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Abstract
A recently proposed scale invariant extension of the standard model is modified such that it

includes a Dark Matter candidate which can annihilate into gamma-rays. For that a non-zero

U(1)Y hypercharge Q is assigned to the fermions in a QCD-like hidden sector. The Nambu-

Goldstone bosons, that arise due to dynamical chiral symmetry breaking in the hidden sector,

are cold Dark Matter candidates, and the extension allows them to annihilate into two photons,

producing a γ-ray line spectrum. We find that the γ-ray line energy must be between 0.7 TeV and

0.9 TeV with the velocity-averaged annihilation cross section 10−30 ∼ 10−26 cm3/s for Q = 1/3.

With a non-zero hypercharge Q, the hidden sector is no longer completely dark and can be directly

probed by collider experiments.
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I. INTRODUCTION

With the discovery of the Higgs particle [1, 2] the standard model (SM) is now complete.

However, the SM must be extended since it does not contain a Dark Matter (DM) candidate

and since finite neutrino masses must also be included. From a pure theoretical point of

view there exist also severe conceptual problems and one of them is that the SM cannot

explain the origin of its energy scale. Theoretically, we can imagine a world without any

energy scale, but in the real world of elementary particles scale invariance is broken. In the

SM the mass term of the Higgs field is the only term in the Lagrangian that violates (at tree

level) scale invariance. Although the SM does not explain the origin of its energy scale, the

measured mass mh of the Higgs particle seems to suggest how to go beyond the SM, because

this mass value together with the top quark mass implies that the SM remains perturbative

at least up to the Planck scale [3–5]; an ultraviolet (UV) completion of the SM is not needed.

Any extension which modifies the high energy behavior of the SM should therefore be well

motivated (see e.g. [6]), since it may require a UV completion at lower scales.

Introducing an explicit Higgs mass term in the SM does not only break classical scale

invariance, but it also leads to another severe issue known as the gauge hierarchy prob-

lem, namely the quadratic sensitivity of quantum corrections to high scales. It is therefore

tempting to start from classically scale invariant theories where the SM scale emerges from

dimensional transmutation. Various attempts to introduce an energy scale in this way exist

in the literature [7]-[34]. Scale invariance is broken at the quantum level even in perturba-

tion theory [35], but it has been argued that the protective features of conformal symmetry

are not completely destroyed [36]. Specifically logarithmic sensitivities would exist, while

quadratic divergencies would be absent.

We follow the idea that the energy scale in a classically scale invariant theory is generated

by DχSB in a QCD-like hidden sector, which is transmitted via a SM singlet messenger field

to the SM sector [37–40] 1. So we assume that the fermions in the hidden sector are SM

singlet and allow the presence of fundamental scalar fields. In fact, the messenger is assumed

to be the simplest possibility, a real SM singlet scalar S. Note that this avoids the well known

phenomenological problems of technicolor models and the model looks very much like the

SM, since the hidden sector couples only via the Higgs portal.

The possibility that DM annihilates into γ-ray lines has recently received much attention

and we want to discuss this possibility therefore in this paper. Specifically we consider a

simple extension of the above mentioned model, where we assign a U(1)Y hypercharge Q to

the hidden sector fermions such that they are electrically charged with a charge Q. Since

the coupling is vector-like, no breaking of U(1)Y is caused by DχSB in the hidden sector. As

we will see, this non-zero charge makes it possible that DM particles, which are the pseudo

Nambu-Goldstone particles in this model, can be annihilated into two photons, producing

a γ-ray line spectrum. Monochromatic γ-ray lines from DM annihilation exist in other DM

models, too [42, 43], and in fact experimental searches for γ-ray lines have been undertaken

with Fermi LAT [45, 46] and HESS [47] for a wide range of high energies. We find that

the energy of the γ-ray line in our model lies between 0.7 TeV and 0.9 TeV. (We are not

1 See also [41].
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aiming to explain the recent observations of the galactic keV X-ray [48, 49] here.) The

upper limits on the velocity-averaged annihilation cross section 〈vσ〉 given by Fermi LAT

and HESS constrain the electric charge Q of the hidden fermions. We find that the 〈vσ〉
is 10−30 ∼ 10−26 cm3/s for Q = 1/3, which can well satisfy the experimental constraints

of Fermi LAT and HESS. Since 〈vσ〉 is proportional to Q4, our calculations can be simply

extended to the case of an arbitrary Q.

In this model not only DM particles but also hidden baryons are stable. For an arbitrary

Q the electric charge of the hidden baryons are fractionally charged. Note that the consistent

range of the DM mass between 0.7 TeV and 0.9 TeV is independent of Q and hence the scale

Λ of the hidden sector is roughly fixed (regardless of Q), which means that the mass of the

stable hidden baryons is ∼ 3 TeV. Using the fact that the hidden sector is basically described

by a scaled-up QCD, we have found that the relic abundance of the hidden baryons ΩhBh
2

in the Universe is at most 10−4, which is independent of Q. This is sufficiently below the

upper bound given in [50] and the constraint in the Q-DM mass plane given in [51] is also

satisfied. Consequently there is practically no constraint (except for those from FermiLat

and HESS) on the fractionally charged hidden baryons.

Since the hidden sector (strictly speaking it is no longer a hidden sector, because the

fermions are electrically charged) can now communicate through gauge boson exchange

(photon and Z boson) with the SM sector, the hidden sector could be produced at the

ILC. We postpone these interesting processes for future studies, as our main priority in

this paper is to find a prescription to obtain gauge invariant amplitudes. This is because we

approximate the strongly coupled QCD-like sector by the Nambu-Jona-Lasinio model (NJL)

[52, 53] (see [54, 55] for reviews), which is defined with a finite cutoff Λ that violates gauge

invariance. To overcome this problem, we propose least subtraction procedure. In the NJL

model the cutoff Λ is a physical parameter and a finite Λ is essential to describe effectively

DχSB. We therefore stress that we keep the subtraction terms to the minimum necessary.

II. THE MODEL

We consider an extension of the model studied in [37–40] which consists of a hidden

QCD-like sector coupled via a real singlet scalar S to the SM. The fermion ψ in the hidden

sector belongs to the fundamental representation of the hidden gauge group SU(3)H . With

this setting DχSB in the hidden sector does not break the SM gauge symmetries, thereby

avoiding the FCNC problem. This is one of the main differences to technicolor model. If we

further assume that the Yukawa coupling ψ̄ψS respects SU(Nf )V flavor symmetry, there is

only one coupling constant y for the Yukawa coupling, so that in the hidden sector there are

only two independent parameters; the gauge coupling constant gH and the Yukawa coupling

y.

In extending the model we impose that neither the SM gauge symmetry nor the SU(Nf )V
flavor symmetry is broken in the hidden sector. If we further impose that the matter content

remains unchanged, then there is a unique possibility for the extension that the hidden

(Dirac) fermion carries a common U(1)Y charge Q 2. This implies that the hidden sector

2 The new gauge coupling contributes only to ΠY Y of the gauge boson self-energy diagrams so that the
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Lagrangian of the extended model is written as

LH = −1

2
Tr F 2 + Tr ψ̄(iγµ∂µ + gγµGµ + g′QγµBµ − yS)ψ , (1)

where Gµ is the gauge field for the hidden QCD, and B is the U(1)Y gauge field. The trace

is taken over the flavor as well as the color indices. The LSM+S part of the total Lagrangian

LT = LH + LSM+S, which contains the SM gauge and Yukawa interactions along with the

scalar potential

VSM+S = λH(H†H)2 +
1

4
λSS

4 − 1

2
λHSS

2(H†H) , (2)

is unchanged 3. HT = (H+ , (h+ iG)
√

2) is the SM Higgs doublet field, with H+ and G as

the would-be Nambu-Goldstone fields.

Here we follow [40] in which the NJL model is used to describe DχSB in the hidden sector,

restricting ourselves to Nc = Nf = 3, because in this case the NJL model parameters, up-to

an overall scale, can be fixed from hadron physics [55, 56]. So at low energy we replace the

Lagrangian LH by

LNJL = Tr ψ̄(iγµ∂µ + g′QγµBµ − yS)ψ + 2G Tr Φ†Φ +GD (det Φ + h.c.) , (3)

where

Bµ = cos θWAµ − sin θWZµ , g
′ = e/ cos θW , (4)

Φij = ψ̄i(1− γ5)ψj =
1

2
λajiTr ψ̄λa(1− γ5)ψ , (5)

and λa are the Gell-Mann matrices with λ0 =
√

2/3 1. The last term in (3), which ex-

hibits a six fermi interaction, is present due to chiral anomaly of the axial U(1)A. The

chiral symmetry U(3)L×U(3)R is explicitly broken down to its diagonal subgroup U(3)V =

SU(3)F × U(1)V by the Yukawa coupling with the singlet S. To deal with the non-

renormalizable Lagrangian (3) we have used in [40] a self-consistent mean-field approx-

imation which has been intensely studied by Hatsuda and Kunihiro [55, 56] for hadron

physics. The effective Lagrangian LNJL has three dimensional parameters G,GD and the

cutoff Λ, which have canonical dimensions of −2, −5 and 1, respectively. Since the original

Lagrangian LH has only one independent scale, the parameters G,GD and Λ are not inde-

pendent. We obtain the NJL parameters for the hidden QCD from the upscaling of actual

values of G,GD and the cutoff Λ from QCD hadron physics. That is, we assume that the

dimensionless combinations

G1/2Λ = 2.0 , (−GD)1/5Λ = 2.1 , (6)

which are satisfied for hadrons, remain unchanged for a higher scale of Λ [40].

S, T, U parameters remain unchanged.
3 This classically scale invariant model is perturbatively renormalizable, and the Green’s functions are

infrared finite [57, 58].

4



In what follows we briefly outline the approximation method [55, 56]. One assumes that

the dynamics of the theory creates a chiral symmetry breaking condensate

〈0|ψ̄iψj|0〉 = − 1

4G
diag(σ, σ, σ) , (7)

which is treated as a classical field σ. The vacuum |0〉 is defined by the annihilation operator

of the constituent fermion ψ in the background of the mean fields. We restrict our discussion

(in a more complete treatment, one may add terms involving η or ρ mesons) to the mean

fields collected in

ϕ ≡ 〈0|ψ̄(1− γ5)λaψ|0〉 = − 1

4G

(
diag(σ, σ, σ) + i(λa)Tφa

)
, (8)

where we denote the pseudo Nambu-Goldstone boson after spontaneous chiral symmetry

breaking as φa. These dark pions are stable due to flavor symmetry and they serve as

good DM candidates. In the self-consistent mean field approximation one splits up the NJL

Lagrangian (3) into the sum

LNJL = L0 + LI ,
where LI is normal ordered (i.e. 〈0|LI |0〉 = 0), and L0 contains at most fermion bilinears

which are not normal ordered. After some manipulations, one finds the following form for

L0 [40]:

L0 =Trψ̄γµ(i∂µ + g′QBµ)ψ −
(
σ + yS − GD

8G2
σ2

)
Trψ̄ψ − iTrψ̄γ5φψ −

1

4G

8∑

a=1

φaφa

− 3σ2

8G
+
GD

8G2

(
−Trψ̄φ2ψ +

8∑

a=1

φaφaTrψ̄ψ + iσTrψ̄γ5φψ +
σ3

2G
+

σ

2G

8∑

a=1

(φa)
2

)
. (9)

Note that this Lagrangian no longer contains the four and six fermi interactions. At the

non-trivial lowest order only L0 is relevant for the calculation of the effective potential, the

DM mass mDM and the DM interactions. The mass spectrum for all the CP-even particles,

namely h, S and σ can be obtained from the minimum of the effective potential, once the

free parameters of the model i.e. y, λH , λHS, λS are given. See Ref. [40] for more details

in the calculation of the effective potential. The dimensionless couplings y, λH , λHS, λS are

required to satisfy perturbativity and vacuum stability up the Planck scale. Once the global

minimum of the effective potential is obtained, the effective couplings between the bosons

and the DM properties are determined. The U(1)Y coupling does not contribute to the

effective potential and the mass matrix for h, S, σ in the lowest order.

As we have mentioned that the CP-odd pseudo Nambu-Goldstone bosons φa are the DM

candidates for our model, let us investigate their properties in more details. Like the CP-

even bosonized σ field, the DM particles have no tree level kinetic term and their masses

are defined as the zero of the inverse propagator

Γφ(p2) =− 1

2G
+
GD〈σ〉

8G3
+
GDNc

G2

∫
d4k

i(2π)4

M

(k2 −M2)

+ 2Nc

(
1− GD〈σ〉

8G2

)2 ∫
d4k

i(2π)4

Tr(/k − /p+M)γ5(/k +M)γ5

((k − p)2 −M2)(k2 −M2)
, (10)
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Figure 1. One-loop contributions of the heavy dark fermions to the DM mass.
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Figure 6. Annihilation of DM into the SM particles. The s-channel DM-DM-S coupling is s, which is

given in Eq. (27).

s-wave contribution to the s-channel annihilation cross sections, which are further enhanced

by resonance e↵ects. We find that the s-wave contribution to the thermal average hv�i is

given by

hv�i =
1

32⇡m3
DM

⇥
(m2

DM � M2
W )1/2aW + (m2

DM � M2
Z)1/2aZ

+(m2
DM � M2

t )3/2at + (m2
DM � m2

h)
1/2ah

�
+ O(v2) , (30)

where

aW = 4(s/vh)
2 |�hs|2 M4

W

✓
3 + 4

m4
DM

M4
W

� 4
m2

DM

M2
W

◆
,

aZ = 2(s/vh)
2 |�hs|2 M4

Z

✓
3 + 4

m4
DM

M4
Z

� 4
m2

DM

M2
Z

◆
,

at = 24(s/vh)
2 |�hs|2 m2

t ,

ah =
1

2
(s/vh)

2(MW /g)2 | 24�H�hs � 4�HS(vs/vh)�ss|2 , (31)

with vh = 246 GeV, and

�hs =
⇠

(2)
2 ⇠

(2)
1

4m2
DM � m2

S + i�SmS

+
⇠

(1)
2 ⇠

(1)
1

4m2
DM � m2

h

,

�ss =
⇠

(2)
2 ⇠

(2)
2

4m2
DM � m2

S + i�SmS

+
⇠

(1)
2 ⇠

(1)
2

4m2
DM � m2

h

. (32)

Here s and ⇠0s are given in Eq. (27) and Eq. (20), respectively, g ' 0.632 is the SU(2)L

gauge coupling, and

�S =
(�HShSi)2

8⇡m2
S

r
m2

S

4
� m2

h (33)

is the decay width of S.

Given the annihilation cross cessation we can now compute the relic abundance. To this

end we use the approximate formula [27]

⌦ĥ2 = 8 ⇥ Y1s0mDM

⇢c/ĥ2
with Y �1

1 = 0.264g1/2
⇤ MplmDMhv�i/xf , (34)
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Figure 7. Diagram contributing to the direct detection of DM. The DM-DM-S coupling is t, which is

given in (27).

where Y1 is the asymptotic value of the ratio nDM/s, s0 = 2970/cm3 is the entropy density

at present, ⇢c = 3H2/8⇡G = 1.05 ⇥ 10�5ĥ2 GeV/cm3 is the critical density, ĥ is the dimen-

sionless Hubble parameter, Mpl = 1.22 ⇥ 1019 GeV is the Planck energy, and g⇤ = 115.75

is the number of the e↵ectively massless degrees of freedom at the freeze-out temperature.

Further, xf is the ratio mDM/T at the freeze-out temperature and can be obtained from [27]

xf = ln
0.0764Mplhv�i(5/4)mDM

(g⇤xf )1/2
. (35)

We multiplied with 8 in (34), because there are 8 DM particles.

We next come to the spin-independent elastic cross section o↵ the nucleon �SI , which is

given by [28]

�SI =
1

⇡

"
tf̂mN

2vhmDM

 
⇠

(2)
2 ⇠

(2)
1

m2
S

+
⇠

(1)
2 ⇠

(1)
1

m2
h

!#2✓
mNmDM

mN + mDM

◆2

, (36)

where t is given in (27), mN is the nucleon mass, and f̂ ⇠ 0.3 stems from the nucleonic

matrix element [29].

The constraints to be imposed are: vh = 246 GeV, mh = 125.9 ± 1.2 GeV, ⌦ĥ2 < 0.1187,

and |⇠(1)
1 | & 0.9, where these uncertainties correspond to 3�. We only assume that the relic

abundance is less than the observed value as there could be another DM contribution such

as the dark baryon. In Fig. 8 we show in the mDM � �SI plane the area in which all these

constraints are satisfied. Naively one may expect an extended area in the mDM � �SI plane,

because we still have two free parameters. But we see from Fig. 8 that the allowed area is

a narrow strip. This is because the coupling s is so small that we have to use the resonant

e↵ect of the s-channel diagrams in Fig. 6. That is, 2mDM ' mS is required to obtain a

realistic value of ⌦ĥ2, implying that an extra freedom is used in the parameter space. This

model predicts no signal from the next generation direct DM detection experiments such as

XENON1T and LUX. The parameter space of {�H , �S, �HS, y} that can yield the allowed

direct detection cross section and DM mass subjected by constraints above are given by

�H ⇡ 0.13, �S 2 (0.11, 0.2), �HS 2 (0.001, 0.05) and y 2 (0.003, 0.007). We have also

explicitly checked that mDM < M such that the NJL method can be validly applied. This

15

Figure 2. The left and middle diagrams are the s-channel DM annihilation diagrams. The right diagram

contributes to the DM scattering off the nucleon. The coupling marked with a dot is a one-loop three-point

vertex given in [40].

where M = σ+ yS −GDσ
2/8G2 is the constituent hidden sector fermion mass when all the

CP-even scalar fields obtained their vacuum expectation values (VEV). The first two terms

in Eq. (10) stem from the tree level effective Lagrangian (9) while the heavy dark fermions

contribute to the one-loop radiative correction for the DM inverse propagator. The relevant

one-loop diagrams are given in Fig. 1. From Eq. (10) the DM mass and its wave function

renormalization constant can be calculated

Γφ(m2
DM) =0 , Z−1

φ =
dΓφ(p2)

dp2

∣∣∣∣
p2=m2

DM

. (11)

As y → 0, the chiral symmetry of the fermions should be restored and mDM → 0 4, hence

the size of the DM mass is controlled by the Yukawa coupling y. The additional U(1)Y
coupling however does not contribute to the DM mass.

III. RELIC ABUNDANCE OF DM AND ITS DIRECT DETECTION

Before we start to compute the relic abundance Ωh2, let us discuss the parameter space.

In our previous paper [40] the dimensionless coupling constants, y, λS,HS,H , are constrained

by the vacuum stability and by the absence of the Landau pole. It turns out that with a

non-zero Q (at least for Q . 1/3) the allowed parameter space does not practically change.

4 In this case φ is a true Nambu-Goldstone boson.
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Note that the annihilation processes of DM occur at the one-loop level through the one-loop

φ-φ-S amplitude and the one-loop φ-φ-S-S amplitude (if mS < mDM). The φ-φ-S amplitude

can be calculated from the one-loop diagram

ΓφφS =4Ncy

(
1− GD〈σ〉

8G2

)2 ∫
d4k

i(2π)4

Tr(/k +M)γ5(/k − /p+M)(/k + /p′ +M)γ5

((k − p)2 −M2)(k2 −M2)((k + p′)2 −M2)

+Ncy
GD

4G2

∫
d4k

i(2π)4

Tr(/k − /p′ +M)(/k + /p+M)

((k − p′)2 −M2)((k + p)2 −M2)
, (12)

which is crucial for determining the relic abundance and the direct detection cross section

of the DM. The momenta p, p′ represent the incoming momenta of the dark pions. The

one-loop effective couplings are represented as • in Fig. 2. These amplitudes are small for

small y as the amplitudes scale like A(φφ→ S) ∼ y and A(φφ→ SS) ∼ y2 respectively. As

mentioned above, the size of the DM mass is controlled by y, i.e. a small y implies a small

DM mass and for a larger y & 0.2 the DM mass mDM can become larger than the fermion

constituent mass M , which will develop imaginary parts in these one-loop amplitudes. In

[40] we forbad the occurrence of the imaginary parts, yielding an upper bound on y for a

given set of λS,HS,S. As the parameter y is bounded from above, the φ-φ-S-S amplitude

contributes negligibly to the relic abundance calculation and only the φ-φ-S amplitudes are

important. However in this parameter space we have found that the only way to enhance

the annihilation rate of DM is via a resonance effect in the s-channel annihilation processes

shown in Fig. 2 (left and middle). That is, 2mDM ' mS has to be satisfied. The direct

detection rate of DM is however strongly suppressed (. 10−48 cm2) because it is a t-channel

process shown in Fig. 2 (right), constraining the parameter space into phenomenologically

unattractive corner.

In this paper we allow the occurrence of the imaginary parts in the one-loop diagrams,

as they are related to the real parts due to the dispersion relation, which has proven to be

successful in describing the QCD hadron physics (see [55] for instance). We set the upper

bound at mDM < 2M , which should be compared with mη′ = 0.958 GeV and Ms = 0.5 GeV

in the usual QCD physics, where Ms is the constituent mass of the strange quark. In fact,

in the optimistic range y & 0.4 with mS < mDM, the φ-φ-S-S amplitude (which is generated

at one-loop as shown in Fig. 3 ∼ 5) is no longer small and can become large enough to give a

correct relic abundance of DM. Therefore, we choose below the parameter space y & 0.4 and

open the channel φφ→ SS. In this parameter region, the s-channel processes contributed by

φ-φ-S amplitudes are negligibly suppressed and can be ignored. The annihilation diagrams

in Fig. 3 ∼ 5 for φφ→ SS yield

A(φφ→ SS) =2Ncy
2

[
GD

4G2
Ia +

(
1− GD〈σ〉

8G2

)2

(4Ib + 2Ic)

]
, (13)

where Ii represents the integral for the respective ith loop diagram in Fig. 3 ∼ 5. We obtain

the DM annihilation cross section

〈vσ(φφ→ SS)〉 =
Z2
φ

32πm3
DM

|A(φφ→ SS)|2
(

1− m2
S

m2
DM

)1/2

, (14)
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Figure 3. The DM annihilation with φφψ̄ψ coupling (a)
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Figure 4. The DM annihilation (b)
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Figure 5. The DM annihilation (c).

where Zφ is given in Eq. (11). We do not include the annihilation modes into γγ, γZ, ZZ

as the annihilation cross section of these modes is proportional to α2Q4 (see Eq. (19)) while

the DM annihilation cross section to S particles is dominated by y4. Unless the electric

charge Q & 1, the annihilation modes into γγ, γZ, ZZ can be ignored in the relic abundance

calculation (see also the comment in the footnote on page 12). The annihilations into

these modes are calculated in the next section. We find, imposing the constraint on the

relic abundance Ωh2 = 0.1187± 0.005(3σ) [59], that the spin independent annihilation cross

section is just below the XENON100 [60] and LUX [61] constraints and above the XENON1T

sensitivity [62]. This is shown in Fig. 6.
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Figure 6. Left:The spin-independent cross section off nucleon against mDM, where Ωh2 = 0.1187±0.005(3σ)

[59] is imposed. The XENON100 [60] and LUX [62] limits are ∼ 10−44 cm2 for mDM = 0.7 TeV, while the

XENON1T sensitivity is two orders of magnitudes higher than that of XENON100 [62]. Right: The mass

of the singlet S against mDM. If mDM < mS , then σSI . 10−48 cm2 [40] .

The DM mass mDM is constrained in the present model. The lower limit mDM & 0.7 TeV

comes from the fact that y has to be large enough so that the size of the annihilation

process φφ → SS yields a correct relic abundance of DM. If on the other hand y is too

large, the annihilation cross section into two singlet scalars becomes too large so that the

relic abundance falls below the observed value. The Yukawa coupling y is also constrained

from above to avoid the triviality bound, which gives the upper limit mDM . 0.9 TeV.

Note that because of the SU(3)V flavor symmetry and an accidental U(1)hB (hidden

baryon number), not only the DM candidates, but also the lightest hidden baryons are stable.

In the case that Nc = Nf = 3 in the hidden sector and Q = 1/3 for the hidden fermions,

there is no stable hidden hadron with a fractional electric charge. The hidden mesons for our

model are neutral, while the charge of the hidden baryons formed by three hidden fermions

is one if Q = 1/3. There might be a tiny amount of relic stable hidden baryons and anti-

baryons in the universe, which if a large number of them are not annihilated, could spoil

the large scale structure formation. Let us roughly estimate fraction of this hidden baryon.

As the hidden sector is described by a scaled-up QCD, so that because the coupling GφBB̄

is dimensionless, the hidden meson-baryon coupling GφBB̄ is approximately the same as in

QCD, i.e. GφBB̄ ∼ 13. Using this fact, we have estimated the relic abundance ΩhBh
2 of the

hidden baryons to be ∼ 10−4 for the hidden baryon mass of 3 TeV. Note that this result

is independent of Q. Therefore, we may fairly ignore the stable charged hidden baryons in

discussing the relic abundance of DM.

IV. RESTORING GAUGE INVARIANCE

The cutoff Λ breaks gauge invariance explicitly and to restore gauge invariance we have to

subtract non-gauge invariant terms from the original amplitude. In renormalizable theories

there is no problem to define a finite renormalized gauge invariant amplitude, i.e. In the limit

of Λ → ∞ the gauge non-invariant terms are a finite number of local terms, which can be
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cancelled by the corresponding local counter terms so that the subtracted amplitude is, up to

its normalization, independent of the regularization scheme (see for instance [63]). To achieve

such a uniqueness in cutoff theories, one needs an additional prescription. For instance, we

can define the real part of an amplitude using dispersion relation, as it was done in the

original paper by Nambu and Jona-Lasinio [53] (see also [55]). This procedure yields a gauge

invariant real part of the amplitude in one-loop, because the imaginary part of the amplitude

is gauge invariant in one-loop order. In this method, however, the one-loop tadpole diagram

cannot be reproduced from its imaginary part as the tadpole diagram does not contain any

imaginary part. Another way5 is to utilize a gauge invariant regularization such as the

Pauli-Villars regularization [54, 65] which preserves gauge invariance by construction but

breaks chiral symmetry explicitly. The drawback is however, for a finite regulator mass,

it is not clear whether the breaking of chiral symmetry results from the regulator or from

non-perturbative effect. Moreover, the regulator fields are “ghost” fields, which are not

completely decoupled at a finite cutoff Λ.

We will propose another method, which we call “least subtraction procedure”. In the NJL

model as a cutoff theory the cutoff Λ is a physical parameter, and a finite Λ is essential

to describe effectively DχSB. If we subtract too much from the amplitude to restore gauge

invariance, we may lose information on non-perturbative effects. Therefore, we stress that

we keep the subtraction terms to the minimum as necessary. The details of least subtraction

procedure is given in Appendix A, where we consider the photon self-energy, the S-γ-γ as

well as the φ-φ-γ-γ vertex functions. The results are applied to the next section for the

calculation of the DM annihilation cross section into two γ’s.

V. MONOCHROMATIC γ-RAY LINE FROM DM ANNIHILATION

The charge Q of the hidden fermion is a free parameter. It can be constrained from the

indirect detection of DM, e.g. the upper bound on σ(φφ → γγ) for γ-ray lines given in

[45–47]. The four-point φ-φ-γ-γ coupling6 is generated at one-loop as is shown in Fig. 3 ∼ 5,

which predicts the DM annihilation into two monochromatic photons of energymDM. Similar

processes have been calculated in a universal extra dimension model [43], for instance. In

Appendix A it is shown how to restore gauge invariance of the four-point amplitude, with

the result given in (A32). If we neglect the mass of Z against mDM, the four-point functions

ARµν(γZ) and ARµν(ZZ) can be approximated by (A32) as well, with the replacement of e2

by −e2tW and e2t2W , respectively.

For p = p′ = (mDM,0) the photon momenta take the form k = (mDM,k) and k′ =

(mDM,−k), with their polarization tensors ε(k) = (0, ε(k)) and ε(k′) = (0, ε(k′)) satisfying

0 = ε(k) · k = ε(k) · k′ = ε(k) · p = ε(k) · p′ (15)

0 = ε(k′) · k = ε(k′) · k′ = ε(k′) · p′ = ε(k′) · p′ , (16)

5 ζ-function regularization was also used in [64] to obtain a gauge invariant effective potential in the

presence of the electromagnetic field as an external field.
6 The U(1)Y gauge invariance and the SU(3)F flavor symmetry together with the reality of φ forbid the

existence of the φφBµ coupling.
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20%, depending on the energy and the statistics in the
individual spectrum bins. The maximum shift is ob-
served in the extragalactic limit curve and amounts to
40%. In total, the systematic error on the flux upper
limits is estimated to be about 50 %. All flux upper
limits were cross-checked using an alternative analysis
framework [24], with an independent calibration of cam-
era pixel amplitudes, and a different event reconstruction
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and event selection method, leading to results well con-
sistent within the quoted systematic error.

For the Einasto parametrization of the DM density
distribution in the Galactic halo [20], limits on the
velocity-weighted DM annihilation cross section into γ
rays, 〈σv〉χχ→γγ , are calculated from the CGH flux limits
using the astrophysical factors given in [8]. The result is
shown in Fig. 4 and compared to recent results obtained
at GeV energies with the Fermi-LAT instrument.

SUMMARY AND CONCLUSIONS

For the first time, a search for spectral γ-ray signatures
at very-high energies was performed based on H.E.S.S.
observations of the central Milky Way halo region and ex-
tragalactic sky. Both regions of interest exhibit a reduced
dependency of the putative DM annihilation flux on the
actual DM density profile. Upper limits on monochro-
matic γ-ray line signatures were determined for the first
time for energies between ∼ 500 GeV and ∼ 25 TeV, cov-
ering an important region of the mass range of particle
DM. Additionally, limits were obtained on spectral sig-
natures arising from internal bremsstrahlung processes,
as predicted by the models BM2 and BM4 of [14]. It
should be stressed that the latter results are valid for
all spectral signatures of comparable shape. Besides, all
limits also apply for potential signatures in the spectrum
of cosmic-ray electrons and positrons.

Flux limits on monochromatic line emission from the
central Milky Way halo were used to calculate upper lim-
its on 〈σv〉χχ→γγ . Limits are obtained in a neutralino
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Figure 7. Left: The Fermi Lat [46] (black) and HESS[45] (red) upper bounds on the velocity-averaged

DM annihilation cross section for monochromatic γ-ray lines, where this graph is taken from [45]. Right:

the velocity-averaged DM annihilation cross section 〈vσ〉γγ+γZ as a function of mDM with Q = 1/3, where

Ωh2 = 0.1187 ± 0.005(3σ) [59] is imposed. Since 〈vσ〉γγ+γZ is proportional to Q4, our calculations can be

simply extended to the case of an arbitrary Q.

respectively. Therefore, only gµν terms of the subtracted gauge invariant four-point function

Γµν(γγ) contributes:

Γµν(γγ) = gµν
(
AR(a) +ARg

)
= i

α

π
Q2 gµνA(γγ) , (17)

where AR(a) (defined in (A12)) is the contribution from Fig. 3, while ARg (defined in (A28))

is the contribution from Fig. 4 and 5. The other ones can be approximated as

Γµν(a b) ' i
α

π
Q2 gµνA(γγ)×





a b

−tW γ Z

t2W Z Z

. (18)

Then (the s-wave part of) the corresponding velocity-averaged annihilation cross sections

are given by

〈vσ(φφ→ a b)〉 =
α2Q4Z2

φ

16π3m2
DM

A2(γγ)×





a b

(1/2) γ γ

t2W (1−m2
Z/4m

2
DM) γ Z

(3/4)t4W (1−m2
Z/m

2
DM)1/2 Z Z

, (19)

where Zφ is the wave function renormalization constant which is given in [40]. The energy

Eγ of γ-ray line produced in the annihilation into γZ is mDM(1−m2
Z/4m

2
DM). In practice,

however, due to finite detector energy resolution this line cannot be distinguished from the

Eγ = mDM line. Therefore, we simply add both cross sections. So we compute 〈vσ〉γγ+γZ =

〈vσ(φφ→ γγ)〉+ 〈vσ(φφ→ γZ)〉 with Q = 1/3 as a function of mDM for different values of

λH , λS and λHS. As noticed in the previous section, we have not included the annihilation

modes into γγ, γZ, ZZ in calculating the relic abundance. In this way we can obtain a
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separate information on the size of the annihilation cross section producing the line γ-ray

spectrum of DM in this model 7.

As we see from Fig. 7 (left) strong constraints are given for mDM ' 0.6 (0.5) TeV:

〈vσ〉γγ+γZ . 3 (7) × 10−28 cm3/s. Since our DM is heavier than 0.7 TeV (see Fig. 6), these

strong constraints do not apply. Above 0.7 TeV, the upper bound is about one order of

magnitude larger than that for mDM = 0.6 TeV, so that the constraints can well be satisfied

even for Q > 1/3, as we can see from Fig. 7 (right). An interesting feature of the present

model is that the γ-ray line energy is constrained between ∼ 0.7 TeV and ∼ 0.9 TeV, be-

cause the DM mass mDM is constrained as it is explained in the previous section. Another

feature of the model related to γ-ray lines is that the production cross section of γ-ray lines

is in the same order in 1/N expansion (i.e. in one-loop order) as the total annihilation cross

section of DM. That is, 〈vσ〉HH,ff̄ ,WW,··· ∼ 〈vσ〉γγ+γZ in the present model. This is similar to

one of three exceptions, forbidden channels, considered in [66]. In the case of the forbidden

channels the tree-level processes are kinematically forbidden, which should be contrasted to

the present case in which the Nambu-Goldstone DM has no contact with the messenger field

S at the tree-level.

The differential γ-ray flux is given by

dΦ

dEγ
∝ 〈vσ〉γγ

dNγγ

dEγ
+ 〈vσ〉γZ

dNγz

dEγZ
' 〈vσ〉γγ+γZ δ(Eγ −mDM) . (20)

Prospects observing such line spectrum is discussed in detail in [43, 44]. Obviously, with an

increasing energy resolution the chance for the observation increases. Observations of γ-ray

lines of energies between ∼ 0.7 TeV and ∼ 0.9 TeV TeV not only fix the charge of the hidden

sector fermion, but also yields a first experimental hint on the hidden sector.

VI. CONCLUSION

The Nambu-Goldstone theorem predicts in the presented model for the hidden sector,

where chiral symmetry is dynamically broken and hence a scale is created, the existence

of a DM candidate. This generated scale is transmitted to the SM sector via a real SM

singlet scalar S to trigger spontaneous breaking of electroweak gauge symmetry. With a

non-zero U(1)Y hypercharge Q of the hidden sector fermion the hidden sector is no longer

dark, and new possibilities to test experimentally the hidden sector are open. We studied

in this paper the possibility of DM annihilation and found that this model allows DM to

annihilate into two photons, producing a γ-ray line spectrum. We found that the γ-ray line

energy must be between 0.7 TeV and 0.9 TeV with the velocity-averaged annihilation cross

section 10−30 ∼ 10−26 cm3/s for Q = 1/3, which satisfies easily the recent limits given by

Fermi LAT [45, 46] and HESS [47].

7 The contribution can become important for〈vσ〉γγ+γZ & 〈vσ(φφ → SS)〉 ' 8 × 10−27 cm3/s. But this

approximate inequality can not be satisfied for mDM between 0.7 TeV and 0.9 TeV, if the HESS constraint

for mDM = 0.8 TeV, i.e. 〈vσ〉γγ+γZ . 2 × 10−27 cm3/s, is satisfied for this range of mDM. If the HESS

constraint for mDM = 0.8 TeV does not apply and there is no cosmological constraint for this range of

mDM, we should control the size of 〈vσ〉γγ+γZ by varying Q when the approximate inequality above is

satisfied.
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With a non-zero Q the hidden sector is doubly connected with the SM sector. The

connection via photon and Z opens possibilities to probe the hidden sector at collider ex-

periments such as e+e− collision [67]. In the parameter range, where the annihilation of

DM into two singlets SS is dominant and a correct relic abundance of DM is obtained, the

constituent mass M of the fermion is comparable with mDM, i.e. 0.7 TeV . M . 0.9 TeV.

This is the energy region of hidden hadron physics and the scale of the hidden sector itself

is ∼ 0.7 TeV, compared to ΛQCD ≈ 1 GeV. The hidden strong interaction becomes therefore

perturbative at about one order of magnitude above this energy region, & 10 TeV, and the

hidden fermion becomes massless and could be produced directly to yield hidden sector jets

at collider experiments.
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Appendix A: Least Subtraction Procedure

Here we elucidate least subtraction procedure which can be applied to any cutoff theory

in principle to obtain gauge invariant amplitudes. The basic idea is to keep the subtraction

terms to the minimum necessary. This works as follows. Consider an unsubtracted amplitude

Aµ1...µng
(Λ; k1 . . . kng , p1 . . . pns), (A1)

with ng photons and ns scalars (scalars and axial scalars) 8. Expand the amplitude in the

external momenta k’s and p’s:

Aµ1...µng
=
∑

m=0

A(m)
µ1...µng

, (A2)

where A(m)
µ1...µng

consists of m-th order monomials of the external momenta. In general,

A(0)
µ1...µng

= Aµ1...µng
(Λ; 0, · · · , 0) is non-vanishing and we can subtract it because it is not

gauge invariant. We keep the tensor structure of A(0)
µ1...µng

as the tensor structure of the

counter terms for A(m)
µ1...µng

(m > 0) until a new tensor structure for the counter terms is

required. We continue this until no more new tensor structure is needed. At each step we

stress the minimal number of the new tensor structures for the counter terms.

•Photon self-energy

As an example we consider the one-loop photon self-energy. Using the usual technique,

8 We impose that the on-shell conditions (except for the self-energy) and the momentum conservation for

the external momenta are satisfied.
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introducing a Feynman parameter x for the denominator of the propagators, going to the

Euclidean momentum space, shifting the internal momentum appropriately, we obtain the

unsubtracted self-energy tensor

Πµν(Λ; k) = i
e2Q2NcNf

8π2

∫ 1

0

dx

[
4Λ2(1− x)x(gµνk

2 − kµkν)− Λ4gµν
Λ2 +B2

−4(gµν k
2 − kµkν)(1− x)x ln

(
1 + Λ2/B2)

)]
(A3)

with B2 = M2−(1−x)x k2. According to least subtraction procedure, we expand Πµν(Λ; k)

in k and find

Πµν(Λ; k) = i
e2Q2NcNf

8π2

[
gµνAg(Λ; k2) + kµkνAkk(Λ; k2)

]
,

G(Λ; k2) = Ag(Λ; k2) + k2Akk(Λ; k2) = − Λ4

Λ2 +M2
− k2Λ4

6(Λ2 +M2)2
− k4Λ4

30(Λ2 +M2)3

− k6Λ4

140(Λ2 +M2)4
− k8Λ4

630(Λ2 +M2)5
+ · · · , (A4)

which would vanish if the amplitude were gauge invariant. Further,

Π(0)
µν = Πµν(Λ; 0) = i

e2Q2NcNf

8π2
gµνAg(Λ; 0) = −ie

2Q2NcNf

8π2
gµνΛ

4/(Λ2 +M2) . (A5)

This defines the tensor structure for the counter terms, because this term is not gauge

invariant and has to be subtracted. Therefore, the subtracted amplitude is ARg (Λ; k2) =

Ag(Λ; k2) − G(Λ; k2). Obviously, in this example, all the non-gauge invariant terms can be

canceled by the counter terms of this tensor structure. That is, no more new tensor structure

is needed for the counter terms.

Since in this example we know the closed expression for the amplitude, it is not necessary

to implement least subtraction procedure. As we see from (A3), the Λ4gµν term is not gauge

invariant. This non-gauge invariant term, which is a photon mass function ΠΛ
µν(Λ; k), can

not be made gauge invariant by adding kµkν terms without introducing a singularity in k2.

Therefore, we have to subtract ΠΛ
µν(Λ; k) from the self-energy Πµν(Λ; k), in accord with least

subtraction procedure as described above.

The gauge invariant term proportional ∝ Λ2 in (A3) gives a wrong normalization so

that further counter terms are needed. Finally, we have the normalized subtracted gauge

invariant self-energy of the photon:

ΠR
µν(Λ; k) = i

e2Q2NcNf

8π2
(gµνk

2 − kµkν)
∫ 1

0

dx

[ (
4Λ2(1− x)x

Λ2 +B2
− 2Λ2/3

Λ2 +M2

)

+4(1− x)x

{
ln

(
1− (1− x)xk2

M2
)

)
− ln

(
1− (1− x)xk2

Λ2 +M2
)

)}]
. (A6)

•S-γ-γ amplitude

The next example is the S(p)-γ(k)-γ(k′) three-point function. There are two diagrams at
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the one-loop level as shown in Fig. 8. Again using the usual technique, we obtain the

unsubtracted amplitude

Aµν(Λ; k, k′) = i
e2Q2yNcNfM

4π2

∫ 1

0

dx

∫ 1−x

0

dy
2Λ4

(Λ2 +D2)2
×

[
gµν −

(1− 4xy)( gµν k · k′ − kµk′ν )

D2

]
, (A7)

where

D2 = M2 − 2xy k · k′ . (A8)

The last term in the square bracket has an imaginary part and gauge invariant. The first

gµν term in the square bracket is not gauge invariant. It is obvious that least subtraction

procedure implies a complete subtraction of this term. The subtracted amplitude is

ARµν(Λ; k, k′) = −ie
2Q2yNcNfM

4π2

∫ 1

0

dx

∫ 1−x

0

dy
2Λ4

(Λ2 +D2)2

(1− 4xy)( gµν k · k′ − kµk′ν )

D2
.

(A9)

•φ-φ-γ-γ amplitude

The next example is the φ(p)-φ(p′)-γ(k)-γ(k′) four-point function. The diagrams at the

one-loop level are shown in Fig. 3∼ 5 with the sum of the unsubtracted amplitudes:

Aµν(Λ; k, k′, p, p′) = A(a)
µν (Λ; k, k′, p, p′) +A(b)

µν (Λ; k, k′, p, p′) +A(c)
µν (Λ; k, k′, p, p′) .(A10)

The diagrams of Fig. 3, which give A(a)
µν in (A10), are simpler to compute, because the

structure is the same as Fig. 8. Again using the usual technique, we obtain the unsubtracted

amplitude (with Nf = 3)

A(a)
µν (Λ; k, k′) = −i

[
e2Q2Nc

2π2

] [
GDM

8G2

] ∫ 1

0

dx

∫ 1−x

0

dy

× 2Λ4

(Λ2 +D2)2

[
gµν −

(1− 4xy)( gµν k · k′ − kµk′ν )

D2

]
, (A11)

where D2 is given in (A8). The non-gauge invariant terms have the same structure as (A7).

Therefore, we subtract the non-gauge invariant gµν term:

AR(a)
µν = ( gµν k · k′ − kµk′ν )AR(a) = A(a)

µν with the first gµν term omitted. (A12)
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The tensor structure of the other diagrams is more complicated. The amplitude has to

satisfy the Bose symmetry:

Aµν(Λ; k, k′, p, p′) = Aνµ(Λ; k′, k, p, p′) and Aµν(Λ; k, k′, p, p′) = Aµν(Λ; k, k′, p′, p) .(A13)

To proceed we introduce the Mandelstam variables:

S = (p+ p′)2 = 2m2
DM + 2p · p′ = (k + k′)2 = 2k · k′ , (A14)

T = (p− k)2 = m2
DM − 2p · k , U = (p− k′)2 = m2

DM − 2p · k′ . (A15)

All the dot products of the momenta and m2
DM can be expressed as a function of S, T and

U . The most general tensor structure, which is consistent with the Bose symmetry (A13)

is9

A(b+c)
µν (Λ; k, k′, p, p′) =A(b)

µν (Λ; k, k′, p, p′) +A(c)
µν (Λ; k, k′, p, p′)

=i

[
e2Q2Nc

2π2

](
1− GD〈σ〉

8G2

)2

{gµν Ag(Λ;S, T, U)

+ kµk
′
ν Akk(Λ;S, T, U) + (pµpν + p′µp

′
ν) Ap(Λ;S, T, U)

+ p′µpν Ap′(Λ;S, T, U) + pµp
′
ν Ap′(Λ;S, U, T )

+(kµp
′
ν + pµk

′
ν)Ak(Λ;S, T, U) + (kµpν + p′µk

′
ν)Ak(Λ;S, U, T )

}
,

(A16)

where the amplitudes Ai’s have to satisfy

Ag,kk,p(Λ;S, T, U) = Ag,kk,p(Λ;S, U, T ) . (A17)

Gauge invariance means that the following quantities vanish:

kνAµν(Λ; k, k′, p, p′) = kµ G1(Λ;S, T, U) + pµ G2(Λ;S, T, U) + p′µ G3(Λ;S, T, U), (A18)

k′µAµν(Λ; k, k′, p, p′) = k′ν G ′1(Λ;S, T, U) + pν G ′2(Λ;S, T, U) + p′ν G ′3(Λ;S, T, U), (A19)

where we impose the on-shell condition k2 = k′2 = 0, p2 = p′2 = m2
DM along with the four

momentum conservation p+ p′ = k + k′, and Gi’s are defined as

G1(Λ;S, T, U) = G ′1(Λ;S, T, U)

=Ag(Λ;S, T, U) +
S

4
[2Akk(Λ;S, T, U) +Ak(Λ;S, T, U) +Ak(Λ;S, U, T )]

+
1

4
(T − U) [Ak(Λ;S, T, U)−Ak(Λ;S, U, T )] , (A20)

G2(Λ;S, T, U) = G ′3(Λ;S, T, U) = G3(Λ;S, U, T )

=
1

4
(S − T + U)Ap(Λ;S, T, U) +

S

2
Ak(Λ;S, T, U) +

1

4
(S + T − U)Ap′(Λ;S, U, T ), (A21)

9 Because of the on-shell gauge invariance, we have suppressed terms proportional to kν and k′µ in (A16).
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G3(Λ;S, T, U) = G ′2(Λ;S, T, U) = G2(Λ;S, U, T )

=
1

4
(S + T − U)Ap(Λ;S, U, T ) +

S

2
Ak(Λ;S, U, T ) +

1

4
(S − T + U)Ap′(Λ;S, T, U). (A22)

Gauge invariance requires that all Gi’s should vanish identically. We have calculated them

for A(b+c)
µν = A(b)

µν +A(c)
µν explicitly for a small external momenta ∼ O(ε) and find

ε = 0 : G1 =
Λ4

(Λ2 +M2)2
, G2 = 0 , (A23)

ε2 : G1 =
11Λ4

40(Λ2 +M2)3
[S + 2(T + U)] , G2 =

3Λ4

40(Λ2 +M2)3
(T − U) , (A24)

ε4 : G1 =
Λ4

280(Λ2 +M2)4

[
82S2 + 275S(T + U) + 64

{
4(T 2 + U2) + 7TU

}]
,

G2 =
3Λ4

280(Λ2 +M2)4
(T − U) [16S + 13(T + U)] , (A25)

ε6 : G1 =
Λ4

1008(Λ2 +M2)5

[
517S3 + 2168S2(T + U) + 10S

{
337(T 2 + U2) + 586TU

}

+3
{

761(T 3 + U3) + 1591(T 2U + TU2)
}]

, (A26)

G2 =
Λ4

336(Λ2 +M2)5
(T − U)

[
116S2 + 239S(T + U) + 17

{
7(T 2 + U2) + 10TU

}]
,

ε8 : G1 =
Λ4

1584(Λ2 +M2)6

[
2142S4 + 10058S3(T + U) + 2S2(

{
9701(T 2 + U2) + 17284TU

}

+ 15S
{

1399(T 3 + U3) + 3137(T 2U + TU2)
}

+ 3
{

3993(T 4 + U4)

+9178(T 3U + TU3) + 11098T 2U2
}]

,

G2 =
Λ4

1584(Λ2 +M2)6
(T − U)

[
1512S3 + 4007S2(T + U)

+15S
{

319(T 2 + U2) + 512TU
}

+ 630
{

3(T 3 + U3) + 5(T 2U + TU2)
}]

. (A27)

As we see from (A23) ∼ (A27) that the non-gauge invariant function G1 has the same

structure as G in (A4) for the photon self-energy. Therefore, we subtract this term from the

amplitude so that the function Ag is replaced by

ARg = Ag − G1 , (A28)

whereAg and G1 are defined in (A16) and (A20), respectively. AtO(ε2) G2 becomes non-zero.

As we see from (A18) and (A19), this non-gauge invariant term requires an introduction of a

new tensor structure for counter terms. We see from (A23) ∼ (A27) that G2 is proportional

to (T − U), so that we can rewrite it as

G2(Λ;S, T, U) = (T − U)Ĝ2(Λ;S, T, U) , (A29)
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which will be justified below to all orders in the expansion of k′s and p′s. Therefore, we can

cancel this non-gauge invariant term by adding counter terms such that Ap and Ap′ change

according to

Ap → ARp = Ap + 2Ĝ2 , Ap′ → ARp′ = Ap′ − 2Ĝ2 , (A30)

where Ap and Ap′ are defined in (A16). Since Ap has to satisfy the Bose symmetry (A17),

Ĝ2, too, has to satisfy the same symmetry. We have numerically checked that

G2(Λ;S, T, T ) = 0 , G2(Λ;S, T, U) = −G2(Λ;S, U, T ) (A31)

is satisfied within an accuracy that we can get, which implies that Ĝ2(Λ;S, T, U) =

Ĝ2(Λ;S, U, T ).

Finally, we have the gauge invariant φ-φ-γ-γ four-point function:

ARµν(Λ; k, k′, p, p′) =AR(a)
µν (Λ; k, k′, p, p′) + i

[
e2Q2Nc

2π2

](
1− GD〈σ〉

8G2

)2 {
gµν ARg (Λ;S, T, U)

+ kµk
′
ν Akk(Λ;S, T, U) + (pµpν + p′µp

′
ν) ARp (Λ;S, T, U)

+ p′µpν ARp′(Λ;S, T, U) + pµp
′
ν ARp′(Λ;S, U, T )

+(kµp
′
ν + pµk

′
ν) Ak(Λ;S, T, U) + (kµpν + p′µk

′
ν) Ak(Λ;S, U, T )

}
,

(A32)

where AR(a) is given in (A12). Note that for the case T = U the function G2 vanishes.

In this case, therefore, all the counter terms are proportional to the metric tensor. In the

center of mass system, T = U implies p = p′ = (mDM,0), and only k and k′ are independent

Lorentz vectors (pµ = (kµ + k′µ)/2). In this system, the non-gauge invariant terms of Aµν
are proportional to gµν . No Lorentz transformation can produce non-gauge invariant terms

proportional to kµpν or pµpν from the gµν term. This is the reason why G2 vanishes when

T = U , and therefore the assumption that this function takes the form G2 = (T − U)Ĝ2 is

justified to all orders in the expansion of k′s and p′s. The amplitude with p = p′ = (mDM,0)

will be used for the annihilation of two DM’s into two photons in sect. V.

The tensor structure (A16) is the most general one. However, using the on-shell conditions

k+k′ = p+p′ we can eliminate k and k′, because kν and k′µ terms do not contribute neither

to the physical amplitude nor to the on-shell gauge invariance conditions (A18) and (A19)

and hence can be suppressed as we have done in (A16). In this basis, A(b+c)
µν (Λ; k, k′, p, p′) of

(A16) becomes

A(b+c)
µν (Λ; k, k′, p, p′) = i

[
e2Q2Nc

2π2

](
1− GD〈σ〉

8G2

)2

×
{
gµν Ag(Λ;S, T, U) + (pµpν + p′µp

′
ν) Ãp(Λ;S, T, U)

+p′µpν Ãp′(Λ;S, T, U) + pµp
′
ν Ãp′(Λ;S, U, T )

}
, (A33)

where

Ãp(Λ;S, T, U) = Ap(Λ;S, T, U) +Akk(Λ;S, T, U) +Ak(Λ;S, T, U)

+Ak(Λ;S, U, T ) , (A34)

Ãp′(Λ;S, T, U) = Ap′(Λ;S, T, U) +Akk(Λ;S, T, U) + 2Ak(Λ;S, U, T ) . (A35)

18



Then the gauge invariance conditions (A18) and (A19) mean that

G̃2(Λ;S, T, U) = G̃3(Λ;S, U, T )

=
1

4
(S − T + U)Ãp(Λ;S, T, U) +

1

4
(S + T − U)Ãp′(Λ;S, U, T ) (A36)

= G1(Λ;S, T, U) + (T − U)Ĝ2(Λ;S, T, U) (A37)

has to vanish, where G1 and Ĝ2 are defined in (A20) and (A29), respectively. From (A36)

and (A37) it is now obvious how to restore gauge invariance: From (A37) we see that

G̃2(Λ;S, T, U) can be uniquely divided into the even and odd part under the interchange

T ↔ U , because G1 and Ĝ2 are even functions. The odd part can be canceled by

Ãp → ÃRp = Ãp + 2Ĝ2 , Ãp′ → ÃRp′ = Ãp′ − 2Ĝ2 , (A38)

as in the case of Ap and Ap′ (see (A30)). The even part can be canceled by the redefinition

of Ag which is defined in (A28). The resulting gauge invariant subtracted amplitude is

identical with (A32) up to on-shell conditions.
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