagrams are
attached to the four corners. Multiparticle labels such as
A= a@ - apallow for the following general formula,

Nﬁﬁ)B, c.p = VaTgc b, 41)

with Tp ¢ p given by (20). The interpretation of all the
multiparticle superfields in V4 T ¢, p as off-shell tree sub-
diagrams as seen in Fig. 1 leads to the desired box dia-
gram for the right-hand side of (41) (see Figure 5).

According to the BRST covariant transformation of
both V4 and Ty ¢ p - see (8) and (24) for examples — the
expression (41) for box numerators is compatible with
both (29) and the no-triangle property.

A uniform description of pentagon numerators can
be achieved using the bracketing convention of BRST
blocks explained in appendix 1 of [12]: Multiparticle
indices B= b1 b, - - - b, associated with the local super-
fields [Af, AR, Wi, Fi" can be combined through an
antisymmetric bracket [B;, B,] — Bs, e.g.

Viar = iz, Viog = Viss,

Viieza) = Viozs, Vi34 = Viozs — Vinaa. (42)

The diagram associated with the superfield Vi, 5, is ob-
tained by connecting the off-shell legs of B;, B, through
a cubic vertex,

p+2 rl+ll5” q
By, =

P+l 3 P

2 sas
- >_I_L
1
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b;g
by iG]
VaTpep
az  Gp-1Qp
ag
ay
ds d.-s—l

Figure5 On-shell diagrams represented by V4 Tp ¢ p connect four
off-shell subdiagrams. Propagators such as Sy 4, and Sy 4,q, are
suppressed on the left-hand side.

In this convention, the five-point pentagon numerator
(34) can be generalized to

5)
A|B.C.D,E 0)

1
=nVaTgcnp+ 5 [VanTene+ (B C D, B)]

—_

+ =[VaTisc.p.e+ (B, C|B, C, D, E)]. (43)

2
In contrast to the box numerator (41), this pentagon nu-
merator depends on the ordering of the external trees
B, C, D, E. The antisymmetric components such as

Nip.c.p.2@ = Nig . p.e® = Nijlp.cp.p.e (44)
reproduce box numerators (41) with a bracket [B, C] as
exemplified in (42) in one of the multiparticle slots. This

is in lines with the BCJ duality between color and kine-
matics [3] discussed in section 6.

4.3.3 Representing external tree-level propagators

In order to compactly describe the ¢-independent prop-

agators in the external tree-level subdiagrams, it is con-
venient to use the notation
Nfs....p1 1B, pi1
— o PE (p s pt
N12\3 = S1 ’ NI\ZS ..... p+rl = - (45)

for five-point boxes and six-point pentagons. Likewise,
the presentation of six-point boxes benefits from the
shorthands such as

4) 4) 4)
N(4) — 1\]1(23\4.5.6 Ns(zm.s.e N[4) — M2\34.5.6
123[4.56 =  s128123 $238123 7 1234,5,6 =  s1a834
1) 1) 4)
N(4) N](\zu 5.6 M\43z,5,6 N _ M\23,45.6 (46)
1]234,5.6 = ;35 $348234 123,45.6 = " ssi5

114 www.fp-journal.org
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¢

Ca
Cc3

dy

d:
d3 ’

They streamline the pairing of one-mass boxes and in-
corporate the concept of Berends-Giele currents [12], see
6.

With the above shorthands, the five-point amplitude
determined by (31) to (34) can be cast into the compact
form

A(l,2,3,4,5|¢)
5) (4) (4)
= Nf|2345(£)112345 t5 [N12\345112,3,4,5
(4) 4) (4) 4)
N1\2345 1,23.4,5 N1|2345112345

(4) )iS) (4)
N1\2345 12345+ 51\234151234] 47

The six-point amplitude will now be presented along
similar lines.

4.4 Local form of the one-loop six-point SYM integrand

The color-ordered six-point SYM integrand will be con-
structed in a local form following the propagator-
cancellation principle (29) for all its numerators. Boxes,
pentagons and the hexagon are analyzed separately to
get an overview of their BRST interplay,

AL, 2,...,6[€) = Apox(1,2,...,6) + Apent(1,2, ..., 6[f)

+ Anex(1,2, ..., 6]0). (48)

The highest power of loop momentum in the numerators
of Apent(- - -) and Apex (- - -) is one and two, respectively.
4.4 Six-point boxes

The 21 boxes in the cubic-graph representation of

the six-point amplitude can be described by the
following 15 Berends-Giele currents (46) and box

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 6 The pure spinor superspace description of two one-mass ;.4 given by

box graphs in the six-point amplitude is compactly captured by

Berends-Giele numerators such as /\/1(‘2”3‘44546 defined in (46). The 4QAne(1,2 6)

expansion of the above superspace expression is given in (50). X T

4) 4
_M%%456(1123456 Iy 23456)
4) )
propagators (38), + My My Mys 3 6( 123,456 = 11 25.45.6)
Abox(l 2,...,6) + MMy Moo 3.4 (1135 4 56 — 1 '55.4.56)
@)
“ ) )
[N123\4561123456+N|234561123456 + M M Mis.26(1 2 1,23,45.6 1123456)
(4)
(4) @ + My M; Msg 2.4 I
NI\Z 345,6 123456+N1|23456 L2.3.456 E 23456 1[42 3 56;
(4) 4 (4) 4 + M M, Mps 5.6 11 234,5,6 11 23,45,6
N561|2341561234+N612|3451612345 ( )
+ M My Msg o 5(L%)
) (4 ) “ . 1,2,34,56 1 2 3,456
N12|34561123456+N12|3456 12,3,45,6 ( )
+ M M; Mo3 4.6
@ . 1,23,45.6 — 1 23 4,56
N12|3 4,56 12 3456 T Nuzs 45,6 11,23,45,6 ( @ )
+ My M; Msy 26 =1
) “ ) @ ) 1,2,345,6 — 11,2,34,56
+ Mi23.456 11 234,56 T N1j2.34.56 11.2.34,56 A VM. (I o )
+ M 23,4,5
) “ ) @ . 1,23,4,56 — 161,23,4,5
N61|2345161 2345 T No1j2.34.5 Io1.2,34.5 MM M (I e )
+ M 34,2,5\11,2,34,56 61,2,34,5
Néﬁz 3,45 Ieiz‘3,45]- (49) @
+ My Ms Mys o, 3(1123456 1612345)

Given the universal form of box numerators (41) and

. . M MosMasis (19 4 o6 — 1%, 56)
their Berends—Giele currents (46), the superfield and pole 17723 774,5,61123.4.5.6 — 71.234.5.6

content of any term in (49)_ can be. straightforwardly re- + M; My Mo s 6 11 ) an6 — 1142 w5, o)

covered. For example, locality is evident from

+MlM5A42,36(1123456 123456)
Nfg)3|4 5, 611%.4,5,6 M, Mg M ¥ -
. + M Msg 2,34( 1,2.3.456 561234)
Vizs Vo1 ) @
=\—+— + Mo Mg M, -1
<8128123 $235123 24V16 45( 612,3,4,5 — 61, 2345)
o Tas6 + My MioMas (D330 56 — Lz a56)
€2(€ — ki23)* (€ — Ki234)* (€ — Kiz345)* + M MisMo a5 (I 05— 180, 540 5)
NG
1213856 123456 Vo T +MM2A43,56( 12,3,45,6 11(3)3456)
12 134,56
= = . 50 )
51283402 (€ — ki2)2 (€ — Ki234)? (€ — Ki2345)? 50 + My MisMess (112,305 — o1 2.3.5)
o . . M; M,

The BRST variation of the boxes is most conveniently ex- + M Miz My a1z 34,56 I 3.15.6)

pressed in terms of + M5 Mig Mo 3 (155 5,45 — gl 25.4)

M, = Wiz M _ Dsas +Ms Mi» 1\/[3,4.5(151”2 34,5 — I3, 4.56)- (52)

12 = ) h3,4,5 = ,
S12 $23
M =WV, Mjsi=TDsq, (6I1)

We will next see how this BRST variation of the boxes
is cancelled by pentagons.
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4.4.2 Six-point pentagons

The pentagon content of the six-point one-loop inte-
grand is given by

Apent(1,2, ..., 6]0)
= %[NI(S?SA,S,G(E) 11(?3,4,5.6 + M52)3,4~5,6(£)11(,52)3.4,5,6
+ NP 30.5.6 O T 3156 T NP .56 O 1 5,056
+ M5O 123056
+ 16(?2.3,4,5 (Ns(ﬁz.sAﬁ(z + ks) — ‘/1]6\2,3,4.5)]- (53)

The new building block Js2 34,5 will be defined below,
and the first five numerators follow the universal form
(43) of pentagons such as

(5)
N12\3,4,5.6 0

1 1
= sf{ngm L5+ §[V123 Tis56+ (3 < 4,5,6)]
12

1
+ E[VIZTS4,5,6+ (3,4|3,4,5, 6)]}. (54)

The tree-level propagator stems from (45), and we iden-
tify Vio3 = Vj12.3. It is easy to check from (8), (24) and (25)
that the BRST variation of (54) cancels propagators,

QN 4560 = —VaN} , 56(0)

1
+ 3 ViVazTas56 + Vau T3 56 + Vos T3 a6 + Vos T3 4 5)

1
- MZ%M,S.BE[M — ki2)? — (€ — ki23)%]

1

- Mle;]VI&s,eg[(f — ki23)? — (€ — ki234)*]
1

- ]\/112%1\/13,4.65[(5 — ki234)? — (€ — kiz345)°]

1
— M, 1\461\/13.4,55[(5 — kizaa5)® — €71, (55)
in lines with (29).
The last pentagon in (53) requires further explanation
since its numerator deviates from the naive expectation
Né?)‘g,37415(5) by —Vi6k, "% , 5 — Visi6J6j2,3.4.5 With

1
A (T .5+ Wo's 45)- (56)

Joi2,3.45 = 5

The first extra term can be absorbed into a redefini-
tion of the loop momentum to yield Ng]‘z.wﬁ(ﬂ + k) —
VisieJop2,3,45. As shown in Fig. 7 , the effective loop
momentum ¢ + k; is determined by the pentagon edge

16 www.fp-journal.org
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2 4
{—ky

1 {+ kg 5
6

Figure 7 Diagrammatic justification for the shift of loop momen-
tum in Néﬂz,s,4,5(e + ks): The shifted momentum £ + ks occurs
in the pentagon edge adjacent to the tree-level subdiagram sub-
tending particles 6 and 1.

adjacent to the cubic tree subdiagram represented by
Vs1. The second extra term ~ Jg2,3.4,5 contributes to the
hexagon anomaly via®

QJsi23.45 = Yo3456+ %1451712%_4_5
+ Voo T345 + (2 < 3,4,5)], (57)
with anomaly superfield Y>3545¢ defined in (26). To-
gether with the shift of loop momentum ~ Vigk, "% , 5,
the variation (57) ensures that the overall pentagon nu-
merator satisfies the criterion (29),
Q[Ne(??z,m.s(z + k) — ‘/1]6\2«,3,4.5]
= ‘/551\]1(\52).3,4,5(@

1
+ 3 (Ve Bas + Ves a5+ VeaTrzs + Ves B3.4)
1
+ ]\4161\42]\43,4,55[@ — k)% — (€ — Ki2)?]

1
+ 1\/1161\/13]\42,4.55[(5 — ki2)? — (€ — ki23)%]

1
+ MGM]VIZB,SE[(Z — ki23)* — (£ — Ki234)°]

+ MleMs%,sA%[(f — ki234)® — (€ — kizsas)®],  (58)
which would be violated by the naive choice Né?)‘zg 1.50).
Generally speaking, the choice of loop momentum
(37) requires redefinitions in any (n > 5)-gon numera-
tor where an external tree involves particles ---nl---
and thereby removes the ¢? propagator. The superfield
Je2.3.45 can be viewed as the BRST completion of the
shift of loop momentum.

6 This identity was firstly noticed in [30] to express the contrac-
tions of V5 T'; , 5 with external momenta in terms of scalar
building blocks. In the five-point context of this reference, the
anomalous contribution Y5 3 4 5 ¢ drops out by momentum
conservation.
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The BRST variation of the remaining pentagons takes
a form similar to (55) and (58). This compensates for the
BRST variation (52) of the boxes by cancellation of prop-
agators such as

(5) (4)
(- kIZ) 1123456 = 1123456’

(¢ - k123) 112,3.4,5,6 = 113434,5.@ (59)

By adding up the contributions of all box and pentagon
diagrams, we find

4QApeni(1,2,3,4,5,60)
=—4 QAbox(l, 2,3,4,5,6)

+2ViYa3456 Ié??2‘3,4,5 +2 ‘/2]\/1(\53),4.5,6(6)

(5) (5)
[1123456 112345.6

5) € (5)
+2V3]V{\2456(£)[1123456 1123456
(5) (5)
+ 2‘/4]\]1(‘2 3.5, B(K) 11.243,45,6 - 11.2434 5,6

(5)
1123456

(5)
1123456

]

[ |

+2V5 N 5.6 (O[ 15,456 ]
+2V6M\52)345(5)[Ié?2345 ]

®)
+VIV2372156[1123456 553456

®)
+V1V34T2.56[123456 L 3.456)
(5)
+ ViVas Bs6[ 1 3456 — 123456]
+V1V56TZS4[I - Iy ]
34| 123456 — 61,2345
®)
+ ViV T35 6[ 12,3,4,5.6 114,23.4,54,6
(5) (5)
+ L3456~ h23456]
®)
+V1V25T346[I123456 553456

(5) (5)
+ 553456 — 53456

+V1VzeT345[I123456

(5)
Il ,2,3,4,56

(5)
IL23,4,5,6

16? 2.3 4,5]

(5)
+ViVass 6[11 23,4,5.6 11,2.34,5,6

® ®
+ Il 2,3,45,6 II.Z 3 4,56]

(5)
+ V1V36T245[1123456 555456
(5) (5)
+ 053456 — l12345)
+ ‘/1‘/416]535[[123456

6]
Il 2,3,4,56

(5)
11,2,3,45.6

1(5)

61,2,3, 45] (60)

As mentioned before, the above terms beyond the first
line come from cancellations of external tree propaga-
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tors and must be cancelled by the BRST variation of the
hexagon.

4.4.3 Six-point hexagon

The six-point hexagon whose BRST variation cancels the
terms in (60) is given by,

Anex(1,2,3,4,5,6[0) = 11(62],3,4,5,6 IVI(?ZJ,SA,S.G(E)’

(61)

where M|2 3456 = YL(I?;,SA.S,G(Z) + nﬁ;“,s.s and all the
¢-dependent part of the local hexagon numerator is rep-
resented by

1
”5?23456(@ me V1T3456+2£nl[‘/12]ﬂ,5,6

+(2<»3,4,5,6)]

1
+§Z,,,V1[T3456+(2 312,3,4,5,6)].

(62)

This is analogous to the five-point pentagon (34) with
building blocks of higher ranks and an additional con-
traction with ¢,,. Note that the tensor building block
T3, 5 ¢ defined in (22) introduces an anomalous contri-
bution ~ ¥ 3 4.5, to the BRST variation due to (25).

The scalar hexagon, on the other hand, is determined
by (29): The Q variation of (61) must be expressible
in terms of hexagon propagators (¢ — ki»..;)*> with j=
0,1,...,5. Apart from Y>3 4 5.6, this is only possible if any
factor of (¢ - k;) in the variation of (62) is accompanied by
—($1j+ $2j+ -+ + sj—1,;) to build up the difference

€ —kiz.. )" — (€ — kip..j1)?

=20 -k)+2(s1;+ 825+ +5j1,)). (63)

The unique local superfield which is compatible with this
requirement and constructed out of the building blocks
in section 2.3 reads

@)
M23456

1

Z[Vl T3456 + (2,3]4,5/2,3,4,5,6)]
1

+ Z[VIZ Tus6+ (213,4]2,3,4,5,6)]
1

+é [(Vi Tass 5.6 + Vi Tisa,5.6)

+(2.,3,4/2,3,4,5,6)]

1
- E[(k}n — )V T 56+ (2 <> 3,4,5,6)]

1
+ é[(VIZS Tis56+ Va21Ta56)
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+(2.3/2,3,4,5.6)]
1
= [0 = KDV TE, 56 + (2,312,3,4,5,6)]

1
~ 5 W B sslkk,+ (1 < 2.3.456]. (64

The notation (2, 3|4, 5|2, 3, 4, 5, 6) instructs to sum all
possible ways to distribute the set of labels {2, 3, ..., 6}
into two ordered sets {2,3} and {4, 5} without double
counting where the ordering is with respect to the set
{2,3,...,6}. For example, {2, 4}, {5, 3} is not an allowed
distribution because it violates the ordering in the sec-
ond set, and only one of {2,5},{3,6} and {3, 6}, {2, 5}
enters (64) to avoid overcounting. A similar ordering
convention holds for permutations of the set {3, 4} in
(2I3,4/2, 3, 4, 5, 6).

A long but straightforward analysis shows that the
hexagon (61) has the required properties to make the
whole six-point one-loop integrand (48) (naively) BRST
invariant,

1
QAL 2,.... 610 = S ViYasas6(kil2505 — € [33450)-

(65)

The right-hand side keeps track of the anomalous contri-
butions due to the tensor hexagon Q%ZmEn‘/l 7"2%’74,5,6 and
the second line of the pentagon variation in (60). By in-
kio... ]-)’2, the variation (65) appears to cancel at the level
of the integrand. However, the logarithmically divergent
nature of the ten-dimensional integral over (65) leads to
subtleties to be resolved below.

4.5 The gauge anomaly of the six-point amplitude

In this subsection, we perform a worldline analysis of the
anomalous BRST variation (65) of the one-loop SYM six-
point amplitude. The string-based formalism gives rise
to the following worldline representation of a N-gon in-
tegral in D dimensions [31]

/ dPe (p+ Gut™ + Tpnt™e")
20— )2 — k)% - (€ — kiz..n—1)?

o0
:]TN/ _
0
mn

X (P+ GuL™ + rn L"L" + %t])e’“@” (66)

v1=0
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where p, g,, and r,,,, are arbitrary scalars, vectors and ten-
sors independent on ¢. We use the following shorthands
for the shift in loop momentum L™ and the exponent

QN!
N N

L"=-Y"K"vi. Qu= Y sij(vi—Ivil). (67)
i=1 1<i<j

where v;; = v; — vj and v; = 0is implicit from now on. To
make contact with the six-point anomaly, consider the
following boundary term in D = 10 dimensions,

By = —n° /Do dl‘i P02 /
. Yot
0=vi=vipi <1

X dUg dV3 s dvs e’”’QG } = — (68)

D=10

which yields the volume of a five-simplex from the lower
integration limit # = 0. For hexagons at N = 6, the expo-
nential in (66) satisfies the differential equation

10 5
_ 7877[[05 — L Lm -~ e*ﬂth
w0t < mb nt)
138
—1tQg
+ n—tz (8y,v1pe ™' %), (69)
p=2

which allows for the following rewriting of the boundary
term Bg:

Bs = 716/ dt P2 / dvy - - - dvg
0

0=<vi=<vi=1

5 1
x § L2+ —+ —

n
Tt wt Z dvipp € (70)
p=2

The 9,, derivatives in the last term are understood to also
acton e"'%_ They can be evaluated as a series of bound-
ary terms v; — vy with v; = 0 and v; = 1 where only the
upper limit of the vg integration remains uncancelled.

With vi; = —1, the result is

Bs = nG/ dt -1 vy - - dvg
0

0<v;<vi1<l

% {L2+E_M} e (71)

The first two terms can be recognized as a tensor
hexagon with 7,,, = 8, see (66) at N=6, D= 10 and
p= gn = 0. The last term, on the other hand, describes
a scalar pentagon, hence we recover both integrals in the
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anomalous BRST variation (65):

Bo= [ 01050 Kasas) 2
Using the value of B; found in (68), the
BRST variation of the six-point amplitude

turns out to be a rational function in external

momenta,

Q/ dPe A(1,2,3,4,5,6|¢)

1 7
=——VY =——W0UNY . 73
> Vi 2.3,4,5,6 Bo 220 1 Y23.456 (73)

Note that the BRST anomaly QA(1,2,3,4,5,6[¢) ~
V1Y, 5456 is equivalent to the anomalous gauge vari-
ation 81A(1, 2,3,4,5, 6|£) ~ (S21Y;2’3.4.516> under 51 Vi =
Q<2 with scalar superfield @, see the appendix of [16].
This reproduces the anomaly analysis of the pure spinor
superstring [27].

The discussion of [32] is helpful to shed further light
on the apparent paradox between the formally van-
ishing integrand in (72) and the finite result in (68):
In a dimensional regularization scheme D — D — 2¢,
anomalies in chiral gauge theories arise from compo-
nents of the loop momentum in the fractional —2¢ di-
mensions. The idea is to formally split the D — 2¢ di-
mensional loop momentum into ¢3, , = ¢3,+ u? with
D dimensional part £ and “—2¢ dimensional” compo-
nent u. In D — 2¢ dimensions, the tensor hexagon nu-
ep .t 5. since the 160;; momenta are contracted into
the D dimensional polarization tensors from the exter-
nal states in T)”3", s ;. The internal states propagating
through the loop, however, give rise to momenta £ p_», in

the propagators, so the integrand (65) is proportional to
ZZ _ ZZ 2
D~ tD2e = TH
This argument based on dimensional regulariza-
tion also explains why none of the other cancellations
among {¢-dependent propagators in QA(L,2,..., n¢)
introduces rational terms: Since (£p- k) = (€p_2. - k)
for D-dimensional external momenta, we can still
rewrite

1
Up-kj) = 5[(KD*28 — ki2.j-1)* — (Up-2e — k2. )]

+8j+ 8+ -+ Sj-1; (74)

and cancel propagators with (D — 2¢)-dimensional loop
momenta on the right-hand side.
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5 Manifestly BRST pseudo-invariant SYM
integrands

In this section, we manifest the BRST and cyclicity prop-
erties of the above SYM integrands by rewriting the kine-
matic numerators in terms of (almost) BRST invariant
superfields where only the fingerprints of the hexagon
anomaly appear in the Q variation.

5.1 Manifesting BRST pseudo-invariance

The above cohomology construction of the six-point
amplitude suggests that anomalous superfields such as
Y4 B.c.p e in (26) have to be treated separately in the anal-
ysis of BRST properties. This led to call a superfield BRST-
pseudo-invariant if each term in its BRST variation con-
tains an anomalous factor of Y, 5 ¢ p g [16].

A procedure is described in [16] to recursively
construct BRST pseudo-invariants from superfields
VaTg"s p,.. as defined in section 2.1. The setup in [16]
also includes Jy2 345 in (56) as well as generalizations to
arbitrary rank and multiplicity. These pseudo-invariant
are denoted by C{/g"p —or Pysp 345 and classified by a
term Vi Ty 5 or ViJgp 34,5 with a single particle rep-
resentative V; of the unintegrated vertex. The pseudo-
invariant completion of these terms is furnished by mul-
tiparticle versions of Vj,.., with p> 2 and most con-
veniently described in the basis of Berends—Giele cur-
rents such as (51). Similar to Ty 5 and Jg323.45, the
pseudo-invariants Cj;"p —and Py 34,5 are symmet-
ric under exchange of slots B; which are separated by a
comma.

At n < 5 points, for instance, it is straightforward to
show that

Cizsa= MiMs,
Cijp3.a5 = My Moz 45 + M Ms a5 — Mis Mo 45
Clhsas =MD ,5+ (&' M2 Msas+ (2 < 3,4,5)]
(75)

are BRST closed. For the six-point BRST invariants
Cij234.5.6, C1j23.456 and Cl’"’23.4’5,6, analogous superfield ex-
pansions can be found in [12, 16]. Reference [16] also dis-
plays the first pseudo-invariants C{}'; , 5 s as well as

Pigi23.45 = ViJoi23.45 + Mek?ﬂg.réA,s
+[Mig2 Ba5 + 2 < 3.4,5)] (76)
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. Vio- Va, .
with Mjys = i(f + <) subject to

mn mn
QC1\2,3,4.5,6 = -0 V1Y2,3,4‘5,6,

QPisi2345 =—V1Yo3456. (77)

For external gluons, the explicit component expansions
can be downloaded from [19]. Note that any scalar invari-
ant Cyja p.c can be expanded in terms of SYM tree am-
plitudes using the general formula given in the appendix
of [12], see the five-point examples below.

As experimentally observed in [16], one can rewrite
BRST pseudo-invariant expressions in terms of man-
ifestty BRST pseudo-invariant building blocks by
mapping

V12»~p|p22 — 0, Wh345— $3C112345,
VL5345 > Closas

Vi D3a56 = $23(8534C11234,56 — $24C1j324.5.6),
Vi 3456 — $23825C1p23.45.6

m m
Vi ss56 = $23Cio3 456

ViJe2,3.45 = Pisp3.as. (78)

mn mn
V556~ Cl|2,3,4,5.67

Any appearance of 1} signals a pseudo-invariant,
whereas the multiparticle instances of V.., with p> 2
are absorbed into the BRST completion of the former.
When manifesting BRST pseudo-invariance of the su-
perspace integrand A(1,2, ..., nj¢) at n=>5, 6, the pre-
scription (78) allows to foresee the result of algebraic
manipulations among the (mostly ¢ dependent) prop-
agators. However, the different kinematic poles in the
expressions (75) for Cips 45 and Cij 5 , 5 exemplify that
locality is obscured when the five-point amplitude is
expressed in terms of BRST invariants. Hence, the rep-
resentations for A(1, 2, ..., nj¢) discussed in the subse-
quent trade manifest locality for manifest BRST pseudo-
invariance.

5.2 Five-point one-loop integrand

Applying the map in (78) to the five-point integrand (31)
leads to

A1, 2,3,4,5]0)

_ %C1|23,4,5
206 — k)% (€ — ki23)? (€ — ki23a)?
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1
5C134.2,5

R R2( = k)2 (€ = Famsa)?

N 3Cius5.2.3
0200 — k)% (€ — Ki2)? (€ — Kazz)?
Cizas + €mCla 345
020 — k)2 (€ — ki2)? (€ — Ka23)? (€ — Kioza)?’

N (79)

see (75) for Cijp3 45 and Cij 5 , 5. The scalar pentagon is
represented by the shorthand

[$23Crj23.45 + (2,312, 3, 4, 5)] (80)

N =

Cio3455 =

and can be obtained from the scalar part of N2 3.4,5(¢)
under (78). Using the expansion of the invariants given
in (75), it is a matter of algebraic manipulations to check
that (79) agrees with the local representation in section
4.2 at the level of the integrand. For example, the massive
box 11(2‘33. 4.5 can be eliminated using

11(3?3,4,5 = 11(,42)3.4,5 + 211(,52),3,4,5[(5 ko) — si2]. (81)

The scalar invariants in (79) are related to SYM tree sub-
amplitudes through

(Cii23.4.5) = 15524 A™°(1,3,2,4,5) — 55, A" (1,2,3,4,5)]

823845

(Cip23,45) = [s12854 A™(1,2,3,4,5)

— Sp4(S12 + 515) A"°(1, 3,2, 4,5)], (82)

and integrals over ¢,,C{}; 5 , 5 boil down to permutations
of

<kfncﬁlz,3,4,5> = —Spu831815[A™¢(1, 2, 3, 4, 5)
+ A"™¢(1, 3,2, 4, 5)], (83)

see (A.4) for the Schwinger parametrizaton of the vector
integral. These reductions to trees furnish the five-point
generalization of (Cyj2,3.4) = s12523 A™¢(1, 2, 3, 4) relevant
for (14).
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5.3 Six-point one-loop integrand

Similarly, applying the map (78) to the six-point expres-
sion (48) yields,

A(l,2,...,6/)

_ (4) (4)
- Z[C1I234,5,611.234.5,6 + C1|2’345’611.2.345.6

(4)
+ C1\2,3,456 1142,3,456
(4) (4)
+ Cuj23,45.6 13 23 456 T C1123.4.56 1) 234 56

+ Ci23a56 1{" 34 56

+ %[(C1|23;4;5;6 + €mCls 5.6 193,456
+ (Ciza56 + LimClp 345.6) 1% 5456

+ (Ci231a556 + €mCiip 3 45.6) Il(?2),3.45,6

+ (Cij2;3:456 + €mCiip 3.4 56) 11(?2),3.4,56]

m
+ (C1|2;3;4;5;6 +€mCl5056

1
©)
+ EzmgnCW£3,4.5.6) L3456

1
3 Pig2,3.45 16(?)’273.4’5- (84)

The pseudo-invariants Cy 4 5,c, Cliapcp Cl2sase and
P1|6\2,34,4,5 are defined in [16] and (76) Whereas7 C1|23;4;5;5
and Ci}, 5.5, are shorthands for subleading powers of ¢:

1
Ci23.4556 = 5(845 Ci123,45,6 + $46C1)23,46,5 + S56 C1123,56,4
+ (834 Ci1j234,5.6 — $24Cri324,5,6 + (4 < 5, 6)])
(85)

7 For completeness, the remaining scalar pentagons are given by

2C1 234556 = S25Ci1125,34.6 + S26 Cij26,34,5 + S56 C112,34,56

+ 53C1 234,56 — $24C11243 5.6

+ [$45Cr12.345.6 — S35 C1p2.435.6 + (5 <> 6)]
2C1 23,456 = $23C1123,45,6 + $26 C1126.45,3 + 536 C112,36,45

+ [524Cij245,3.6 — S25Cij254.3.6 + (2 <> 3)]

+ 856 C112,3,456 — S46 C112,3,546
2C1 12,3456 = $23C1123,4,56 + 524 C1124,3,56 + 534 C1)2,34,56

+ [$45Cri2.3.456 — Sa6Crp2.3,465 + (4 < 2, 3)].

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

Fortschritte
der Physik

Progress
of Physics

1
Cllpsss = 5 (23Clhg 56 +(2,312.3.4,5.6)). 86)

Moreover, the BRST closed version of the scalar hexagon
numerator in (64) is given by:

1
Cii2;34556 = 1 23845 C1j23.45.6 + (2,314, 5]2,3,4,5,6)

1
+ 8 [523(834Cij234,5,6 — $24 C11324,5,6)

+ $43(832 Chj4a32.5,6 — $24 C1j342,5,6)

+(2,3,412,3,4,5,6)]

1
+ IR (K, — IE)s23 Cli23.456

+(2,312,3,4,5,6)]

1
- ﬂ(:{gfg‘z,m[lclmk}l +(1+2,3,4,5,6)].(87)

The expansion of the pseudo-invariants in terms of lo-
cal numerators can be found in [16]. On their basis,
it is a matter of algebraic relations similar to (81) to
verify agreement between the manifestly BRST pseudo-
invariant and the manifestly local representation of
A(1,2,3,4,5,6/¢). In upcoming work [33], the SYM inte-
grand (84) will be shown to follow in the field-theory limit
of the open superstring.

Note that the anomalous BRST variation (77) of
Cl”"z’f& 45,6 and Pjj2,3,4,5 allows to reproduce the hexagon
anomaly (65) from (84).

5.4 Cyclicity of the five- and six-point integrands

As another virtue of the manifestly pseudo-invariant rep-
resentations (79) and (84) of A(1, 2, ..., nj¢), their cyclic-
ity can be analyzed in superspace. Strictly speaking, only
the integrated subamplitude in (27) is cyclically pseudo-
invariant because the hexagon anomaly turns out to ob-
struct cyclic symmetry of the six-point amplitude. Start-
ing point of the cyclicity analysis is the rewriting of the
n-point amplitude (27) as

dPe AQ,2, ..., no)
20— )2 — k)% - (€ — kiz..p1)?
(88)

A(1,2,...,n)5/

with stripped integrand A(1,2,...,nj¢). Under cyclic
shifts i — i+ 1 mod nof all the labels, the n-gon denom-
inator in (88) transforms to ¢2(¢ — k)2(¢ — ky3)%--- (¢ —
k>34n)? which can be undone by change of integration
variables ¢ — ¢ — k. Since this is the cyclic image of
the shift ¢ — ¢ — k,, the integrated amplitude (88) is
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cyclically invariant if the stripped integrand satisfies

A, 2,..., 0 - k)| = AL,2,...,10). (89

i—i+1 mod n

The method is most conveniently illustrated at the five-
point level. The stripped integrand

A(1,2,3,4,5|0)

1
= <§(st + 28345)C1j23.4.5

1 1
+ 5(834 +2845)Cip3a 25 + PR Cia5.2,3

1 1 1
+ 5824C1\24‘3,5 + 5525C1|25,3,4 + 555 Cii35,2.4
+€mCllaza5+ (- k)Cipsas
+ (€ k) (Cipzas + Cijzazs)

1
+ [(f - ks) + Efz] (Cijp3.45 + Crjza s + C1\45,2.3)>

(90)

associated with (79) introduces permuted invariants
such as Cy34,15 and Gy, 5, after the cyclic shift i —
i+ 1 mod 5. They are no longer in the canonical form
Cy.. and C{}_, buta procedure to restore it is described in
section 11 of [16]. After discarding appropriate BRST-
exact terms, the scalar invariants in (90) are found to
transform to

(Cop3as,1) = (Cii34,2,5 + Cr23,45 — Cij24,35)
(Cop31,4,5) = (C1p23,4,5)
(Cy35,41) = (Ciss 24 + Cijpz a5 — Crjzs3,4),
(Coa1,35) = (Cijpa3,5)
(Cyas,31) = (Cijas 23 + Cijpazs — Cijasza),

(Co51,3,4) = (Crj25,3,4) 91)

under i — i+5 mod 5, and the vector invariant is
mapped to

(Cgfg,&s.l) = <C1r?2$3,4,5 + [kgncl\23,4,5 + (3«4, 5)]> (92)

On these grounds, it is straightforward to verify cyclicity
of the five-point amplitude via

— A(1,2,3,4,5¢) = 0.
93)

A(1,2,3,4,51 = &), 111 moa s
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At six points, the relevant cyclic shifts i — i + 6 mod 6
such as

(Po113,4,5,6) = (P123,4,5.6 + V12,3.4,5.6) (94)
(CE 4 561) = (8" V123456
+ C{?|12n,3.4.5$6 + [Zkfng{l\)ng,s_s +B < 4,5, 6)] (95)

+ [Z@mkf(CluM,Sﬁ + Cij243,5.6) + (3,413, 4,5,6)])

can again be found in section 11 and the appendix of [16].
The anomalous superfield

1
V23456 = —Y123456 (96)
S12

with Y2545 defined in (26) measures the response of
the hexagon anomaly to a cyclic shift. It has parity-odd
bosonic components (with gluon polarizations e!) [18]

_ Ps 101 1.5 1.5 h 0 I
(V123.456) = —€ppppac-ak ki Kk el e’ - €.

97

Apart from the subtleties associated with V123455, it is
straightforward to show that the stripped integrand (88)
associated with (84) satisfies (89). The anomalous ob-
struction

A1,2,3,4,5,6/0 — — AQ,2,3,4,5,6[0)

k6) |iai+1 mod 6
1
= 5V123.456) (St " = %) (98)

integrates to a rational term as described in section 4.5,
i.e. the failure of cyclic invariance is given by

A(2,3,4,5,6,1) — A(1,2,3,4,5,6)
1 =

- W%(y12.3,4,5,6). 99

We have kept the Kronecker delta in (98) explicit which
stems from the cyclic transformation of the tensor-
pseudoinvariant (95). As explained at the end of sec-
tion 4.5, it can be understood from dimensional re-
duction that the formally vanishing integrand in (98)
integrates to the rational expression (99) in external
momenta.

6 One-loop color-kinematics duality
In 2008, Bern, Carrasco and Johansson (BCJ]) proposed

an organization scheme for tree-level gauge and grav-
ity amplitudes based on cubic vertices where color and

© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 8 The vanishing of the color factors associated to the above
triplet of cubic graphs, ¢; + ¢; + ¢ = 0 is a consequence of the
Jacobi identity. In the above diagrams, the legs a, b, c and d may
represent arbitrary subdiagrams. The BCJ duality states that their
corresponding kinematic numerators IV; can be chosen such that
N;+ Nj+ N = 0.

kinematics enter on completely symmetric footing [3].
Color tensors ¢; are naturally associated with cubic dia-
grams by dressing each vertex with structure constants
fe of some gauge group. Triplets of color tensors
ci, ¢j, ¢ associated with the diagrams shown in Fig. 8
vanish due to the Jacobi identity

fabe fcde + fbce fade + fme fhde =0 (100)
valid for any gauge group.

The BCJ conjecture states that amplitudes can be rep-
resented such that for any vanishing color triplet ¢; +
cj + ¢, the corresponding kinematic decorations N; +
N; + N of diagrams i, j, k vanish as well. The tree-level
BC]J duality was later extended to loops in [29] and suc-
cessfully applied to manifest UV properties of 4 < N <
8 supergravities up to four loops [34]8. However, the
vanishing triplet of kinematic numerators associated to
the color triplet ¢; + ¢j 4+ ¢x may depend on loop mo-
menta as well, N;(¢) + N;(¢) + Ni(€) = 0. The statement
that the kinematic numerators satisfy the same relations
as their associated color factors is referred to as the color-
kinematic duality or simply the BCJ duality.

6.1 The five-point pure spinor representation and BC|
duality

In this section the pure spinor superspace representation
of the five-point one-loop amplitude will be shown to
satisfy the BCJ color-kinematics duality. This generalizes
the BCJ-satisfying five-point numerators given in [36] us-
ing four-dimensional spinor helicity variables to ten di-
mensions, see also [37].

8 Further recent work for situations with reduced or without su-
persymmetry includes [35], also see references therein.
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Figure9 Kinematic Jacobi relations relate box and triangle numer-
ators. Since maximally SYM amplitudes are not expected to con-
tain triangles (nor bubbles and tadpoles), the left-hand side must
vanish.

6.1.1 Verifying Jacobi kinematic identities among boxes and
pentagons

The BCJ identities associated to the external tree subdia-
grams are trivially satisfied in the pure spinor superspace
representation since they are represented by BRST blocks
which manifestly satisfy the symmetries of their associ-
ated color factors?. In the five-point case of this subsec-
tion, this amounts to the antisymmetry of the massive
legs in the boxes and is manifestly satisfied by the rank-
two BRST blocks.

As discussed in [36], a representation of the five-point
one-amplitude satisfies the BCJ duality if certain rela-
tions among the box and pentagon kinematic numera-
tors hold. For example, an antisymmetrization of any two
corners of a box yields a triangle numerator as shown in
Fig. 9 . Since there are no triangles in maximally super-
symmetric SYM amplitudes, this antisymmetrization of
boxes must vanish if BCJ is to be obeyed. And indeed,
they vanish for the pure spinor representation of section
4.2. For example, the kinematic numerators which corre-
spond to the diagrams of the right-hand side of Fig. 9 are
easily seen to cancel each other,

<A71(?2)3,4,5 - Nf[\ls),zs.4> = (Vi(Ta345 — T5.234)) =0, (101)

since Ty p ¢ is symmetric in A, B, C. For any choice of
massive corner in a five-point box, there is only one
possible superfield assignment — either (V1,75 45) and
(2 < 3,4,5) if leg one is part of the massive corner
or (V1 Ts45) and (2,32, 3,4,5) otherwise. Hence, the
numerators cannot contain information about the or-
dering of the box and every possible way to generate
a triangle numerator vanishes with these superspace
representatives.

There is another class of kinematic Jacobi identities
that needs to be checked whose depiction is presented

9 Foradetailed discussion of the general symmetries of BRST
blocks and their compatibility with BC) identities, see appendix
10f [12].

Wiley Online Library 123




F S
v
o
()
o
‘o
£
e1))
=
o

Fortschritte

der Physik

Progress

of Physics

3
3 1
2 1
2 t N5 17 ¢ 5
1

Figure 10 Kinematic Jacobi relations relate pentagon numerators
to box numerators.

in Fig. 10 ; the antisymmetrization of adjacent legs in the
pentagon must give rise to a box numerator [36]. Given
the special role played by the particle label one in the
pure spinor representation described in section 4.2, the
relations which involve its participation in a non-trivial
way will be discussed separately.

k Furthermore, the presence of the

loop momentum in the pentagon
numerator requires a precise con-
vention for the mapping between a
¢ pentagon cubic graph and its pure
spinor superspace representation:
The loop momentum ¢ in the pen-
tagon numerator must be chosen
such that the four legs involved in the Jacobi identity
have the same momentum in the three diagrams. Our
convention is that for a given N(I kL »(0) labelling, ¢ is the
momentum of the n-gon edge between the vertices with
external legs i and m. For example, the kinematic Jacobi
identity generated upon antisymmetrizing the legs 2 and
3 of the pentagon is given by

-(5) g
‘\:|'j k,dm (E)

(MT}2)3‘4,5> = (N{?z),sA 5 N{u 2.4, 5(6 > (102)

and it is easily verified by their superspace representa-
tions for the pentagon given in (34). In (102), the ex-
pression for Alff2)3 4.5(0) is projected to the antisymmet-
ric part with respéct to legs 2 and 3 which amounts to
3ViDsas — 3 ViTous = ]\/1(“12)g 45- The same argument ap-
phes to antlsymmetnzanons of (Nl(|2 3.4.5(0) in 3,4 or in
4,5.

When the Jacobi identity involves leg number one as
seen in Fig. 10 the analysis is a bit longer. Using the pen-
tagon convention above, the second diagram in Fig. 10
is written as'®N{) , ; ,(¢ — k) and the kinematic Jacobi
identity to verify is [37]

(Mé)|3‘4,5> = (1\71(?2),3,4 5 N{B 4,5, 2(5 kZ))~ (103)

10 This is equivalent to the “dihedral” symmetry condition of the
pentagon numerator [36].
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Plugging in the explicit five-point box and pentagon nu-
merators of (41) and (43) translates (103) into the follow-
ing superspace statement”
(B VIS 454+ Vo1 Bas + Vilsas
+WVBass5+ ViTssa) =0. (104)
And indeed, one can show that (104) is BRST-trivial for
five-point kinematics and therefore vanishes in the co-
homology as computed by the pure spinor brackets (- - - ).
To see this recall that the superfield Dyp3 45 defined
in equation (8.16) of [16],
Di23a5 = Jo13.45 + kfn]\/[lnzl‘g,z;,s
+[$2sMizsa5 + 3 < 4,5)] (105)

where M} 5 , 5 = (1/512) T{3 5 4 5 was shown to satisty
QDipi3a5 = V12345 + I‘fnclr\nz,u,s
+ [523Ci23.45 + (3 < 4,5)]. (106)

Using the expansion in (75) for the BRST invariants,
(QD1‘2‘3,4,5) =0 1mp11es that

S$23 + Soq4 + S
0= <1/1.2,34,4,5 + W 0345 — wvzl B3as
12
+ Va5 + Viluzs+ Wi 755,3,4>- (107)

Since (¥1.23.4.5) o €19 F° vanishes by momentum conser-
vation [27] and sp3 + Sp4 + S25 = —S$12, the proof of (104) is
complete. Therefore (31) furnishes a local BCJ-satisfying
representation of the five-point one-loop SYM ampli-
tude.

One can also show that the manifestly BRST-invariant
(and non-local) five-point representation of section 5.2
satisfies the BCJ duality conditions. Box numerators
with particle one in the massive corner then vanish
and the nonzero instances follow from permutations of
I\]](Lll2]3$4y5 = 823 C1|23’4q5 in 2,3,4,5.

6.2 The five-point supergravity amplitude

Once a SYM amplitude has been presented in a form
which satisfies all kinematic Jacobi identities N;(¢) +
N;(€) + Ni(¢) =0, it can be transformed into a gravity
amplitude by trading color tensors for a second copy

' That a external momentum contracted with the vector pen-
tagon numerator gives rise to a sum of boxes like in (104) has al-
ready been derived in [37].
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of the kinematic numerators, ¢; — N;(¢) [3, 29, 38]. This
allows to assemble the five-point supergravity ampli-
tude at one-loop from the above box and pentagon
numerators:

ave (N;(0) N;(0))

M =
P emP = T Pu®

(108)

The combinatorics of the graph sum is explicit in the fol-
lowing representation

_ [ d™t
) emP

+symm(2, 3, 4, 5)]

S [[11(‘52),34,4,5 M?%‘3,415(£)N1(|52),3‘4,5(€)

+ [(11(3?3,4,5 + symm(3, 4, 5))M3)\3.4.5M3)|3.4.5
+ (2« 3,4,5)]
+ [(11(%2)3,4‘5 +symm(23, 4, 5))Nf?2)3,4,5 M?Z)S,4,5

+(2,32,3,4, 5)]] (109)
which can be confirmed by taking the field-theory limit'
of the five-point closed-string amplitude in pure spinor
superspace [30].

Depending on the relative chirality of the left-
and right-moving superfields, the amplitude describes
type IIA or type IIB supergravity. The tensor integrals
in the pentagon numerators give rise to vector con-
tractions between left- and right-moving superfields
(VT 4 58mn Vi T 4 5). Components where both sides
contribute through an ¢;( tensor change signs between
type I1A and type IIB and only the integrated type IIB am-
plitude can be written in terms of bilinears of SYM trees,
see [30] for details.

6.3 The six-point amplitude and BCJ duality

In spite of many encouraging antisymmetrization prop-
erties of the six-point numerators, the BCJ duality is not
satisfied by the local representation given in section 4.4.
That is why we restrict the discussion to a counterexam-
ple. As depicted in Fig. 11, the antisymmetrization of a
massive pentagon numerator in external trees 1 and 23 is
related to a one-mass box by the duality,

(Nz(g)m,s,e) <~ <Nfa5,6,23 (€ — ke3) — Nf|52)3,4,5‘6(5)>~ (110)

12 The RNS derivation of the field-theory limit can be found in [39],
the techniques are similar to the material of appendix A com-
bined with the tensor integral (66).
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The left-hand side is given by (Vs31 T} 5 6), and the right-
hand side can be evaluated using the general pentagon
numerators (43). The failure of (110) is then described by

5 5 4
IVI(\Z)SA,S.G(Z) - M\i,&ﬁ,ﬁw — ke3) + IV2(3)1|4,5.6
=kVi L3 456+ Vos1 Tase

+ [Vl D3s56+ (4 <5, 6)]. (111)

However, since the right-hand side of (111) is not BRST
closed it cannot be zero in the cohomology, therefore
(110) cannot be an equality. So the particular representa-
tion of the six-point amplitude obtained with the method
of this paper does not satisfy the color-kinematics dual-
ity'3.

In the non-local but manifestly pseudo-invariant rep-
resentations (84), the failure of the BCJ relation in Fig. 11
is captured by

(kzjcﬁgg,&ig + [$34Cij234,5.6 — $24Cij324.56 + (4 < 5,6)])

= (Pi2;3.456 — Pi312,4,5.6), (112)

see equation (9.8) of [16]. The pseudo-invariant nature of
the Pyj;;.. on the right-hand side gives rise to speculate
that the failure in (112) signals a subtle relation with the
hexagon anomaly.

7 Conclusion

In this work, we have presented local representa-
tions for the one-loop integrand of five- and six-point
SYM amplitudes in ten dimensions. Pure spinor super-
space allows to express each numerator as a compact
combination of superfields which were determined by
BRST symmetry. Moreover, the multiparticle superfields
[Af, AR, Wi, Fp' of [12] gave rise to a universal struc-
ture for box and pentagon numerators

4) _
Nﬁw,cu = VaTscp

1
IV/(AS\)B.C,D,E(D =tmVaTg'cpr+ E[V[AA,B] Te.p.E

+(B<+ C, D, E)]

1
+ E[VAEB,C],D,E + (B, C|B, C, D, E)],

(113)
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Figure 11 Counterexample for kinematic Jacobi relations at six-
points in the particular representation of section 4.4.

largely independent on the external tree subdiagrams
A, B,..., E". As explained in [12], the bracketing no-
tation merges two multiparticle slots such as to con-
nect the associated cubic diagrams through a cubic ver-
tex. Iterated bracketing is then expected to capture the
structure of higher n-gon numerators, e.g. the hexagon
numerator in section 4.4 should mostly generalize as

6)
Ns.c.p.g. (0

KmZnVA [’3778,[).5,1“ + *ZmV[A,Bl TC’?D.E,F

2 2

—_

+ 5€mVaTls o) p g F

— DN

+ -~ M. + Viie,s,a) Ip,E. F

— o

+ g Va(Tis.c1,p,E F + Tiip,C),BLE.F)

1
+Z ViagTic,p,E.F + 1 VaTi clip.ELF

1
_ﬁ(kr/jl — k) Vias T g r

1
- E(kri - kfn) V/‘T[Yg.C].D, EF

1
~5a TI'¢ b 5. rkak; + permutations, (114)

where the sum of permutations follows the patterns of
(62) and (64).

The ¢-dependent parts of the above numerators
exhibit a recursive structure and mimic the pattern
of scalar lower-gon representatives upon adjusting
the building blocks Ts pc — T}"; ¢ p . to higher rank.
Hence, the main leftover challenge in n-point amplitudes
at higher multiplicity n > 7 is posed by the scalar part of

13 see [37, 40] for four-dimensional BCJ representations of one-
loop amplitudes.

14 Minor redefinitions are required for massive corners subtend-
ing the first and last leg nand 1. The six-point example has
been analyzed in section 4.4 and identified to play an essential
role for the hexagon anomaly.
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the irreducible n-gon numerator which can be
systematically addressed by demanding BRST
invariance [33]

A manifestly BRST pseudo-invariant pre-
sentation of the amplitudes is given in sec-
tion 5. Most of the integrals with leg one in a
massive corner are eliminated which in turn
assembles pseudo-invariant kinematic factors Cj}’"” and
Pijg2.3.45 classified in [16]. Their gluonic components
can be downloaded from [19], and the scalars Cyj4 5.c
along with boxes can be expressed in terms of SYM trees
[12].

The BCJ duality between color and kinematics is im-
printed into the symmetries of multiparticle superfields
[12] underlying V4 and Ty': = and therefore respected
by any tree subdiagram. However, this does not neces-
sarily imply the kinematic Jacobi relations between nu-
merators of p-gons and (p — 1)-gons. At five points, the
bracket structure of the pentagon numerator (113) and
the identity (104) relating k5, Vi "% , ; to box numerators
guarantee that the representations of the integrand in
both section 4.2 and 5.2 satisfy the duality. At six points,
on the other hand, obstructions of the form P45
in certain dual Jacobi relations might signal a subtle
connection to the hexagon anomaly, see (112). It would
be interesting to explore the physical meaning of this
observation.

Avaluable and complementary viewpoint on the SYM
integrands of this work stems from the field-theory limit
of the open superstring. The five-point case is discussed
in appendix A based on the worldsheet integrand in [41],
and string amplitudes at higher multiplicity will pro-
vide a rich laboratory to study the interplay between the
hexagon anomaly cancellation in string theory [24] and
its appearance in field-theory [15].

Furthermore, it would be interesting to connect the
BRST structures with other approaches to loop ampli-
tudes such as ambitwistor strings [42]. Their pure spinor
implementation [43] is know from [44] to reproduce
the tree-level amplitudes following from BRST methods
of [9].

Finally, the dictionary between cubic one-loop dia-
grams and superfields such as V, T ¢ p suggests a gen-
eralization to higher loops. The two-loop analysis of [45]
in the minimal pure spinor formalism and the advances
at three loops in [46] using its non-minimal version [47]
furnish an encouraging starting point.
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A Appendix: The field-theory limit of the
five-point superstring amplitude

In this appendix, we show that the five-point one-loop
SYM amplitude presented in subsection 4.2 is repro-
duced by the field-theory limit of the open pure spinor
superstring. This endeavour requires a matching of the
Schwinger parametrization of Feynman integrals with
the o’ — 0 limit of the one-loop string amplitude pre-
scription (18).

A Schwinger parametrization of the five-point SYM amplitude

The string-based formalism for field-theory amplitudes
[31] provides a convenient worldline representation of
a scalar n-gon integral in D dimensions. The scalar box
and pentagon integrals in the five-point amplitude can
be written as the worldline integral

< dt
/dDz 112345 _ﬂ4/ Trfpl)/z /
0

0=<vi=<vi1=1

x dvy dvs dvy e ™! Qilkzle K k) . (A.1)
\)1:
< dt
/dDzll[?Ms:”S/ — R /
&y D, T, 0 t
0<v;i<vi1=<1
X dl)g d\)3 dv4 dl)5 eintQE[k]’kz’ka’k‘"]@]
v1=0
(A.2)
with exponents
Qulka,. Ka,. ..., ka,] = Z(kA ka)) (v — [vijl) (A.3)

i<j
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and shorthand notation v;; = v; — v;. The transformation
from momentum space to the worldline picture involves
a Gaussian integration over the shifted loop momentum
{m=¢m+ Y1 | K}'vi. Hence, vector integrals follow from
substituting £ — — 1" | K'v;, e.g.

< dt
/dDE 11(52)345 —7'(5/ — pbe / dvy - - - dvs
0

O<vi<vi =<1

(A.4)

In the pentagon contribution (33) and (34) to the five-
point SYM amplitude, scalar and vector parts can be cast
into a unified form using the cohomology manipulations
(16, 30]

Mk, L%, 5) = (—
<V1k2T2W§45> (Vi3 a5 + [-ViTr3 45
+ (3 < 4,5)])

Vio a5+ (2 < 3,4,5))
(A.5)

to express Y., viki (Vi T; 4 5) in terms of box numera-
tors. The pentagon integrals (A.2) and (A.4) then conspire
to

/dDz (Apent(1,2,3,4,5[0)

=7'[4/ itl‘ng/z / vy - - -
0 !t

0<vi=<vi1=1

x ([0,G12Vi2 T3 45 + (2 < 3,4, 5)]

dvs efﬂtQS[kl,kz,.u.l%]

+ V1[0, Gas Tos a5 + (2, 312, 3, 4, 5)]) (A.6)

with the derivative of the worldline Green function

, 1
G,-]E%( — i), a‘,G,-jEn(vij—Esgn(v,-j)). A7)

This is a convenient starting point to make contact with
the corresponding superstring amplitude. The sign func-
tion in (A.7) is defined to be +1 (-1) when v; > v; (v; <
l)j).

For the box contribution (32) to the five-point am-
plitude, the Schwinger parametrization directly follows
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from (A.1) and minor cyclic modifications

/dDE (Apox(1,2, 3,4, 5))

 dt
= 72'4 / 7 l'47D/2 / dUg dv3 d\)4
0

O<vi<vip =l
X[(Vlz Ty 4 5)e 7 Qlke ko K de]
+W T23,4‘,5)6_”tQ4[kl~k23<h,/C5]
+ (VI By 5)e " Qlhle ks le]
+ (Vi Tp.3.45) € 7 kRl Ras)

+(Vor Tpg.a) e Qllo ko | (A.8)

v1:0.

Note that the exponents Q, as in (A.3) associated with
boxes arise from degenerations of the pentagon, e.g.
Qulk, kes, ku, ksl = Qslha, ke, . .., k5]

vo=v3"

A.2 Worldline limit of open string one-loop amplitudes

As described in [22], the field-theory limit of the super-
string is obtained by setting o’ — 0 and by degenerat-
ing the genus-one surface with modular parameter t as
Im(z) — oo. These are the limits in which strings shrink
to point-particles, and the worldsheet surface reduces to
point-particle worldline diagrams. Moreover, these limits
must be performed such that the proper time ¢ = «'Im(z)
and the worldsheet positions z; = Re(z;) + iIm(r)v; stay
finite. In this limit, the worldsheet Green function

!

Gij = —% <1n|91(zij|f)‘ -7

.2
Im(z;) ) (A.9)

Im(7)

loses its dependence on the real part of z; =z — z;
and reproduces the worldline Green function (A.7) upon
identifying Im(z;) = tv; with the worldline insertion
points v,
Gij = tGyj, 0:Gij — 0,Gyj. (A.10)
A key ingredient of the worldsheet correlator in the string
amplitude (18) is the ubiquitous Koba-Nielsen factor
which reduces as follows under the field-theory limit
(A.10):

n
. _ 1
_ ikj-x(zj.zj) \ _ —25jkG jk
I_<l_[er 17>_(Im1)51_[e kY j
j=1 Jj<k

N l ef:’[thlklkaWu,knJ .

s (A.11)
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The plane waves from the vertex operators reproduce
the exponential (A.3) of the Feynman integrals’ worldline
parametrization in (A.2) and (66). Similarly, the worldline
integration over t and v; descends from the worldsheet
integration in (18) over the cylinder boundary,

> dt
/ = / dz dz - - dz,
0 0<Imz;<Imz;; <t
o dt D)2
— " t" dvs dvs - - - dvy,. (A.12)
0

0<v;<vi;1<1

However, before the combined limit of o’ — 0 and
Im(t) — oo can be performed in (A.11), an additional
feature of the Koba—Nielsen factor has to be taken into
account which is completely absent in its worldline
counterpart e "% It is the source of kinematic poles
when the vertex operator positions z — z; approach
each other.

More precisely, the short-distance behaviour of (A.11)
as z; — zjis governed by T ~ |z;|*%*. Additional factors
of worldsheet propagators 3.G;; — z;jl + O(z;;) modify
the leading singular behavior to 73,G;; ~ |z;|*%%~1. In
this case, the integration domain where |z;| < 1 gives
rise to a pole in o’k; - k; with z; = z; on its residue®. In
other words, if i and j are adjacent on the worldsheet
boundary, the following kinematic pole emerges:

8(z; — zit1)

70:Giir1 > 1 + O(s)141)- (A.13)

Siji+1

This mechanism is the origin of box integrals in the five-
point open string amplitude.

A.3 Worldline limit of the five-point open string amplitude

The above procedure to perform the point particle limit
is now applied to the pure spinor prescription for the
five-point open superstring amplitude in (18). The con-
straints from zero-mode saturation [23] admit one OPE
among the vertex operators. Hence, the correlator'® fol-
lows from summing over the ten BRST blocks capturing

15 This can be understood from the delta function representation
8(x) = limg_,o sx* L.

16 see for instance [48] for the analogous RNS computation which
reproduces the bosonic components of (A.14) up to total deriva-
tivesin z;.
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the OPE contractions [41],

(bZ WV (z) Ua(2) - - - Us(25))
=7-K5
Ks = <[3zg12 Vi2 B + (2 < 3,4,5)]

+[0:G23 Vi Ta3.a5 + (2,312, 3, 4, 5)]>. (A.14)
The kinematic factor s is the generating function for the
numerators of both the boxes and the pentagon. Accord-
ing to (A.11) and (A.12), the worldline limit reduces the
plane wave correlator and the worldsheet integrations in
the string amplitude to the Schwinger parametrization of
the pentagon:

Agenl R /QC %‘ p£-Dr2 / dvy - - -
0

0<v;i<viy1<1

xdvs e 'Sk Bl (10 (A.15)

azgiﬁazc,-j)

The worldline limit of the Green functions (A.10) di-
rectly maps the open string kinematic factor s to the
Schwinger integrand (A.6) of the pentagon numerator
]\71(?2),3.445’ hence

AP / dPe (Apent(1, 2,3, 4, 5/0). (A.16)
In addition, boxes arise from the singular limit (A.13)
when the positions z;, z;;; of neighboring vertex opera-
tors collide. This applies to the cyclic orbit of the prop-
agator 9.G1, which leaves §(z; — ) at the residue of the
pole in s;:

o dt
Agoxzf 7 / dZZdZ(;I
0 0<Imz;<Imz <t
é(z é(z
X < (a12) Vi T3 45 + (223) Vi35
S12
8(z34) 8(z45)
+ VD345 + > VD345
$34 S45
)
+ (8261) Va1 T2,34,4>- (A.17)
15

The same worldline limits (A.11) and (A.12) applied to
the irreducible part of the correlator reduce (A.17) to the
Schwinger parametrization of the boxes in (A.8),

AR /d’)E(Abox(1,2,3,4, 5)), (A.18)

using 8(z1 — 2) ~ t'8(v1 —v2) and Qulkiz, &, ka, k5] =
Qslh, ke, ... k]|

vi=vy"
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To summarize, the point-particle limit of the five-
point open string amplitude (18) contains a reducible
part caused by the singular behavior (A.13) which repro-
duces the boxes of our superspace proposal, see (A.18).
For the irreducible part, on the other hand, the degen-
eration limit of the Green function (A.10) is applied di-
rectly to s and reproduces the pentagon numerator (34)
found by the BRST analysis, see (A.18).

An analogous analysis can be carried out for the man-
ifestly BRST invariant form of the string amplitude [41],

< dt
““5=/0 T

0<Imz;<Imz; <t

+(2,312,3,4,5)),

dz - dzs T ($30:G23 Cij23,45

(A.19)

related to K5 in (A.14) by integration by parts with
respect to z,..., z. Using the same distinction be-
tween box and pentagon contributions as above, (A.19)
reduces to the manifestly BRST invariant represen-
tation (79) of the field-theory limit. The Schwinger
parametrization of the scalar and vector pentagons can
be coherently described by dG;; once the following
cohomology manipulations are taken into account [16]

<k:nC1"\12.3.4,5) =0,

<k$nclr?2,3¢4,5) = —($3C12345 + (3 < 4,5)). (A.20)

Note that they follow from (A.5) under the prescription
(78) to manifest BRST invariance.

Key words. super YM theory, BRST cohomology, one loop ampli-
tudes.
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