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Abstract

The present paper is intended to provide the basis for the study of
weakly differentiable functions on rectifiable varifolds with locally bounded
first variation. The concept proposed here is defined by means of integra-
tion by parts identities for certain compositions with smooth functions.
In this class the idea of zero boundary values is realised using the relative
perimeter of superlevel sets. Results include a variety of Sobolev Poincaré
type embeddings, embeddings into spaces of continuous and sometimes
Hélder continuous functions, pointwise differentiability results both of ap-
proximate and integral type as well as coarea formulae.

As prerequisite for this study decomposition properties of such vari-
folds and a relative isoperimetric inequality are established. Both involve
a concept of distributional boundary of a set introduced for this purpose.

As applications the finiteness of the geodesic distance associated to
varifolds with suitable summability of the mean curvature and a charac-
terisation of curvature varifolds are obtained.
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Introduction

Overview

The main purpose of this paper is to present a concept of weakly differentiable
functions on nonsmooth “surfaces” in Euclidean space with arbitrary dimension
and codimension arising in variational problems involving the area functional.
The model used for such surfaces are rectifiable varifolds whose first variation
with respect to area is representable by integration (that is, in the terminology
of Simon [Sim83, 39.2], rectifiable varifolds with locally bounded first variation).
This includes area minimising rectifiable current&ﬂ, in particular perimeter min-
imising “Caccioppoli sets”, or almost every time slice of Brakke’s mean cur-
vature fAow just as well as surfaces occurring in diffuse interface modeldd or
image restoration modeld]. The envisioned concept should be defined without
reference to an approximation by smooth functions and it should be as broad
as possible so as to still allow for substantial positive results.

In order to integrate well the first variation of the varifold into the concept of
weakly differentiable function, it appeared necessary to provide an entirely new
notion rather than to adapt one of the many concepts of weakly differentiable
functions which have been invented for different purposes. For instance, to study
the support of the varifold as metric space with its geodesic distance, stronger
conditions on the first variation are needed, see Section [I4l

Description of results

Setup and basic results

To describe the results obtained, consider the following set of hypotheses; the
notation is explained in Section [T}

General hypothesis. Suppose m and n are positive integers, m <n, U is an
open subset of R™, V is an m dimensional rectifiable varifold in U whose first
variation 0V is representable by integration.

1See Allard [AIl72, 4.8 (4)].

2See Brakke [Bra7d, §4].

3See for instance Hutchinson and Tonegawa [HT00] or Roger and Tonegawa [RTOSE].
4See for example Ambrosio and Masnou [AMO03].



The study of weakly differentiable functions is closely related to the study
of connectedness properties of the underlying space or varifold. Therefore it is
instructive to begin with the latter.

Definition (see [6.2). If V is as in the general hypothesis, it is called inde-
composable if and only if there is no |V|| + [|6V|| measurable set E such that
IVII(E) >0, [VI(U~E)>0and §(VLE x G(n,m)) = (6V)LE.

The basic theorem involving this notion is the following.

Decomposition theorem, see [6.10/ and [6.12l If m, n, U, and V are as in
the general hypothesis, then there exists a countable disjointed collection G of
Borel sets whose union is U such that V L E x G(n,m) is nonzero and indecom-

posable and §(V L E x G(n,m)) = (6V)L E whenever E € G.

Employing the following definition, the Borel partition G of U is required to
consist of members whose distributional V' boundary vanishes and which cannot
be split nontrivially into smaller Borel sets with that property.

Definition (see[.T)). If m, n, U, and V are as in the general hypothesis and E
is [|[V]| + ||0V]| measurable, then the distributional V' boundary of E is defined

by
VOE = (8V)LE - §(VLE x G(n,m)) € 2'(U,R").

If the varifold is sufficiently regular a version of the Gauss Green theorem
can be proven which both justifies the terminology and links the concept of
boundary to the one for currents, see 510 and 5111

In the terminology of [6.6] and the varifolds VL E x G(n,m) occurring
in the decomposition theorem are components of V' and the family {V L E x
G(n,m): E € G} is a decomposition of V. However, unlike the decomposition
into connected components for topological spaces, the preceding decomposition
is nonunique in an essential way. In fact, the varifold corresponding to the
union of three lines in R? meeting at the origin at equal angles may also be
decomposed into two “Y-shaped” varifolds each consisting of three rays meeting
at equal angles, see

The seemingly most natural definition of weakly differentiable function would
be to require an integration by parts identity involving the first variation of the
varifold. However, the resulting class of real valued functions is neither stable
under truncation of its members nor does a coarea formula hold, see and
B3Tl Therefore, instead one requires an integration by parts identity for the
composition of the function in question with smooth functions whose derivative
has compact support, see Whenever Y is a finite dimensional normed
vectorspace the resulting class of functions of Y valued functions is denoted by

T(V,Y).

Whenever f belongs to that class there exists a ||V measurable Hom(R",Y)
valued function VD, called the (generalised) weak derivative of f, which is
IV ]| almost uniquely determined by the integration by parts identity. In defining
T(V,Y), it seems natural not to require local summability of V D f but only
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whenever K is a compact subset of U and 0 < s < oo; this is in analogy with
definition of the space “ﬂléf(U )” introduced by Bénilan, Boccardo, Gallouét,
Gariepy, Pierre and Vazquez in [BBGT95, p. 244] for the case of Lebesgue
measure, see In both cases the letter “T” in the name of the space stands
for truncation.

Stability properties under composition (for example truncation) then follow
readily, see and Also, it is evident that members of T(V,Y") may be
defined on components separately, see The space T(V,Y) is stable under
addition of a locally Lipschitzian function but it is not closed with respect to
addition in general, see B20/(B]) and A similar statement holds for multi-
plication of functions, see B20{@) and Adopting an axiomatic viewpoint,
consider the class of functions which satisfies the following three conditions for
a given varifold:

(1) Each function which is constant on the components of some decomposition
of the varifold belongs to the class.

(2) The class is closed under addition.
(3) The class is closed under truncation.

Then there exists a stationary one dimensional integral varifold in R? such that
the associated class necessarily contains characteristic functions with nonvan-
ishing distributional derivative representable by integration, see B271 These
characteristic functions should not belong to a class of “weakly differentiable”
functions but rather to a class of functions of “bounded variation”. The reason
for this phenomenon is the afore-mentioned nonuniqueness of decompositions of
varifolds.

Much of the development of the theory rests on the following basic theorem.

Coarea formula, functional analytic form, see and B.29L Suppose m,
n, U, and V are as in the general hypothesis, f € T(V), and E(y) = {x: f(z) >

y} fory € R.
Then there holds

[ {¢(@, f(x)),VDf(2)) dIVla = [VOE)((,y)) dLy,
Jo(@, f@)VDf(@)|d|V]z = [ [g(z,y) |V IE(y)l|lzdLy.

whenever ¢ € (U x R,R"™) and g : U x R — R is a continuous function with
compact support.

An example of such a development is provided by passing from the notion
of zero boundary values on a relatively open part G of the boundary of U for
sets to a similar notion for weakly differentiable functions. For |V]| + |6V
measurable sets F such that V 9F is representable by integration, the condition
is defined in [Z7Il In the special case that ||V|| is associated to M NU for some
properly embedded m dimensional submanifold M of R" ~((BdryU) ~G) of
class 2 without boundary it is equivalent to E being of locally finite perimeter
in M and its distributional boundary being measure theoretically contained in U,
see In order to define such a notion for nonnegative members f of T(V,R),
one requires for Z! almost all 0 < y < oo that the set E(y) = {x: f(z) > y}
satisfies the corresponding zero boundary value condition.



This gives rise to the subspaces Tg (V) of T(V,R)N{f:f > 0} with |f]| €
Tz (V) whenever f € T(V,Y), see and The space Tg (V) satisfies
useful truncation and closure properties, see and Moreover, under
a natural summability hypothesis, the multiplication of a member of Tg(V)
by a nonnegative Lipschitzian function belongs to T¢(V), see Whereas
the usage of level sets in the definition of T¢ (V) is tailored to work nicely
in the proofs of embedding results in Section [I0} the stability property under
multiplication requires a more delicate proof in turn.

Embedding results and structural results

To proceed to deeper results on functions in T(V,Y), the usage of the isoperi-
metric inequality for varifolds seems indispensable. The latter works best under
the following additional hypothesis.

Density hypothesis. Suppose m, n, U, and V' are as in the general hypothesis
and satisfy

O"([|[V]l,z) >1 for ||V] almost all x.

The key to prove effective versions of Sobolev Poincaré type embedding
results is the following theorem.

Relative isoperimetric inquality, see Suppose m, n, U, and V satisfy
the general hypothesis and the density hypothesis, E is ||V| + ||0V|| measurable,
1<Q<M<oo,n<M,A=Tgg(M), 0<r<oo,

IVI(E) < (@M He(m)r™,  |VI(EN{z:0™(|V],2) <Q}) <A™,

and A= {z:U(z,r) CU}.
Then there holds

IVII(E A =™ < AV OE|(D) + |I6VI[(E)),

where 0° = 0.

In the special case that VOE =0, [|[§V||(E) = 0 and
0" (|V|,z) > Q for |[V| almost all x

the varifold V'L E x G(n, m) is stationary and the support of its weight measure,
spt(||V||L E), cannot intersect A by the monotonicity identity and the upper
bound on |V]|(E). The value of the theorem lies in quantifying this behaviour.
Much of the usefulness of the result for the purposes of the present paper stems
from the fact that values of @ larger than 1 are permitted. This allows to effec-
tively apply the result in neighbourhoods of points where the density function
O™ (||V|l,-) has a value larger than 1 and is approximately continuous. The case
@ =1 is partly contained in a result of Hutchinson |[Hut90, Theorem 1] which
treats Lipschitzian functions.

If the set F satisfies a zero boundary value condition, see[71], on a relatively
open subset G of Bdry U, the conclusion may be sharpened by replacing A =
{z:U(x,r) CU} by

A'=Un{z:U(x,7r) CR"~ B}, where B= (BdryU)~G.



In order to state a version of the resulting Sobolev Poincaré inequalities,
recall a less known notation from Federer’s treatise on geometric measure theory,
see |[Fed69, 2.4.12].

Definition. Suppose p measures X and f is a g measurable function with
values in some Banach space Y.
Then one defines ji(,)(f) for 1 < p < oo by the formulae

1) (f) = ([IfPdu)'/? in case 1 < p < oo,
ooy (f) = inf {555 > 0, p({z:1(@)| > s}) = 0}.

In comparison to the more common notation || f[|r, .,y) it puts the measure
in focus and avoids iterated subscripts.

Sobolev Poincaré inequality, zero median version, see [8.16], [9.2] and
I0dl([@a). Suppose 1 < M < co.

Then there exists a positive, finite number I' with the following property.

If m, n, U, and V satisfy the general hypothesis and the density hypothesis,
n < M,Y isa finite dimensional normed vectorspace, f € T(V,Y),1<Q < M,
0<r<oo, E=Un{x:f(x) #0},

IVI(E) <(Q— M~ Ha(m)r™,
IVI(EN{z:@™(|V],z) <Q}) <T ™1™,
B=occifm=1 B=m/(m—1)ifm>1,

A={x:U(x,r) C U}, then
(VI A) 5y (£) < T(IV [0y (VD) + 10V [ 1 (£))-

Again, apart from extending the result to the class T(V,Y'), the main im-
provement upon known results such as Hutchinson |[Hut90, Theorem 1] is the
applicability with values @ > 1. If f belongs to T¢(V), then A may be re-
placed by A’ as in the relative isoperimetric inequality. Not surprisingly, there
also exists a version of the Sobolev inequality for members of Tgary (V).

Sobolev inequality, see [0.1](Zal). Suppose 1 < M < co.

Then there exists a positive, finite number I' with the following property.

If m, n, U, and V satisfy the general hypothesis and the density hypothesis,
n<M, f€Tpayu(V),

E=Un{z:f(z) #0}, [VI(E) < oo,
B=ocifm=1, B=m/(m—1)ifm>1,

then there holds
V]l () < T(IV oy (VD) + 15V 1, ()

For Lipschitzian functions Sobolev inequalities were obtained by Allard [A1l72,
7.1] and Michael and Simon [MS73, Theorem 2.1] for varifolds and by Federer in
[Fed75, §2] for rectifiable currents which are absolutely minimising with respect
to a positive, parametric integrand.

Coming back the Sobolev Poincaré inequalities, one may also establish a
version with several “medians”. The number of medians needed is controlled by
the total weight measure of the varifold in a natural way.



Sobolev Poincaré inequality, several medians, see [TO.7 (). Suppose 1 <
M < oo.

Then there exists a positive, finite number I' with the following property.

If m, n, U, and V satisfy the general hypothesis and the density hypothesis,
Y is a finite dimensional normed vectorspace, sup{dimY,n} < M, f € T(V,Y),
1< Q< M, N is a positive integer, 0 < r < 00,

IVIIU) < (@ - M~1)(N + 1) (
VI{z:@"(|V],z) <Q}) <~
B=ifm=1 B=m/(m-1)

and A = {z:U(x,r) C U}, then there exists a subset T of Y such that 1 <
cardY < N and

zfm>1

(VI A) gy (fr) < TNYE(IVI 3y (VD) + 16V ] 0y (Fr))

where fy(x) = dist(f(z), ) for z € dmn f.

If Y = R, the approach of Hutchinson, see [Hut90, Theorem 3], carries over
unchanged and, in fact, yields a somewhat sharper estimate, see TO.9I().
dimY > 2 and N > 2 the selection procedure for T is more delicate.

In order to precisely state the next result, the concept of approximate tangent
vectors and approximate differentiability (see [Fed69, 3.2.16]) will be recalled.

Definition. Suppose p measures an open subset U of a normed vectorspace X,
a € U, and m is a positive integer.

Then Tan™ (u, a) denotes the closed cone of (i, m) approzimate tangent vec-
tors at a consisting of all v € X such that

O (uLE(a,v,e),a) >0 for every € > 0,
where E(a,v,e) = X N{z:|r(z —a) — v| < ¢ for some r > 0}.

Moreover, if X is an inner product space, then the cone of (u,m) approximate
normal vectors at a is defined to be

Nor™(p,a) = X N{u:uev <0 for v € Tan™ (u,a)}.

If V is an m dimensional rectifiable varifold in an open subset U of R"”, then
at ||V almost all @, T = Tan™(||V||, a) is an m dimensional plane such that

r [ e — @) d||V]z — @™ (|V]],a V[ fdA™  asr— 0+

whenever f: U — R is a continuous function with compact support. However,
at individual points the requirement that Tan™ (||V||, a) forms an m dimensional
plane differs from the condition that ||V|| admits an m dimensional approximate
tangent plane in the sense of Simon [Sim83, 11.8].

Definition. Suppose u, U, a and m are as in the preceding definition and f
maps a subset of X into another normed vectorspace Y.

Then f is called (u, m) approximately differentiable at a if and only if there
exist b € Y and a continuous linear map L : X — Y such that

O"(uL X ~{z:|f(x) —b— L(x —a)| <elz —al},a) =0 for every e > 0.



In this case L|Tan™(u,a) is unique and it is called the (u,m) approzimate
differential of f at a, denoted

(1, m)ap Df(a).
Also, the following notation will be convenient, see Almgren [Alm00, T.1 (9)].

Definition. Whenever P is an m dimensional plane in R”, the orthogonal
projection of R™ onto P will be denoted by F;.

The Sobolev Poincaré inequality with zero median and a suitably chosen
number @ is the key to prove the following structural result for weakly differen-
tiable functions.

Approximate differentiability, see Suppose m, n, U, and V satisfy
the general hypothesis and the density hypothesis, Y is a finite dimensional
normed vectorspace, and f € T(V,Y).

Then f is (||V]|,m) approximately differentiable with

VDf(a) = ([[VI,m)ap Df(a) o Tan™(||V]], a),

at |V almost all a.

The preceding assertion consists of two parts. Firstly, it yields that
VDf(a)|Nor™(||V]l,a) =0 for |V] almost all a;
a property that is not required by the definition. Secondly, it asserts that
VDf(a)| Tan™(||V|,a) = (||V]l,m)ap Df(a) for ||V| almost all a.

This is somewhat similar to the situation for the generalised mean curvature of
an integral m varifold where it was first obtained by Brakke in [Bra78, 5.8] that
its tangential component vanishes and secondly by the author in [Menl3, 4.8]
that its normal component is induced by approximate quantities.

Differentiability in Lebesgue spaces, see I1T.4I({). Suppose m, n, U, and
V' satisfy the general hypothesis and the density hypothesis, Y is a finite di-
mensional normed vectorspace, f € T(V,Y) N LPe(||6V],Y), and VDf €
Lye(| V], Hom(R™,Y)).

Ifm>1and =m/(m—1), then

i " 0 (1F(@) = (@) = VD (a) @ — a)l/le — al) AV 2 =0

for ||V almost all a.

The result is derived from the approximate differentiability result mainly by
means of the zero median version of the Sobolev Poincaré inequality. Another
consequence of the approximate differentiability result is the rectifiability of
the distributional boundary of almost all superlevel sets of weakly differentiable
functions which supplements the functional analytic form of the coarea formula.

Coarea formula, measure theoretic form, see [12.2. Suppose m, n, U,
and V' satisfy the general hypothesis and the density hypothesis, f € T(V,R),

and E(y) = {x: f(z) >y} fory € R.



Then there exists an £' measurable function W with values in the weakly
topologised space of m — 1 dimensional rectifiable varifolds in U such that for
L almost all y there holds

Tan™ " (|W ()], ) = Tan™ (| ) N ker VD (x) € G(n,m 1),
" (W ()l,x) = ©"(IV], )

for ||[W(y)|| almost all x and
VOE(y)(0) = [IVDf(2)|"'VDf(2)(0(2) d|W(y)llz  for & € 2(UR"),

in particular ||V OE(y)| = ||W (y)|| for such y.

The proof of an appropriate form of the coarea formula was the original
motivation for the author to establish the new relative isoperimetric inequality
and its corresponding Sobolev Poincaré inequalities as well as the approximate
differentiability result. In this respect notice that the proof of the measure
theoretic form of the coarea formula could not be based on the more elementary
functional analytic form of the coarea formula in conjunction with an extension
of the Gauss Green theorem (see [Fed69, 4.5.6]) to sets whose distributional
V boundary is representable by integration. In fact, for general sets E whose
distributional V' boundary is representable by integration it may happen that
there is no m — 1 dimensional rectifiable varifold whose weight measure equals
[V OE||, see This is in contrast to the behaviour of sets of locally finite
perimeter in Euclidean space.

Critical mean curvature

Several of the preceding estimates and structural results may be sharpened
in case the generalised mean curvature satisfies an appropriate summability
condition.

Mean curvature hypothesis. Suppose m, n, U and V are as in the general
hypothesis and satisfies the following condition.
If m > 1 then for some h € L¢(||V||,R") there holds

(6V)(©0) = —[hedd|V] for e Z(UR™.

In this case ¥ will denote the Radon measure over U characterised by the con-
dition (X) = [ |h|™ d||V|| whenever X is a Borel subset of U.

Clearly, if this condition is satisfied, then the function h is ||V|| almost equal
to the generalised mean curvature vector h(V,-) of V. The exponent m is
“critical” with respect to homothetic rescaling of the varifold. Replacing it by
a slightly larger number would entail upper semicontinuity of @™ (||V||,-) and
the applicability of Allard’s regularity theory, see Allard |All72, §8]. In contrast,
replacing the exponent by a slightly smaller number would allow for examples
in which the varifold is locally highly disconnected, see the author [Men09, 1.2].

The importance of this hypothesis for the present considerations lies in the
fact that in the relative isoperimetric inequality, the summand “||0V||(U)” may
be dropped provided V satisfies additionally the mean curvature hypothesis
with ¢ (E)Y/™ < A=!, see[TIIl As a first consequence, one obtains the following
version of the Sobolev Poincaré inequality.



Sobolev Poincaré inequality, zero median, critical mean curvature,

see [B8.16], 0.2, T0.T([Id) (Id). Suppose 1 < M < oo.

Then there exists a positive, finite number I' with the following property.

If m, n, U, V, and ¢ satisfy the general hypothesis, the density hypothesis
and the mean curvature hypothesis, n < M, Y is a finite dimensional normed
vectorspace, f € T(VY), 1<Q <M,0<r<oo, E=Un{z: f(x) # 0},

IVI(E) < (Q =M Na(m)r™, (E)<T,
IVI(EN{z:@™(|V],2) < Q}) <T~'r™,
and A ={z:U(x,r) C U}, then the following two statements hold:
(1) If 1 < g <m, then

VI e Doy (F) < T — @) [Vl (VD)
(2) If 1 <m < q < o0, then
(VI A) (o) (f) < TV =V v |[(B) ™=V V | o (V D).

Even if @ = ¢ =1 and f and V correspond to smooth objects, this estimate
appears to be new; at least, it seems not to be straightforward to derive from
Hutchinson [Hut90, Theorem 1].

A similar result holds for m = 1, see [UII(IL). Again, if f belongs to
T (V), then A may be replaced by A’. Also, appropriate versions of the Sobolev
inequality may be furnished, see TOLI(20)—(2d). The same is true with respect
to the Sobolev Poincaré inequalities with several medians, see [T ([2)— @) and
I @)- @)

Before stating the stronger differentiability properties that result from the
mean curvature hypothesis, recall the definition of relative differential from
[Fed69, 3.1.21, 3.1.22].

Definition. Suppose X and Y are normed vectorspaces, A C X, and a €
ClosA,and f: A—=Y.

Then the tangent cone of A at a, denoted Tan(A4, a), is the set of all v € X
such that for every € > 0 there exist € A and 0 < r € R with |z —a| < € and
|r(z —a) —v| < e. Moreover, f is called differentiable relative to A at a if and
only if there exist b € Y and a continuous linear map L : X — Y such that

|f(x) —b—L(zx —a)|/lt —a| >0 as A>z — a.
In this case L| Tan(A, a) is unique and denoted Df(a).

Differentiability in Lebesgue spaces, critical mean curvature, see [11.4]

@)—@). Suppose m, n, U, and V satisfy the general hypothesis, the density

hypothesis and the mean curvature hypothesis, Y a finite dimensional normed

vectorspace, f € T(V,Y), 1< q< oo, and VDS € L(|V|, Hom(R",Y)).
Then the following two statements hold.

(1) If g <m and . = mq/(m — q), then
lim ™ fy . (1F(@) — f(@) = VDf(a)@ — a)l/Jz — al)t |V ]z = 0

for ||V almost all a.
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(2) If m =1 orm < q, then there exists a subset A of U with |V||(U~A) =0
such that f|A is differentiable relative to A at a with

D(f|A)(a) = VDf(a)| Tan™(||V|,a) for |V] almost all a,
in particular Tan(A, a) = Tan™ (||V||, a) for such a.

Considering V associated to two crossing lines, it is evident that one cannot
expect a function in T(V,R) to be |V]| almost equal to a continuous function
even if 6V = 0 and VDf = 0. Yet, in case f is continuous, its modulus
of continuity may be locally estimated by its weak derivative. This estimate
depends on V' but not on f as formulated in the next theorem.

Oscillation estimate, see I3.T1[2). Suppose m, n, U, and V satisfy the gen-
eral hypothesis, the density hypothesis and the mean curvature hypothesis, K is
a compact subset of U, 0 < e < dist(K,R"~U), e < o0, and 1 <m < q.

Then there exists a positive, finite number I' with the following property.

If Y is a finite dimensional normed vectorspace, f : spt||V|| — Y is a
continuous function, f € T(V,Y), and & = sup{(|V| . U(a,€)),,(VDf):a €
K}, then

If(x) — f(x)| < ek whenever x,x € K Nspt ||V] and |z — x| < T~

A similar result holds for m = 1, see I3TI([). This theorem rests on the
fact that connected components of spt||V]| are relatively open in spt ||V]|, see
BEIA@). If a varifold V satisfies the general hypothesis, the density hypothe-
sis and the mean curvature hypothesis then the decomposition of spt ||V into
connected components yields a locally finite decomposition into relatively open
and closed subsets whose distributional V' boundary vanishes, see [6.141(2)—(@).
Moreover, any decomposition of the varifold V' will refine the decomposition of
the topological space spt | V]| into connected components, see [6.14I().

When the amount of total weight measure (“mass”) available excludes the
possibility of two separate sheets, the oscillation estimate may be sharpened
to yield Hélder continuity even without assuming a priori the continuity of the
function, see

Two applications

Despite the necessarily rather weak oscillation estimate in the general case, this
estimate is still sufficient to prove that the geodesic distance between any two
points in the same connected component of the support is finite.

Geodesic distance, see Suppose m, n, U, and V satisfy the general
hypothesis, the density hypothesis and the mean curvature hypothesis, C is a
connected component of spt ||V, and a,x € C.

Then there exist —oo < b <y < 0o and a Lipschitzian function g : {v:b <
v <y} — spt||V| such that g(b) = a and g(y) = z.

The proof follows a pattern common in theory of metric spaces, see

Finally, the presently introduced notion of weak differentiability may also be

used to reformulate the defining condition for curvature varifolds, see [[5.4] and
5.5 introduced by Hutchinson in [Hut86, 5.2.1].
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Characterisation of curvature varifolds, see [15.6l Suppose m and n are
positive integers, m < n, U is an open subset of R™, V is an m dimensional
integral varifold in U,

X =Un{z: Tan"(|V|,z) € G(n,m)}, Y =Hom(R",R")N{c:0=0"},
and 7 : X =Y satisfies
T(x) = Tan™ (||V||,z)y whenever x € X.

Then V' is a curvature varifold if and only if ||0V| is a Radon measure
absolutely continuous with respect to ||V| and 7 € T(V,Y).

The condition is readily verified to be a necessary one for curvature varifolds.
The key to prove its sufficiency is to relate the mean curvature vector of V' to
the weak differential of the tangent plane map 7. This may be accomplished, for
instance, by means of the approximate differentiability result, see T1.2] applied
to 7, in conjunction with the previously obtained second order rectifiability
result for such varifolds, see [Menl3, 4.8].

Possible lines of further study

Sobolev spaces. The results obtained by the author on the area formula
for the Gauss map, see [Menl2b, Theorem 3|, rest on several estimates for
Lipschitzian solutions of certain linear elliptic equations on varifolds satisfying
the mean curvature hypothesis. The formulation of these estimates necessitated
several ad hoc formulations of concepts such as zero boundary values which
would not seem natural from the point of view of partial differential equations.
In order to avoid repetition, the author decided to directly build an adequate
framework for these results rather than first publish the Lipschitzian case along
with a proof of the results announced in [Men12b]ﬁ The first part of such
framework is provided in the present paper. Continuing this programme, a
notion of Sobolev spaces, complete vectorspaces contained in T(V,Y') in which
locally Lipschitzian functions are suitably dense, has already been developed
but is not included here for length considerations.

Functions of locally bounded variation. It seems worthwhile to investi-
gate to which extent results of the present paper for weakly differentiable func-
tions extend to a class of “functions of locally bounded variation.” A possible
definition is suggested in

Intermediate conditions on the mean curvature. The mean curvature
hypothesis may be weakened by replacing L%¢ by L;)OC for some 1 < p <m. In
view of the Sobolev Poincaré type inequalities obtained for height functions by
the author in [Menl(, Theorem 4.4], one might seek for adequate formulations
of the Sobolev Poincaré inequalities and the resulting differentiability results for
functions belonging to T(V,Y) in these intermediate cases. This could poten-
tially have applications to structural results for curvature varifolds, see [[5.11]
and Additionally, the case p = m — 1 seems to be related to the study of
the geodesic distance for indecomposable varifolds, see [44

5Would the author have fully anticipated the effort needed for such a construction he might
have reconciled himself with some repetition.
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Multiple valued weakly differentiable functions. For convergence con-
siderations it appears useful to extend the concept of weakly differentiable func-
tions to a more general class of “multiple-valued” functions in the spirit of Moser
[Mos01,, §4], see BTTL

Organisation of the paper

In Section[Ilthe notation is introduced. In Section[2some basic terminology and
results on topological vector spaces are collected. Sections Bl and [ contain pre-
liminary results concerning respectively certain distributions representable by
integration and consequences of the monotonicity identity. Section [Blintroduces
the concept of distributional boundary of a set with respect to a varifold. In
Section [6] the decomposition properties for varifolds are established and Section
[ contains the relative isoperimetric inequality. In Sections BHI3] the theory of
weakly differentiable functions is presented. Finally, in Sections [[4] and [I3] the
applications to the study of the geodesic distance associated to certain varifolds
and to curvature varifolds are discussed briefly.
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1 Notation

The notation of Federer |Fed69] and Allard [All72] will be used throughout.

Less common symbols. The set of positive integers is denoted by &, see
[Fed69, 2.2.6]. For the open and closed ball with centre a and radius r the
symbols U(a,r) and B(a,r) are employed, see [Fed69, 2.8.1]. Whenever f is a
linear map and v belongs to its domain the alternate notation (v, f) for f(v) are
used, see |[Fed69, 1.10.1]. Inner products, in contrast, are denoted by “e”, see
[Fed69, 1.7.1]. For integration the alternate notations [ fdu, [ f(z)dpx and
wu(f) are employed, see |Fed69, 2.4.2]. Moreover, for evaluating a distribution T’
at ¢ are alternately denoted by T'(¢) and T, (¢(x)), see |Fed69, 4.1.1].

Modifications. If f is a relation, then f[A] = {y:(z,y) € f for some z € A}
whenever A is a set, see Kelley [Kel75, p. 8]. Following Almgren |[Alm00, T.1(9)],
the symbol P, will denote the orthogonal projection of R™ onto P whenever P is
a plane in R™. Extending Federer [Fed69, 3.2.16], whenever y measures an open
subset of a normed vectorspace X, ¢ : U — X is the inclusion map, a € U and m
is a positive integer notions of tangent vectors, normal vectors and differentials
of (1, m) approximate type will refer to the corresponding (14, m) approximate
notion, for instance Tan™ (u, a) will denote Tan™ (144, a). Following Schwartz,
see |Sch66, Chapitre ITI, §1], the vectorspace 2(U,Y) is given the (usual) locally
convex topology, see 2210, which differs from the topology employed by Federer
in [Fed69, 4.1.1], see [ZT41 Moreover, the usage of ||S|| for distributions S is
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chosen to be in accordance with Allard [All72, 4.2] which agrees with Federer’s
usage in [Fed69, 4.1.5] in most but not in all cases, see and

Extending Allard [All72, 2.5(2)], whenever M is a submanifold of R"™ of
class 2 and a € M the mean curvature vector of M at a is the unique h(M, a) €
Nor(M, a) such that

Tan(M, a)y ® (Dg(a) o Tan(M, a)y) = —g(a) e h(M, a)

whenever g : M — R"™ is of class 1 and g(x) € Nor(M,z) for x € M. If V is an
m dimensional varifold in U and ||§V]| is a Radon measure, then the generalised
mean curvature vector of V at x is the unique h(V,z) € R™ such that

h(V,z) eu = — lim (6V)(bz,r - u)

~ 2 7 R"”
P VB e

where b, , is the characteristic function of B(xz,r); hence € dmnh(V,-) if and
only if the above limit exists for every u € R", see |[Men12a, p. 9].

Additional notation. If1 < p < oo, pis a Radon measure over a locally com-
pact Hausdorff space X, and Y is a Banach space, then L}f’c(u, Y') cousists of all
fsuch that f € L,(pL K,Y) whenever K is a compact subset of X. Concerning
the Besicovitch Federer covering theorem, whenever n € &2 the number 8(n) de-
notes the least positive integer with the following property, see Almgren [Alm86,
p. 464]: If G is a family of closed balls in R" with sup{diam B: B € G} < oo,
then there exist disjointed subfamilies G, ..., Gg,) such that

{z:B(z,r) € Gforsome 0 <r <oo} CUU{G::i=1,...,8(n)}.

Concerning the isoperimetric inequality, whenever m € &2 the smallest number
with the following property is denoted by y(m), see [Men09, 2.2-2.4]: If n € 2,
m <n,V e RV,(R"), |[V|(R") < oo, and ||§V||(R™) < oo, then

IVI®R™ 0 {z: 0" ([V],2) > 1}) < y(m)[V[(R")V™ 6V [|(R).

Definitions in the text. The notions of Lusin space, locally convex space
and locally convex topology, strict inductive limit as well as final topology and
locally convex final topology are defined in 211 23] 2.4 and 2.8 respectively. The
topologies on # (X)) and 2(U,Y) are defined in Z7land 2I0L The restriction of
a distribution representable by integration to a set will be defined in 217 In[5.T],
the notion of distributional boundary of a set with respect to certain varifolds
is defined. The notions of indecomposability, component, and decomposition for
certain varifolds are defined in [6.2] and [6.9 respectively. The notion of
generalised weakly differentiable functions with respect to certain varifolds and
the corresponding generalised weak derivatives, V D f, and the associated space
T(V,Y) are introduced in B3 The space Tg (V) is defined in Finally, the
notion of curvature varifold is explained in [I5.41

A convention. Each statement asserting the existence of a positive, finite
number I' will give rise to a function depending on the listed parameters whose
name is I'y y, where x.y denotes the number of the statement. This is a refine-
ment of a concept employed by Almgren in [Alm00].
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2 Topological vector spaces

Some basic results on topological vector spaces and Lusin spaces are gathered
here mainly from Schwartz [Sch73] and Bourbaki [Bou87].

2.1 Definition (see [Sch73, Chapter II, Definition 2, p. 94]). Suppose X is a
topological space.

Then X is called a Lusin space if and only if X is a Hausdorff topological
space and there exists a complete, separable metric space W and a continuous
univalent map f: W — X whose image is X.

2.2 Remark. Any subset of a Lusin space is sequentially separable.

2.3 Definition (see [Bou87, I, p. 23, def. 1]). A topological vector space is
called a locally convex space if and only if there exists a fundamental system of
neighbourhoods of 0 that are convex sets; its topology is called locally convex

topology.

2.4 Definition. The locally convex spaces form a category; its morphisms
are the continuous linear maps. An inductive limit in this category is called
strict if and only if the morphisms of the corresponding inductive system are
homeomorphic embeddings.

2.5 Remark. The notion of inductive limit is employed in accordance with [ML9S,
p. 67-68].

2.6 Definition (see [Bou9g, I, §2.4, prop. 6], [Bou87, II, p. 27, prop. 5]). Sup-
pose E is a set [vector space|, E; are topological spaces [topological vector
spaces] and f; : E; — E are functions [linear maps| for i € I.

Then there exists a unique topology [unique locally convex topology] on F
such that a function [linear map] g : E — F' into a topological space [locally
convex space| F' is continuous if and only if g o f; are continuous for ¢ € I. This
topology is called final topology [locally convex final topology] on E with respect
to the family f;.

2.7 Definition (see [Bou87, II, p. 29, Example H]E). Suppose X is a locally
compact Hausdorff space. Consider the inductive system consisting of the locally
convex spaces & (X )N{f:spt f C K} with the topology of uniform convergence
corresponding to all compact subsets K of U and its inclusion maps.

Then 2 (X) endowed with the locally convex final topology with respect to
the inclusions of the topological vector spaces £ (X) N {f:sptf C K} is the
inductive limit of the above system in the category of locally convex spaces.

2.8 Remark (see [Bou87, II, p. 29, Example II]). The locally convex topology
on J# (X) is Hausdorff and induces the given topology on each closed subspace
A (X)N{f:sptf C K}. Moreover, the space £ (X)* of Daniell integrals on
# (X) agrees with the space of continuous linear functionals on ¢ (X).

2.9 Remark. If K (7) is a sequence of compact subsets of X with K (i) C Int K (i+
1) fori € & and X = J;2; K(i), then ¢ (X) is the strict inductive limit of the
sequence of locally convex spaces & (X) N {f:spt f C K(i)}.

6In the terminology of [Bou817, I, p. 29, Example I1] a locally compact Hausdorff space is
called a locally compact space.
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2.10 Definition. Suppose U is an open subset of R™ and Z is a Banach space.
Consider the inductive system consisting of the locally convex spaces Zk (U, Z)
with the topology induced from & (U, Z) corresponding to all compact subsets
K of U and its inclusion maps.

Then 2(U, Z) endowed with the locally convex final topology with respect
to the inclusions of the topological vector spaces Pk (U, Z) is the inductive limit
of the above inductive system in the category of locally convex spaces.

2.11 Remark. The locally convex topology on 2(U, Z) is Hausdorff and induces
the given topology on each closed subspace Pk (U, Z).

2.12 Remark. If K (i) is a sequence of compact subsets of U with K (i) C Int K (i+
1) for i € & and U = {J;2, K (i), then 2(U, Z) is the strict inductive limit of
the sequence of locally convex spaces Zk ;) (U, Z). In particular, the convergent
sequences in 2(U, Z) are precisely the convergent sequences in some Pk (U, Z),
see [Bou81, I11, p. 3, prop. 2; I, p. 32, prop. 9 (i) (ii); III, p. 5, prop. 6].

2.13 Remark. The locally convex topology on (U, Z) is also the inductive limit
topology in the category of topological vector spaces, see [Bou87, I, p. 9, Lemma
to prop. 7; I, p. 75, exerc. 14].

2.14 Remark. Consider the inductive system consisting of the topological spaces
9k (U, Z) corresponding to all compact subsets K of U and its inclusion maps.
Then 2(U, Z) endowed with the final topology with respect to the inclusions of
the topological vector spaces Pk (U, Z) is the inductive limit of this inductive
system in the category of topological spaces.

Denoting this topology by S and the topology described in B210 by 7', the
following three statements hold.

(1) Amongst all locally convex topologies on 2(U, Z), the topology T is char-
acterised by the following property: A linear map from 2(U, Z) into some
locally convex space is T' continuous if and only if it is S’ continuous.

(2) The S closed sets are precisely the T sequentially closed sets, see

(3) If U is nonempty and dim Z > 0, then S is strictly finer than 7', compare
Shirai [Shi59, Théoréme 5]E In particular, in this case S is not compatible
with the vector space structure of (U, Z) by [Z13

2.15 Definition. Suppose U is an open subset of R"™, Z is a separable Banach
space, and S : (U, Z) — R is linear.
Then ||.S]] is defined to be the largest Borel regular measure over U such that

1SI(G) = sup{S(0):0 € 2(U, Z) with spt0 C G and [0(z)| <1 for z € U}
whenever G is an open subset of U B

2.16 Remark. This concept agrees with [Fed69, 4.1.5] in case ||.S]|| is a Radon
measure (which is equivalent to S being a distribution in U of type Z repre-
sentable by integration) in which case S(6) continuous to denote the value of

"The topological preliminaries of [Shi5d] are quite general. For the purpose of verifying only
the cited result, one may replace the terms «topologie» [respectively «véritable-topologie]
with operators satisfying conditions (a), (b) and (d) [respectively all] of the Kuratowski closure
axioms, see |[Kel75, p. 43]. (Extending |[Shi59, Théoréme 5] which treats the case U = R"™ and
Z = R to the case stated poses no difficulty.)

8 Existence may be shown by use of the techniques occurring in [Fed69, 2.5.14].
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the unique ||S||(1) continuous extension of S to Ly (||S||, Z) at 0 € Ly (|| S]], Z). In
general the concepts differ since it may happen that [S(6)| > ||.5]/(|0]) for some
0 € 9(U, Z); an example is provided by taking U = Z = R and S = 9(dp A e1),
see |[Fed69, 4.1.16].

2.17 Definition. Suppose U is an open subset of R"™, Z is a separable Banach
space, S € 2'(U, Z) is representable by integration, and A is ||.S|| measurable.
Then the restriction of S to A, SLA € 9'(U, Z), is defined by

(SLA)(O) =S(0a) whenever 6 € 2(U, Z),
where 04(x) = 0(z) for x € A and O4(x) =0 for x € U ~ A.
2.18 Remark. This extends the notion for currents in |[Fed69, 4.1.7].

2.19 Theorem. Suppose E is the strict inductive limit of an increasing se-
quence of locally convexr spaces E; and the spaces E; are separable, complete
(with respect to its topological vector space structure) and metrisable for i € 20

Then E and the dual E' of E endowed with the compact open topology are
Lusin spaces and whenever D is a dense subset of E the Borel family of E' is
generated by the family

{E'n{u:u(z) <t}:z €D andt € R}.

Proof. First, note that E; is a Lusin space for i € &2, since it may be metrised
by a translation invariant metric by |[Bou87, II, p. 34, prop. 11]. Second, note
that E is Hausdorff and induces the given topology on E; by [Bou&1, II, p. 32,
prop. 9 (i)]. Therefore F is a Lusin space by [Sch73, Chapter II, Corollary 2 to
Theorem 5, p. 102]. Since every compact subset K of E is a compact subset of
E; for some ¢ by [Bou87, III, p. 3, prop. 2; I, p. 32, prop. 9 (ii); III, p. 5, prop. 6],
it follows that E’ is a Lusin space from [Sch73, Chapter 2, Theorem 7, p. 112].
Defining the continuous, univalent map ¢ : E' — R by «(u) = u|D for u € F,
the initial topology on E’ induced by ¢ is a Hausdorff topology coarser than the
compact open topology, hence their Borel families agree by [Sch73, Chapter II,
Corollary 2 to Theorem 4, p. 101]. O

2.20 Exzample. Suppose X is a locally compact Hausdorff space which admits a
countable base of its topology.

Then 7 (X) with its locally convex topology (see 7)) and ¢ (X)* with its
weak topology are Lusin spaces and the Borel family of ¢ (X)* is generated
by the sets & (X)* N {p:p(f) < t} corresponding to f € #(X) and t € R.
Moreover, the topological space

H(X)" N {p:p is monotone}
is homeomorphic to a complete, separable metric spaceE in fact, choosing a

countable dense subset D of # (X)T, the image of its homeomorphic embedding
into R? is closed.

9That is, E; are separable Fréchet spaces in the terminology of [Bou87, II, p. 24].
10Such spaces are termed polish spaces in [Sch73, Chapter II, Definition 1].
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2.21 Ezample. Suppose U is an open subset of R™ and Z is a separable Banach
space.

Then 2(U, Z) with its locally convex topology (see 2I0) and 2'(U, Z) with
its weak topology are Lusin spaces and the Borel family of 2'(U, Z) is generated
by the sets 2/ (U, Z) N {S:5(0) < t} corresponding to 0 € Z(U,Z) and t € R.
Moreover, recalling 22 and [Fed69, 4.1.5], it follows that

(2" (U, Z) x 2 (U)*) n{(S,]|S])): S is representable by integration}

is a Borel function whose domain is a Borel set (with respect to the weak topol-
ogy on both spaces).

3 Distributions on products

The purpose of the present section is to separate functional analytic considera-
tions from those employing properties of the varifold or the weakly differentiable
function in deriving the various coarea type formulae in [R.1] 829, T2.T] and 122

3.1. Suppose U and V are open subsets of Euclidean spaces and Z is a Banach
space. Then the image of 2(U,R)® 2(V,R)® Z in (U xV, Z) is sequentially
dense, compare [Fed69, 1.1.3, 4.1.2, 4.1.3].

3.2. If J is an open subset of R, R € 2'(J,R) is representable by integration,
and || R|| is absolutely continuous with respect to £*|2”, then there exists k €
Lic¢(£127) such that

R(w) = [,wkd#" whenever w € Ly (|| R]|),
k(y) = lim e 'R(i,.) for £ almost all y € J,

e—0+

where i, . is the characteristic function of the interval {v:y < v < y+¢}; in
fact, localising the problem, one employs [Fed69, 2.5.8] to construct k satisfying
the first condition which implies the second one by [Fed69, 2.8.17, 2.9.8].

3.3 Lemma. Suppose n € &, i is a Radon measure over an open subset U
of R™, J is an open subset of R, f is a u measurable real valued function,
A= f7[J], F is a p measurable Hom(R™, R) valued function with

fKﬂ{z:f(m)eI}lFl dp < o0

whenever K is a compact subset of U and I is a compact subset of J, and

T e 2'(U x J,R™) satisfies
T(¢) = [, (o(z, f(2)),F(2)) dpz  for ¢ € Z(U x JR")

Then T is representable by integration and

T(¢) = [, ¢z, f(2)), F(x)) duz, [gd|T|| = [ 9(z, f(2))|F(z)| dpx

whenever ¢ € Ly (||T||,R™) and g is an R valued ||T|| integrable function.
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Proof. Define p:U x J — U by
p(z,y) =x for (z,y) € U x J.

Define the measure v over U by v(B) = fA*mB|F| dp for BC U. Let G: A —
U x J be defined by G(z) = (z, f(z)) for z € A. Employing [Fed69, 2.2.2, 2.2.3,
2.4.10] yields that v {z: f(x) € I} is a Radon measure whenever [ is a compact
subset of .J, hence so is the measure G (v|24) over U x J by [Fed69, 2.2.2, 2.2.3,
2.2.17, 2.3.5]. One deduces that

T(¢) = f <¢, |Fop|_1F op> dG#(V|2A) for ¢ € 9(U x J,R");

in fact, F|A = FopoG, hence both sides equal [ (¢ o G,|F|~'F) dv by [Fed69,
2.4.10, 2.4.18 (1)]. Consequently, ||T|| = G4 (v|2#) and the conclusion follows
by means of [Fed69, 2.2.2, 2.2.3, 2.4.10, 2.4.18 (1)]. O

3.4 Theorem. Suppose U is an open subset of R™, J is an open subset of R,
Z is a separable Banach space, T € 9'(U x J, Z) is representable by integration,
Ry € 2'(J,R) satisfy

Ro(w) = T(z ) (w(y)0(x)) whenever w € Z(J,R) and 0 € 2(U, Z).
and S(y) : 2(U, Z) — R satisfy, see[32,
T -1 .
S(y)(0) = Egrgl+5 Ro(iye) €R  for0e 2(U,2)

whenever y € J, that is y € dmn S if and only if the limit exists and belongs to
R for 6 € 2(U, Z).

Then S is an £t L J measurable function with respect to the weak topology
on 2'(U, Z) and the following two statements hold.

(1) If g is an {u:0 < u < oo} wvalued ||T|| measurable function, then
[3f9(@,v)dISW)llzdLty < [gd||T].

(2) If | Re|| is absolutely continuous with respect to £1|27 for 0 € 2(U, Z),
then

T(6) = [;,SW)(e(y) dLly,  [,9d|T| = [;[9(z,y)d[S(y)llzdLy.
whenever ¢ € Ly(||T||, Z) and g is an R valued ||T|| integrable function.
Proof. Definep: U xJ —-Rand q:U xJ — U by

p(r,y)=z and q(z,y)=y for (z,y) €U x J.
First, one derives that S is an .#! L J measurable function with values in
9'(U, Z) N {X: X is representable by integration},

where the weak topology on 2'(U, Z) is employed; in fact, choosing countable,
sequentially dense subsets C and D of J# (U)" and 2(U, Z) respectively (see
22 220, and 2Z2T) and noting that S(y) belongs to set in question whenever

i TN op)live o) R, lim e Raiy) €R
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for f € C and 6 € D by means of[Z12] the assertion follows from [Fed69, 2.9.19]
and 2211
In order to prove (), one may assume g € J# (U x J)T. Suppose f € #(U)T,
he o (J)t,and g = (fop)(hog) and 8 denotes the Radon measure over U x J
defined by 3(B) = [5f opd||T| for B C U x J. Noting
ISWII(f) < Dlgyf, £*27,V,y) for £ almost all y € J,
where V = {(b,I):be I C J and I is a compact interval}

and employing |[Fed69, 2.4.10, 2.8.17, 2.9.7] and [Z2]] one infers that
SS@IRy) ALty < [;D(gyB, 2127, V,y)h(y) ALy
< (gxB)(h) = ||Tl(9)-

An arbitrary g € (U x J)T may be approximated by a sequence of func-
tions which are nonnegative linear combinations of functions of the previously
considered type, compare [Fed69, 4.1.2, 4.1.3].

To prove the first equation in (), it is sufficient to exhibit a sequentially
dense subset E of Z(U x J, Z) such that

T(6) = [,5W)(6(,3)) AL"y whenever 6 €
by (@) and 212 If 6 € 9(U, Z), then
Tl (w(¥)0()) = Ro(w) = [,8(y)a(w(y)0(x)) ALy

for w € 2(J,R) by One may now take F to be the image of 2(J,R) ®
2(U,Z)in 2(U x J,Z), see BT
The second equation in (2) follows from (1) and the first equation in [2). O

4 Monotonicity identity

The purpose of this section is to derive the modifications and consequences of
the monotonicity identity which will be employed in [6.12], R33] 3.1l and 142

4.1 Lemma. Suppose 1 <m <00, 0<s<r<o0, 0<k<oo, I={t:s<
t<r},and f:I—{y:0<y<oc} isa function satisfying

limsup f(u) < f(t) < f(r) + fif(r)l/mftru_lf(u)l_l/m dZL fortel.
u—t—

Then there holds
ft) < (L+m klog(r/t))" f(r) fortel.

Proof. Suppose f(r) <y < oo and v = m ™~ kf(r)/™y~1/™ and consider the
set J of all t € I such that

f(u) < (1+wvlog(r/u))™y whenever t <u <.

Clearly, J is an interval and r belongs to the interior of J relative to I. The
same holds for ¢t with s < ¢ € Clos J since
F#&) < )+ mf )Yy = [Fum (1 4 vlog(r/u) ™ AL
= f(r) + (L +vlog(r/t)™ — 1)y < (1 +vlog(r/t))"y.

Therefore I equals J. |
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4.2 Theorem. Suppose mn € £, m < n,a € R", 0 < r < o0, V €
Vi (U(a,r)), and p € 2({s:0 < s <71}, R).

Then there holds

— Jo @' ()s7™(IV]| B(a, 5) dL"s

= f(U(a ) ~{a})xG(n, m)Q("T - a|)|$ - a|_m_2|PhL($ - a)|2dV(gc,P)

((f| s o(s)dZL s )(zfa)).

Proof. Assume a =0andlet [ = {s:—co<s<r}and J={s:0<s<r}.
Ifwe&(,R), supsptw < r, 0 ¢ sptw’ and 6 : U(a,r) — R™ is associated
to w by 0(x) = w(|z|)z for € U(a,r), then DI(0) @ B, = mw(0) and

DO(x) o Py = |Py(@)[* ||~ o' (|z]) + mw(|z])
— [P ()Pl 71 (J2]) + |2l (|2]) + mew(|a])
whenever x € R™, 0 < |z| < r, and P € G(n,m). Define w,v € &(I,R) by

w(s) = —fsrup{&o}ufmflg(u) d2'  and v(8) = sw'(s) + mw(s)

for s € I, hence supspty < supsptw < r, 0 ¢ sptw’, and
W(s)=sT""o(s), w(s) = —(m+1)sT"P(s) + 57"/ (s)
for s € J. Using Fubini’s theorem, one computes with € as before that
SV (O) + [ s amm)nie.p): o<zl <y 02D |27 2P (2)* AV (z, P)
= [z dlIVlz =~ [ [}, (s)dL sd|[V|lz = = [77' () |V B(a, 5) dL"s.
Finally, notice that v'(s) = sw”(s) + (m + 1)w'(s) = s~™¢(s) for s € J. O

4.3 Remark. This is a slight generalisation of Simon’s version of the monotonicity
identity, see [Sim83, 17.3], included here for the convenience of the reader.

4.4. Suppose m,n € Z, m < n, U is an open subset of R", V € V,,,(U), ||0V||
is a Radon measure, and n(V,-) is a ||§V|| measurable S"~! valued function
satisfying

(6V)(0) = [n(V,z) e 0(x)d||6V |z for § € 2(UR"),
see Allard [ALl72, 4.3].

4.5 Corollary. Suppose m, n, U, V, and n are as in[{.4)
Then there holds

s VB a| " 2P (x — a)* AV (a, P)

)+ S B(air) ~ Blas)) x G (nm) | —
= r””HVHB(a,r

+m 7! [y Gup{le —al, s} 7" —r7")(z — a) e y(V,2) d||6V |

whenever a € R™, 0 < s <r < o0, and B(a,r) C U.
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Proof. Letting ¢ approximate the characteristic function of {t:s < ¢ < r}, the
assertion is a consequence of O

4.6 Remark. Using Fubini’s theorem, the last summand can be expressed as
f;tfmflfB(ai) (x — a) en(V,z)d||0V |z dL't.

4.7 Remark. and are a minor variations of Simon [Sim83, 17.3, 17.4].
4.8 Corollary. Suppose m, n, U, and V are as in[{4) m =1, and X =
Un{a:|6V]({a}) > 0}.
Then the following three statements hold.
(1) Ifae R, 0 < s <r < oo, and B(a,r) C U, then
571”‘/” B(a,s) + f(B(a,T)NB(a,s))xg(nym)w - a|73|PuJ_($ - a)|2 dV (x, P)
<Y VIIB(a,r) + 6V (B(a, ) ~{a})

(2) @ (||V|,-) is a real valued function whose domain is U.

(8) ©(||V|,-) is upper semicontinuous at a whenever a € U~ X .

If additionally ©'(||V|,z) > 1 for |V|| almost all x, then the following two
statements hold.

(4) If a € spt ||V]|, then

' (|V],a)>1 ifa¢g X and ' (|V],a) >1/2 ifacX.

(5) Ifaespt||V|,0<s<r<oo,Ula,r) CU, and ||6V|(U(a,r) ~{a}) <e,
then

V]| U(x,s) > 2741 —¢e)s  whenever x € spt ||V and |z —a| + s < 7.

Proof. fa € U,0< s <r < oo and B(a,r) C U, then
’sup{|:c —al,s}7t - ril“z —a| <1 whenever z € B(a,r).

Therefore (D)) follows from (@) readily implies (@) and (@) and the first
half of ). To prove the second half, choose 7 as in [£4] and consider a € X.
One may assume a = 0 and in view of Allard [All72, 4.10(2)] also U = R™.
Abbreviating v = 7(V,0) € S*~! and defining the reflection f : R® — R™ by
f(z) =2 —2(x ev)v for x € R™, one infers the second half of ) by applying
the first half of (@) to the varifold V + fxV.

If a, s, r, ¢ and z satisfy the conditions of (), then

IVIIU(x,s) > (1 —¢)s if either s < |z —a|] or x = a,
V] U(z,s) > |[V||U(a,s/2) > 27 (1 —¢)s if2]z—al <s

by (@) and ), the case |x — a| < s < 2|z — a| then follows. O
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4.9 Corollary. Suppose m, n, U, andV are as in[{.4, a € R", 0 < s <1 < 00,
B(a,r) CU, 0 <k < 00, and

16V B(a,t) < wr H[VI[(B(a,r) Y™ |V](B(a,0)' =™ fors <t <,

where 0° = 1.
Then there holds

sT™|V|IB(a,s) < (1 + mflnlog(r/s))mrmeVH B(a,r).

Proof. Assume ||V||B(a,r) > 0 and define ¢ = inf{u:||V||B(a,u) > 0} and
fw) =u=™||V||B(a,u) for sup{s,t} < u <r. Then, in view of .5l and .6, one
may apply 1] with s replaced by sup{s, ¢} to infer the conclusion. O

5 Distributional boundary

In this section the notion of distributional boundary of a set with respect to
certain varifolds is introduced, see 5.1l Moreover, a basic structural theorem is
proven, see [5.10) which allows to compare this notion to a similar one employed
by Bombieri and Giusti in the context of area minimising currents in [BG72,
Theorem 2], see [T.14l

5.1 Definition. Suppose m,n € &, m < n, U is an open subset of R",
V e V,,(U), |6V]] is a Radon measure, and E is ||[V]| + ||6V|| measurable.
Then the distributional V' boundary of E is given by (see 21T

VOE = (V)L E —§(VLE x G(n,m)) € Z'(U,R").

5.2 Remark. It W € V,,(U), ||[0W] is a Radon measure and E is additionally
[IW]| + |[6W]| measurable, then

(V +W)OE =V 9E + W 9E.
5.3 Remark. If E and F are ||[V| + ||0V| measurable sets and E C F, then
VO(F~E) = (VOF) — (VIE).

5.4 Remark. If V OF is representable by integration, W = V L E x G(n, m), and
F is a Borel set, then

VOENF)=WOF + (VOE)_F.

5.5 Remark. If G is a countable, disjointed collection of ||V ||+ ||0V|| measurable
sets with VOE =0 for F € G and ||V||(U~JG) = 0, then

16VI[(U~UG) = 0;

in fact 0V =3 5 0(VLE X G(n,m)) =3 pea(0V)LE = (V)L UG.
5.6 Ezample. Suppose E and P are distinct members of G(2,1) and V €
IV (R?) is characterised by ||V| = 1 L(E U P).

Then 6V = 0 and V OF = 0 but there exists no sequence of locally Lips-
chitzian functions f; : R? — R satisfying

JUfi = fI+1(IVI, 1) ap Dfi| d[[V]| = 0 as i — oo,

where f is the characteristic function of F.
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5.7 Remark. Since it will follow from B241([3]) that f is a generalised weakly dif-
ferentiable function with vanishing generalised weak derivative, the preceding
example shows that the theory of generalised weakly differentiable functions can-
not be developed using approximation by locally Lipschitzian functions. Instead,
the relevant properties of sets are studied first in Sections[BHT before proceeding
to the theory of generalised weakly differentiable functions in Sections [RHI3

5.8 Lemma. Suppose n € &, 1 < m < n, U is an open subset of R", u is
a Radon measure over U, K is a compact subset of U, A is compact subset of
Int K, ™ 1(A) =0, and

li “"uB : A < .
Tircr)lJrsup{s uB(z,s):x e Aand0< s <r} <o

Then there exists a sequence f; € &(U,R) satisfying

0<f; <1, AcCht{z:fi(x)=0}, {z:fi(z)<l}CK forie 2,

lim fi(x) =1 for ™" almost all x € U, lim [|Df;|dp=0.

i—00 1—>00
Proof. Let ¢o, denote the size oo approximating measure for ™! over R™.
Observe that it is sufficient to prove that for e > 0 there exists f € &(U,R)
with

0<f<1l, Achwtf{z:f(x)=0}, {z:f(zx)<1}CK,
bnl{z: fz) <1} <e, [IDf|du<c.

For this purpose assume A # &, denote the limit in the hypotheses of the lemma
by @, and choose j € & and x; € A, 0 <r; <oofori € {1,...,j} with

Bz, ) < (@Q+1)r” and B(x,r) C K forie{l,...,j},

AC UL, Uzi,ri/2), St <e/A,
where A = sup{a(m — 1),4(Q + 1)}. Selecting f; € &(U,R) with 0 < f; <1,
|Dfi| < 4r;', and

U(xi,ri/2) C {x: fi(z) =0}, {z:fi(x) <1} C B(xy,r:)

whenever i € {1,...,j}, one may take f = ngl fi- O
5.9 (see [Fed69, 1.7.5]). Suppose m,n € & and m < n. Then one defines the
linear map vy, : A,,R™ — A"™R™ by the equation

(&, vm(n)y = & en whenever £,n € A, R™.

5.10 Theorem. Suppose m,n € &, m < n, U is an open subset of R",
V eIV, (U), 0 <k < oo, ||[6V] < &||V|, M is a relatively open subset of
spt |V||, 2™ ((spt ||V||)~M) = 0, M is an m dimensional submanifold of
class 2, 7 : M — Hom(R"™,R") satisfies 7(x) = Tan(M, z)y forx € M, E is a
IV || measurable set, and

B=M~z:0™" (A" . MNE,z)=0 or @ (™ M~E,z) =0}.

Then the following three statements hold.
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(1) If 6 € 2(U,R"™) then

VOE(0) = — [0 7(x) @ D(0,7) (2)O™(|V],2) d# .

(2) If € is an m vectorfield orienting M and ~yp, is as in[5.9, then
VOE(0) = (—=1)" [ (€(@), d(0 2(ym © ))(x)) O™ ([V]], ) dA™x
for 6 € 2(UR"™).
(3) The distribution V OF is representable by integration if and only if
A YK NB) <oco whenever K is a compact subset of U;

in this case B is ™~ almost equal to {x:n(M; E,x) € S"~'} and meets
every compact subset of U is a (™1, m — 1) rectifiable set and

VOE(0) = — [n(M; E,z) e 0(z)@™(|V||,z) d#™ 'z
for 6 € 2(U,R"™).

Proof. Notice that the results of Allard [All72, 2.5, 4.5-4.7] stated for subman-
ifolds of class oo have analogous formulations for submanifolds of class 2. The
meaning of Tan(M, 0), Nor(M, 0), G,,(M), and IV, (M) defined in |AlIT2, 2.5,
3.1] will be extended accordingly.

The following assertion will be proven. If ¢ is as in @), then ¢ = ym 0 &
satisfies

&,d0.2¢)(x)) = (=1)""r(x) e D(0,7) (x) forzeM

whenever 0 : U — R"™ is a wvectorfield of class 1; in fact, assuming 6|M =
Tan(M, 0) and noting |£(z)| = 1 for € M, one infers

(&(x), (u, Do(x))) = &(x) @ (u, DE(x)) =0 for x € M, u € Tan(M, z),

hence for € M one expresses £(x) = uj A - -+ A uy, for some orthonormal basis
Uty ..., Uy of Tan(M, z) and computes

(¢(x), d(6 2 9)(2))
= 2 (D) T i A Aty Aty A At (a5, DO(2)) 2 6(x))
= (=)™ (w, DO(@)) e wi = (=1)" " r(z) @ DO(x).

Next, the case M = spt ||V|| will be considered. In this case one may assume
M to be connected. Since

dV(0) =0 whenever § € 2(U,R"™) and Nor(M,0) =0

for instance by Brakke [Bra78, 5.8] (or [Menl3, 4.8]), Allard |AlI72, 4.6 (3)] then
implies for some 0 < A < oo that

V(k) = X[, k(x, Tan(M, x)) d#"x  for k € (U x G(n,m)).
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Define W € IV,,,(M) by W(k) = fExG(n m)de for k € #(G,,(M)) and
notice that

VOE(6) = — [,h(V,2) ¢ 8) V]2 = [, nm Pe o D) V(2 P)
= —Jexcnm P ® (D Tan(M, 0)(z) o P;) dV (z, P) = —0W (Tan(M, 0))

whenever § € 2(U,R™) by Allard [All72, 2.5 (2)]. ([) is now evident and implies
@) by the assertion of the preceding paragraph. Concerning (B)), the subcase
M = U follows from [Fed69, 4.5.6, 4.5.11] (recalling also [Fed69, 4.1.28 (5),
4.2.1]) to which the case M = spt [|[V]| may be reduced by applying Allard
|ALLT2, 4.5] to W, see also Allard [All72, 4.7].

To treat the general case, first notice that, in view of Allard |All72, 5.1 (3)],
(3 is applicable with ¢ = ||V and A = (sptd) N (spt ||V]]) ~ M whenever
0 € 2(U,R"™), K is a compact subset of U, and sptf C Int K. The resulting
functions f; € &(U, R) satisfy

J10 = 1,01 +1D0 = D(£:0)| d|[V | + [ 160 — fio] a0

as i — oo whenever X is a 5™~ ! measurable subset of U with ™ 1(X) < oo.
It follows that V OE(0) = lim; o, V OE(f;0) and, if 2™ }(K N B) < oo, then

lim [n(M;E,x)e (0(z) — (£i0)(z)@™"(|V]|,x)ds#™ 'z = 0.

1—00
Therefore one now readily verifies the assertion. O

5.11 Remark. If S € Z°¢(R™) is absolutely area minimising with respect to
R", 0S = 0, and n—m = 1, then V € IV,,(R") characterised by ||S|| =
[Vl satisfies the hypotheses of BIO@) with U = R™, k = 0 for some M and
¢ by Allard [AllT2, 4.8 (4)], |Fed69, 5.4.15], and Federer |Fed7(, Theorem 1],
and in this case ||0(SL E)|| = ||V OF| as may be verified using BI0) @) in
conjunction with [Fed69, 3.1.19, 4.1.14, 4.1.20, 4.1.30, 4.5.6]

5.12 Remark. Considering the situation m,n € &, 1 < m < n, U is an open
subset of R™, V € IV,,(U) and §V = 0, few properties of V' are known to
hold near s#™~1 almost all z € spt ||V||. Consequently, it appears difficult to
obtain a structural description similar to BI0(B]) for ||V|| measurable sets whose
distributional V' boundary is representable by integration in this more general
situation. However, for Z! almost all superlevel sets of a real valued generalised
weakly differential function such a description will be proven under even milder
hypotheses on V' in

6 Decompositions of varifolds

In this section the existence of a decomposition of rectifiable varifolds whose
first variation is representable by integration is established in If the first
variation is sufficiently well behaved, this decomposition may be linked to the
decomposition of the support of the weight measure into connected components,

see [6.141

! Referring additionally to [Fed69, 5.3.20] and Almgren [AlmO0, 5.22], the hypothesis
n—m = 1 could have been omitted. However, the author has not checked Almgren’s re-
sult and its consequences will not be used in the present paper.
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6.1. A useful set of hypotheses is gathered here for later reference.

Suppose m,n € Z, m < n, 1 < p < m, U is an open subset of R",
V e V,,(U), |6V is a Radon measure, @™ (||V]|,x) > 1 for ||V| almost all x.
If p > 1, then suppose additionally that h(V,-) € L};’C(HVH,R”) and

3V (0) = — [h(V,z) e O(z)d||V]z for 6 € Z(U,R™).

Therefore V€ RV,,,(U) by Allard [All72, 5.5(1)]. If p = 1 let ¢ = ||dV]]. If
p > 1 define a Radon measure 1 over U by y(A) = [;|h(V,z)Pd||V]|z for
AcCU.

6.2 Definition. Suppose m,n € &, m < n, U is an open subset of R"”,
V € V,,,(U) and ||§V]| is a Radon measure.

Then V is called indecomposable if there exists no ||V + ||6V|| measurable
set E such that

IVI(E) >0, [VIU~E)>0, VOIE=0.

6.3 Remark. The same definition results if E is required to be a Borel set.

6.4 Remark. If V is indecomposable then so is AV for 0 < A < co. This is in
contrast to a similar notion employed by Mondino in [Monl4, 2.15].

6.5 Lemma. Suppose m,n € &, m < n, U is an open subset of R", V €
Vi (U), |6V] is a Radon measure, Ey and Ey are nonempty, disjoint, relatively
closed subset of spt ||V, and Ey U Ey = spt ||V]].

Then there holds

IWVI(E;) >0 and VOE; =0
for i € {0,1}. In particular, if V is indecomposable then spt ||V || is connected.
Proof. Notice that U ~ Ey and U ~ E; are open, hence
IVII(Eo) = [IVI(U ~ Ex) >0, [[VII(E1) = [VI(U~ Eo) > 0.
Next, one constructs w € & (U, R) such that
E; C Int{z:w(z) =i} fori={0,1};

in fact, applying |[Fed69, 3.1.13] with ® = {U ~ Ey,U ~ E1}, one obtains h, S
and vg, notices that either B(s, 10h(s)) C R™ ~ Ey or B(s,10h(s)) C R"~ E;
whenever s € S, lets T'= 5N {s:B(s,10h(s)) C R" ~ Ey} and takes

w(z) = th(x) forx e U.
teT
This yields V 8E; = 0 for i = {0,1} by Allard [AI7d, 4.10 (1)]. O

6.6 Definition. Suppose m,n € &, m < n, U is an open subset of R",
V € V,,(U), and ||6V]| is a Radon measure.

Then W is called a component of V if and only if 0 # W € V,,(U) is
indecomposable and there exists a |[|V|| 4 [|0V|| measurable set E such that

W =VLEx G(n,m), VOE=0.
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6.7 Remark. Suppose F'is a |V +]|dV|| measurable set. Then E is |V|| +]|dV]]
almost equal to F' if and only if

W=V_LFxG(n,m), VJIF=0.

6.8 Remark. If C is a connected component of spt ||V|| and W is a component
of V- with C Nspt |W]| # @, then spt |[W]| C C by [65

6.9 Definition. Suppose m,n € &, m < n, U is an open subset of R",
V eV, (U), ||6V] is a Radon measure, and = C V,,,(U).

Then Z is called a decomposition of V if and only if the following three
conditions are satisfied:

(1) Each member of Z is a component of V.

(2) Whenever W and X are distinct members of Z there exist disjoint ||V|| 4+
l0V|| measurable sets E and F with VIFE = 0=V JF and

W=V_LExG(n,m), X=VLFxG(n,m).

(3) V() = we=W(k) whenever k € Z (U x G(n,m)).

6.10 Remark. Clearly, Z is countable.

Moreover, using [6.7] one constructs a function £ mapping = into the class of
all Borel subsets of U such that distinct members of = are mapped onto disjoint
sets and

W=V_LEW) x G(n,m), VIEW)=0
whenever W € =. Consequently, in view of [5.5] one infers
(VI +16VIN(U ~Uim¢) = 0.

Also notice that V 9(|J&[N]) = 0 whenever N C E.

6.11 Remark. Suppose m, n, p, U and V are as in 61l p = m, and = is a
decomposition of W. Observe that [L8([@) and [Men09, 2.5] imply

cardEN{W: K Nspt|W] # @}) < 0
whenever K is a compact subset of U, hence
spt [V = U{spt [[W]|: W € E}.

Notice that [Men09, 1.2] readily shows that both assertions need not to hold in
case p < m.

6.12 Theorem. Suppose m,n € &, m < n, U is an open subset of R",
V e RV, (U), and |6V || is a Radon measure.

Then there exists a decomposition of V.

Proof. Assume V # 0.
Denote by R the family of Borel subsets E of U such that V OE = 0. Notice
that

Nie, Ei € R whenever E; is a sequence in R with E;; 1 C E; fori € &,
EFeR ifandonlyif E~FeR whenever £ D F € R
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by B3l Let P = RN{E:||[V||(E) > 0}. Next, define

27m71i7172m g = 2717:72

51’ = a(m) s
for i € & and let A; denote the Borel set of a € R™ satisfying

la| <i, U(a,2¢;) U, O™(|V|,a)>1/1,
10V B(a,r) < a(m)ir™ for 0 <r <eg;

whenever i € #. Clearly, A; C A;4q for i € & and ||V|(U~U;2, 4i) =0 by
Allard |ALl72, 3.5 (1a)] and [Fed69, 2.8.18, 2.9.5]. Moreover, define

Pi=RN{E:|V|(ENA;) > 0}

and notice that P; C P4y for i € & and P = J;-, P;. One observes the lower
bound given by

IVI(ENB(a,e:)) = &
whenever E € R, i € &, a € A; and O™ (||V| L E,a) > 1/i; in fact, noting
fOEiT_mH(S(VLE x G(n,m))|| B(a,r)dZLr < a(m)ie;,

the inequality follows from and Let Q; denote the set of E € P such
that there is no F' satisfying

FCE FeP, E~FeP.

Denote by 2 the class of Borel partitions H of U with H C P and let
Go = {U} € Q. The previously observed lower bound implies

dicard(H N B) < |[VI(U N {z:dist(z, 4;) < &;}) < 00
whenever H is a disjointed subfamily of P, since for each E € H N P; there
exists a € A; with @™ (||V||LE,a) = O™ (||V|,a) > 1/i by |[Fed69, 2.8.18,
2.9.11], hence
[VI(E N {x:dist(z, 4;) < &;}) > |[VI(ENB(a,e;)) > 6;.

In particular, such H is countable.

Next, one inductively (for i € &) defines ; to be the class of all H €  such
that every E € GG;_1 is the union of some subfamily of H and chooses G; € €;
such that

card(G; N P;) > card(H N P;) whenever H € ;.

The maximality of G; implies G; C @;; in fact, if there would exist F € G; ~@;
there would exist F' satisfying

FCE, FeP, E~FeP
and H = (G; ~{E}) U{F, E ~ F} would belong to €; with

card(H N P;) > card(G; N P;).
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Moreover, it is evident that to each x € U there corresponds a sequence E;
uniquely characterised by the requirements x € ﬂfil E;, and E;11 C E; € G;
for i € 2.

Define G = | J;=; G; and notice that G is countable. Define C' to be the col-
lection of sets (;~, E; with positive ||V|| measure corresponding to all sequences
E; with E;11 C E; € G, for i € &. Clearly, C is a disjointed subfamily of P,
hence C' is countable. Next, it will be shown that

VI(U~Uc) =o.
In view of |[Fed69, 2.8.18, 2.9.11] it is sufficient to prove
Ai~JC C U{Eﬂ {z:@""(|V||ILE,z) < ®@"(|V],z)}: F € G}

for ¢ € &. For this purpose consider a € A; ~|JC with corresponding sequence
Ej. Tt follows that ||V[|(N;2, E;) = 0, hence there exists j with [[V|[(£; N
B(a,¢&;)) < ¢; and the lower bound implies

O (Ve Ej,a) <1/i < @™(||V]], a).

It remains to prove that each varifold VL E x G(n,m) corresponding to
E € C is indecomposable. If this were not the case, then there would exist
E =,_, Ei € C with E;1, C E; € G; for i € & and a Borel set I’ such that

WVI(ENF)>0, |VI(E~F)>0, VOENF)=0

by 64l and B3] This would imply ENF € P and E~ F € P, hence for some i
also ENF € P; and E~ F € P; which would yield

ENF CE;, EiN(EﬂF)GPi,
since E~F C E; ~(ENF) € R; a contradiction to E; € Q;. O

6.13 Remark. The decomposition of V may be nonunique. In fact, considering
the six rays

Rj = {texp(mij/3):0 <t < 00} C C=R? where 7 =T(1/2)%

corresponding to j € {0,1,2,3,4,5} and their associated varifolds V; € IV (R?)
with ||V;]| = #' L R;, one notices that V = Z?:o V; € IV1(R?) is a stationary
varifold such that

{(Vo+ V2 + Ve, Vi+ Vs +V5} and {Vo+ V3, V1 + V4, Vo + Vs}
are distinct decompositions of V.

6.14 Corollary. Suppose m, n, p, U and V are as in[61l p =m, and ® is the
family of all connected components of spt ||V]|.
Then the following four statements hold.

(1) If C € ®, then
C = Ufspt [W]|: W € Z,C N spt W] £ 2}

whenever Z is decomposition of V.
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(2) card(® N{C:CNK # }) < 0o whenever K is a compact subset of U.
(3) If C € @, then C is open relative to spt ||[V]].
(4) If C € @, then spt(||V]|LC) = C and VOC = 0.

Proof. () is a consequence of [6.8 and In view of () and 12, @) is a
consequence of 6111 Next, (2) implies (). Finally, @) and .5 yield (@). O

6.15 Remark. If V is stationary, then (@) implies that V' L C' x G(n, m) is station-
ary. This fact might prove useful in considerations involving a strong maximum
principle such as Wickramasekera [Wicl4, Theorem 1.1].

7 Relative isoperimetric inequality

In this section a general isoperimetric inequality for varifolds satisfying a lower
density bound is established, see [[L8 As corollaries one obtains two relative
isoperimetric inequalities under the relevant conditions on the first variation of
the varifold, see and [C 111

7.1. Suppose m,n € &, m < n, U is an open subset of R, V € V,,,(U), ||6V]|
is a Radon measure, @™ (||V||,xz) > 1 for ||V|| almost all z, E is ||V|| + ||6V]|
measurable, B is a closed subset of Bdry U, and, see ZZT5H2.17],

VI +11VID(ENK) + [V IE|(U N K) < oo,
Jexnm e e D) dV (z, P) = ((6V) L E)(0|U) — (V OE)(6|U)

whenever K is compact subset of R" ~ B and § € 2(R" ~ B,R"). Defining
W e V,,(R"~B) by

W(A)=V(AN(E x G(n,m))) for AC (R"~ B) x G(n,m),
this implies
oW (A) < |[6V(ENA)+ [VOE|(UNA) for ACR"~B.

7.2 Example. UsingB.T0 () @) one verifies the following statement. Ifm,n € &,
m <n, U is an open subset of R™, B is a closed subset of BdryU, M is an m
dimensional submanifold of R™ of class 2, M C R~ B, (ClosM)~M C B,
VeV,U) and V' € V,, (R" ~ B) satisfy

V(k) = [ynuk(@, Tan(M, x)) d#™x  for k € (U x G(n,m)),

V(k) = [ k(z, Tan(M, x))ds#™z  for k € # ((R" ~ B) x G(n,m)),
and E is an €™ measurable subset of M N U, then E satisfies the conditions
of 11 if and only if V' OF is representable by integration and n(M;E,x) =0
for ™1 almost all x € (R™ ~ B) ~U; in this case

VOEWB|IU) = — [[n(M;E,z) e 0(z)d#™ 'z for 6 € 2(R" ~B,R").
Since in the situation of [[1] there no varifold V' available which extends V in

a canonical way, the condition on E is formulated in terms of the behaviour W.
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7.3 Lemma. Suppose 1 < M < o.
Then there exists a positive, finite number I' with the following property.
Ifmne 2 m<n<M1<Q<MacR",0<r<oo, We
Vi (Ul(a,r)), |0W] is a Radon measure, @™ (|W||,z) > 1 for ||W|| almost all
x, a € spt ||W]|, and

16W | B(a,s) < T~ [WI|(B(a, ))' "™ for 0 <s <,
IW[({z: @™ (W], 2) < Q}) <T~HW[|U(a,r),

then there holds
IW(IU(a,r) > (Q — M~ H)a(m)r™.

Proof. If the lemma were false for some M, there would exist a sequence I';
with I'; — oo as ¢ — oo, and sequences m;, n;, Q;, a;, 7;, and W; showing that
I' =T; does not have the asserted property.

One could assume for some m,n € #, 1 < Q < M that m <n < M,

m=m;, n=n; a =0 1,=1
for i € & and Q; — Q as i — oo and, by [Men09, 2.5],
([W:|| B(0,s) > (2my(m))~™s™ whenever 0 < s <1andie€ Z.

Defining W € V,,,(R™"NU(0, 1)) to be the limit of some subsequence of W;, one
would obtain

[W[IT(0,1) < (Q — M~ He(m), 0€spt|[W], oW =0.
Finally, using Allard [All72, 5.1 (2), 5.4, 8.6], one would then conclude that

0" (|[W],z) > Q for |[W| almost all x,
" ([W],0) =@, [[W[U(0,1) = Qa(m),

a contradiction. O

7.4 Remark. Considering stationary varifolds whose support is contained in two
affine planes with @™ (||W]|, @) a small positive number, shows that the hypothe-
ses “@™(||W]|,x) > 1 for ||| almost all 2” cannot be omitted.

7.5 Remark. Even for smooth functions, is the key observation which —
through the relative isoperimetric inequalities [7.9] and [Z.TT] — leads to Sobolev
Poincaré type estimates which are applicable near ||V almost all points of
{z:0™(||V]|,x) > 2}, see[[Tl For generalised weakly differentiable functions,
these estimates in turn provide an important ingredient for the differentiability
results obtained in and [[T.4] and the coarea formula in

7.6 Remark. Taking @ = 1 in[T3] (or applying [Men09, 2.6]) yields the following
proposition: If m, n, p, U, V, and ¢ are as in[61l, p = m, a € spt||V||, and
Y({a}) =0, then O (||V]|,a) > 1. If ||§V]| is absolutely continuous with respect
to ||V then the condition ¢ ({a}) = 0 is redundant.

Ifm=mnand f: R" = {y:1 <y < oo} is a weakly differentiable function
with Df € LI°¢(.#" Hom(R" R)), then the varifold V € RV,(R") defined
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by the requirement ||V|[(B) = [,fd.Z" whenever B is a Borel subset of R™
satisfies the conditions of with p = n since

0V (g) = —[ (9(z),D(logof)(z)) d|V]z for g€ Z(R",R").

If n > 1 and C'is a countable subset of R™, one may use well known properties of
Sobolev functions, in particular example [AF03, 4.43], to construct f such that
C C{z:0"(|V]|,x) = co}. Tt is therefore evident that the conditions of 1]
with p = m > 1 are insufficient to guarantee finiteness or upper semicontinuity of
O™ (||V|l,-) at each point of U. However, the following proposition was obtained
by Kuwert and Schétzle in [KS04, Appendix A]: If m, n, p, U, and V are as
6, p=m =2, and V € IVy(U), then ®*(|V||,-) is a real valued, upper
semicontinuous function whose domain is U.

7.7 Remark. The preceding remark is a corrected and extended version of the
author’s remark in [Men09, 2.7] where the last two sentences should have referred
to integral varifolds.

7.8 Theorem. Suppose 1 < M < co.

Then there exists a positive, finite number I' with the following property.

Ifmneée P, m<n< M, 1<Q< M,U is an open subset of R",
W eV, (U), S, € 2'(U,R") are representable by integration, SW = S+ X,
O (||W]|,z) > 1 for |[W]| almost all z, 0 < r < oo, and

ISy <r=t  ifm=1,
SO) ST W njmry(@) forbe 2(UR")  ifm>1,

IWI(U) < (@~ M Na(m)r™, |[W[|({z:@™(|W][|,2) <@}) <T~'r™,

then there holds
W[ ({z: U(z,r) cUH'""V™ <T |2 (V),

where 0° = 0.

Proof. Define
Ay =Tg2M)™", Ay =inf{(2y(m))"": M >m € 2},
Az = Apinf{2m~y(m))™" : M >m e 2}, Ay=sup{B(n):M >n e P},
A5 = (1/2) inf{Ag, Ag}, I'= A4Ag1.
Notice that v(1) > 1/2, hence 2A5 < Irg(2M)~".
Suppose m, n, @, U, W, S, 3, and r satisfy the hypotheses in the body of
the theorem with I'.

Abbreviate A = {z:U(x,r) C U}. Clearly, if m = 1 then ||S]|(U) < As.
Observe, if m > 1 then

[IS(X) < A5||W||(X)1_1/m whenever X C U.

Next, the following assertion will be shown: If a € A Nspt |W|| then there
exists 0 < s < r such that

As|W[(B(a, )~/ < |[S]| B(a, 5).
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Since [|0W | B(a,s) < As||W||(B(a,s))* =™ + ||Z| B(a, s), it is sufficient to
exhibit 0 < s < r with

20| W || (B(a, )71/ < [|6W ] B(a, s).

As [W[|U(a,r) < [W[(U) < (Q — (2M)~)ae(m)r™ the nonexistence of such
s would imply by use of [Men09, 2.5] and

A (2my(m)) "™ < AW U(a, 7)
< [W[(U(a,r) n{z: 0" (W], z) < Q}) < Asr™,

a contradiction.
By the assertion of the preceding paragraph there exist countable disjointed
families of closed balls G1, ..., Gg(y) such that

Anspt W] € UULGisi = 1,..., Bm)} C U,
[WI(B)*~Y™ < AFY||2||(B) whenever B € G; and i € {1,...,8(n)}.

If m > 1 then, defining 5 = m/(m — 1), one estimates

[WI(A) < 2 pea IWIB) < AP WS s lIBI(B)?
_ n Jé] _
< AP L ITIB)) < AP B)||TIIU)P.
If m = 1 and |W|(A) > 0 then As < |Z||(B) < ||Z|(U) for some B €

WH{G;:i=1,...,8(n)}. O

7.9 Corollary. Supposem,n, U,V , E, and B are as in[Z1, 1 < Q < M < oo,
n<M,A=Tgg(M), 0<r<oo, and

IVI(E) < (Q— M Ha(m)r™, [[VI(En{z:@"(|V],z) <Q}) <A~ 'r™
Then there holds
IVI(EN{z:Uz,r) c R"~B}H=Y™ < A(|VOE||(U) + |6V |(E)),
where 00 = 0.

Proof. Define W as in [Tl and note @™ (||W||,z) = @™ (||V|,z) > 1 for |[W]]
almost all = by [Fed69, 2.8.18, 2.9.11]. Therefore applying [[.8 with U, S, and
3} replaced by R™ ~ B, 0, and W yields the conclusion. |

7.10 Remark. The case B = BdryU and (Q = 1 corresponds to Hutchinson
[Hut90, Theorem 1] which is formulated in the context of functions rather than
sets.

7.11 Corollary. Supposem,n,p, U, V, and are as inl@d, p=m,n< M, E
and B are related tom, n, U, and V, as in[Z1, 1 < Q < M < oo, A = Il7g(M),
0<r<oo, and

IVI(E) < (Q = M~ He(m)r™,  $(B)/™ < A7,
IVI(En{z: 0™ ([V]],2) < Q}) < A™'r™.
Then there holds
IVII(E N {z:U(z,r) c R"~B})'"V™ <AV OE|(U),

where 00 = 0.
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Proof. Define W as in [l and note @™ (||W||,z) = @™ (||V||,z) > 1 for |W]|
almost all z by |Fed69, 2.8.18, 2.9.11]. If m > 1 then approximation shows

(OV)LE)O|U) = — [ h(V,z) e 0(x)d||V |z for § € Z(R" ~B,R");

in fact since |[(0V)L E| = ||6V]|L E and 0|U € Ly(||6V]| . E,R"™) the problem
reduces to the case spt C U which is readily treated. Therefore applying [I.§
with U, S(0) and 3(0) replaced by R" ~ B, ((6V) L E)(8|U) and —(V 9E)(0|U)
yields the conclusion. O

7.12 Remark. Evidently, considering E = U, B = BdryU, @Q = 1, and station-
ary varifolds V' such that |V]|(U) is a small positive number shows that the
intersection with {z:U(z,r) C R™ ~ B} cannot be omitted in the conclusion.

7.18 Remark. Since estimating ||dV||(E) by means of Hélder’s inequality seems
insufficient to derive [Tl from [[.9] by means of “absorption”, this procedure was
implemented at an earlier stage and led to the formulation of

7.14 Remark. It is instructive to consider the following situation. Suppose
mmnée X, 1<m<n 1< M<oo,a € R\, 0<r <oo, 0< Kk < o0,
1< A<oo,U=U(aAr), B=BdryU, A= {z:U(z,r) C R"~ B}, hence
A = B(a,(A = 1)r), V € IV, (U) is a stationary varifold, and E is a |V
measurable set satisfying the relative isoperimetric estimate

inf{|[V[[(ANE),|[[VI(A~ E)}' Y™ < 5|V OE|(U),
where 00 = 0. Then ||V[|(ANE) < (1 — M~Y)||V||(A) implies
V(AN E)' Y™ < MK|V OE||(U).

Exhibiting a suitable class of V' and E such that the relative isoperimetric
estimate holds with a uniform number x is complicated by the absence of such an
estimate on the catenoid[ If V corresponds to an absolutely area minimising
locally rectifiable current in codimension one, then such uniform control was
obtained for some A in Bombieri and Giusti [BG72, Theorem 2] (and attributed
by the authors to De Giorgi); see[E. 1Tl for the link of the concept of distributional
boundary employed by Bombieri and Giusti and the one of the present paper.

Finally, the term “relative isoperimetric inequality” (or estimate) is chosen
in accordance with the usage of that term in the case ||V = £™ by Ambrosio,
Fusco and Pallara, see JAFP00, (3.43), p. 152].

8 Basic properties of weakly differentiable func-
tions

In this section generalised weakly differentiable functions are defined in B3]
Properties studied include behaviour under composition, see[8.12], and [815]
addition and multiplication, see B20 @) (@), and decomposition of the varifold,
see 824 and Moreover, coarea formulae in terms of the distributional
boundary of superlevel sets are established, see Bl and A measure theo-
retic description of the boundary of the superlevel sets will appear in The
theory is illustrated by examples in and

128ee for instance [Oss86, p. 18] for a description of the catenoid.
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8.1 Lemma. Suppose m,n € &, U is an open subset of R™, V € V,,(U),
|6V is a Radon measure, f is a real valued ||V + ||[6V]| measurable function
with dmn f C U, and E(y) = {z: f(z) >y} for y € R.

Then there exists a unique T € 2'(U x R,R"™) such that, seel[Z10,

(OV)((wo f)6 fw z))P, e Df(x)dV (z, P) + T(Ly)(w'(y)@(:c))

whenever § € 2(U,R"), w € &R, R), sptw’ is compact and inf sptw > —oo.
Moreover, there holds

= [VOE®W)(¢(,y)dL"y for ¢ € D(U x R,R™).

Proof. Define C' = {(z,y):x € E(y)} and g : (U x G(n,m)) x R = U x R by
9((z, P),y) = (z,y) for x € U, P € G(n,m) and y € R. Using |Fed69, 2.2.2,
2.2.3,2.2.17, 2.6.2], one obtains that C is | V]| x £* and ||6V|| x £! measurable,
hence that ¢71[C] is V x £ measurable since ||V|| x £ = gx(V x £1).

Define p : R x R — R" by p(x,y) = z for (z,y) € R™ x R and let
T € 2'(U x R,R"™) be defined by

— [on(Vx) o 6, ) d(|6V ]| x £)(x,y)
— [y Pe ® (Do(a,y) 0 p) d(V x 2Y)((2, P), )

whenever ¢ € (U x R,R"), see @4l Fubini’s theorem then yields the two
equations. The uniqueness of T' follows from [311 O

8.2 Remark. Notice that characterising equation for 7" also holds if the require-
ment inf sptw > —oo is dropped.

8.3 Definition. Suppose m,n € &, m < n, U is an open subset of R"”,
V € RV,,,(U), |6V is a Radon measure, and Y is a finite dimensional normed
vectorspace.

Then a Y valued |V]| + ||[0V|| measurable function f with dmn f C U is
called generalised V' weakly differentiable if and only if for some ||V|| measurable
Hom(R"™,Y) valued function F' the following two conditions hold:

(1) If K is a compact subset of U and 0 < s < oo, then
Jicnte: lr@<s IFIAIV] < oo
(2) If0 € 2(U,R"), v € £(Y,R) and spt D is compact then

OV)((v f)9)
= [v(f(2)) Py ¢ Db(x) AV (x, P) + [ (0(x), Dy(f(2)) o F()) d|[V|a-

The function F is | V|| almost unique. Therefore, one may define the generalised
V' weak derivative of f to be the function V' D f characterised by a € dmn V D f
if and only if

(IV]],C)ap lim F(xz) = o for some o € Hom(R",Y)
Tr—a
and in this case V D f(a) = o, where C = {(a,B(a, 7)) : B(a,r) C U}. Moreover,

the set of all Y valued generalised V weakly differentiable functions will be
denoted by T(V,Y) and T(V) = T(V,R).
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8.4 Remark. Condition (2)) is equivalent to the following condition:

@ If¢e 20UR), uecR" ve &Y,R) and spt Dy is compact, then

OV)((v o £)¢ - u)
= [7(f(@)) (Py(u), D¢(2)) + C(x) (u, Dy (f(x)) o F(x)) AV (z, P).

If dimY > 2 or f is locally bounded then one may require spt-y to be compact
in @) or @) as dimY > 2 implies that ¥ ~B(0, s) is connected for 0 < s < oo.

8.5 Remark. If f € T(V) then the distribution T associated to f in Rl is
representable by integration and, see 2212 Bl and with J =R,

T(¢) = [ (¢(x, f(2)), VDS (x)) d|V]z,
Jod|IT| = [g(z, f())[VDf ()| d||V]x

whenever ¢ € Ly (||T]|, R") and g is an R valued ||T’|| integrable function.

8.6 Remark. If f € T(V,Y), 6:U — R™ is Lipschitzian with compact support,
v :Y — R is of class 1, and either spt D~ is compact of f is locally bounded,
then

OV)((y o 1)O) = [y(f(@) P, e (IVI,m)ap DO(x) o Py) AV (x, P)
+ [ (0(z), Dy(f(x)) o VDf(x)) d| V]

as may be verified by means of approximation and [Menl2a, 4.5(3)]. Conse-
quently, if f € T(V,Y) is locally bounded, Z is a finite dimensional normed
vectorspace, and g : Y — Z is of class 1, then go f € T(V, Z) with

VD(go f)(x) = Dg(f(z)) o VDf(x) for ||V] almost all z.

8.7 Example. If f : U — Y is alocally Lipschitzian function then f is generalised
V weakly differentiable with

VDf(z) = (||V]l,m)ap Df(z) o Tan™(||V||,x); for ||V] almost all x,

as may be verified by means of [Menl2d, 4.5 (4)]. Moreover, if @™ (||V]|,z) > 1
for ||V almost all x, then the equality holds for any f € T(V,Y) as will be
shown in

8.8 Remark. The prefix “generalised” has been chosen in analogy with the no-
tion of “generalised function of bounded variation” treated in |[AFP00, §4.5]
originating from De Giorgi and Ambrosio [DGASS].

8.9 Remark. The usefulness of partial integration identities involving the first
variation in defining a concept of weakly differentiable functions on varifolds
has already been “expected” by Anzellotti, Delladio and Scianna who developed
two notions of functions of bounded variation on integral currents, see [ADS96,
p. 261],

8.10 Remark. In order to define a concept of “generalised (real valued) function
of bounded variation” with respect to a varifold, it could be of interest to study
the class of those functions f satisfying the hypotheses of Bl such that the
associated function T is representable by integration.
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8.11 Remark. A concept related to the present one has been proposed by Moser
in [Mos01, Definition 4.1] in the context of curvature varifolds (see[[5.4and [[5.5));
in fact, it allows for certain “multiple-valued” functions. In studying convergence
of pairs of varifolds and weakly differentiable functions, it would seem natural
to investigate the extension of the present concept to such functions. (Notice
that the usage of the term “multiple-valued” here is different but related to the
one of Almgren in [Alm00, §1]).

8.12 Lemma. Suppose m, n, U, V, andY are as in[83, f € T(V,Y), Z is a
finite dimensional normed vectorspace, 0 < k < 00, T is a closed subset of Y,
g:Y—=Z H:Y —-Hom(Y,Z), g;: Y — Z is a sequence of functions of class
1, spt Dg; C T, Lipg; < k, g|T is proper, and

9(y) = lim gi(y) uniformly iny €Y,
H(y) = lim Dgi(y) foryeY.
Then go f € T(V, Z) and
VD(go f)(z) = H(f(x) o VDf(x) for||V| almost all x.
Proof. Note Lipg < k, [|[H(y)|| < k for y € Y, and H|Y ~T = 0, hence

{y:19(y)| < s} C {y: H(y) =0} U (g|T) "' [B(0, )],
Jicoge: otr @y < HI(f(@)) o VD (@)[| A V|2 < o0

whenever K is a compact subset of U and 0 < s < oo.
Suppose v € &(Z,R) and 0 < s < oo with spt Dy € U(0,s) and C =
(g/T)71[B(0, s)]. Then im~ is bounded, C' is compact and

Y N {y:Dv(gi(y)) o Dgily) # 0}  (g:| )" spt Dy} € € for large i,
in particular spt D(y o g;) C C for such i. Using [8.6] it follows
OV)((yogio £)0) = [(9:(f(x)))P; e DO(x)dV (z, P)
+ [ (0(x), Dy(g:(f())) o Dgi(f(x)) o VDf(x)) d[|V|x
for § € 2(U,R™) and considering the limit ¢ — oo yields the conclusion. O

8.13 Example. Amongst the functions g and H admitting an approximation as
in BI2] are the following:

(1) f L:Y — Y is a linear automorphism of Y, then ¢ = L and H = DL is
admissible.

(2) If b € Y then g = 7 with H = DTy, is admissible.

(3) If Y is an inner product space and b € Y then one may take g and H such
that g(y) =|ly—b| fory €Y,

H(y)(v) =ly—b"'(y—b)evify#b, H(y)=0ify=0>

whenever v,y € Y.

38



(4) If Y = R and b € R then one may take g and H such that

9(y) =sup{y,b}, H(y)(v)=vify>b, H(y)=0ify<b
whenever v,y € R.

(@) and @) are trivial.

To prove (@), assume Y = R/ for some [ € & by (), choose o € Z(Y,R)*
with [0dZ! =1 and o(y) = o(—y) for y € Y and take k = 1, T =Y, and
gi = 01/ * g inBI2Anoting (015 * 9)(b — y) = (017 * 9)(b+y) for y € Y, hence
D(o1/: * g)(b) = 0.

To prove (@), choose p € Z(R,R)" with [od %" =1, spto C B(0,1) and
e =infspt o > 0, and take k = 1, T = RN {y:y > b}, and g; = 01/; * g in BI2
noting g;(y) = b if —oo <y < b+ ¢/i, hence Dg;(y) =0 for —oo < y < b.

8.14 Lemma. Suppose U is an open subset of R™, 1 is a Radon measure over
U,Y is a finite dimensional normed vectorspace, g € Ly (), K denotes the set
of all f € Li(u,Y) such that

|[f(@)| < g(x) for u almost all x,

Li(p,Y) = Ly (p, Y)/{f : w1y (f) = 0} s the (usual) quotient Banach space, and
m:Li(p,Y) = Li(p,Y) denotes the canonical projection.

Then w[K] with the topology induced by the weak topology on Li(u,Y) is
compact and metrisable.

Proof. First, notice that w[K] is convex and closed, hence weakly closed by
[DS8K, V.3.13]. Therefore one may assume that ¥ = R as a basis of Y induces
a linear homeomorphism Li(u, R)3™Y ~ L;(u,Y) with respect to the weak
topologies on L (u, R) and L1 (u,Y'). Since L (11, R) is separable, the conclusion
now follows combining |[DS88, IV.8.9, V.6.1, V.6.3]. O

8.15 Lemma. Suppose m, n, U, V, and Y are as in[83, f € T(V,Y), Z
is a finite dimensional normed vectorspace, Y is a closed subset of Y, ¢ is the
characteristic function of f=1[Y], and g : Y — Z is a Lipschitzian function
such that g|Y is proper and g|Y ~ Y is locally constant.

Then go f € T(V,Z) and

[V D(g o f)(x)| <Lip(g)e()[VDf ()| for [V almost all x.

Proof. Suppose 0 < £ < 1 and abbreviate kK = Lip g.

Define B =Y N{y:dist(y,T) < ¢} and let b denote the characteristic func-
tion of f~1[B]. Since g|B is proper, one may employ convolution to construct
gi € &(Y, Z) satisfying Lip g; < &, spt Dg; C B and

0; =sup{|(g —9:))[W)|:y €Y} =0 asi— oo.
Therefore, if d; < oo then g;|B is proper and g; o f € T(V, Z) with
[V D(g; o f)(z)]| < wba)|VDf(x)| for ||[V] almost all x

by with T, g, and H replaced by B, g;, and Dg;. Choose a sequence
of compact sets K; such that K; C Int K44 for j € & and U = Uj’;l K;
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and define E(j) = K; N{z:|f(z)] < j} for j € &. In view of BI4] possibly
passing to a subsequence by means of a diagonal process, there exist functions
F; e Li(|V|I. E(j),Hom(R", Z)) such that

|Fj(z)]| < wb(z)]|[VDf(z)]| for|V] almost all z € Ej,
fE(j) (VD(gio f),G) d|V] = fE(j) (Fj,G) d|[V|| asi— o0

whenever G € Lo (||V||,Hom(R", Z)*) and j € &. Noting E; C E;;; and
Fj(z) = Fjy1(z) for ||V| almost all E(j) for j € &2, one may define a ||V||
measurable function F' by F(z) = lim;_, Fj;(x) whenever z € U.

In order to verify go f € T(V, Z) with VD(go f)(z) = F(x) for ||V| almost
all x, suppose 6 € 2(U,R") and v € &(Z,R) with spt Dy compact. Then
there exists j € £ with sptf C K; and (¢g|B) ![spt D] C U(0,j). Define
Gi,G € Lo (|V]l,Hom(R™, Z)*) by the requirements

(0, Gi(x)) = (0(x), Dy(gi(f(x))) 0 o), (0,G(x)) = (0(x), DY(g(f(x))) 0 0)
whenever x € dmn f and o € Hom(R"™, Z), hence
[Vll(s)(Gi = G) =0 asi— oo.
Observing (g;|B)~*[spt D] C U(0, 5) for large i, one infers

[ {6(x), Dy(g(f(2))) o F(2)) d|Vz = [ (F.G) d[V]|
— 1im [, (VD(gi0 @), Gi(a)) d|V]]z
— Jim [ (6(@). Dy(g:(f(x)) >V Dl o f)(x) d|V]a
as (F,G) (z) =0=(VD(g; o f),G;) (z) for ||V almost all z € U~ E(j). O
8.16 Remark. Taking T =Y and g(y) = |y| for y € Y yields |f| € T(V) and
IVD|f|(x)]] < |[VDf(x)|]] for ||V]| almost all x.

8.17. Whenever Y 1is a finite dimensional normed vectorspace, there exists a
family of functions gs € 2(Y,Y) with 0 < s < oo satisfying

9s(y) =y whenever y € Y NB(0,s), 0 < s < o0,
sup{Lip g, : 0 < s < 00} < 00;

in fact, one may assume Y = R/ for some | € 2, select w € Z(R, R) such that
0<w()<t for0<t< o0, wt)=t for -1 <t <1,
define ws = sw o py/, and gs € Z(Y,Y) by
9s(y) =0 ify=0,  gs(y) =ws(ylyl"'y ify#0,
whenever y € Y and 0 < s < oo, and conclude

ws(t) =t for —s <t < s, Lipws = Lipw,
Dg.(y)(v) = iy (yl~ y) e v(lyl~y) +ws(lyDlyl = (v = Iyl ~y) @ v(ly|~'w))

whenever y € Y ~{0}, v €Y, and 0 < s < 00, hence Lip gs < 2Lipw < co.
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8.18 Lemma. Suppose m, n, U, V, and Y are as in[83, f € T(V,Y)N
Lee(IVII + [[6V]].Y), VDf € LPe(||V], Hom(R",Y)), and o € Hom(Y,R).
Then o f € T(V) and

VD(ao f)(z) =aoVDf(x) for |V almost all x,
(6V)((cvo )0) = a([ (P, @ DO(w)) f(x) + (0(x),V DS (x)) dV (z, P))
whenever 0 € 2(U,R™).

Proof. If f is bounded the conclusion follows from The general case may
be treated by approximation based on and 817 O

8.19 Remark. Ifl =1, m = n, and |V||(4) = £L™(A) for A C U, then f € T(V)
if and only if f belongs to the class %;él(U) introduced by Bénilan, Boccardo,
Gallouét, Gariepy, Pierre and Vazquez in [BBGT95, p. 244] and in this case
V Df corresponds to “the derivative Df of f € fl;él(U)” of IBBGT95, p. 246]
as may be verified by use of B12] BI3() @), RIS, and [BBGT9H, 2.1, 2.3].

8.20 Theorem. Suppose m, n, U, V, andY are as in[83, and f € T(V,Y).
Then the following four statements hold:

(1) If A={z: f(x) =0}, then
VDf(x)=0 for ||V| almost all x € A.

(2) If Z is a finite dimensional normed vectorspace, g : U — Z s locally
Lipschitzian, and h(z) = (f(x),g(x)) for x € dmn f, then h € T(V,Y x Z)
and

VDh(z)(u) = (VDf(z)(u), VDg(x)(u)) whenever u € R™
for ||V almost all x.
(3) If g: U =Y is locally Lipschitzian, then f+ g € T(V,Y) and

VD(f+g)(x) =VDf(x)+VDg(zx) for||V| almost all x.

(4) If f € L(|V[,Y), VDf € Le<(|V]}, Hom(R", Y)), and g : U — R is
locally Lipschitzian, then gf € T(V,Y) and

VD(gf)(xz) =V Dg(x) f(x) + glx)VDf(x) for|V] almost all z.

Proof of (). ByBITin conjunction with[BI2 one may assume f to be bounded
and VDf € L°°(||V||, Hom(R",Y)), hence by BI8 also Y = R.. In this case it
follows from and BI3I[@) @) that f™ and f~ satisfy the same hypotheses
as f, hence

(0V)(g0) = [ (P @ DO(z))g(x) + (0(x),V Dyg(z)) dV (=, P)
for 0 € 2(U,R) and g € {f, fT, f~} by BI8 Since f = f* — f~, this implies
VDf(x) =VDft(z) —VDf (x) for ||V almost all z

and the formulae derived in BI3(@) yield the conclusion. O
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Proof of [@). Assume dimY > 0. Define a ||V|| measurable function H with
values in Hom(R"™,Y x Z) by

H(x)(u) = (VDf(z)(u),VDg(zx)(u)) forueR"”
whenever x € dmn V D f Ndmn V Dg. It will proven that
OV)((v o h)0) = [7(h(x))P, ® Db(x) + (0(z), Dy(h(x)) o H(x)) dV (z, P)

whenever v € @(Y xZ,R)and 0 € 2(U,R"™); in fact, in view of ZI2and BIlthe
problem reduces to the case that, for some p € Z(Y,R) and some v € 2(Z,R),

Yy, 2) = uly)v(z) for (y,z) €Y x Z
in which case one computes, using and 87,
(OV)((y o h)8) = (6V) (1o f)(v o 9)0)
= fu(f(x))( <9(~"E), Duv(g(x)) oV Dg(z)) + v(g(x))P; ® Db(x)) AV (z, P)
+ (g (@), Dpu(f(z)) o VD f(z)) d||V]z
= [~v(h( Ph o DO( )+ {0(x), Dy(h(z)) o H(x)) dV (z, P).

If dimY > 2 or f is bounded the conclusion now follows from B4l Finally,
to approximate f in case dimY = 1, one assumes ¥ = R and employs the
functions f; defined by f;(x) = sup{inf{f(x),:},—i} for x € dmn f and : € &
and notices that f; € T(V) and

[VDf;(x)] <|VDf(x)|, VDfi(x) > VDf(z) asi— oo,
|fi(z)] < |f(x)| implies V D fi(x) =0
for |V almost all = by B12 BI3([) ). O

Proof of [@). Assume dimY > 0 and that img C B(0,t) for some 0 < ¢t < oc.
Define h as in [2)) and let L : Y x Y — Y denote addition.

The following assertion will be shown. If v € 2(Y,R) and 0 € 2(U,R"),
then

(6V)((70 Lo h>e>
= [v(L(h(z)))P; e DO(z) + (§(x), D(y o L)(h(x)) o V Dh(z)) dV (z, P).
For this purpose define D =Y x (Y N B(0,2t)) and choose o € Z(Y,R) with
B(0,t) C Int{z:0(2z) =1}, spto C B(0,2t).
Let ¢: Y xY — Y be defined by

d(y,z) = 0(z)(vo L)(y,z) for (y,z) €Y x Y.
Noting that
L|D is proper, spt¢ C DN L Y[spty], spt D¢ is compact,
¢(y,2) = (voL)(y,2) and D¢(y,z) = D(yo L)(y,z)

fory € Y and z € Y NB(0,t), one uses @) and B3 @) with f and v replaced
by h and ¢ to infer the assertion.

If dimY > 2 or f is bounded the conclusion now follows from the assertion
of the preceding paragraph in conjunction with 84l Finally, the case dimY =1
may be treated by means of approximation as in (2)). [l
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Proof of {@). Assume g to be bounded, define hasin [2) andlet u: Y xR =Y
be defined by u(y,t) =ty for y € Y and ¢ € R. If f is bounded the conclusion
follows from (@) and with f and g replaced by h and p. The general case
then follows by approximation using and 17 O

8.21 Remark. The approximation procedure in the proof of (2)) uses ideas from
[Fed69, 4.1.2, 4.1.3].

8.22 Remark. The need for some strong restriction on g in [2)) and (@) will be
illustrated in

8.23. If ¢ is a measure, A is ¢ measurable and B is a ¢ L A measurable subset
of A, then B is ¢ measurable.

8.24 Theorem. Supposem, n, U, V, andY are as inl83, = is a decomposition
of V, € is associated to Z as in[610, fw € T(W,Y) for W € E, and

fF=UlwlEW):W e B}, F=U{WDJjwl((W):W € E}.
Then the following three statements hold:
(1) f is |V] + ||6V]| measurable.
(2) F is ||V| measurable.

(3) If me{z:‘f(z)Ks}HFHd||VH < oo whenever K is a compact subset of U
and 0 < s < oo, then f € T(V,Y) and
VDf(x)=F(z) for||V] almost all x.
Proof. Clearly, fl€(W) = fw|¢(W) and FIE(W) = WD fw|¢(W) for W e

E. (@) and (@) readily follow by means of B23] since |W| = ||V|c&(W) and
[[6W ] = H5V|| LE(W) for W € E. The hypothesis of (3) implies

OV)((ye f)f) = Zwe_(5W ((yo fw)o)
=Y wez)v(fw (@) P, o DO(x) + (0(x), Dy(fw (2)) o W D fw (z)) dW (z, P)
ZWe“fg W) xG(n,m) V([ (@) Py 0 DO(2) + (0(x), Dy(f(x)) o F(x)) AV (z, P)
= [1(f(2)) P, ¢ DO(x) + (6(x), Dy(f(2)) o F(x)) AV (x, P)
whenever 0 € 2(U,R"), v € £(Y,R) and spt D~ is compact. O

8.25 FEzample. Suppose R;, V;, and V are as in Define f : C — R,
g:C—R,and h: C — R by
flx)=1 fz e RMUR3URs, f(z)=0 else,
glx) =1 ifx € Ry URy, g(x) =0 else,
h(z) = (f(z), 9(x))
whenever x € C.
Then f € T(Vy +Vz+Vs5), g € T(Vh + Vi), hence f,g € T(V) with
VDf(x) =0=VDg(z) for ||V] almost all z

by 824 However, neither h ¢ T(V,R xR) nor f+g € T(V) nor gf € T(V); in
fact the characteristic function of Ry which equals gf does not belong to T(V),
hence f+ g ¢ T(V) by BI2and h € T(V,R x R) would imply f + g € T(V)
by with f and g replaced by h and the addition on R.
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8.26 Remark. Here some properties of the class W(V,Y) consisting of all f €
Llc(J|V|| + |16V, Y) such that for some F € L¢(||V]|, Hom(R",Y))

OV)((ao f)0) = a([ (P, e DO(z)) f(x) + (0(z), F(z)) dV (z, P))
whenever § € 2(U,R™) and a € Hom(Y, R), associated with V and Y whenever
m,n, U, V,and Y are as in will be discussed briefly.

Clearly, F is ||V almost unique and W(V,Y) is a vectorspace. Note that
T(V,Y)NLYe([V][ + [0V, Y) N {f:VDf € L¥°(|V|, Hom(R",Y)}

is contained in W(V,Y") by BI8 However, it may happen that f € W(V,Y)
but gof ¢ W(V,Y) for some o € Z(Y,R); in fact the function f+ g constructed
in .23 provides an example.

8.27 Example. The considerations of may be axiomatised as follows.

Suppose ® denotes the family of stationary one dimensional integral varifolds
in R? and, whenever V € ®, C(V) is a class of real valued functions on R?
satisfying the following conditions.

(1) If Z is a decomposition of V, ¢ is associated to Z as in[6I0, v: & - R
and f: R? — R satisfies

flz)=v(W) ifxe&W), WeE, fx)=0 ifzcR*~Jim¢,
then f € C(V).
(2) If f,g € C(V), then f 4+ g€ C(V).
3)If feC(V), we &R,R) and sptw’ is compact, then wo f € C(V).

Then, using the terminology of B.13] the characteristic function of any ray
R, belongs to C'(V'). Moreover, the same holds, if the conditions (2)) and (3 are
replaced by the following condition.

(4) If f,g € C(V), then fge C(V).

8.28 Lemma. Suppose m, n, U, and V are as in[83, f € T(V), y € R, and

E={z:f(z) > y}.
Then there holds

V OE(0) 0,VvDf) d|V| for 6 € 2(UR™).

— o -1
= lm e ryyra €

Proof. Suppose § € 2(U,R™). Define g. : R — R by g.(v) = e~ !inf{e, sup{v—
y,0}} whenever v € R and 0 < ¢ < 1. Notice that

g-(v) =0 ifv<y, g(v)=1 fv>y+e,
ge(v) Tl ase—>0+ifv>y

whenever v € R. Consequently, one infers g. o f € T(V) with
VD(geo f)(x) = 'VDf(z)ify < f(z) <y+e, VD(geof)(z) =0 else
for ||V almost all z from B12, BI3 () (@) @) and B20(). It follows

VOB(O) = lim (3V)((g- 0 £)0) — lim [ (g0 f)(@)P, » DO) AV (x, P)
= E£%1+ 6_1f{z:y<f(z)§y+g} (0(x), VDf(z)) d|V],
where B I8 with « and f replaced by 1r and g. o f was employed. |
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8.29 Theorem. Suppose m, n, U, and V are as in B3, f € T(V), T €
2'(U x R,R"™) satisfies

T(¢) = [ (¢(x, f(2)), VDS (x)) d|V]z for ¢ € 2(U xR,R"),

and E(y) = {x: f(z) > y} fory € R.
Then T is representable by integration and

T(¢) = [VOEW)(¢(.y) dLly, [gdl|T||= [ [g(z.y)dIVOE(y)|zdL"y

whenever ¢ € Ly(||T|,R™) and g is an R valued |T|| integrable function. In
particular, for £ almost all y, the distribution V OE(y) is representable by
integration and ||V OE(y)||(UN{z: f(z) #y}) =0.

Proof. Taking into account, 8] yields
Jwo f(0,VDf) V|| = Ty (w(y)b(z)) = [w(y)V IE(y)(0) ALy

forw e Z2(R,R) and 0 € 2(U,R"™). In view of B2 the principal conclusion
is implied by BA([@) @) with J = R and Z = R"™. The postscript follows
employing Bl and noting that (U x R) N {(z,y): f(z) # y} is || T|| measurable
since f is ||V|| almost equal to a Borel function by |[Fed69, 2.3.6]. O

8.30 Remark. The formulation of B229 is modelled on [Fed69, 4.5.9 (13)].

8.31 Remark. The equalities in are not valid for functions in W (V') with
V D f in the definition of T replaced by the function F' occurring in the definition
of W(V), see B26 in fact, the function f + g constructed in provides an
example.

8.32 Corollary. Suppose m, n, U, V, and Y are as in[83 and f € T(V,Y).
Then there holds

OV = X) (o) (f) < (VI = X) o0y (f)
whenever X 1is an open subset of U.

Proof. Assume X = U and abbreviate s = |V, (f). Recalling BI6, one
applies B:29 with f replaced by |f| to infer

VOE(t) =0 for £ almost all s < t < oo,
where E(t) = {z:|f(x)| > t}, hence ||0V||(E(t)) = 0 for those t. O
8.33 Theorem. Suppose m, n, U, V, andY are as in[83, f € T(V,Y), and
VDf(x)=0 for ||V| almost all .
Then there exists a decomposition = of V and v : 2 — Y such that
f(x) =v(W)  for |W| + || 6W] almost all x

whenever W € =.
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Proof. Define B(y,r) = {z:|f(z) —y| < r} fory € Y and 0 < r < co. First,
one observes that 829 in conjunction with 812 BI3 (@) and BI6 implies

VOB(y,r) =0 foryeY and 0 <r < oc.
Next, a countable subset T of Y such that
f(x) e X for ||V| almost all z

will be constructed. For this purpose define §; = a(m)2-m-1j=1=2m

271i72 and Borel sets A; consisting of all a € R" satisfying
la| <i, U(a,2¢;) U, O™(|V|,a)>1/i,
16V B(a, s) < a(m)is™ for 0 <s<eg;
whenever i € 2. Clearly, A; C Aj41 fori € P and |V||(U ~J;2, Ai) = 0by Al-

lard [All72, 3.5 (1a)] and [Fed69, 2.8.18, 2.9.5]. Abbreviating u; = f(||V]| L 4:),
one obtains

g =

IVII(B(y,r) N{x:dist(x, 4;) <e&;}) >

whenever y € sptpu;, 0 < r < oo and i € &; in fact, assuming r > 0 there
exists a € A; with @™ (||V||L B(y,r),a) = ©™(||V]|,a) > 1/i by [Fed69, 2.8.18,
2.9.11], hence

Jo s I8V L B(y,r) x G(n,m))|| B(a,s)d.Z"s < a(m)ie;

implying [[V||(B(y,) N B(a,€;)) = é; by E5l and As {B(y,0):y € sptu;}
is disjointed, one deduces

d; cardspt p; < [|[VI[(U N {x:dist(z, A;) < e;}) < o0

and one may take T = |J;=, spt y;, since p1;(Y ~spt p1;) = 0.

Applying[6I2to VL B(y,0) x G(n,m) for y € T and recalling [5.4 and [6.10,
one constructs a decomposition = of V' and a function & mapping = into the
class of all ||V|| + [|[6V|| measurable sets such that distinct members of Z are
mapped onto disjoint sets,

W =V LEW) x Gn,m), VIEW) =0

whenever W € =, and each {(WW) is contained in some B(y,0). Defining v :
E — Y by the requirement {v(W)} = f[¢(W)] for W € Z and noting (|W]| +
oW (U ~&(W)) = 0 for W € Z, the conclusion is now evident. O

8.34 Remark. Clearly, the second paragraph of the proof has conceptual overlap
with the second and third paragraph of the proof of

9 Zero boundary values

In this section a notion of zero boundary values for nonnegative weakly dif-
ferentiable functions based on the behaviour of superlevel sets is introduced.
Stability of this class under composition, see [0.9] convergence, see and
@14, and multiplication by a nonnegative Lipschitzian function, see [@.16] are
investigated. The deeper parts of this study rest on a characterisation of such
functions in terms of an associated distribution built from certain distributional
boundaries of superlevel sets, see
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9.1 Definition. Suppose m,n € %, m < n, U is an open subset of R",
V € RV,,,(U), ||0V] is a Radon measure, and G is a relatively open subset of
Bdry U.

Then T (V) is defined to be the set of all nonnegative functions f € T(V)
such that with

B=(BdryU)~G and E(y)={z:f(z) >y} for0<y<oo
the following conditions hold for .#! almost all 0 < y < oo, see 2 I5HZIT]

(VI =+ I6VIN(E(Y) N K) + [V OE(y)||(U N K) < oo,
Je)xGonmPs @ D) AV (z, P) = ((6V) L E(y))(0U) — V OE(y)(0|U)
whenever K is a compact subset of R” ~ B and § € 2(R"™ ~ B,R").

9.2 Remark. Notice that |f| € To (V) whenever Y is a finite dimensional normed
vectorspace and f € T(V,Y) by and

9.3 Remark. The condition on E(y) has been studied in Section [ under the
supplementary hypothesis on V' that @™ (||[V||,z) > 1 for ||V|| almost all z, see
[C1l In the present section this hypothesis will not occur leaving those properties
of T (V) employing the additionally hypothesis on V' to Section IO

9.4 Lemma. Suppose m, n, U, V, G, B, and E(y) are as in[1, f € Tg(V),
and

Closspt ((||[V]| + IsV)L E(y)) CR"~B  for £* almost all 0 < y < cc.
Then f € TBdryU(V)~

Proof. Define A(y) = Closspt ((|V| + |6V]])c E(y)) for 0 < y < co. Suppose
y satisfies the conditions of @Iland A(y) C R™ ~ B. One concludes

VI 18VID(E(Y) N K) + [V IE()[I(U N K) < o0

whenever K is a compact subset of R™. Hence one may define S € 2'(R™, R™)
by

S(0) = [y xGnmy e ® DI) AV (2, P) — (5V) L E(y)) (O|U) + V OE(y)(6]U)

whenever § € Z(R"™, R"™). Notice that spt S C A(y) C R™~ B. On the other
hand the conditions of @ Ilimply spt S C B. It follows spt S = g and S =0. O

9.5 Lemma. Suppose m, n, U, V, G, and B are as in[@1, f € Ta(V), X is
an open subset of R"~B, H =X NBdryU, and W = V|2(UmX)XG("*m).
Then fIX € Tg(W).

Proof. Notice that H = X NBdry(U N X). In particular, H is a relatively open
subset of Bdry(UNX). Let C = (Bdry(U N X)) ~ H and observe the inclusions

(R"~C)NClos(UNX)C X CR"~(BUC).

Suppose 0 < y < oo satisfies the conditions of [l Define E = {z: f(z) > y}
and notice that

(W + |ISWINENXNEK)+ [|[WIENX)|(UNXNK) < oo
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whenever K is a compact subset of R™ ~ C by the first inclusion of the first
paragraph. Therefore one may define S € 2'(R™ ~C,R™) by

S(0) = f(EmX)xG(n,m)Ph e DO(x) dW (z, P)

—(MLENX)OIUNX)+ (WIENX))(OUNX)

whenever § € Z(R" ~ C,R"). Notice that spt S C (R" ~C)NClos(UNX) C X.
On the other hand the conditions of[@.1]in conjunction with the second inclusion
of the first paragraph imply

S(O|R™ ~ C)
= [ nm Py ® DO) AV (2, P) — (8V) L E)(OU) + V OE(B|U) = 0

whenever § € Z(R",R") and sptf C X, hence X NsptS = @. It follows
sptS =@ and S = 0. |

9.6 Remark. Recalling the first paragraph of the proof of 0.5 one notices that
Un{z:U(z,r) c X} cUNXn{z:U(z,r) CR"~C} for 0<r < oo;

this fact will be useful for localisation in [T (dd).
9.7 Example. Suppose m =n =1, U = R~{0}, V € RV,,(U) with ||[V]|(4) =
LU A) for ACU, f:U — Rwith f(x) =1forz € U, X =UN{x:2 <0},
and W = V|2XxG(nm),

Then 0V =0 and f € T{O} (V) but f|X Q_f T{O} (W)
9.8 Remark. The preceding example shows that may not be sharpened by

allowing H to be an arbitrary relatively open subset of Bdry(U N X) contained
in G.

9.9 Lemma. Suppose m, n, U, V, and G are as in[@1l, f € Tg(V), T is a
closed subset of {y:0 <y < oo}, g: {y:0<y<oo} = {2:0<2< 00} isa
Lipschitzian function such that g(0) = 0, g|Y is proper and g|R~ 7Y is locally
constant.

Then go f € Ta(V).

Proof. Let h = gU {(y,0): —co < y < 0}. Since Liph = Lipg and h|R~ 7T is
locally constant, yields go f = ho f € T(V).

Define F' to be the class of all Borel subsets Y of {y:0 < y < oo} such that
E = f71[Y] satisfies

(UVI+1oVIDE N K) + [V OE[(U N K) < oo,
JexGnm e @ D) AV (z, P) = (V) L E)(O|U) — (V OE)(6]U)

whenever K is a compact subset of R"~ B and § € Z(R"~B,R"). If Y € F,
G is a finite disjointed subfamily of F' and |JG C Y, then Y ~|JG € F; as
one readily verifies using 5.3 Let O denote the set of 0 < b < oo such that
either {y:b < y < oo} or {y:b < y < oo} does not belong to F. Since
(IVII+1I6VIN(f~L[{b}]) = O for all but countably many b, one obtains .£*(0) =
0.

Next, it will be shown that

D=g'{z:ic<z< o} €F
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whenever ¢ satisfies 0 < ¢ € R~ ¢g[O] and N(g, ¢) < oo. For this purpose assume
D # @. Since inf D > 0 and Bdry D C {y:¢(y) = ¢}, one infers that Bdry D is a
finite subset of {b:0 < b < 0o} ~O, in particular Y = {y:inf D < y < oo} € F.
Let G denote the family of connected components of Y ~ D. Observe that G is
a finite disjointed family of possibly degenerated closed intervals. Since

BdryI C Bdry D, I={y:inflI<y<oo}~{y:supl <y < oo}

whenever I € G, it follows G C Fand D =Y ~|JG € F.
Finally, notice that .#* almost all 0 < ¢ < oo satisfy N(g|{y:y < i},¢) < oo
for i € & by [Fed69, 3.2.3 (1)], hence oo > N(¢|Y,c) = N(g,c) for such ¢. O

9.10 Example. Suppose m = n = 1, U = R~{0}, and V € RV,,(U) with
[V][(A) = L1(A) for ACU.
Then §V = 0 and the following two statements hold.

(1) If f = sign|U then f S T(V) and |f| S T{O} (V) but f+ ¢ T{O} (V)

(2) If y,b € R?, |y| = |b|, v is a norm on R?, v(y) # v(b), f(z) = y for
0>2z € Rand f(z) = bfor 0 < z € R, then f € T(V,R?) and
|f| S T{O}(V) but v o f §é T{O}(V).

9.11 Remark. The preceding example shows that the class T(V,Y)Nn{f:|f| €
T¢(V)}, where YV is a finite dimensional normed vectorspace, does not satisfy
stability properties similar to those proven for T (V) in

9.12 Theorem. Suppose m, n, U, V, G, and B are as in[g@1, f € T(V), f is
nonnegative, J = {y:0 <y < oo}, A= f71[J], E(y) = UNn{x: f(x) >y} for
yeJ,

UVI+16VID(E N E(y)) < oo

whenever K is a compact subset of R"~ B and y € J, and the distributions
S(y) e 2(R"~B,R") and T € 9'((R™ ~ B) x J,R") satisfy

Sy)(0) = (V)L E(y)(0|U) — fE(y)XG(nym)Ph e DO(z)dV (z, P) forye J,
T(¢) = [;SW)(o(-y) ALy

whenever 0 € 2(R™ ~B,R") and ¢ € Z((R" ~ B) x J,R™).
Then the following three conditions are equivalent:

(1) me{Itf(I)€I}|VDf(x)|d||V||x < oo whenever K is a compact subset of
R" ~ B and I is a compact subset of J, and f € Tg(V).

@) [ISW)|(K)dL'y < oo whenever K is a compact subset of R" ~ B and
I is a compact subset of J, and | S(y)||(R" ~ B) ~U) =0 for £* almost
ally e J.

(3) T is representable by integration and |T||((R"~B)~U) x J) =0.
If these conditions are satisfied then the following three statements hold:

(4) For £ almost all y € J, there holds
S(y)(0) =V OE(y)(0|U) whenever 6 € Z2(R"™ ~B,R").

49



() If & € Lo ([T, R™), then

T(¢) = [,VOEW)(o(,y)IU)dLy = [, (¢(z, f(x)),VDf(x)) d[|V]|z.
(6) If g is an R walued ||T|| integrable function, then

[odlT|| = [, [g(z,y)d||VOE(y)|lxdLy
= [49(z, f(2)|VDf(x)|d]|V]z.

Proof. Notice that S(y)(8) =V OE(y)(0|U) whenever § € Z2(R" ~ B,R"™) and
sptf@ C U. From and one infers

Jxnte: s@en|VRF@I AV = [V OEW|(UNK)dLy

whenever K is a compact subset of R~ B and I is a compact subset of J.
Consequently, () and (2) are equivalent.

Moreover, one remarks that S is Z' L J measurable by 21 and, employing
a countable sequentially dense subset of Z(R™~ B,R"), one obtains that, for
2" almost all y € J,

S(y)(0) = E£%1+ 5_1fyy+85(v)(9) dZ' whenever § € 2(R" ~ B,R")

by 22 212 and [Fed69, 2.8.17, 2.9.8]. Defining Ry € 2'(J,R) by
Ry(w) = Tz, (w(y)f(x)) whenever w € Z(J,R) and 0 € Z(R" ~ B,R"),

one notes that ||Ry| is absolutely continuous with respect to .#1|27 for 6 €
2(R"~B,R"). If @) holds, then T is representable by integration and B.41(2])
with U and Z replaced by R™ ~ B and R" yields @)). Conversely, if (3] holds,
then (@) follows similarly from BA41(T]).

Suppose now ([I)—@]) hold. Then (@) is evident from [@.1] and implies

T(¢) = [4 (¢(x, f(2)), VDf(x)) d|V]z for ¢ € Z(R"~B) x J,R")

by B35l and Finally, (@) and (@) follow from B3 and B.4(2)) with U replaced
by R" ~ B. O

9.13 Lemma. Suppose m, n, U, V, G, and B are as in [0, f € T(V), f; is
a sequence in Ta(V), J={y:0 <y < oo}, and

UVIE+NoVIDE N {z: f(z) > b}) < oo,
fi—=f asi—ooin(|V|+|6V]).U N K measure,
o(K,I,b,0) <oo for0<d < oo, o(K,I,b,0) =0 asd— 0+

whenever K is a compact subset of R™"~ B, I is a compact subset of J, and
inf I >be J, where o(K,I,b,0) denotes the supremum of all numbers

h?ii‘jp Jxoante: f@en VDLV

corresponding to |V| measurable sets A with |[V|[(ANK N{z: f(z) > b}) < 4.
Then f € Tg(V).
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Proof. Define C = (UxJ)N{(z,y): f(z) >y}, C; = (UxI)N{(z,y): fi(z) > y}
fori € &, E(y) = {z:(z,y) € C} and E;(y) = {z:(x,y) € C;} for y € J and
1€ P, and g: (U x G(n,m)) x J = U x J by g((z, P),y) = (z,y) for x € U,
P € G(n,m), and y € J. As in[BI one derives that C and C; are |0V x !
measurable and that ¢g~'[C] and ¢ ![C;] are V x ! measurable. Defining
T e 2'(R"~ B,R") as in[0.12] Fubini’s theorem yields that (see [£.4])

T(9) = Jen(V,z) & d(x,y) d(|0V]| x Z") (2, y)
— [yiieyPo @ Do y) (@) AV > £1)((x, P),y)
for ¢ € Z2((R" ~ B) x J,R™). Observe that
((IVI+ V) x £")((UNK) x )N C) < o0,
T (VI + 13V 27 (U0 K) x 1)1 (C~ G U (Cim C) = 0

whenever K is a compact subset of U and I a compact subset of J; in fact, if
beeJ,b+e<infl, and A= {z:|f(z) — fi(z)| > £}, then

(U xDN(C~Ci) C(AxT)U{(z,y):b< fz) —e <y < f(z)},
UxIHn(Ci~C)C (AxT)U{(z,y):b< f(z) <y < f(x)+e}.

Consequently, one employs Fubini’s theorem and @] to compute
T(9) = lim (fo,n(V.2) o 6(z,9) A8V x £1)(z,y)
~ fyrjc P @ DOC,y) (@) AV x L) (@, P). )
= lim [, ((5V) " Ei(y)(@( 9)|U)
~ ety xGnm) o ® DO y)(2) AV (2, P)) ALy
= lim [,V OE,(y)(o(-,y)|U) 2"y,
In view of B29] one infers
|7 (((Int K) ~ A) x Int I) < o(K, 1,b,)

whenever K is a compact subset of R™ ~ B, I is a compact subset of J, inf I >
beJ,0< < oo, Aisa compact subset of U, and ||V|[((K ~A) N E(b)) < 0.
In particular, taking A = @ and § sufficiently large, one concludes that T is
representable by integration and taking A such that ||[V||((K~A) N E(b)) is
small yields

IT[I((R"~ B) ~U) x J) = 0.
The conclusion now follows from [I.T2() @B]). O

9.14 Remark. The conditions on g are satisfied for instance if for any compact
subset K of R™~ B there holds

either [, [VDf|d|V] < oo, _lim (vl \_UﬁK)(l)(VDf— VDf;) =0,

or limsup (||[V][.UNK),(VDf;) <oo forsome 1 <q < oo;
1—00
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in fact if I is a compact subset of J and inf I > b € J then, in the first case,
1m0 fing. eV DIV S ficranga ooV DIV

whenever A is ||V|| measurable and, in the second case,

o(K, 1,b,6) < 6" limsup (||V||cUNK),(VDf;) for 0<§ < oc.

12— 00

9.15. If f is a nonnegative .#! measurable R valued function, O C R, £'(0) =
0,e >0, and j € &, then there exist by, ..., b; such that

e(i—1)<b;<ei and b, ¢0 fori=1,...,7,
Ly (b = bia) f(bs) < 2[ fd2",
where by = 0; in fact, it is sufficient to choose b; such that

e(i—1)<b; <ei, b &0, ef(b)< f(ii_l)fd.,%l
fori=1,...,j, and note b; — b;_ < 2e.

9.16 Theorem. Suppose m, n, U, V, G, and B are as in[@1, f € Tg(V),
g:U—={y:0<y< oo}, and

Juar!f1+ [VDF V]| < oo,  Lip(g|K) < oo

whenever K is a compact subset of R™ ~ B.
Then gf € Ta(V).

Proof. Define h = gf and note h € T(V) by B20 ). Define a function ¢ by
¢=((R"~B) x R)NClosg and note

dmne=UUG, ¢|U=g, Lip(c|K)< o0
whenever K is a compact subset of R™ ~ B. Moreover, let
J={y:0<y<oo}, A=UxJ)n{(z,y):h(z) >y}
and define p: (R"~B) x J - R" ~ B by
p(z,y) =z forx e R"~Bandye€J.
Noting (||[V||+[|6V])(KN{x: h(z) > y}) < oo whenever K is a compact subset of
R" ~ Bandy € J, the proof may be carried out by showing that the distribution

T € 2'((R" ~ B) x J,R") defined by

T(¢) = [;(((0V) fz: h(x) > y}(6()|U)
- f{z:h(z)>y}><G(n,m)Ph * Dd)(?y)(x) dV(ZL', P)) ley

for ¢ € 2((R™ ~ B) x J,R") satisfies the conditions of [@.I2A@) with f replaced
by h.
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For this purpose, define subsets D(y), E(v), and F(y,v) of U UG, varifolds
Wy, € RV,,,(R™ ~ B), and distributions S(y) € 2'(R" ~ B,R") and X(y,v) €
2'(R" ~ B,R") by

D(y) ={z:f(z) >y}, E(v)={z:c(z) > v},
Fly,v) = D) N EW), Wyk) = fo0xcimmbdV:
S()(0) = ((6V)L D(y)(0]U) — fD(y)XG(nﬂn)Ph * DO(z)dV (z, P),

S(y, v)(6) = (6 >LF<y, DOI) = [0y sy P @ DO@) AV (2, P)

whenever y,v € J, k € Z((R"~B) x G(n,m)), and § € 2(R" ~ B,R"). Let
O consist of all b € J violating the following condition:

S(b) is representable by integration and ||S(b)||((R" ~B)~U) = 0.
Note Z1(J ~0) = 0 by @I and
[l0Ws|| is a Radon measure, X(b,y) = S(b)L E(y) + W, 0E(y)

whenever b € J~ O and y € J. One readily verifies by means of 8.7 in conjunc-
tion with [Fed69, 2.10.19(4), 2.10.43] that ¢ € T(W) and

W De(x) =V Dg(z) for ||V almost all z € D

whenever D is ||V|| measurable, W € RV,,,(R" ~ B), W(k) = fDXG(n,m)k dv
for k € Z((R"~ B) x G(n,m)) and ||0W]| is a Radon measure.

Whenever N is a nonempty finite subset of J~ O define functions fy :
dmn f — {y:0<y < oo} and hy : dmn f — {y:0 <y < oo} by

fn(z) =sup({0} U (NN {y:x € D(y)})), hn(z) = frn(z)g(x)
whenever © € dmn f and distributions Oy € 2’(R" ~B) x J,R™) and Ty €
2'((R"~B) x J,R"™) by

= [,(((6V) {z: fn(z) > yh) (e, y)IU)
- f{m fN(m)>y}><G(n,m)Ph ® Do(-,y)(z) dV (z, P)) 42y,
= [;(((0V) Az hn (@) >y} ((,m)IU)

- f{z:hN(z)>y}><G(n,m)Ph b Dd)(vy)(x) dV(SC, P)) dgly

whenever ¢ € Z((R" ~ B) x J,R").
Next, it will be shown if N is a nonempty finite subset of J ~ O then

ITNII(X > T) < (P ONID) = X)(e) + [y x [V Dgld[[V]

whenever X is an open subset of R™ ~ B. For this purpose suppose j € & and
0=0byp <bi <...<bj <oosatisfty N={b;:i=1,...,;j} and notice that

( ): i ifﬁL‘GD(bi)ND(biJrl)fOI‘SOHleZ.:L...,jfl,
fn(xz) =0 ifz e (dmn f)~D(b1), fn(z) =b; if x € D(by)
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and define distributions ¥y, ¥4 € 2'(R™ ~ B) x J,R") by
fj(( bl LE(y/bl)
+Z 2(S(bi) w B(y/bi) ~ E(y/bi-1))) (6. y))) &Ly,
=[5 (2 (Wo, = Way,) 0B(y/bi) + W, OE(y/;)) (9, ) 4Ly
for ¢ € Z((R" ~ B) x J,R™). One computes

O (0) = X ¥ S0, ) ALy for 6 € D(R" ~B) x J,R")
and deduces from B4[@2]) with U replaced by R™ ~ B that

lOxli(d) = S0, [y ISBall(d(, ) LMy
whenever d is an R valued ||© /| integrable function. Noting
{z:hn(z) >y} N (D(bi) ~ D(bis1)) = F(bi,y/bi) ~ F(bit1,y/bi),
{z:hn(x) >y}NU~Db1)) =2, {z:hn(z)>y}ND(D;)=F(b;,y/b;)

fort=1,...,5— 1 and y € J, one obtains

= [, (12 (20, y/b:) = S(bir1,9/0:)) + (bs,y/65)) (6, 9) ALy
whenever ¢ € Z((R"™ ~ B) x J,R"). Computing with the help of (.2 that

ST (S(bi,y/bi) — S(big1, y/bi)) + S(bs,y/b;)
= D218 (b0) C E(y/b) + 301, W, 0B (y/by)
= SIS (biva) L E(y/bi) = 212 W OE(y/bi)
= S(b) L E(y/b1) + 315 S(bi) L(E(y/bi) ~ E(y/bi 1))
+ S (W, = Wh,,) OE(y/b:) + W, O (y/b;)
whenever y € J yields
Ty =V 4+ U

Moreover, the quantity ||¥1][(X x J) does not exceed

LISl By/br) + 0o Sl L (Ey/bi) ~ By /bi-1))) (X) ALy
=YL 1f] 1Sl X)(E(y/bi)) dLy
o [y (1S )] e X)(E(y/bi1)) dLy
= Zi:l(bi = bi-)([[Si)[[ . X)(c) = ((p#[|On]])  X)(c)
and, using 85 and B29, the quantity | U2||(X x J) may be bounded by

(2 1|| W, = W,.1) OE(y/bi) || + W, 9E(y/b;)]1)(X) A2y
1:1 ble Wbi - Wbi+l) DC| d”Wbl - Wbi+1 ” + bjfx|ij DC| d”Wb] ”
i—1
= ZgzlbifXﬂ(D(bi)ND(bi+1))|VDgl dvi+ bjfxnp(bj)|VD9| djvil
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Next, it will be proven
ITIIX x J) < Jynx29lVDf[+ fIVDgld|[V]

whenever X is an open subset of R™ ~ B. Recalling the formula for ||O x|, one
may use with f(y) replaced by (||S(y)||c X)(c) for y € J to construct a
sequence N (i) of nonempty finite subsets of J ~ O such that

((p£l1On@ D X)(e) <2[;(IS W)l - X)(c) Ly,
dist(y, N(i)) - 0 asi— oo for y € J.

Define A(i) = (U x J) N {(x,y) : hngy(x) > y} for i € &. Noting
hny(x) — h(x) asi— oo for € dmn f

and recalling (||[V|| + [[6V|)(K N {z:h(z) > y}) < oo for y € J whenever K is
a compact subset of R™ ~ B, one infers

(VI + 18V x £1)(C N A~ A(i) = 0

as ¢ — oo whenever C is a compact subset of (R™ ~ B) x J. Since A(i) C A for
1 € &, it follows by means of Fubini’s theorem that

TN(z) — 1T asi1— o0
and, in conjunction with the assertion of the preceding paragraph,
ITIX x ) < 2f,(ISW) - X)(e) ALy + [ FIV Dyl d|[V]].

Therefore the assertion of the present paragraph is implied by @T2(T) @) (&).
Finally, the assertion of the preceding paragraph extends to all Borel subsets
X of R" ~ B by approximation and the conclusion follows. O

10 Embeddings into Lebesgue spaces

In this section a variety of Sobolev Poincaré type inequalities for weakly dif-
ferentiable functions are established by means of the relative isoperimetric in-
equalities [Z.9 and [Tl The key are local estimates under a smallness condi-
tion on set of points where the nonnegative function is positive, see [OII().
These estimates are formulated in such a way as to improve in case the func-
tion satisfies a zero boundary value condition on an open part of the boundary.
Consequently, Sobolev inequalities are essentially a special case, see [TOLTI([2).
Local summability results also follow, see [0.3l Finally, versions without the
previously hypothesised smallness condition are derived in [I0.7 and

The differentiability results which will be derived in and [[T.4] are based
on [[OTI(M) whereas the oscillation estimates which will be proven in [[31] and
[[3.3l employ

10.1 Theorem. Suppose 1 < M < co.
Then there exists a positive, finite number I' with the following property.
Ifm,n,p, U, V, and ) are as inl61l n < M, G is a relatively open subset of
BdryU, B = (BdryU) ~G, and f € Tg(V), then the following two statements
hold:
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(1) Suppose 1 < Q< M,0<r<oo, E={x:f(x) >0},

IVII(E) < (Q — M~ Hax(m)r™,
IVIE N {z:0"(|V]],2) <Q}) <T 7™,

and A =UnN{z:U(x,r) C R" ~ B}. Then the following four implications
hold:

(a) Ifp=1,=00ifm=1and B=m/(m—1) if m > 1, then

(VI A) @ () <T(IVIg (VDF) + 18VII())-

() If p=m=1 and Y(E) < T~ then

(Ve A) ooy (f) < TVl ) (V D).

(c) If1<q<m=pand p(E) <T7 then

UVIC A oy () < Tm = @)Vl (V D).

d) Ifl<p=m<qg<ooand Y(E) <T7!, then
( p q

(VI A) ooy () < TV =DV || (B)Y =1V () (V D).

(2) Suppose G = BdryU, E = {x: f(z) > 0}, and |V||(E) < co. Then the
following four implications hold:

(o) Ifp=1,=00ifm=1and B=m/(m—1) if m > 1, then

Vi) (F) <T(IVIIwy(VDS) + [8VII(f))-

(b) Ifp=m=1 and Y(E) <T7!, then

Vl(oe)(f) < TV (1) (VD).

(c) If1<q<m=pand p(E) <T7 then

IVl gy m—ay () < T(m = @) 7HI[V ]y (V D).

d) Ifl<p=m<q<ooand (E) <T!, then
( p q :

IVl ooy (f) < DYDY |[(B) /=49 V| ) (V D).

Proof. Denote by ([Id)’ [respectively (2d)’] the implication resulting from (Icd])
[respectively (Zd)] through omission of the factor (m —¢)~! and addition of the
requirement ¢ = 1. It is sufficient to construct functions I' g, I'@m), l'mg)», ['ogy»
'my, 'ea, 'ew U'ew), T'egys and Iy corresponding to the implications (Tal),
h), (@), @), @d), @a), @L), Bd), @Bd)’, and @d) whose value at M for
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1 < M < oo is a positive, finite number such that the respective implication is
true for M with I' replaced by this value. Define

P (M) = Pgy (M) = Deggy (M) = Trg(M), Dy (M) = I (sup{2, M}),
Lew) (M) = T'ag (sup{2, M}), Tgg (M) =Tgg (sup{2, M}),
P eg (M) = M°T ggy (M),
Ai(M) = (sup{1/2,1-1/2M> = DHYM, As(M) = 2M/(1 — Ay (M),
A3(M) = Msup{a(m): M >m € P},
Ay(M) =inf{a(m): M >m e £}/2,
A5 (M) = sup{1, T'gg (M)(A2(M)A3(M) + 1)},
Ag(M) = 4T A (MM A5 (MM
L g (M) = sup{2T g (2M), Ag(M) (1 + Az(M)T g (2M))},
Ar(M) = sup{1, gy (2M)},
As(M) = inf {inf{1, Ag(M) ™ Ay(M)AL (MM (1 — Ay (M)M,1/2},
o(M) = 2A7(M)As(M) ",
Ly (M) = sup {Ag(M), A (M)~ T gy (2M)},
I g (M) = T (sup{2, M})
whenever 1 < M < oco.

In order to verify the asserted properties suppose 1 < M < oo and abbreviate
d; = A;(M) whenever ¢ = 1,...,9. In the verification of assertion (X) [respec-

tively (X)'], where X is one of [Tal [B], [[d [dl 2al 2Ll 2d and 2d| [respectively
[[d and 2d] it will be assumed that the quantities occurring in its hypotheses are

defined and satisfy these hypotheses with I' replaced by I'(x)(M) [respectively
Lixy (M)].
Step 1. Verification of the property of I' ).

Define E(b) = {x: f(x) > b} for 0 < b < oo. If m = 1 then Ifrg(M)~! <
IV OE®)|(U) + [§V[(E(b)) for 2" almost all b with 0 < b < (V] A)(s(f)
by [Z.9] and the conclusion follows from If m > 1, define

fo=int{f,b},  g(b) = (|V]c A)(g)(fo) < DIVI(E)? < o0
for 0 < b < co and use Minkowski’s inequality to conclude
0<g(b+y)—g(b) < (IVIlL A) ) (fory = fo) <y V(AN E(0))7

for 0 < b < o0 and 0 < y < co. Therefore g is Lipschitzian and one infers from

[Fed6d, 2.9.19] and 79 that
0<g'(b) < VIANE®)' Y™ < Trg(M)(IV OE®)[[(U) + 16VI|(E (b))

for £ almost all 0 < b < oo, hence (||V/|| L A) 5 (f) =limps00 g(b) = o g dL?
by ﬂm, 2.9.20] and implies the conclusion.
Step 2. Verification of the properties of I'g) and I' gy .

Omitting the terms involving 6V from the proof of Step [I] and using [[.11]
instead of [[.9] a proof of Step 2] results.
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Step 3. Verification of the properties of I'gg), I'@g), and I'ggy.

Taking @ = 1, one may apply ([[a), ([B), and (Id)’ with M replaced by
sup{2, M'} and a sufficiently large number r.

Step 4. Verification of the property of I'gg).

One may assume f to be bounded by 812, BI3@). Noting fa(m-1/(m-a) ¢
Tpary v(V) by 9, one now applies (Zd)’ with f replaced by fa(m=1/(m=a) ¢
deduce the assertion by the method of Lm, 4.5.15].

Step 5. Verification of the property of I'gg).

One may assume [[V]|,, (VD f) < oo and, possibly using homotheties, also
r = 1. Moreover, one may assume f to be bounded by BI2 BI3 @), hence

JIf1+ VD[V < oo
by B20([) and Holder’s inequality. Define
ri=0+@—-1)1-6)/M, A;=Un{z:U(z,r;) CR"~DB}
whenever ¢ = 1, ..., m. Observe that
Q-MT < (Q-(@M)TY), M =1/2, <1,
rig1 —1r; =2/02 fori=1,...,m—1.
Choose g; € &(U,R) with

sptgi; C Aia gz(x) =1 forze Ai+1,
0<gi(x) <1 forzeU, Lipg; < 6

whenever ¢ = 1,...,m — 1. Notice that g;f € T(V) by B20#) with
VD(g:f)(z) =V Dg;(x)f(z) + gi(x)V Df(x) for ||V almost all .

Moreover, one infers g; f € Trary v (V) by 16l and
Ifie{l,....m—1}and 1 — (i —1)/m >1/q > 1 —i/m then by (Zd) and
Holder’s inequality
{14 ‘—Ai+1)(mq/(m_q))(f) < ||V||(mq/(m_q))(9if)
< T (M)(m — ) 61V« As) ) (F) + [Vl (VD))
< 85(m = @) (V112 A2 g iy (D) + V[ (V D).

In particular, replacing ¢ by m/(m — i) and using Holder’s inequality in con-
junction with B20/(), one infers

(vl '—AiJrl)(m/(m—i—l))(f) < 25355((”‘/” ‘—Ai)(m/(m—i))(f) + ||V||(q) 14 Df))

whenever i € {1,...,m — 2} and 1 —i/m > 1/q, choosing j € {1,...,m — 1}
with 1 — (5 —1)/m >1/¢ > 1 — j/m and iterating this j — 1 times, also

Ve A3) (y m—gy ()
< (40305 ) (VI e A1) (i a1y () + 1V [l gy (V D).
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Together this yields
(Ve Aj“rl)(mq/(qu))(f)
< 85(m — @) (V< A1)ty (F) + [V (V D).

and the conclusion then follows from (Id)’ with M and r replaced by 2M and
T1.

Step 6. Verification of the property of I'g).

Assume
r=1[VI(E) >0, [[V]g(VDf) < oo,
abbreviate 8 =m/(m — 1) and « = 1/(1/m — 1/q), and suppose
A=VIE), [IVlgy(VDf) <k < oo
Notice that 0 < d; < 1,0<ds <1, @ >1and A > 0, and define

ri=1—(1—=206)" s =085A/m Vg1 —27h),
X, =R"Nn{z:dist(z,B) >r;}, U =UnX,,
H; = X;NBdryU, C;= (BdryU;)~H;, W,;=V|2UixGnm)
ti = [VII(U: 0 {z: f(x) > si}),
fi(x) = sup{f(z) — s;,0} whenever z € dmn f

whenever ¢ is a nonnegative integer. Notice that
. e _ % . . ) e — sany1/m—1/q, .9—i—1
riv1 —1i =01(1=01)", Uip1 CUs,  Sip1 —8i = 05 A K2 >0

whenever i is a nonnegative integer. The conclusion is readily deduced from the
assertion,

t; < A6S"  whenever i is a nonnegative integer,

which will be proven by induction.

The case ¢ = 0 is trivial. To prove the case i = 1, one applies (Id)’ with
M and r replaced by 2M and 0; and Hélder’s inequality in conjunction with
B20() to obtain

(VI U1) gy (f) < Taay @M)[|V |1y (V Df) < 6221k,
hence
0 < (51— 0) NIV Ua) ) (F) < 8 AT/ masy < A/ mag ),
Assuming the assertion to be true for some i € &, notice that

A S 53, at Z 1, ti S )\(Sgi S 5451”(1 — 51)im S (1/2)0(7’71)(7““_1 — Ti)m,
fi€e Ta(V), filXi€ Ty, (W),
H; = X;NBdryU;, Uipr C Ui N {z:U(x, 741 — i) CR" ~Ci},
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by B12 BI3 @) and @5 @6 with f, X, H, W, C, and r replaced by f;, X;, H;,
Wi, Ci, and r;+1 — r;. Therefore (Id)’" applied with U, V, Q, M, G, B, f, and
T replaced by Ui, Xi; 1, 2M, Hi7 Ci, fz|Xz; and Ti+1 — T4 yields

(Ve Uis1) ) (fi) < Pay CM)(IV [ L Ui) 1y (V D fi),
hence, using Holder’s inequality in conjunction with BI12 BI3H) and B20(D),

(HVH L Ui+1)(ﬂ)(fi) < 57671/(1/{ < 57)\1_1/115?1-(1*1/(1)%-

Noting dg 287 < 5‘;(1_1/7”) and 25;‘(1_1/'1) < 55(1_1/7"), it follows
1-1/m _
™ < (a1 — 50) LUV C Uik ) (1)
<

< /\171/m59—a257 (25(;(1—1/11))1- Alfl/mag(l—l/m)(i‘f‘l)

and the assertion is proven.
Step 7. Verification of the property of I'gy).

Taking @Q = 1, one may apply (Id) with M replaced by sup{2, M} and a
sufficiently large number r. |

10.2 Remark. The role of and [Tl respectively in the Steps [l and 2] of the
preceding proof is identical to the one of Allard ﬂm, 7.1] in Allard ﬂm,
7.3].

The method of deduction of (Zd) from ()’ is classical, see [Fed69, 4.5.15].

In the context of Lipschitz functions the method of deduction of (Id) from
([d)’ and (Zd) is outlined by Hutchinson in [Hut9d, pp. 59-60].

The iteration procedure employed in the proof (Id) bears formal resemblance
with Stampacchia [Sta66, Lemma 4.1 (i)]. However, here the estimate of #;11 in
terms of ¢; requires a smallness hypothesis on ;.

10.3 Corollary. Suppose m, n, U, V, and p are as in 61, 1 < q < oo,
Y is a finite dimensional normed vectorspace, f € T(VY), and VDf €
Lie*(|[V]}, Hom(R", V).

Then the following four statements hold:

(1) If m > 1 and f € L¢(||6V]],Y), then f € Lﬁj(mfl)(HVH,Y).
(2) If m =1, then f € L(||V| + ||6V],Y).

(3) F1<q<m=p, then f LSS, (VI ).

(4) If 1 <m=p<q< oo, then f € L (|V],Y).

Proof. In view of and it is sufficient to consider the case Y = R and
f € Ty(V). Assume p = 1 in case of ([I)) or () and define ¢ as in[6.11 Moreover,
assume ([|V[|+¢)(U)+[|V |, (V Df) < oo and, in case of (), also [|[6V|| 4, (f) <

00. Suppose K is a compact subset of U. Choose 0 < r < oo with U(z,r) C U
for x € K and 0 < s < oo with

IVIE) < (1/2)a(m)r™,  ¢(E) < Tgq(sup{2,n}) ™",
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where E = {z: f(x) > s}. Select g € &(R,R) with g(¢t) = 0ift < sand g(t) = ¢
if t > s+ 1 and notice that go f € T (V) and

[VD(go f)(x)| < Lipg)[[VDf(z) for [V] almost all x

by with T = {t:¢t < s} and Applying IOT() with M, G, f, and
Q replaced by sup{2,n}, &, go f, and 1 and, in case of (2)), noting B32 the
conclusion follows. |

104. If1 <q<p<oo, q<oo, u measures X, G is a countable collection of
w measurable {t:0 <t < oo} valued functions, 1 < k < 00,

card(GN{g:g(xz) > 0}) <k for p almost all x,

and f(x) =3 ,cq 9(x) for p almost all x, then

1) (F) < 5(Syeatin (@)D % ooy (f) < ksup({0} U {0y (9) g € G}

in fact, abbreviating h(z) = >_ . g(2)? for pu almost all z, one estimates

/ .
1) (N < RS e 9" dn) " <RI o (9)? i p < oo,
f(00) ()T < Kooy () < KTY 2 cqhi(oo) (9)7

10.5 Lemma. Suppose Y is a finite dimensional normed vectorspace, ® is a
family of open subsets Y, and h: |J® — {t:0 <t < oo} satisfies

h(y) = 55 sup{inf{1,dist(y, Y ~T)}:T € ®} whenever y € [J .

Then there exists a countable subset B of | J® and for each b € B an asso-
ciated function gy : Y — R with the following properties.

(1) If y € B, then By, = BN {b:B(b, 10k(b)) N B(y, 10h(y)) # @} satisfies

card B, < (129)4™Y.

(2) If b€ B, then 0 < gy(y) <1 fory €Y, sptg, C B(b, 10h(d)), and

Lip(g[B(y. 10h(y))) < (130)*™ Y h(y)™"  whenever y € .

(3) Ify €Y, then Y, cpgu(y) = 1.

Proof. Assume dimY > 0 and observe that [Fed69, 3.1.13] remains valid with
R"™ and m replaced by Y and dim Y’; in fact, one modifies the proof by choosing
a nonzero translation invariant Radon measure v over Y and replacing a(m) by
v B(0,1). Then one modifies the proof of [Fed69, 3.1.14] by taking B to be the
set named “S” there, v(¢t) = sup{0,inf{1,2 — t}} for ¢t € R, hence Lipp = 1,
and adding the estimates

Lipuy < h(y)™!,  Lip(oB(y, 10A(y))) < (129)"™ Y h(y) ™",

Lip(vs|B(y, 10h(y))) < Lipus + Lip(o|B(y, 10(y))) < (130)3 Y h(y) ™!

whenever y € |J® and b € By; hence one may take g, = v for b € B. O
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10.6 Lemma. Suppose Y is a finite dimensional normed vectorspace, D is a
closed subset of Y, and 0 < s < oc.
Then there exists a countable family G with the following properties.

(1) If g€ G, then g: Y — R and sptg C U(d, s) for some d € D.

(2) If y €Y then card(G N {g:B(y,s/4) Nsptg # @}) < (129)dimY,

(8) There holds D C Int { > e 9y) = 1} and dgec9y) <1 foryey.
(4) If g€ G, then 0 < g(y) <1 fory € Y and Lipg < 40 - (130)4imY 51,

Proof. Assume s = 1. Defining ® = {Y ~ D} U{U(d,1):d € D}, observe that
the function h resulting from satisfies h(y) > % for y € Y, hence one
verifies that one can take G = {g,: D Nspt g, # T}. O

10.7 Theorem. Suppose 1 < M < oo.
Then there exists a positive, finite number I' with the following property.
Ifm, n, p, U, V, and ¢ are as in[G1l, Y is a finite dimensional normed
vectorspace, sup{dimY,n} < M, fe T(VY), 1< Q< M, Ne Z,0<r<
o0,

IVIU) < (@ = M~H)(N + )ex(m)r™,
IVIi{z:@™([V],2) <@}) <T~h™,

A={z:U(x,r) CU}, and fy : dmn f — R is defined by
fr(z) =dist(f(x),Y) whenever x €dmnf, #YT CY,

then the following four statements hold.

(1) Ifp=1,=00ifm=1and § =m/(m—1) if m > 1, then there exists
a subset Y of Y such that 1 < cardY < N and

(VI e A) gy (fr) STNYE([V]0) (VD) + [8VII(fr))-

(2) If p=m =1 and »(U) < T'7L, then there exists a subset Y of Y such
that 1 < cardY < N and

(Ve A) ooy (fr) STV (1) (VD).

(3) If 1 <q<m=pandYp(U) < T71L, then there exists a subset T of Y such
that 1 < cardYT < N and

VI e A) (g (g (fr) < TNV — ) 7YV ) (V D).

(4) If 1 <p=m < q < oo and »(U) < T, then there exists a subset T of
Y such that 1 < cardY < N and

(VI & A) ooy (fr) < TV M/ @Dpt=m/a |y (VD).
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Proof. Define

Ay =sup{l,II7g(M)}", Ay = (sup{1/2,1—1/(2M* - 1)})}/M,
Az =40-(130)™, Ay =AM Tmy2M),
As = (1/2)inf{a(m): M > m € P},
Ag = sup{1, [ry(2M) HAS + AT (1 — Ag) ™M,
A7 =sup{a(m): M >me P}, Ag=4MAsA7 + Ifpgy(2M),
Ag = MA-T(2M), T =sup{A, Ay, Ag,206(1 + Ag)}

and notice that Ay <1 < inf{Ag, A7}.

In order to verify that I'" has the asserted property, suppose m, n, p, U, V,
v, Y, f, Q, N, r, A, and fy are related to I' as in the body of the theorem.
Abbreviate ¢ = mq/(m — q) in case of @) and « = 1/m — 1/q in case of ().
Moreover, define

k= V] (VD) in case of (1) or (@),
k= (qu)71||V||(q)(VDf) in case of (),
k= Asla/a”VH(q) (VDY) in case of (@)

and assume r = 1 and dmn f = U.
First, the case k = 0 will be considered.
For this purpose choose Z and v as in [8.33] and let

H=En{W:[[W|(U) < (Q - M ea(m)}.

Applying and [ 11 with V, E, and B replaced by W, U, and Bdry U, one

infers

[W[(A)YE < Ay ||6W]|(U) in case of (), where 0° = 0,

IW](4A) =0 in case of ([2)) or @) or (@)
whenever W € II. Since card(E2~1I) < N, there exists T such that

vE~TCcYTCY and 1<cardY < N.
In case of (), it follows that, using G.10,
(IVIIe A) g (fr) < Ewen dist(v(W), T)[WII(4)"/*
<A1 wen dist(o(W), T)[|SW[(U) = A0V ][ (fr)-

In case of (@) or [B) or (@), the corresponding estimate is trivial.
Second, the case k > 0 will be considered.
For this purpose assume x < oo and define

X ={z:B(z,A2) CU}, s=Agk,
B=Y n{y:[IVI(f~'[Uly,s)]) > (Q - M~ ex(m)}.
Choose T C Y satisfying

1<cardY <N and B C{y:dist(y,Y) < 2s};

63



in fact, if B # @ then one may take Y to be a maximal subset of B with respect
to inclusion such that {U(y,s):y € T} is disjointed. Abbreviate v = dist(-, T)
and, in case of (), define

A=r+[0VIi(vof)
and assume A < oo. In case of ([2) or @) or (@), define A = k. Let
D=YNn{y:1(y) >286\}, E=f"[D].
Next, it will be shown that

IVI(XNE)<(1/2)a(m)(1 — Ax)™ in case of (@) or @),
IVI(XNE)=0 in case of @) or ().

To prove this assertion, choose G as in and let By = {z:g(f(x)) > 0} for
g € G. Since DN B =@ as AgA > s, it follows that

IVII(Ey) <(Q—M™Ne(m) < (Q — (2M) ™) ex(m)AT,
IVI(Egn{z:@™(|V]l,2) < Q}) <T™' < AP < Tp(2M) AT,
Y(By) <7 < I(2M) ™" in case of @) or @) or @)

whenever g € G. Denoting by ¢, the characteristic function of E,, applying 810
with T replaced by spt g and noting R20 () and yields go f € T (V) with

[VD(go f)(z)| < Azs ley(x)||[VDf(z)| for ||V almost all x

whenever g € G. Moreover, denoting the function whose domain is U and whose
value at @ equals > (g0 f)(x) by 3 cq g0 f, notice that
card(GN{g:z € E,}) <Az forzeU,
(deGg ) f)|E =1, sptg C {y:v(y) > Ag\} for g € G.
In case of (), one estimates, using [0.II([Tal) with M, G, f, and r replaced by
2M, @, go f, and Ay and [Fed6d, 2.4.18 (1)],
VI NE)Y? < (IVIe X)) (Zgeca © f) < gealVIIL X) gy (g0 f)
< TEmM) Y e (s (Ve By) ) (VD) + I8V II(g o £)),
< TunM) (Ag T AZ + (f2 I8V ({y:v(y) = AsA}))
< TIEmeM)(AF + DAF! < As(l - 82)Y < ((1/2)a(m)(1 - 22)™) 7,
where 0° = 0. In case of (@), using TOI(ID) with M, G, f, and r replaced by
2M, @, go f, and As, one estimates
(VI X) ooy gecg o f) < XgecVIILe X) (o) (g0 f)
< Top2M) Y eqas™ (VI L Eg) ) (VDY)
< Tpp(2M)A3AG < As(1 - A)M < 1,
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hence ||[V|[(X N E) = 0. In case of [@]), using [0.4 and I0.I([Ld) with M, G, f,
and r replaced by 2M, @, g o f, and As, one estimates

< (VI X)) (X,eca0f)
< A5(ea (VI X) gy g0 )Y

< TEmeM)(m — )7 A5 (e (VI L By) ) (V DF)?)

< TomeM)AIAG" < As(l - M) < ((1/2)a(m)(1 - Ag)™)"

In case of ), using IOI({d) with M, G, f, and r replaced by 2M, &, go f,
and Ay and noting Iirp(2M)Y/*(MA7)* < A, one obtains

IVIl(x 0 )Y

(VI X) ey (g0 f) < Ay Ags™ (V]| By) () (VDS) for g€ G
and therefore |[V]|(X N E) = 0, since if ¢ < oo then, using [[0.4]
1/
(VI e X) o0y (Zgecg 0 ) < As(X e (Ve X) oy (g0 )O)

a -~ 1
< AY A3 (T, eaIVIIL By, (VDA
< AJAF! < As(1 - Ay)M

and if ¢ = oo then (|[V]|L X)) (X eq 90 f) <1 follows similarly.

In case of (@) or (@), noting 2A6As/* < T/ in case of (@), the conclusion
is evident from the assertion of the preceding paragraph. Now consider the case
of (@) or (B) and define h: Y — R by

h(y) = sup{0,7(y) — 2A86A} fory €Y.
Notice that ho f € Ty (V|2X*Gm)) with
[VD(ho f)(x)] < ||[VDf(x)| for ||V| almost all

by with T replaced by Y and In case of (), applying IOII([Ia) with
M,U,V,G, f,Q, and 7 replaced by 2M, X, V|2X*G(»m) & ho f|X, 1, and
1 — Ay implies

(VI A) gy (ho f) < Trmm@M) (IV |1y (VDF) + |6V [ (R o f)),

(IVIIc A) gy (v 0 f) < AMAGANYPX + Tpp(2M)A < TNYPA
since ||[V||(A)Y? < 2MA;N'Y#. In case of (@), applying ILI(Id) with M, U,
V, G, f, Q, and r replaced by 2M, X, V|2XXG(m) "o o f|X, 1, and 1 — Ay

implies

(IVIIcA) (ko f) < Tmmm(2M)s
(VI A) (v o f) < 4MAGAZN k + T2 )n <TNY'g

since ||V|(A)Y/* < 2MA; N+, O
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10.8 Remark. Comparing the preceding theorem to previous Sobolev Poincaré
inequalities of the author, see [Men10, 4.4-4.6], which treated the particular case
of f being the orthogonal projection onto an n —m dimensional plane in the
context of integral varifolds, the present approach is significantly more general.
Yet, for the case of orthonormal projections the previous results give somewhat
more precise information as they include, for instance, the intermediate cases
1 < p < m as well as Lorentz spaces. Evidently, the question arises whether the
present theorem can be correspondingly extended.

10.9 Theorem. Suppose m, n, p, U, V, and ¢ are as in[61, n < M < oo,
NeZ, 1<Q<M, feT(V),0<r<oo, X is a finite subset of U,

IVII(U) < (Q = M~ (N + Da(m)r™,
IVI{z:©@™([V]l,2) < Q}) <T~1r™,

and A ={x:U(z,r) C U}, then there exists a subset T of R with 1 < card T <
N + card X such that the following four statements hold with g = dist(-,T) o f:

(1) Ifp=1,8=00ifm=1and B =m/(m—1) if m > 1, then
(IVIILA)g)(9) < Fm(M)(IIVII(l)(VDf) +10Vi(g))-
(2) Ifp=m=1 and (U ~X) < Fm(M)*l, then
(V1= A) oy (9) < Tmn(M) [V 2y (V D).

(8) If1<q<m=pand Y(U) < Ougy(M)~", then
(VI A) gy m—ayy (9) < TmmM)(m — @) [V [,y (V D).

(4) If1<p=m < q< o0 and p(U) < Igg(M —1. then
(Ve 4) ooy (9) < F1/<1/m*1/q Ql/m’l/qu’m/qIIVII(q) (VDJ),
where I' = Tgq(M) sup{e(i) : M > i € Z}.
Proof. Choose a nonempty subset T of R satisfying

cardY < N +card X, f[X]CT,
IVI(UN{z: f(z) €I}) < (Q—M Na(m)r™ for I € ®,

where @ is the family of connected components of R ~ Y. Notice that
dist(b, T) = dist(b,R~ 1) and dist(b,R~J) =
whenever b€ I € ® and [ # J € ¢, and
dist(b, T) = dist(b,R~I) =0 whenever b€ T and I € P.
Defining f; = dist(R ~ 1) o f, one infers f; € To (V) and

|[VDf(z)| = |VDfr(x)| for ||V| almost all z € f~*[1],
VDf(z) =0 for ||V almost all z € f~[Y],
VDfr(z) =0 for ||V almost all z € f~'[R ~ ]
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whenever I € ¢ by 812 BI3] B20(), and [@.2

The conclusion now will be obtained employing [[0.4] and applying [OTI()
with G and f replaced by @ and f; for I € ®. For instance, in case of (3] one
estimates

VI A) g/ @ < (CrealUVICA) ajomay FDD)
<AMX1eallVlly (VDD = XV, (V DF),

where A = ITryq(M)(m —q)~*. The cases (@) and (@) follow similarly. Defining
A = sup{a(i):M > i € 2} and noting A > 1, hence a(m)/m=1/a* <
A1/m=1/> < A the same holds for (). O

10.10 Remark. The method of deduction of[[0.9] from [[0.1lis that of Hutchinson
[Hut90, Theorem 3] which is derived from Hutchinson [Hut90, Theorem 1].
10.11 Remark. A nonempty choice of X will occur in [[311

11 Differentiability properties

In this section approximate differentiability, see IT.2] and differentiability in
Lebesgue spaces, see [[1.4] are established for weakly differentiable functions.
The primary ingredient is the Sobolev Poincaré inequality [0 ().

11.1 Lemma. Suppose m,n € &£, m < n, U is an open subset of U, V €
RV, (U), Y is a finite dimensional normed vectorspace, f is a ||V|| measurable
Y wvalued function, and A is the set of points at which f is (||[V]],m) approxi-
mately differentiable.

Then the following four statements hold.

(1) The set A is ||V| measurable and (||V'||,m)ap D f(z) o Tan™ (|| V||, z)y de-

pends |V|| L A measurably on x.

(2) There exists a sequence of functions f; : U =Y of class 1 such that
IVII(A~{z: f(z) = fi(z) for some i}) = 0.
(3) If g: U =Y is locally Lipschitzian, then
VIO N {z: f(z) = g(x)} ~ A) = 0.

(4) If g is a | V|| measurable Y valued function and B = UNn{z: f(x) = g(z)},
then BN A is ||V almost equal to BN dmn(||V]],m)ap Dg and

(JV]l,m)ap Df(x) = (|V]|,m)ap Dg(x) for ||V]| almost all x € BN A.

Proof. Assume Y = R. Then (1) is [Menl2ad, 4.5 (1)].

In order to prove (@), one may reduce the problem. Firstly, to the case that
[VI[(U ~ M) = 0 for some m dimensional submanifold M of R™ of class 1 by
[Fed69, 2.10.19 (4), 3.2.29]. Secondly, to the case that for some 1 < A < oo the
varifold satisfies additionally that A= < @™ (||V||,z) < A for |V almost all
x by [Fed69, 2.10.19 (4)] and Allard [All72, 3.5 (1a)], hence thirdly to the case
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that @™ (||V]|,x) = 1 for ||V|| almost all = by [Fed69, 2.10.19(1) (3)]. Finally,
to the case | V|| = £™ by |Fed69, 3.1.19 (4), 3.2.3, 2.8.18, 2.9.11] which may be
treated by means of [Fed69, 3.1.16].

@) follows from [Fed69, 2.10.19 (4)] and implies [B]) by [Menl24d, 4.5 (2)]. O

11.2 Theorem. Supposem, n, U, andV are as in[61, Y is a finite dimensional
normed vectorspace, and f € T(V,Y).
Then f is (|V]|,m) approximately differentiable with

VDf(a) = ([VI],m)ap Df(a) o Tan™(|V']|, a),
at |V almost all a.

Proof. In view of [TII{), one employs BI7 and to reduce the problem to

the case that f is bounded and VDf e L(|V]|, Hom(R"™,Y)). In particular,

one may assume Y = R by B8 Define =0 if m=1and 8 =m/(m—1) if

m > 1. Let g, : dmn f — R be defined by g,(z) = f(z) — f(a) for a, xedmnf.
First, it will be shown that

lim SOIJlrp s~ HV||(B(a, S))_lfB(%s)gU«d”V” < oo for ||V] almost all a.
S5—

For this purpose define C = {(a,B(a,r)):B(a,r) C U} and consider a point a
satisfying for some M the conditions

sup{d,n} < M < oo, 1<O"(|V],a) <M, ([V]+I6VI])(f) < M,
timsup s~ (f o IV DAV + [0V | Bla 5)) < M.
s—

O"(|[V],-) and f are (||[V]|,C) approximately continuous at a

which are met by ||V almost all a by [Fed69, 2.10.19 (1) (3), 2.8.18, 2.9.13].
Define A = FDID:(M). Choose 1 < Q@ < M and 1 < A < 2 subject to the
requirements @™ (||V]],a) < 2A7"(Q — 1/4) and

either @ = @™ ([[V],a) =1 or Q <®"(|[V],a)
Then pick 0 < r < oo such that B(a, \r) C U and

V]| B(a,s) > (1/2)a(m)s™, [|V|U(a, )\s) < (Q - M—1>a(m)sm7
[VII(U(a, As) N {z: @™ (|[V],2) < Q}) <
fB(a ks)lVDf| dHVH + ||5V|| B( ) M s™

for 0 < s < r. Choose y(s) € R such that

IVII(U(a, As) N {z: f(z) <y(s)})
IVII(U(a, As) N {z: f(z) > y(s)})

2)[VIIU(a, As),
2)[V]U(a; As)

\\

for 0 < s < r, in particular
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Define fs(x) = f(x) — y(s) whenever 0 < s < r and = € dmn f. Recalling 812
BI31( @), and @2 one applies IO ([Ial) with U, G, f, and r replaced by U(a, As),
@, [T respectively f, and s to infer

(VI Bla, (A = 1)) 5y (fo) < A fasgurg |V DL ANV + S sl 16V
< ks™
for 0 < s < r, where kK = AMA™. Noting that
ly(s) = y(s/2)| - [VI(B(a, (A — 1)s/2))"/”

< (IVI] < Bla, (O = 1)8/2) 5 (far2) + (VI B (= 1)8)) () < 268™
ly(s) —y(s/2)] < 2" ka(m) V(A= 1)1,
one obtains for 0 < s < r that
ly(s) — fla)| < 2™ 2ka(m) P (A - 1)1,
)

|
(VI Ba, (A 1)5) ) (0) < (1 + 27D (A = 1))

Combining the assertion of the preceding paragraph with |[Men09, 3.7 (i)]
applied with «, ¢, and r replaced by 1, 1, and oo, one obtains a sequence of
locally Lipschitzian functions f; : U — R such that

IVI(U~U{Bi:i € 2}) =0, where By =U n{x: f(z) = fi(x)}.
Since f — f; € T(V) with
VDf(a) =V Dfi(a) =VD(f — fi)(a) =0 for |V] almost all a € B;
by B20 (@) [B]), the conclusion follows from of B.7] and [IT.11(H). O
11.3. If m, n, U, V, 4, and p are as in[61, p =m, and a € U, then
Tan™(||V]], @) = Tan(spt [|V]], a);
in fact, if 0 < r < oo, U(a,2r) C U, ¥(U(a,2r) ~{a})/™ < (2y(m))~', and
x € U(a,r) Nspt ||V]], then [|[V]|B(x,s) > (2my(m)) ™s™ for 0 < s < |z — a|
by [Men0Q9, 2.5].

11.4 Theorem. Suppose m, n, p, U, V are as inl6d], 1 < g < o0, Y is a finite
dimensional normed vectorspace, f € T(V,Y), VD[ € L(|V|, Hom(R",Y)),

C ={(a,B(a,r)):B(a,r) C U},

and X is the set of points in spt ||V at which f is (||V|,C) approxzimately
continuous.
Then ||[V]|(U~ X) =0 and the following four statements hold.

(1) If m>1, B=m/(m —1), and f € L¢(||6V|,Y), then
i 1 o () — £(@) — 2~ 0. VDF(@) |/ — al) d|Vz = 0

for ||V almost all a.
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(2) If m =1, then f|X is differentiable relative to X at a with

D(f|X)(a) =V Df(a)| Tan™(||V]|,a) for |[V] almost all a.

(8) If g <m =p and . = mq/(m — q), then

i i (56 = (@) = e~ a, VDF@) |/le — al) dV]e =0

for ||V almost all a.

(4) If p=m < q, then f|X is differentiable relative to X at a with

D(f|X)(a) = VDf(a)| Tan™(||V]|,a) for |V| almost all a.

Proof. Clearly, |[V||(U ~ X) = 0 by [Fed6d, 2.8.18, 2.9.13].

Assume p = ¢ = 1 in case of () or ([@). In case of (@) also assume p > 1 and
g < 0o. Define @ = f in case of [{l), « = ¢ in case of @), and o = oo in case of
@) or {@). Moreover, let h, : dmn f — Y be defined by

ha(x) = f(x) = f(a) — (x —a, VD f(a))

whenever @ € dmn f Ndmn VD f and € dmn f.
The following assertion will be shown. There holds

lim s~ (s~ V|| LB(a,5))(a)(ha) =0 for ||V almost all a.
s—0+

In the special case that f is of class 1, in view of B7l it is sufficient to prove
that

Jim 57}V B(a, ) o (Nor™ (V] )s(- — @) = 0

for ||V]| almost all a; and if € > 0 and Tan™(||V]|,a) € G(n,m), then
O™ (V]| LU N {a: | Nor™ (V] )s(z — )| > el — al}, a) = 0
in case of (1) by [Fed69, 3.2.16] and
B(a,s) Nspt ||[V] C {z:|Nor™(||V],a)s(x — a)| < e|lz —a|} for some s >0

in case of () or (B)) or (@) by [L3 and [Fed69, 3.1.21]. To treat the general case,
one obtains a sequence of functions f; : U — Y of class 1 such that

IVI{U~U{Bi:i € 2}) =0, where B; =Un{z:f(z) = fi(x)}
from [[T.2] and ITTI([@). Define g; = f — f; and notice that g; € T(V,Y) and
V Dgi(a) =V Df(a) —VDfi(a) for ||[V] almost all a
for i € & by R2U@). Define Radon measures p; over U by

wiA) = L3V Dl V] + [1lgi] dloV] i case of (D),
1i(A) = [1|VDg|?d|[V] in case of @) or @) or @)
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whenever A C U and ¢ € & and notice that p;(B;) = 0 by B20() (or alter-
nately by and [[LTI( ). The assertion will be shown to hold at a point a
satisfying for some i € & that

fla) = fi(a), V Df(a) =V Dfi(a),
Jim s (s VI OB 5)) o) (i) = fila) = (- = a,V Dfifa)) =0,
O"(|[VI[LU~Bi,a) =0, ({a})=0, O"(u;a)=0.

These conditions are met by ||V almost all a in view of the special case, [Fed69,
2.10.19 (4)]. Choosing 0 < r < oo with B(a,2r) C U and

IVII(U(a, 2s) ~ Bi) < (1/2)e(m)s™,
¢ U(a,2r) <Ijpgp(2n) ™" in case of @) or @) or @)

for 0 < s < r, one infers from @2 and IO with U, M, G, f, @, and r
replaced by U(a,2s), 2n, &, g;, 1, and s that

(V- B(a, 8)) (0 (9:) < Api(B(a,25))Y9  in case of (@) or @) or (),
(V- B(a, 8)) (0 (9:) < Ast~™9,(B(a, 25))/9 in case of (@)

@)

for 0 < s < r, where A = Tjyrq(2n) in case of (M) or @), A = (m —

q) " Tgp(2n) in case of @), and A = Iy (2n)Y/V/m-VDa(m)/m=1/1 in
case of ). Consequently,

Jim s (s VI OB (a,)) ) (90) = 0
and the assertion follows.
From the assertion of the preceding paragraph one obtains
sl—i>I(IJ1+ (s™™[VII.B(a,s)) (- —a| tha(-)) =0 for ||V almost all a;

in fact, if B(a,r) C U and s = sup{s~1(s~™||V|| LB(a,5)) () (ha) 10 < s <1},
then one estimates

(s ™ IVIl e B(a,)) o) (| - —al "'ha)
< sTm/eye 25| V] L(B(a, 21 's) ~ B(a, 2_i‘s)))(a)(h‘l)
< 2y 2070/ = 9/ (1 — 27/

in case of (@) or @) and (s™"[|V[|LB(a,s)) (- —a|™th,) < &k in case of (2
or @) for 0 < s < r. This yields the conclusion in case of () or @) and that
f|X is differentiable relative to X at a with

D(f|X)(a) =V Df(a)| Tan(X,a) for ||V| almost all a

in case of ([2) or (@) by |[Fed69, 3.1.22]. To complete the proof, note that X is
dense in spt ||V|| and hence if p = m, then

Tan(X,a) = Tan(spt ||V||,a) = Tan™(||V],a) fora e U
by [Fed6d, 3.1.21] and [T O

11.5 Remark. The usage of h, in the last paragraph of the proof is adapted from
the proof of |[Fed69, 4.5.9 (26) (II)].
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12 Coarea formula

In this section rectifiability properties of the distributional boundary of almost
all superlevel sets of real valued weakly differentiable functions are established,
see The result rests on the approximate differentiability of such functions,
see To underline this fact, it is derived as corollary to a general result for
approximately differentiable functions, see [[2.11

12.1 Theorem. Suppose m,n € &£, m < n, U is an open subset of R",
V e RV,,,(U), f is a ||V| measurable real valued function which is (||V]],m)
approzimately differentiable at ||V'|| almost all points, F is a |V measurable
Hom(R™, R) valued function with

F(x) = ([[VIl,m)ap Df(x) o Tan™ (V|| )y for [V almost all ,

and fKﬁ{x:\f(m)|<s}|F|d”V” < oo whenever K is a compact subset of U and
0<s<oo,andT € 2'(U x R,R") and S(y) : 2(U,R"™) — R satisfy
T(¢) = [ ((z, f(2)),F(x)) d|V]z for ¢ € 2(U xR, R"),
_ -1 2 n
Jim f{xty<f(m)§y+€} 0, F)yd|V||eR for0e 2(UR")
whenever y € R, that is y € dmn S if and only if the limit exists and belongs to
R for 6 € 2(U,R"™).
Then the following two statements hold.

(1) If ¢ € Li(|T||,R"™) and g is an R valued ||T|| integrable function, then
T(¢) = [SW)(6(,y))dLy,  [gd|T| = [ [g(z,y)d[S(y)llzdL"y.

(2) There exists an L' measurable function W with values in RV ,—1(U)
endowed with the weak topology such that for £ almost all y there holds

Tan™ (W (y) ) = Tan™ (| V'], 2) N ker F(z) € G, m — 1),
O™ (|W(y)l,2) = @™ (V] )

for ||[W(y)|| almost all x and

S)0) = [ (0. 1FI7'F) d|[W(y) for 6 € 2(UR").

Proof. First, notice that B3 with J = R implies that T is representable by
integration and

T(¢) = [ (d(x. f(2)), F(x)) AV, [T(9) = [g(z, f@)|F(@)d|V]z

whenever ¢ € L; (||T||,R") and g is an R valued ||T|| integrable function.
Next, the following assertion will be shown. There erists an £ measurable
function W with values in RV ,,,_1(U) such that for £ almost all y there holds

Tan™ (W (y)], ) = Tan™ (| V'], 2) 1 er F(z) € G, m — 1),
" (W W), x) = ©" (V| 7)
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for ||[W(y)|| almost all x and
= [ [ (6(x, f(2)), |F ()| F(x)) d[W (y)||lx dL"y,
fgd||T|| = ffg ,y) d|W (y)llz Ly

whenever ¢ € Li(||T||,R"™) and g is an R valued ||T|| integrable function. For
this purpose choose a disjoint sequence of Borel subsets B; of U, sequences M;
of m dimensional submanifolds of R™ of class 1 and functions f; : M; — R of
class 1 satisfying ||V || (U ~U;2; Bi) = 0 and

Bi € My, fi(x) = f(z), Dfi(z)=([[V],m)ap Df(x) = F(x)| Tan™ (|| V']], z)

whenever i € & and x € B;, see[[11] [Fed69, 2.8.18, 2.9.11, 3.2.17, 3.2.29] and
Allard |All72, 3.5(2)]. Let B =J;2; Bi. If y € R satisfies

A Y BN {x: f(x)=yand (|V|,m)apDf(z) = 0}) =0,
fBﬂKﬂ{zf(m):y}Qm(”V”’x) d%milz <00
whenever K is a compact subset of U, then define W(y) € RV,,,_1(U) by
WK = Lanie: 1012y K@ er ([V ][, m) ap D (@)@ (V] 2) dt™

for k € (U x G(n,m — 1)). Applying [Fed69, 3.2.22] with f replaced by f;

and summing over 4, one infers that

t m —
fAﬂ{m s<f(z <15}|F1|dH‘/|| f fAﬂBﬂ{x:f(z):y}G) (”VH’Z')d% 11‘d$1y

whenever A is ||V]| measurable and —oo < s < t < 0o, hence
Jo(a, f)F @) d|V]z= [ [g(z,y)d|W(y)llzdL'y

whenever g is an R valued ||T|| integrable function. The remaining parts of the
assertion now follow by considering appropriate choices of g and recalling 2.20
Consequently, (@) is implied by BA@) with J = R and Z = R™. Noting

S(y)(6) = lim s*lf“gf (0,|F|7LF) d|W(v)| dL v for 6 € 2(U,R™)

whenever y € dmn S, ([2) follows using 2.2 [22T] and |[Fed69, 2.8.17, 2.9.8]. O

12.2 Corollary. Suppose m, n, U, and 'V are as in[61l, f € T(V), and E(y) =

{z: f(x) >y} fory eR.
Then there exists an L' measurable function W with values in RV ,_1(U)
endowed with the weak topology such that for ' almost all y there holds

Tan™ (W (p)] ) = Tan™ (V1] ) () kex VDS (a) € Gl — 1),
oW (y)l,x) = @™ (V] 2)

for ||[W(y)|| almost all x and
VOE(y)(©) = [ (0,[VDSfIT'VDS) d|W(y)| for o € 2(UR").

Proof. In view of 828 and [IT.2] this is a consequence of [2.1l |
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12.3 Remark. The formulation of [2.2]is modelled on similar results for sets of
locally finite perimeter, see [Fed69, 4.5.6 (1), 4.5.9 (12)]. Observe however that
the structural description of V 9FE(y) given here for ' almost all y does not
extend to arbitrary ||[V|| + |0V measurable sets E such that V JF is repre-
sentable by integration; in fact, ||V 9F|| does not even need to be the weight
measure of some member of RV,,_1(U). (Using |[Fed69, 2.10.28] to construct
V € IV (R?) such that ||[6V]| is a nonzero Radon measure with |6V ||({z}) =0
for z € R? and ||V||(spt §V) = 0, one may take E = spt§V.)

13 Oscillation estimates

In this section two situations are studied where the oscillation of a generalised
weakly differentiable function may be controlled by its weak derivative assuming
a suitable summability of the mean curvature of the underlying varifold. In
general, such control is necessarily rather weak, see [[3.1] and 3.2 but under
special circumstances one may obtain Hoélder continuity, see The main
ingredients are the analysis of the connectedness structure of a varifold, see
[6.T4, and the Sobolev Poincaré inequalities with several medians, see

13.1 Theorem. Suppose m, n, p, U, and V are as in[61, p = m, K is a
compact subset of U, 0 < & < dist(K,R"~U), € < oo, and either

(1) 1=m=q and X = 2" P a(m) ' Try(2n) sup{®'(|V],a):a € K}, or
(2) 1<m<gqand \=ce.

Then there exists a positive, finite number I' with the following property.

If Y is a finite dimensional normed vectorspace, f : spt||V] — Y is a
continuous function, f € T(V,Y), and k = sup{(|V| . U(a,€)),(VDf):a €
K}, then

If(x) — f(x)| < As whenever x,x € K Nspt ||V and |z — x| < T~
Proof. Let 1 be as in[61l Abbreviate A = spt |V]| and § = 1—m/q. Abbreviate
Al = 2m+3a(m)_1, Ay = Fm@n).

Notice that ®7'(||V||,a) > 1/2 for a € A by A8 ) and [6 If m > 1, then
dmn @ (|V|,) =U, As=sup{®(|V],a):ae€ K} < o0

by ER(@) @). If m > 1, then @™ °(||V|,a) = 0 for a € A by B Moreover, if
a€ A 0<r<oo, and U(a,r) C U then, by BI4([@]), there exists 0 < s < r
such that AN Uf(a, s) is a subset of the connected component of AN Uf(a,r/2)
which contains a. Since K N A is compact, one may therefore construct j € &
and a;, s; and r; for i =1,...,7 such that KN A C [J_, U(a;, s;) and
a, e KNA, 0<s;<r;<eg, AﬂU(ai,si)CCi, U(ai,ri)CU,
$(Ulai,ri) ~ai}) < AFY VI U(ag, 1) = (1/2)a(m)(ri/2)™,

ri VI B(ai, m) <405 ifm =1,
Alm@@")mﬂrfim”‘/” Ula;,r;)) <e ifm>1
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fori=1,...,7, where C; is the connected component of AN U(a;,r;/2) which
contains a;. Since K NA is compact, there exists a positive, finite number I" with
the following property. If z, x € KNA and |z —x| < T~! then {z, x} C U(as, ;)
for some 1.

In order to verify that I has the asserted property, suppose that Y, f, k, x,
and x are related to I' as in the body of the theorem.

Assume £ < co. Since |y| = sup{a(y):a € Hom(Y,R),||af| < 1} fory € Y
by [Fed69, 2.4.12], one may also assume ¥ = R by BI8 Choose ¢ such that
{z,x} C C;. Choose N € & satisfying

(1/2)Na(m)(ri/2)™ < V][ U(as, ri) < (1/2)(N + 1)e(m)(ri/2)™.

Applying T0A@) @) with U, M, @, r, and X replaced by U(a;,;), 2n, 1, r;/2,
and {a;} yields a subset T of R such that card T < N + 1 and

f[U(aia ri/2)] C U{B(ya ’ii) S T}a

where k; = Agx if m =1 and k; = Im@(Qn)m/5rfn if m > 1. Defining [
to be the connected component of (J{B(y, x;) : y € T} which contains f(a), one
infers

|f(z) = f(x)| < diam I = £ (1) < 2(N + 1)k; < Avrir; ™|V || U(as,ri) < Ak
since {f(z), f(x)} C f[Ci] C I and I is an interval. O

13.2 Remark. Considering varifolds corresponding to two parallel planes, it is
clear that I may not be chosen independently of V. Also the continuity hypoth-
esis on f is essential as may be seen considering V associated to two transversely
intersecting lines.

13.3 Theorem. Suppose 1 < M < co.
Then there exists a positive, finite number I' with the following property.
Ifm, n, p, U, V, and ¥ are as in[61, p = m, n < M, 0 < r < oo,
A={z:U(x,r) C U},

Y U(a,r) <T7, V|| U(a,s) < (2—-M Ha(m)s™ for0<s<r
whenever a € ANspt||V||, Y is a finite dimensional normed vectorspace, f €
T(V)Y), C = {(z,B(x,s)):B(z,s) CU}, X is the set of a € ANspt ||V such

that f is (||V]|,C) approximately continuous at a, m < g < oo, 6 = 1 —m/q,
and & = sup{([|[V|[. U(a, 7)), (VDf):a € Anspt ||V}, then

If(@) = f(x)] < Mo —x|°6  whenever z,x € X and |z — x| < r/T,
where \=T ifm =1 and A\ =T if m > 1.
Proof. Define

Ay =(1—1/AM =)™, Ay = sup{1, Tirgg g (2M)},
I'=4(1 - Ay) " sup{aligp(2M), As}

and notice that T' > 4(1 — Aq)~L.
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In order to verify that I' has the asserted property, suppose that m, n, p, U,
Vow, M, r, A, Y, f, C, X, q, 9, k, x, X, and X are related to I" as in the body
of the theorem.

In view of RIS and I0.31(2) (@) one may assume ¥ = R. Define s = 2|z — x|
and t = (1 — Al)_ls and notice that 0 < s <t < r and

VI Uz, t) < (2= M~ He(m)(1 — Ay)~"s™
< (2- M) Ha(m)AT (1 —Ay) "™ = (2— 2M) ea(m)(t — )™,
¢ U(x,t) <T7' < Igp2M) .

Therefore applying TLII([2) @) with U, M, N, Q, r, and X replaced by U(z, ),
2M, 1, 1, t — s, and @ yields a subset T of R with card Y = 1 such that
(V- U(z, 5)) (o) (fr) is bounded by, using Holder’s inequality,

ITmgpM) (V][ Uz, 1) ) (VDf) < 4Fm(2M)t6fi if m =1, and by
g (2M)™ (VI L Uz, 1), (VDf) < AY Pk if m > 1.

Noting | f(z) = fF(X)] < 2([IV][. U(z, 5)) (o) (fr) and t = 2(1 = Ay) "z — x|, the
conclusion follows. O

14 Geodesic distance

Reconsidering the support of the weight measure of a varifold whose mean cur-
vature satisfies a suitable summability of the mean curvature, the oscillation
estimate [[3.1] is used to establish in this section that its connected components
agree with the components induced by its geodesic distance, see

14.1 Example. Whenever 1 < p < m < n, U is an open subset of R" and X is
an open subset of U, there exists V related to m, n, U, and p as in 6.1l such that
spt ||V|| equals the closure of X relative to U as is readily seen taking the into
account the behaviour of ¥ and V' under homotheties; compare [Men09, 1.2].

14.2 Theorem. Suppose m, n, U, V, and p are as in[6 1, p = m, and C is a
connected component of spt ||V, and a,x € C.

Then there exist —oo < b <y < 0o and a Lipschitzian function g : {v:b <
v <y} = spt ||V such that g(b) = a and g(y) = x.

Proof. In view of BIA@) one may assume C' = spt||V||. Whenever ¢ € C
denote by X(c) the set of xy € C such that there exist —oo < b < y < o0
and a Lipschitzian function g : {v:b < v < y} — C such that g(b) = ¢ and
g(y) = x. Observe that it is sufficient to prove that ¢ belongs to the interior of
X (c) relative to C whenever ¢ € C.

For this purpose suppose ¢ € C, choose 0 < r < oo with U(c,2r) C U and
let K = B(e,r). If m = 1, define A as in [3TI([I) and notice that A < oo by
ER (). Define g =1if m =1 and ¢ = 2m if m > 1. Choose 0 < ¢ < r such that

Asup{[[V[[(U(x,))"/:x € K} <,
where A = ¢ in accordance with [3I([@) if m > 1, and define

§ = lnf{rm(m’ n? m7 U7 ‘/7 K’ 65 q)717,r}'
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Next, define functions fs : C — R by letting fs(x) for x € C and § > 0
equal the infimum of sums
J
Z |1'z - $i71|
i=1

corresponding to all finite sequences xg, z1,...,; in C with g = ¢, z; = x and
|z; — a1 < dfori=1,...,75 and j € &. Notice that

fs(x) < fs(¢) +|¢ — x| whenever ¢,x € C and | — x| < 6.

Since C' is connected and fs(c) = 0, it follows that f5 is a locally Lipschitzian
real valued function satisfying

Lip(fs]A) <1 whenever A C U and diam A < 4,
in particular fs € T(V) and [[V]|,,(VDfs) <1 by B7 One infers
fs(x) <r whenever x € CNB(cs) and § >0

from 31 It follows that C' N B(c,s) C X(¢); in fact, if x € C N B(c,s) one
readily constructs g5 : {u:0 < v <r} — R"™ satisfying

95(0) =c, gs(r)=x, Lipgs <1+,
dist(gs(v),C) <6 whenever 0 < v <7,

hence, noting that im g5 C B(c, (140)r), the existenceof g : {v:0 <v <r} = C
satisfying ¢(0) = ¢, g(r) = x, and Lipg < 1 now is a consequence of [Fed69,
2.10.21]. O

14.3 Remark. The deduction of from [[301is adapted from Cheeger |[Che99,
§17] who attributes the argument to Semmes, see also David and Semmes
[DS93].

14.4 Remark. In view of [[4]] it is not hard to construct examples showing
that the hypothesis “p = m” in 03] may not be replaced by “p > ¢” for
any 1 < g < m if m < n. Yet, for indecomposable V', the study of possible
extensions of as well as related questions seems to be most natural under
the hypothesis “p = m — 17, see Topping [Top0§].

15 Curvature varifolds

In this section Hutchinson’s concept of curvature varifold is rephrased in terms
of the concept of weakly differentiable function proposed in the present paper,
see To indicate possible benefits of this perspective, a result on the differ-
entiability of the tangent plane map is included, see

15.1. Suppose n € & and Y = Hom(R",R") N {o:0 = ¢*}. Then T :
Hom(R™,Y) — R" denotes the linear map which is given by the composition
(see [Fed6d, 1.1.1, 1.1.2, 1.1.4, 1.7.9))

Hom(R",Y) < Hom(R", Hom(R",R"))

L®1gn
Rt

~ Hom(R",R) ® Hom(R",R) ® R" R®R" ~R",
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where the linear map L is induced by the inner product on Hom(R"™, R), hence
T(g9) = Yiy (ui,g(u;)) whenever ¢ € Hom(R",Y) and uy,...,u, form an
orthonormal basis of R™.

15.2. Suppose n, Y and T are as in[I5.01, n > m € &, M is an m dimensional
submanifold of R™ of class 2, and 7: M — Y is defined by 7(z) = Tan(M, z),
for x € M. Then one computes

h(M,z) = T(D7(x) o 7(x)) whenever z € M,

in fact, differentiating the equation 7(z) o 7(z) = 7(x) for € M, one obtains

7(x) o (u, D7(x)) o7(x) =0 for u € Tan(M, ),

T(D7(x)o7(x)) € Nor(M, x)
for x € M and, denoting by uy, ..., u, an orthonormal base of R™, one computes
7(x) o (Dg(z) o 7(x)) = 323, (7(2)(wi), Dg(x)) @ 7(x)(u:)
= —g(x) 37, (7(2)(us), D7(2)) (ui) = —g(x) @ T(D7(x) 0 7(x))

whenever g : M — R" is of class 1 and g(x) € Nor(M, z) for x € M.

15.3 Lemma. Suppose n and Y are as in[I51 and n >m € .
Then the vectorspace Y is generated by {P,: P € G(n,m)}.

Proof. If uq,. .., un41 are orthonormal vectors in R™, w41 € L € G(n, 1), and
P, :span{uj:j e{l,...,m+1} andj;«éi} € G(n,m)

fori=1,...,m+1, then Ly+ (Ppy1); = = S (P, Hence one may assume
m =1 in which case [Fed69, 1.7.3] yields the assertion. O

15.4 Definition. Suppose n, Y and T are as in[I5Jl n > m € £, U is an
open subset of R™", V € IV,,,(U), X = U Nn{a: Tan™(||V ||, z) € G(n,m)}, and
7: X — Y satisfies

7(x) = Tan™(||V||,z); whenever z € X.

Then the varifold V is called a curvature varifold if and only if there exists
F € LP<(||V]|,Hom(R",Y)) satisfying

[ @) (), F(2)(w), Dé(x, 7(2))) + ¢(x, 7(2)T(F(x)) e ud||V]z =0
whenever v € R™ and ¢ € 2(U x Y, R).

15.5 Remark. Using approximation and the fact that 7 is a bounded function,
one may verify that the same definition results if the equation is required for
every ¢ : U xY — R of class 1 such that

Clos(UN{(z,0): ¢(x,0) # 0 for some o € Y'})

is compact. Extending T accordingly, one may also replace Y by Hom(R™, R")
in the definition; in fact, if F € L°°(||V[], Hom(R", Hom(R",R™))) satisfies
the condition of the modified definition then im F(z) C Y for ||V|| almost all
as may be seen by enlarging the class of ¢ as before and considering ¢(z,0) =
¢(z)a(o) for x € U, 0 € Hom(R™,R"), ( € Z(U,R) and « : Hom(R",R") —
R is linear with ¥ C ker o, compare Hutchinson |[Hut86, 5.2.4 (i)].

Consequently, the definition [5.4] is equivalent to Hutchinson’s definition in
[Hut86, 5.2.1]. The present formulation is motivated by
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15.6 Theorem. Suppose n, Y and T are as in[I3d, n > m € L, U is an
open subset of R™, V € IV, (U), X =U Nn{x: Tan™(||V ||, z) € G(n,m)}, and
7: X =Y satisfies

7(x) = Tan™(||V ||, z); whenever x € X.

Then V' is a curvature varifold if and only if |0V is a Radon measure
absolutely continuous with respect to |V and 7 € T(V,Y). In this case, there
holds

h(V,z) =T(VD7(z)) for ||V almost all x,
(0V)a(o(z, 7(2))u) = [ ((7(2)(w), V D7(2)(w)), Dé(z, 7(x))) d||V |z
whenever ¢ : U XY — R is of class 1 such that
Clos(U N{(z,0):¢(x,0) # 0 for some o € Y})
is compact and u € R".

Proof. Suppose V is a curvature varifold and F is as in[[54 If ¢ € 2(U,R),
v € &Y,R) and u € R"™, one may take ¢(z,0) = ((x)y(c) in I54] D53 to
obtain

[ (@) ((7(2)(w), D)) + ((2) (F(x)(u), Dy(7(x))) ||V
= —[C@(7(@)T(F(z)) e ud|[V]z.

In particular, taking v = 1, one infers that |0V is a Radon measure absolutely
continuous with respect to ||V|| with

T(F(z)) =h(V,z) ||[V] almost all z.
It follows that
OV)((vo )¢ u) =—[¢(@)v(r(2))T(F(x)) e ud|V]ax

for ¢ € 2(U,R), v € &£(Y,R) and u € R". Together with the first equation
this implies that 7 € T(V,Y) with V D7 (z) = F(x) for ||V|| almost all 2 by B4l

To prove the converse, suppose |0V is a Radon measure absolutely con-
tinuous with respect to |V| and 7 € T(V,Y’). Since 7 is a bounded function,
V D7 € LP¢(||V||, Hom(R",Y)) by B3(). In order to prove the equation for
the generalised mean curvature vector of V', in view of and [Men13, 4.8], it
is sufficient to prove that

h(M,z) =T((|V|l,m)ap D7(z) o 7(z)) for ||V almost all z € U N M

whenever M is an m dimensional submanifold of R™ of class 2. The latter
equation however is evident from [T.I(4) and [[5.2] since

Tan(M,z) = Tan™(||V]|,x) for ||V almost all x € U N M

by [Fed69, 2.8.18, 2.9.11, 3.2.17] and Allard |[All72, 3.5 (2)].
Next, define f: X — R"” xY by

flx) = (x,7(x)) forz € dmnr
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and notice that f € T(V,R"™ xY) with
VDf(z)(u) = (7(x)(w),V Dr(z)(u)) forue R"

for |V almost all x by B20([@) and Bl The proof may be concluded by
establishing the last equation of the postscript. Using approximation and the
fact that 7 is a bounded function yields that is sufficient to consider ¢ € 2(U x
Y,R). Choose ¢ € 2(U,R) with

Clos(U N{z:¢(x,0) # 0 for some 0 € Y}) C Int{x:((x) =1}

and denote by v the extension of ¢ to R™ x Y by 0. Now, applying B4 with Y’
replaced by R™ x Y yields the equation in question. [l

15.7 Remark. The first paragraph of the proof is essentially contained in Hutchin-
son in [Hut86, 5.2.2, 5.2.3] and is included here for completeness.

15.8 Remark. If m = n then @™ (||V||,-) is a locally constant, integer valued
function whose domain is U; in fact, 7 is constant, hence V is stationary by [5.6]
and the asserted structure follows from Allard [All72, 4.6 (3)].

15.9 Corollary. Suppose m,n € Z,1<m<n, B=m/(m—1), U is an open
subset of R™, V € IV, (U) is a curvature varifold, X = UN{z: Tan™(||V||,z) €
G(n,m)}, and 7 : X =Y satisfies

7(x) = Tan™(||V||,z); whenever x € X.
Then ||V almost all a satisfy

i ™ fy o (17(@) = 7(@) = (2 = .V Dr(@) |/|o = al)” |V e = 0,

Proof. This is an immediate consequence of [[5.6] and [TT4I(). O

15.10 Remark. Using TT4I([2), one may formulate a corresponding result for the
case m = 1.

15.11 Remark. Notice that one may deduce decay results for height quantities
from this result by use of [Menl10, 4.11 (1)].

15.12 Remark. If 1 <p < mand V D7 € Li**(||[V]|, Hom(R",Y)), see 5.} one
may investigate whether the conclusion still holds with 8 replaced by mp/(m —

p)-
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