PHYSICAL REVIEW D 90, 104031 (2014)

Lorenz gauge gravitational self-force calculations of eccentric binaries using
a frequency domain procedure

Thomas Osburn, Erik Forseth, and Charles R. Evans

Department of Physics and Astronomy, University of North Carolina,
Chapel Hill, North Carolina 27599, USA

Seth Hopper

Max-Planck-Institut fiir Gravitationsphysik, Albert-Einstein-Institut,
Am Miihlenberg 1, D-14476 Golm, Germany
(Received 12 September 2014; published 20 November 2014)

We present an algorithm for calculating the metric perturbations and gravitational self-force for extreme-
mass-ratio inspirals (EMRIs) with eccentric orbits. The massive black hole is taken to be Schwarzschild,
and metric perturbations are computed in Lorenz gauge. The perturbation equations are solved as coupled
systems of ordinary differential equations in the frequency domain. Accurate local behavior of the metric is
attained through use of the method of extended homogeneous solutions, and mode-sum regularization is
used to find the self-force. We focus on calculating the self-force with sufficient accuracy to ensure its error
contributions to the phase in a long-term orbital evolution will be 6® < 1072 rad. This requires the
orbit-averaged force to have fractional errors <1078 and the oscillatory part of the self-force to have errors
<1073 (a level frequently easily exceeded). Our code meets this error requirement in the oscillatory part,
extending the reach to EMRIs with eccentricities of e < 0.8, if augmented by use of fluxes for the orbit-
averaged force, or to eccentricities of ¢ < 0.5 when used as a stand-alone code. Further, we demonstrate
accurate calculations up to orbital separations of a = 100M, beyond that required for EMRI models and
useful for comparison with post-Newtonian theory. Our principal developments include (1) use of fully
constrained field equations, (2) discovery of analytic solutions for even-parity static modes, (3) finding a
preconditioning technique for outer homogeneous solutions, (4) adaptive use of quad precision, (5) jump

conditions to handle near-static modes, and (6) a hybrid scheme for high eccentricities.
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I. INTRODUCTION

Merging compact binaries are thought to be a promising
source of gravitational waves that may be found by ground-
based or future space-based detectors. Theoretical models
play a role in the experimental efforts, both in assisting
detection and in allowing binary parameter estimation.
Three principal theoretical approaches exist, numerical
relativity [1,2], post-Newtonian (PN) theory [3], and
gravitational self-force (GSF) calculations [4-6], with
the effective-one-body formalism providing a synthesis
of the three [7-9]. The GSF approach is relevant when the
binary mass ratio ¢ is sufficiently small that the motion and
field of the smaller mass can be treated in a perturbation
expansion. In this black hole perturbation theory, the
background field is that of the heavier stationary black
hole, and the zeroth-order motion of the small mass is a
geodesic in this background. Then the perturbation in the
metric is calculated to first order in the mass ratio, and the
action of the field of the small body back on its own motion
is computed (i.e., the first-order GSF) [10,11]. In principle,
the calculation proceeds to second order [12,13] and
beyond. Over the past 15 years, a number of key formal
developments have been established [10,11,14—17].
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Work on the GSF approach has been motivated in part by
prospects of detecting extreme-mass-ratio inspirals
(EMRIs) using a space-based gravitational wave detector
like LISA or eLISA [18-20]. For a LISA-like detector with
fmin = 107* Hz, an EMRI consists of a small compact
object of mass y = 1 — 10M, (neutron star or black hole)
in orbit about a supermassive black hole (SMBH) of mass
M ~10° — 10" M,. The mass ratio would lie in the range
e =pu/M =10"7 —107*, small enough to allow a gradual,
adiabatic inspiral and provide a natural application of
perturbation theory. As the EMRI crosses the detector pass
band prior to merger, its orbital motion accumulates a total
change in phase of order ! ~ 10* — 107 rad.

Less extreme mass ratios may also be important. A class
of intermediate mass black holes (IMBHs) may exist with
masses M ~ 10?> — 10°M,. These are suggested [21] by
observations of ultraluminous x-ray sources and by theo-
retical simulations of globular cluster dynamical evolution.
Stellar mass black holes or neutron stars spiralling into
IMBHs with masses M ~ 50 —350M, referred to as
intermediate-mass-ratio inspirals (IMRIs), would lie in
the pass band of Advanced LIGO and are potentially
promising sources [22,23]. An IMRI might also result
from binaries composed of an IMBH and a SMBH [23],
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which would appear as an eLISA source. While IMRIs
execute fewer total orbits (ie., e !~ 10> —10%) than
EMRIs in making, say, a decade of frequency change,
the theoretical approach is nearly the same. Detection of
E/IMRIs would represent a strong field test of general
relativity, and measurement of the primary’s multipole
structure would confirm or not the presence of a Kerr
black hole [22,24,25].

In tandem with the more formal GSF developments
have come a host of practical numerical calculations. The
dominant approach to date takes the small body to be a
point mass [5], computes the metric perturbation (MP) in
the time domain (TD) [26-29] or frequency domain (FD)
[30-32], and obtains a finite self-force from the divergent
retarded field by mode-sum regularization [14,27,30,32—
37]. Work on the gauge-dependent GSF has benefitted
from analogous scalar field models [38—40]. Applications
to Kerr EMRIs, both with scalar and gravitational self-
force, have been made [41-48]. Availability of analytic
mode-sum regularization parameters [49,50] has been
beneficial. Calculations of perturbations and the GSF have
now been made with very high accuracy, arbitrary precision
arithmetic [51-54], allowing detailed comparison with PN
theory (see also Refs. [30,55]). Finally, alternative means
of calculating the self-force, both effective source calcu-
lations [56-58] and direct Green function calculations
[59-61], are being developed.

This paper reports the development of a method and
computer code for accurately calculating the GSF of
Schwarzschild EMRIs with eccentric orbits. We use a
point mass description for the stress-energy tensor of the
small body and work in Lorenz gauge. Tensor spherical
harmonic and Fourier decomposition are used, and the MP
amplitudes are computed initially in the FD. These ampli-
tudes are then transferred to the TD using a generalization
of the method of extended homogeneous solutions (EHS)
[31,40] for systems of equations [32,34,37,62,63]. The
GSF is then calculated using standard mode-sum regulari-
zation. Our code was developed over the past several years
and was reported in a series of talks at the 15th, 16th, and
17th Capra meetings [63]. A similar effort by a group
in Southampton, initiated earlier [32] but developed in
part concurrently with ours, has been reported in full
elsewhere [37].

Our use of Lorenz gauge in the FD and generalization of
EHS is in common with Ref. [37]. The FD is used to
achieve high accuracy, and the method of EHS circumvents
the Gibbs phenomenon in returning to the TD. We calculate
also the “geodesic self-force;” that is, the GSF as a function
of time along an undisturbed geodesic orbit. The intent is to
provide GSF curves at points that densely cover a region of
orbital parameter space (parametrized by eccentricity e and
dimensionless semilatus rectum p). As shown in Ref. [36],
these data can then serve as an interpolated input to an
osculating orbits evolution code.
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Our approach is distinguished, however, in several
respects. We devise and use here a fully constrained system
of equations for even parity, as well as use the comparable
system [37] for odd parity. We have found and use a set of
analytic solutions for even-parity static modes, which
complement published solutions [64] for odd parity.
Particular attention is paid to accurately calculating near-
static modes that occur for certain orbital parameters that
produce a near resonance between the radial Q, and
azimuthal Q,, orbital frequencies (see Fig. 1). To compute
this subset of modes accurately, we resort to occasional
(more expensive) use of 128-bit arithmetic (i.e., quad
precision). This has two effects. First, we are able to trade
some computational speed for more uniform accuracy
across e and p space. Second, the technique significantly
expands the region of e and p space within which the GSF
can be computed accurately. For a given / and m mode,
there will exist a harmonic n that produces the lowest
magnitude frequency, w,,, = m€2, + nQ,. When a mode
exists with frequency at or below |w| < 10™*M~!, we
switch the critical parts of the computation over to quad
precision. Furthermore, there is an added device that can be
used for this single (I, m, n) mode—we can eliminate part
of the integration by using the jump conditions to normalize
the mode. This procedure increases accuracy and restores
some computational speed. With these techniques we are
able to extend the reach of the code in computing the GSF
to wider orbital separations, out to p < 100, and to higher
eccentricities, reaching as high as e < 0.8 with acceptable
errors when all available techniques are used.
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FIG. 1 (color online). Orbital parameter space, resonances, and
regions with near-static modes. Relativistic definitions of semi-
latus rectum p and eccentricity e are adopted [Eq. (2.5)]. Dotted
curves indicate, as in Ref. [37], a closed orbit with the ratio
Q,/Q, being a rational number. On any such curve, there exists a
static mode ®,,, = m&, +n€, =0 for indicated m and n.
Within the vicinity of these curves, these modes will be nearly
static. For near-static modes with frequencies below || <
107*M~" (shaded region), we use 128-bit floating point arith-
metic for part of the mode calculation. Our calculations are
extended to frequencies as small as |w| < 107°M~!, which exist
in regions narrower than the dotted curves.
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The accuracy criteria we adopt in this paper stem from
envisioned use of computed inspirals and resulting wave-
forms in the matched filtering applications of gravitational
wave detectors. A detector like eLISA [4,23] would employ
template matching to separate individual sources and
extract physical parameters from events buried in detector
noise. To take full advantage of a signal when doing
parameter matching [22,24,25], theoretical waveform
phases must be sufficiently accurate that they do not
contribute dephasing errors and thus degrade available
signal-to-noise ratios [6,25,65]. The oscillations within
the gravitational waveform will depend upon the orbital
motion. For Schwarzschild EMRIs there are cumulative
radial ®, = y,(T) and azimuthal &, = ¢,(T) orbital
phases (here T ~M?/u is the cumulative time in the
inspiral, and see Sec. Il A for discussion of eccentric
orbital motion). For schematic purposes, we simply take
here the radial phase as a proxy for the waveform phase.
Further, we assume that theoretical orbital phase uncer-
tainties should be no larger than 6®, = 0.01 rad over a
cumulative phase in the inspiral of as much as ®, ~ 10% (for
an EMRI) (see the discussion in Ref. [6]). Thus, the GSF
and inspiral calculation should have fractional errors in the
phase of order 1078,

The GSF is often split into dissipative and conservative
parts [65]. It is useful to also split the dissipative part into
orbit-averaged and oscillatory parts. The orbit-averaged,
dissipative GSF (i.e., energy and angular momentum fluxes
to infinity and down the horizon) produces secular changes
that drive the adiabatic inspiral. For a small mass ratio ¢, the
inspiral will schematically accumulate an orbital phase of

1
D, :Ko(e’P,’?)E‘FKl(&P”?) +ry(e,pop)e+---, (1.1)

where e and p are orbital parameters when the EMRI enters
a detector pass band and # is the ratio between ingress
frequency f; and egress (or merger) frequency f,. The x’s
are dimensionless functions of order unity that do not
depend on e. We are here assuming a Schwarzschild
E/IMRI and absence of Kerr transient resonances [66].
Also beyond our present concern are the recently recog-
nized effects of resonances in Schwarzschild EMRIs [67],
which appear to come in at order £ (i.e., produce con-
tributions to «,). The orbit-averaged, dissipative part of the
first-order GSF will determine x,. The rest of the first-order
GSF, the oscillatory part of the dissipative piece and the
(oscillatory) conservative part, contribute to ;. This term in
®, is of order unity and represents the post-1-adiabatic
correction [65]. The implications for our work are this: if
we require 6®, = 1072, we must compute the orbit-
averaged first-order GSF with fractional errors at or below
€y = 1078 < e6®, and compute the oscillatory parts with
fractional errors of order €, = 107> < &®, or less. The
retarded MPs themselves must be known even more
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accurately, since mode-sum regularization is a numerically
subtractive procedure.

Ultimately these contributions to k; are necessary but not
sufficient. It has long been understood that x; also depends
on the orbit-averaged part of the second-order GSF
[12,17,65,68-70], which our code (and the one described
in Ref. [37]) does not calculate. Moreover, there is expected
to be an error in computing k; by using FD methods and the
“geodesic” GSF. In curved space, the real GSF will depend
upon the entire past history of the particle’s motion and the
self-consistently evolved retarded field. In the geodesic
approximation, there is no encoding of the prior history of
an inspiral. For adiabatic inspiral the discrepancy is
expected to appear at a relative order of ¢ (thus in «;)
[71]. It was stressed in Ref. [72] that this discrepancy could
be assessed by comparing a self-consistent TD self-force
calculation with an osculating orbits evolution using a
FD-derived geodesic self-force. Such calculations are now
in progress [73,74], pitting a scalar field self-consistent TD
evolution against an osculating orbits inspiral driven by a
geodesic scalar self-force calculation. Preliminary results
[75] show small differences that are (so far) nearly
indistinguishable from errors in the TD evolution.

Achievable GSF accuracy will depend on orbital param-
eters, particularly the eccentricity. Theoretical studies
suggest that EMRIs may form via several mechanisms
[23]. The standard channel involves weak two-body relax-
ation within the nuclear star cluster that scatters a compact
object into a high eccentricity orbit about a SMBH. It is
then captured by the SMBH through successive bursts of
GW emission near pericenter, a process referred to as one-
body inspiral [76]. These stars are captured initially in very
high eccentricity orbits, which then proceed to circularize
as the orbit shrinks. For M = 3 x 10°M,, EMRIs formed
in this way will have a distribution of eccentricities peaked
about e = 0.7 (and a maximum of e = 0.81) as they enter
the eLISA pass band (see Ref. [76] and its Fig. 4). Because
of the likelihood that EMRIs will have high eccentricities,
we have focused on extending the ability of our code to
calculate up to e = 0.8.

An alternative EMRI formation channel posits that
compact binaries may scatter into high eccentricity orbits
about the SMBH, with the binary being subsequently
tidally disrupted. The dissolution of the binary may then
inject a compact object into orbit, which will typically be
less eccentric, about the SMBH. These EMRIs will
subsequently have nearly circular orbits by the time they
enter the eLISA pass band [23]. As Fig. 1 makes clear, there
is less likelihood of encountering troublesome near-static
modes at low eccentricity, and our code correspondingly
has higher accuracy and speed in these cases.

This paper is organized as follows. In Sec. II we review
the formalism for calculating the first-order MPs and the
GSF for bound eccentric orbits on Schwarzschild. There we
establish our notation for bound geodesic motion, our
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convention for spherical harmonic decomposition, and the
definition of MP amplitudes and give the coupled MP
equations in Lorenz gauge. We also show in Sec. Il how the
size of these systems of coupled equations can be reduced,
from seven down to four equations for even parity and from
three down to two equations for odd parity, using the gauge
conditions. These fully constrained equations are the ones
we solve numerically, deriving the remaining MP ampli-
tudes from the gauge conditions. In Sec. III we outline how
we apply the method of EHS to coupled systems of
equations. In Sec. IV, where the heart of our numerical
method is presented, we provide a road map and details on
how various classes of Fourier-harmonic modes are solved.
These include low-order (I = 0, 1) modes, static modes,
and near-static modes. Particularly worth noting is our new
analytic solution for even-parity static modes (Sec. IV C)
and various procedures for coping with near-static modes
(Secs. IVA and IV B). Section V gives our numerical
results. There we compare our computed GSF to values
given in Ref. [37] for a particular orbit and provide tables of
GSF values, including estimated digits of accuracy, for a
broader set of orbital parameters (see also Appendix D). We
show how the GSF errors vary smoothly as we range over
orbital parameter space, while the speed of the algorithm
changes more abruptly as it copes with difficult modes. We
also discuss how flux calculations may be combined with
the computed oscillatory part of the GSF to obtain
sufficient accuracy for high eccentricity orbits in long-term
orbit integrations, a subject we expect to return to in a later
paper. Finally, we relegate to Appendix A some details on
expansions that are used to set accurate boundary con-
ditions on mode functions at large r and near the horizon, to
Appendix B some details on the expansions from which
analytic solutions are derived for static modes, and to
Appendix C the form of certain force terms used in the
mode-sum regularization procedure.

Throughout this paper we set ¢ = G = 1 and use metric
signature (—+ ++) and sign conventions of Misner,
Thorne, and Wheeler [77]. Our notation for metric pertur-
bation amplitudes and source terms largely follows that of
Martel and Poisson [78] (see also Ref. [31]). In particular,
while general coordinate indices are denoted by greek

letters «, 3, u, v, ..., it is useful to consider a split of the
four-dimensional manifold into M? x S and adopt
lowercase latin letters a, b, c, ... for indices associated

with coordinates ¢ and r and capital latin letters
A,B,C,... for the angular coordinates # and ¢ and
associated indices.

II. FORMALISM

A. Bound orbits on a Schwarzschild background

We consider in this paper generic bound motion of a
point particle of mass y around a Schwarzschild black hole
of mass M under the assumption that /M < 1. We use

PHYSICAL REVIEW D 90, 104031 (2014)

Schwarzschild coordinates x* = (¢, 7,60, ¢), in which the
line element takes the standard form

ds* = —fdt* + f~'dr* + r*(d6* + sin*0dgp?),  (2.1)
where f(r) =1-2M/r.

Let the worldline of the particle be x%(7)=
[t,(z).r,(7).0,(7).9,(r)], with proper time 7. In this
paper a subscript p indicates a field evaluated at the
location of the particle. The 4-velocity is u® = dx$/dz.
Without loss of generality, the motion is confined to the
equatorial plane, 6,(z) = /2. At zeroth order the motion
is geodesic in the static background, and the geodesic

equations yield immediate first integrals. This allows us to
write the 4-velocity as

u* = <£,u’,0,£2),
fp Tp

where £ and £ are the constant specific energy and specific
angular momentum, respectively. Bound orbits have £ < 1
and require at least £ > 21/3M for two turning points to
exist. The constraint u*u, = —1 yields an expression for
the radial coordinate velocity,

(2.2)

(1) = fg,< -g_f’) (23)
where
U(r, L*) = f(r) <1 +f—22) (2.4)

and a dot indicates differentiation with respect to coor-
dinate time.

While eccentric orbits on Schwarzschild can be para-
metrized by £ and L, alternative pairs of parameters can
be chosen. For example, we can use instead the (dimen-
sionless) semilatus rectum p and the eccentricity e (see
Refs. [34,79]). A third choice is the pericentric and
apocentric radii, 7, and r,,. These various parameters
are related by the following equations:

2F max Fmi Tmax — 'mi
— max”® min — max min 25
P M(rmax"i_rmin)’ ¢ rmax+rmin’ ( )
M M
e A 2.6
and
o P2 mdE M )
p(p=3-¢%) p-3-¢’ '
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To avoid a plunging orbit, the inner turning point must lie
outside the maximum of the effective potential U?, which
implies another inequality, p > 6 4+ 2e. The boundary
p = 6 + 2e of these innermost stable orbits is the separatrix
indicated in Fig. 1.

Numerical integration of the trajectory employs an
alternate curve parameter, y, in which the radial position
on the orbit is given a Keplerian-appearing form [80],

pM

() :1+ecos;(’

(2.8)

where y differs in general from the true anomaly ¢. One
radial libration makes a change Ay = 2z. The orbital
equations then take the form

dy W [(p-2r-4R]
E:M(p—2—2ecosx)[p—6—2€cosx] ’

d(pp P 1/2

E: [p—6—2ecos;(]

&: Mp3/? [ p-3-¢ ]1/2 (2.9)
dy (1+ecosy)® |p—6—2ecosy

with the use of y removing singularities in the differential
equations at the radial turning points (see Ref. [79]).
Integrating the first of these equations provides the
fundamental frequency and period of radial motion,

2r /27; <dtp)
Q =—, T, = — |dy. 2.10
r 0 d)( ( )

Integrating the second equation determines the azimuthal
advance. The average angular frequency dg,/dt is found
by integrating over a complete radial oscillation:

1 [T (de
Q =— 2P dr.
v TrA <dt>

In general Q, # Q , except in the Newtonian limit.

(2.11)

B. First-order metric perturbation equations
in Lorenz gauge

The finite mass of the small body induces a first-order
perturbation p,, in the background metric g,,: g, =
9w + P Using the trace reverse p,, = p,, — %gm, p
(with p = p,sg™), linearizing the Einstein equations,
and imposing the Lorenz gauge condition

P, =0 (2.12)
yields the first-order field equations for the MPs:
*0pu + 2R pop = —167T,. (2.13)

PHYSICAL REVIEW D 90, 104031 (2014)

Here, a stroke |u (or Vﬂ) indicates covariant differentiation
with respect to g,, and ‘] = ¢**V,V,. Additionally, R% 5,
is the Riemann tensor associated with g,,. Adopting a point
particle description, the stress-energy tensor in Eq. (2.13) is

v

V=9

TH (x*) = p 5 [x® — x%(7)]dx.

a (2.14)

C. Spherical harmonic decomposition

Our convention for tensor spherical harmonics and
notation for MP amplitudes follows that of Martel and
Poisson [78], a modification of the original notation of
Regge and Wheeler [81]. (An alternative notation is found
in Refs. [27,37,64].) The convention we use leaves all
tensor harmonics orthogonal and clarifies the distinction
between even-parity and odd-parity amplitudes. Odd-parity
perturbations are expanded in terms of X" and X%, while
even-parity perturbations use Y, Y and Y.

Pab = Zhgzylm’

Im

pas = YUV + HEX),

Im

Pas = D P (K"™QupY"™ + G™Yl) + B Xln]. (2.15)

Im

The stress-energy tensor is also decomposed and following
Ref. [78] has even-parity projections

b — 8 / TY™dQ,

2
. Smr

_— TaB YlmdQ,
A+ / ?

0, = 8xr? / TABQ, 5 YmdQ,

8xrt _
i AB y/lm
= TAPY " dQ 2.16
le /l(l 1 ) / AB ( )
and odd-parity projections
8rr? _
pP¢ = TaB le Q,
A+ / '
4t -
P, = TABX!m dQ. 2.17

The overbar here indicates the complex conjugate and
A= (14 2)(I - 1)/2. The sharp (f) and flat (b) superscripts
merely distinguish two distinct scalar projections. These
source terms are given explicitly in Sec. V of Ref. [31].

D. Lorenz gauge equations for MP amplitudes

Applying these projections to (2.13) yields coupled sets
of field equations in ¢ and r for the MP amplitudes.

104031-5
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Likewise (2.12) provides a set of Lorenz gauge conditions
on the amplitudes. Lorenz gauge gives each of the ten field
equations a hyperbolic form, and the principal part of the
wave operator in each equation can be compactly expressed
using the 1 + 1 dimensional d’Alembertian

O=-07+ f0,(f9,) = -0 + 8%*, (2.18)
where r, is the tortoise coordinate
;

. = 2M In [ ——1). 2.19

r.=r-+ n <2M > (2.19)

The seven even-parity and three odd-parity Lorenz gauge
field equations are well-posed hyperbolic systems, but the
|

M(3M —=2r)f?

PHYSICAL REVIEW D 90, 104031 (2014)

Lorenz gauge conditions (three even parity and one odd
parity) force constraints on the initial conditions. These
unconstrained field equations, along with the Bianchi
identities, ensure that the gauge conditions, if fixed initially,
are satisfied subsequently. We present the unconstrained
equations first and then introduce modified constrained
systems. Equations in this subsection are in TD form but can
be converted to FD form as discussed in Sec. III A. In what
follows all / and m indices on MP and source amplitudes are
suppressed for brevity unless otherwise noted.

1. Unconstrained Lorenz gauge field equations

The seven even-parity unconstrained Lorenz gauge
equations are

4Mf2 2(M?* = r*f)=20r*f

AM AM 2
Dhtt+ (r I" )fa htt Qfathtr+ 7‘4 hrr+ K+ I”4 htt:_err_szb_f3Q”v
2f M f 4A+1)f 4M—r +202f .
Uk, 8hrr‘i‘ Oih,, + zfahzt+ ( 3 ) Ji— ( )}’4 h,=2f0",
aM 2M(3M =2 4(r—3M 8(A+1 2(r=M)(TM =3r) =272
T+ f(,}h”+ Oy 2MBM=20) - 4r=3M)  BAHDS, | 2r=M)OM=3r)=2rf
f rf r 7’ r
— Qb __er_tht’
f
C2Mf .. 2Mf .. 2f? 2f2+2/1f
D]t_—28r]t+—26t]r+7htr =, =10
O2Mf . 2M . 2§72 2 A2 4200+ 1)f .
D]r"i_—gfar]r—"_Tat]t—’— f hrr__fK+ fG_w]r:_Qrv
r f r r
2f2 2(3M —r) f? 2M 40+ 12 4f242)
OK +24 f 8[(— ( - I")f hrr+_3htt_ ( +3 )f -r_ f _I; fK:er—sz”,
r r r r
2f2 4f2 22
DG+ia G+ J;j,——zfc;:—izQﬁ. (2.20)
r

The three odd-parity parts of the field satisfy a separate
unconstrained set of equations in Lorenz gauge:

Dhl—wa,h,ﬁ]yf o, 2L 2+2ﬂf h, = f2P,

Oh, +2Mf8h 42 fah +2/1fh
+2(4M—3rr3)f—2irfhr7

O, Zfza h2+4f2 f(r_4]r‘f)_2hfh2:—zfp.

(2.21)

2. Lorenz gauge conditions

The Lorenz gauge conditions (2.12) separate into even-
and odd-parity equations when expanded in spherical

harmonics. For even parity there are three coupled gauge
conditions,

1 2(r—M
f0.h,, _gathrr — (’)IK—ﬁath,, +%ht,
A+1) .
(rz )szo’
f 1 2(r—M)
fah,r+2a rhor = O,K + 5 50/ha + i
2 2(A+1
“K- Chs )jr=0,
r r
1. f 1 2(r—M) .
far.]r_‘?at]t_Ehrr'f'?htt—i—T]r_AG:O’
(2.22)

while in odd parity there is just one condition,
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1 2(r— M
_8tht+u

farhr - f r2

A
l’lr - ﬁhz - 0 (223)

3. Fully constrained field equations

While the unconstrained equations (2.20) and (2.21)
might be solved numerically, in practice we have found it
more efficient and accurate to use the gauge conditions
(2.22) and (2.23) to produce reduced order systems of
constrained equations. To do this we rewrite the gauge
conditions (2.22) and (2.23) as expressions for the four
|
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amplitudes j,, j,., G, and h,. These are used, as necessary,
to eliminate their appearance in six of the equations in the
sets (2.20) and (2.21)—specifically those equations with
wave operators acting on h, h;,., h,., K, h;, and h,. These
six equations, four even parity and two odd parity, once
modified only reference these remaining amplitudes.
Once the constrained equations are solved, the eliminated
fields, j,, j,» G, and h,, are recovered via the gauge
conditions.

We find the system of four constrained even-parity
equations,

2(r—4M aM 2M(3M =2r) f? 4M f? 2(M? =2 f) =2Ar?
Dhtl+ (}" . )farhtt+ rzfathtr+ ( . r)f hrr+ r3f K+ ( rr]:) r fh”:_err_fZQb_ff%Qtt’
4f? 4M — 4M — 2 AM(M —r) —2Ar?
I:|hlr +iarhtr+2—rathn‘+#athrr__fatl<+ ( ’:1) : fhtr = zthr’
r r°f r r r
4(r—-M 2 4 4(3M — 2M(3M -2 4(M - 2(M —r)>=2r?
Dhrr+Marhrr+_arhtt__farK+¥athtr+ (4 2 r)htt+ ( 3 F)K+ ( r)4 rfhrr
r r r r°f r'f r r
1
:_?er+Qb_tht’
42 3 2 2M 2 M) f? 22
Ok + 0,k Lo, L0, 4 Lo + 2, 2UE M _pon g, (224)
r r r r r r

and the following system of two constrained odd-parity
equations:

2M 2M 2f% +2)
Dh,—Tf{?rh,—i— rzfa,h,— f :; S, =
2(r—=M)f 2(r—3M)
2% + 22
—#hr __pr. (2.25)
r

These six equations, supplemented with the gauge con-
ditions (2.22) and (2.23), are satisfied by the MPs in Lorenz
gauge. However, as discussed in Sec. III, to find solutions
numerically, we cast these equations into the FD, reducing
them to large sets of ordinary differential equations.
Furthermore, in certain special cases [i.e., low-order
(I =0,1) modes and static (w = 0) modes], some MP
amplitudes cease to be defined or the systems of equations
reduce further in size, or both. Section IV discusses these
special cases, each of which merits unique numerical
treatment.

E. Self-force and mode-sum regularization

Once the Lorenz gauge equations in the preceding
section are solved using causal boundary conditions (i.e.,
outgoing waves at infinity and downgoing waves at the
horizon), the MP amplitudes are used to reassemble the

retarded field pjy. The full retarded field is divergent at
the location of the point mass, precisely where its action
back on the particle’s motion must be determined.
Regularization is required, and the mode-sum regulariza-
tion (MSR) procedure of Barack and Ori [14] is commonly
used (see, e.g., early use [38] with a scalar field and for the
GSF in Lorenz gauge [4,27,34]). To discuss MSR it is
useful to consider the decomposition discovered by
Detweiler and Whiting [15] that splits the retarded MP
within a normal neighborhood of the particle [5] into
regular (R) and singular (S) parts:

ret __

Pt = pR + ps,. (2.26)

The singular part has a divergence that captures the singular
behavior of the retarded field and satisfies the same
inhomogeneous field equations (2.13), but through design
(i.e., appropriate boundary conditions) does not contribute
at all to the self-force. The regular part, in contrast, is a
solution to the homogeneous first-order field equations and
is entirely responsible for the self-force. Applying the self-
force, the corrected motion can be regarded as forced,
nongeodesic motion in the background spacetime. With the
Detweiler and Whiting split, the motion can also be viewed
as geodesic in the corrected metric g,, + pX,. In either
viewpoint the self-force becomes a term in the equations of
motion found from calculating
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Fg = uk™°pp 5. (2.27)

which is evaluated at the particle, x* = x(z). Here, the
trace-reversed MP is used, and the projection operator is

k1o (x ) = %ga‘suﬂbﬂ - gPuru’ —%u"’uﬂu}’u‘S

1 1
+Zuad5}'u5+zga59ﬂ}" (228)
At this point, k%1% is defined only at the particle’s location
(though below we discuss broadening its definition so it can

be evaluated off the worldline). Its form ensures orthogon-
ality Fgu, = 0. The same operator may be applied to p};

and p;, to define the retarded and singular self-forces,

F!X

ret —

kaﬂ75 pretlé7 F = kaPré 5S (2.29)

both of which diverge at x* = x(z). Formally, the regular

part is formed through the subtraction Ff§ = Fy, — F§.
|
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However, since both F, and F'§ are infinite at the location
of interest, a straightforward subtraction is not possible.

The central idea of MSR is to decompose the compo-
nents of F, and F§ into sums over scalar multipole modes
F f‘elt and F§ 2!’ with every mode being finite at the location of
the partlcle (We use /' and m’ to distinguish from the / and
m of our tensor spherical harmonic decomposition.) Then
the subtraction can be made mode by mode. There is a
subtlety in the decomposition, however, since the operator
k713 (and therefore the self-force) is only defined at this
stage at the location of the particle. To generate a spherical
harmonic decomposition, we must choose a way to extend
k% off of the worldline. Following Ref. [34] we define
k*Pr3(x; x,) at field point x, when the particle is at x,,, to
have the value given from Eq. (2.28) with ¢/* evaluated at x
and u” evaluated at x,. Later, in Eq. (2.33), when we
reexpand our tensor harmonics as sums of scalar harmon-
ics, this choice ensures a finite coupling of / modes for
each ['.

The mode-sum expansion for F§ can be written in
the form

o r F
F¢ = [(l + > + Fio + + +] (2.30)

’ ;) -1 (' - )(l’ D =T =PI +HW+3)
where the coefficients F f’ 1]’ Ff o) F? ) -+ are the I'-independent regularization parameters (RPs), which depend only upon

position in the eccentric orbit. (We use the notation of Heffernan et al. [49] for the RPs.) Then, the mode-sum formula

Fy

PR |-

I'=0

determines the regularized self-force. The first two RPs,
[ 1 and F o)’ for the GSF on a Schwarzschild background

were originally given by Barack et al. [82]. Indeed, only
these first two parameters are needed to obtain conver-
gence. From the structure of the I’-dependent denominator
terms, all of the succeeding terms each converge to zero as
' — oo. However, since the series with only F* 1) and F¢ 0
converges slowly (~1/1},.), higher-order RPs are impor-
tant for hastening convergence when the sum is truncated at
some finite ],,,. Heffernan et al. [49] have calculated the
higher-order coefficients F" ‘[’] and F ‘[fq for the GSF, and their
use (along with numerically fitting to even higher order)
greatly improves convergence.

As described above, MSR requires an expansion of the
full retarded self-force F{, as a sum over scalar spherical
harmonic modes F?. In contrast, our Lorenz gauge
calculation yields a set of MP amplitudes for each [/ and
m in a tensor spherical harmonic expansion. The former can
be derived from the latter by reexpanding each tensor

1 (04 a
(ll+§>F[—u Fo— @

Hu+3

Tl e

|

spherical harmonic in our expression for F¢, as a sum of
scalar spherical harmonics. To that end, we take the
definition of k*7%(x,x,) given above, along with the
tensor spherical harmonic expansion of the retarded MP
given in Eq. (2.15) and substitute in Eq. (2.29). Taking the
limit » — r,(¢) while maintaining # and ¢ dependence
leaves [34]

[Fralt,r (t)’9’¢)]i

5 Z Z [falmylm 4 felmsin?@Y'™ + 5™ sin@cos OY 'y
P =0 m=-1

+ f4msin?QY'n 4 f4im (cos @Y™ —sin QY
+ fEmsinQY'y + felmsind QY 4 famsin?Gcos OY gy
(2.32)

where a comma indicates a partial derivative. The vectors
falm . faim are functions of the MP amplitudes and their
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first ¢ and r derivatives. Our tensor harmonic decomposi-
tion of the MP differs from Ref. [34], and so we provide the
detailed form of these functions in Appendix C. The MP
amplitudes are O(u), which makes the GSF of order O(u?).
Each of the functions fglm . f%lm, as well as F%,, takes on a
pair of values (&) since the limit » — r,(¢) can be applied
from the outside or inside of the particle radius r,(z).
Differing limits on the two sides also appear in the RP F° ?—1]

and therefore in F§. The regularized GSF itself is single
valued, though.

Finally, we obtain F? by expanding the 6-dependent
terms in (2.32) as sums of scalar spherical harmonics. This
yields the following expression:

l/
AT z -3, -2, I—1,
).~ 3 e 4
m=—

I, I'+1, I'+2, I'+3.m
+ f‘go)’" + F‘(’+]> " +J~“f’+2) "4+ ]-“‘(’+3) L.

(2.33)

The functions F' ‘(’;5’”, given in Ref. [34], are found to each

be a linear combination of the f% of the same [ and m.
Accordingly, a given /' term used in the MSR formula
couples only to tensor spherical harmonic amplitudes in the
range ' =3 <<l +3.

F. Conservative and dissipative parts of the self-force
and first-order changes in orbital constants

The procedure described in the previous subsection takes
the retarded field and produces the regular (R) force (i.e.,
the self-force). To make the notation clear, we can write this
retarded self-force as Fg .. It is also conceivable to
calculate the advanced self-force Fg 4., which is obtained
by precisely the same procedure except in replacing pjy
with [‘Jj‘}ﬂv. The singular field F§ is time symmetric, so the
RPs are unaffected in swapping “ret” for “adv.” Hinderer
and Flanagan [65] show that it is convenient to split the
retarded and advanced self-force into conservative and
dissipative parts,

F%.ret = FgOHS + ngss’ F%,adv = FgOHS - ngss’ (234)
where
a 1 a « a 1 « a
Fcons - 5 (FR.ret + FR,adv)’ Fdiss - 5 (FR,ret - FR,adv)'
(2.35)

See also Ref. [83]. Furthermore, because of the symmetry,
the conservative part actually requires regularization,

PHYSICAL REVIEW D 90, 104031 (2014)
2. [1 ) , /
P =3 [y +rE - Y. @30
I'=0

while the dissipative part does not,

[So]

1 U 4
ngss = EZ(quelt _F%v)'
I'=0

(2.37)

Conveniently, for geodesic motion on Schwarzschild, the
advanced self-force can be obtained from the retarded
self-force using time reversal and symmetry,

F%,adv(T) = €(a)F%,ret(_T)’ (2.38)
where 7 = (0 corresponds to periastron passage and the
Schwarzschild components change sign or not according
to € = (=1,1,1,—1), with no implied sum in the
equation above.

The self-force produces changes in the orbital constants

&= —u, and L = u,. Using the first-order equations of
motion
Du
a p
Wy = JasFk: (2.39)

the ¢ component F’, provides a rate of work, and the ¢
component F% gives a torque such that

2

. . I
szf—”t s L=-"LFg, (2.40)

nu nu

where the dot refers to derivative with respect to
Schwarzschild time ¢. While the first-order GSF determines
the leading-order, adiabatic motion and contributes terms to
the post-1-adiabatic corrections [65], the leading-order
adiabatic changes require only the orbit-averaged part of
the dissipative GSF:

<€>—1/T'f"F’ dt <E>—1/Tr?’F"’ dr
_Tr 0 ”ur diss“"» _Tr 0 /m’ diss“**

(2.41)

For the geodesic GSF, the first-order rate of work and
torque are balanced by the energy and angular momentum
fluxes (each averaged over the orbital period and summed
over 2-surfaces near infinity and the horizon) calculated
from the first-order MP (see Sec. V B).

ITII. FREQUENCY DOMAIN TECHNIQUES
FOR SOLVING COUPLED SYSTEMS

Rather than solve directly the TD Lorenz gauge equa-
tions of Sec. II D, we use FD techniques for their speed and
accuracy. Accuracy requirements were discussed in the
Introduction, and these are attained in the FD through
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solution of ordinary differential equations (ODEs). The
TD alternative [34], solving 1+ 1-dimensional partial
differential equations for each [,m, has the compen-
sating advantage of allowing the GSF to be applied self-
consistently [72]. The specific equations we solve are the
FD version of the fully constrained field equations (2.24)
and (2.25) and the gauge conditions (2.22) and (2.23),
obtained by taking 9, - —iw and replacing amplitudes,
e.g., hy(t,r) = h,(r). Subsequently the solution is
returned to the TD, whence the GSF can be calculated.
The Fourier synthesis uses the method of EHS [40], which
circumvents the Gibbs phenomenon encountered with a
distributional source.

Below we set the notation for the Fourier transform, give
a matrix notation for the coupled sets of FD ODEs, and
discuss independent bases of homogeneous solutions that
appear at leading order asymptotically. We then discuss the
use of variation of parameters and how EHS is broadened to
encompass systems of ODEs.

A. Fourier decomposition

As explained in Sec. I A, two fundamental frequencies,
Q, and Q,, exist in the eccentric-orbit Schwarzschild
E/IMRI problem. In the frame that rotates at the mean
azimuthal rate (¢’ = ¢ — Q,1), the MP appears nonsinu-
soidal but periodic in ¢. It can be represented in a Fourier
series in harmonics n€2,. In the inertial frame, the phase of
each multipole with m # 0 advances linearly, giving the
Fourier-harmonic modes a spectrum

® = Wy, = mQ, + nQ,.

(3.1)

Each MP and source amplitude is replaced by a Fourier
series (with a tilde denoting a FD amplitude). For a generic
|
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amplitude X, (not to be confused with the tensor
harmonics X" and X), we have

~ 1 T, .
len(r) = T_A le(t’ r)elwm"tdta

r

©
le(n I") - Z len(r)e_lwmnt'

n=-—o0o

(3.2)

Henceforth, not only will indices / and m be suppressed,
but so will n on FD objects (unless otherwise noted).

B. Matrix notation for coupled ODE systems

It is convenient to place the coupled FD equations in
matrix form. For even and odd parities, respectively, the
fields appearing in the constrained systems are assembled
into the vectors

iltt

Pe filtr > ilt

E(r)=r o | B(r) = {fﬁr] (3.3)
K

With this notation the even- and odd-parity FD equations
are compactly expressed in matrix form

E'+AE +BE=U, B'+CB+DB=V, (34)
with the prime indicating differentiation with respect to
tortoise coordinate r, and where the solution vectors and
source vectors have dimension k = 4 or k = 2 for even or
odd parity, respectively. In the general case, the matrices
that couple the amplitudes and their first derivatives are

—4M 0 0 0
W1 0 2r-am) 0 0
| 2rf 0 2(r—4M) —4rf? |’
—r 0 —r 2rf
2M(r— M) —dioMr? —2M(2r — 3M) AMrf?
B— <w2_2(/1—|;1)f>1+i4 iwr*(r—4M) | —2fMr iwr*(r—4M) 2iwr’ f? e
r | =2(r—=M)?  dior*(r—-3M) 2(r*=3Mr+3M?*) —4Mrf?
r? —2iwr’ —r? 2fMr
cz%[_M 0 } D=<w2—72f2tmf>1+2’${ 0 _M], (3.6)
L 0 r-3M r r° lr=3M O
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where the I’s are relevant-sized identity matrices
(kx k=4x4 or 2 x2). The source vectors are

-f0" - 20" - 20"
2 ALr 2 pt
a:r ~ ZfQNb At | {):[fri]
—fO" + f?0" - 70 —fP’
er—fzétt

(3.7)

In certain special cases (low-order modes or static modes),
some components of the vectors £ and B identically
vanish, effectively reducing the order of the system, with
concomitant reduction in the source components and
elements of A, ...,D. These special cases are detailed in
Sec. IV.

C. Linearly independent sets of
homogeneous solutions

The constrained even-parity equations are a set of four,
coupled, second-order ODEs. As such they have eight
linearly independent homogeneous solutions. We divide

these into four solutions é’f (with i = 0, 1, 2, 3) that have
causal, running-wave dependence e’ at r, = +oo0 and
four solutions é,-_ that are downgoing, e~'“"~, at the horizon
(r, = —0). For odd parity, where the system is a set
of two, coupled, second-order ODEs, there are four
linearly independent homogeneous solutions. In parallel

we denote these by Bf with i=0,1. A complete basis
of linearly independent homogeneous solutions is of
dimension 2k.

Upon examining the asymptotic limits of Eq. (3.4) as
r, — oo, we find the following is one possible repre-
sentation of the leading-order behavior of the even-parity
homogeneous solutions:

(&) ~(1.1.1, 0) ~ior,

( S)TN( s ’ ) tu)r*’

( I_)TN(LO’ —2(1 — 4iowM)~") fe~ior:

( T)TN(O,L ) twr*’

(&) ~(1,=1,1,1)f2e i,

(;)TN(’L ) ltwr*’

(£5)" ~(0,0,0, 1)e~r.,

(é;')—l' (O 0 2 1)}’ Zeta)r* (38)

where T indicates transpose. We note that, while these
vectors are linearly independent, the MP amplitudes

PHYSICAL REVIEW D 90, 104031 (2014)

(components) do not decouple asymptotically. Likewise
the asymptotic limits of the odd-parity equations allow the
following representation of the leading-order behavior of
odd-parity homogeneous solutions:

(BY)" ~(1.=1)er,
(BT ~(0,1)r e,

(By)" ~(1,1)e o,

(By)" ~(1,=1)fe ", (3.9)

Here again, while the odd-parity vectors are linearly
independent, the MP amplitudes are still mixed between
them asymptotically.

The limiting behavior for £ and B displayed in (3.8)
and (3.9) is merely one possible choice, and we refer to
these as the simple bases. It is, however, clearly possible to
introduce linear transformations on these sets of eight and
four homogeneous solutions, and we describe in Sec. [VA
clear advantages in doing so at least for the even- and
odd-parity bases on the near-infinity side.

D. Variation of parameters and extended
homogeneous solutions for coupled systems

With the assumption that sets of homogeneous solutions
é',i and B,i have been obtained by integrating Eqs. (3.4)
(subject to the boundary conditions of the previous section
or other equivalently independent ones), it is straightfor-
ward to construct solutions to the inhomogeneous equa-
tions using a variation of parameters. Introducing a set of 2k
variable coefficients ¢i(r) that multiply the homogeneous
basis elements, the pamcular solutions are assumed to have
the forms

E(r) =3 (Eresm(r) + & ().
i=0
Blr) = (Bt ™(n) + Bl () (3.10)

Variation of parameters then assumes that the first deriva-
tive of (3.10) also depends only on the coefficients c¢i(r),
and not their derivatives, by placing a set of k conditions on
9, ¢t (r). Differentiating again and substituting into

(3.4) yields a second set of k conditions on
9, cF(r). Taken together these conditions form a linear
system with a 2k x 2k matrix M, formed from the
homogeneous basis elements and their first derivative,
that acts on the vector made up of the first derivative
of the coefficients ¢i(r). The matrix M is the Wronksian
matrix. In odd parity (k =2) these equations have the
form
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0,.¢cy~
0, cy™
D, "
Oy.ci™

0,,¢cq”
B, B By B ||0.c”
“loB o.Br 0B 0.B]|0.c"

0, )"
:_q, (3.11)
%

where bold entries are 2 x 1 column vectors.
The normalization functions are then found by matrix
inversion followed by integration over the source region

e/o,+
e/o. T 1w
Ci/ +(}’> = f We/o dr /’
_ Fmax 1 W?/Oy_
1o () = — / i (3.12)

In these integrals W¢/? is the determinant of the Wronskian

matrix (even or odd parity). The determinants W¢/** are

formed by replacing the column in the Wronskian corre-
sponding to the ith homogeneous solution with the column
vector (0,U)T or (0, V)T (even or odd parity) in accor-
dance with Cramer’s rule. Again, for odd parity, the
Wronskian and one of the modified Wronskians are

B, B B Bf

wo=| ~° ! 0 Lo

‘a,*zsa 0,B; 0,B; 0,Bf

|0 By By B

o = _ S | (3.13)
v 0,B; 0,B 0,B

Thus, both W° and W{~ are determinants of 4 x4
matrices. In even parity the matrices are 8 x 8, and in
special cases other matrix ranks occur. In this section we
have sketched using Cramer’s rule for the matrix inversion
merely to provide a compact discussion. In reality we use
LU decomposition in the code to provide the numerical
inversion.

Once the normalization functions ¢¢/*(r) are known,
the particular solutions (3.10) can be computed. However,
since the source in the TD problem is distributional, this
standard procedure is fraught with the appearance of Gibbs
behavior in the MP (and GSF) upon returning to the TD. Its
use is now supplanted by the method of EHS, though the
EHS method uses key parts of the standard-approach
machinery.

PHYSICAL REVIEW D 90, 104031 (2014)

Barack, Ori, and Sago [40] developed the EHS method
and applied it in computing the scalar field of a charge in
eccentric orbit about a Schwarzschild black hole.
Subsequently, Hopper and Evans [31] employed EHS to
compute the MPs of a small mass in eccentric orbit on
Schwarzschild in the Regge—Wheeler—Zerilli formalism.
EHS was also used [34,62] to compute the low-order
(I =0,1) modes in Lorenz gauge, which marked its first
use for a coupled system. EHS then found use in modeling
the scalar self-force on a particle in eccentric equatorial
orbit on a Kerr black hole [84]. In addition, a variant called
the method of extended particular solutions was developed
[85] that is useful for certain problems with noncompact
source terms. It was employed to compute the gauge vector
that generates the odd-parity transformation of the MP from
Regge—Wheeler to Lorenz gauge.

Our application of EHS to general MPs in Lorenz gauge
for eccentric orbital motion on Schwarzschild was devel-
oped contemporaneously with Akcay, Warburton, and
Barack (see talks at the 2012 Capra meeting [63,86,87]).
Their code was applied [36] to long-term inspiral, and their
full method has been published [37].

EHS uses the matrix inversion and integration involved
in computing the normalization functions but extends the
integration over the entire source region to obtain a set of
complex constants. In practice, the integration is done with
respect to y,

e/o:t
e/o.t 4 (rp()()) dr
=+ | )

"Ly, (3.14)

providing better numerical behavior at the turning points.
These constants are used to normalize the basis vectors and
to assemble specific linear combinations, referred to as
FD extended homogeneous solutions. They are smooth
functions everywhere outside the horizon (r > 2M),

3 1
=Y g = CrBr. (3.15)
i=0 i=0

Using these functions, exponentially convergent Fourier
sums then provide the TD extended homogeneous
solutions

Z ‘Z: emior
Z Bi —l(l}l

(3.16)

which likewise hold for all » > 2M and are smooth in r and
t. The solutions to Egs. (2.24) and (2.25) then follow by
abutting the + and — TD EHS at the location of the particle,
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E(t,r)=E0[r— rp(t)] + S_H[rp(t) -],

B(t,r) =B 0[r—r,(t)] + B 0[r,(t) = r]. (3.17)
In Lorenz gauge all of the MP amplitudes are C° at
r = r,(t). The discontinuity in the derivative is encoded
by the presence of the 0 functions. While the Lorenz gauge
MP amplitudes must analytically satisfy £ (z,r,(1)) =
E(t.r,(t)) and B (1, r,(t)) = B~(t,r,(t)), the degree to
which this equality is satisfied numerically is a measure of
convergence.

IV. NUMERICAL ALGORITHM

In this section we provide details on our numerical
algorithm. For a geodesic given by p and e, we seek to
compute to sufficient accuracy the MP and the GSF, F§, as
functions of time around the orbit. We first itemize the
principal steps and then follow with detailed discussion on
some aspects of the procedure:

(1) Orbital parameters: For a given p and e, integrate the
orbit equations to find the period of radial motion 7',
and fundamental frequencies €2, and Q,,. Determine
also &, L, ryin, and rp,, (Sec. I A).

Mode characterization: Fourier-harmonic modes
divide into classes according to [,m,n. Low-
multipole modes /= 0,1 are handled separately
from [ > 2 radiative modes. We further divide modes
into static (m=n=0), near-static (0 < |@M| < 107%),
or general cases. See Table I for an overlapping
breakdown of modes.

Linearly independent, causal homogeneous bases:
For every [, m, n mode, find or compute a complete

@

3

TABLE L.

“
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set of 2k independent homogeneous solutions. In
general, the solution process begins with providing
causal initial conditions at the boundaries using
Taylor series or asymptotic expansions (Appendix A)
and performing numerical ODE integrations
(Sec. III C) into the source region. On the horizon
side, boundary conditions are set at r, = —6M, and
sufficient Taylor expansion terms are included to
reach a fractional error of ~10713. At large radius,
the starting location depends on mode and fre-
quency. Large enough starting radius is taken, and
short integrations are used to confirm the asymptotic
expansions have errors of order 1074, All of the
homogeneous solutions are then integrated to
r, = r™ (ie., the value of r, when r = r.,).
Orthogonality of the initial vectors is carefully
considered to minimize ill conditioning of matrix
inversion (Sec. IVA). For near-static (0<|oM|<
10~*) modes, we employ special techniques to
overcome strong ill conditioning (Secs. IVA and
IV B). Static (zero frequency) modes have exact
analytic homogeneous solutions (Sec. IV C). The
systems of equations change character or reduce in
size for low-multipole modes (Sec. IV D).

FD extended homogeneous solutions: For each
l,m,n the homogeneous solutions are integrated
over the source from r;, t0 1y, to find normali-
zation constants and the linear combinations that
represent the FD EHS (Sec. III D). Again, for near-
static (0 < |oM| < 107*) modes, we employ special
techniques to overcome strong ill conditioning
(Sec. IV B). Special consideration occurs again for
low-multipole modes.

Classification of FD modes as functions of /mw. Most modes (i.e., general case) are found by solving the complete fully

constrained systems (2.24) and (2.25) and deriving the remaining fields using the gauge conditions (2.22) and (2.23). Special cases
include static, near-static, and low-multipole (/ = 0, 1) modes. For static and low-multipole modes, the system size reduces, and some
MP amplitudes identically vanish. Special cases are discussed in separate sections as noted.

Variables in Variables from

Parity Frequency No. field eqs. No. constraints reduced eqs. constraints Section
[>2 Even General 7 3 hy, hy by, K jinin G IVA
Near-static 7 3 By By by, K JoJn G IVB
Static 5 2 hy, b, K j. G IvC
Odd General 3 1 hy, h, h, IVA
Near-static 3 1 hy, h, hy IVB
Static 1 0 h, - IvC
=1 Even General 6 3 By By By K Jn i IVA
Near-static 6 3 hy, by, h,, K Jo Iy IVB
Odd General 2 1 hy, h, - IVA
Static 1 0 h, - IVD
=0 Even General 4 2 hy hy by K - IVA
Static 3 1 hyh,,. K - IVD
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(5) TD extended homogeneous solutions: For every [, m
construct the TD EHS (Sec. III D) by summing over
sufficient positive and negative n until the Fourier
series on each side converge to a relative error of
~1071%. Not only can convergence of the EHS on
each side of rp(t) be monitored, but each /, m mode
should approach becoming C?, and the derivative in
r at the particle should satisfy a jump condition.

(6) Assemble I’ contributions to F%: Compute force
terms f%" (Appendix C) and linear combinations
F ?j)m (Sec. IIE), and sum over m for each / mode.

Only m > 0 modes need be computed, since m < 0
are determined by crossing relations on the spherical
harmonics. Assemble the ' part of the retarded force
by combining [ for I' =3 <1 <I' + 3.

(7) Apply MSR to obtain GSF: Sum over /' in the MSR
formula until the GSF converges to a prescribed
tolerance or minimum error (Sec. II E). In the process
we use available analytically calculated regulariza-
tion parameters F' ?—1]’ F ‘[)6], F ‘[’2], and F' ﬁt] and a least-
squares fit for F ([lo] and F' ?8] using the last seven

modes. We find that the error (by comparing the
regularized self-force on the two sides of the particle)
minimizes for I}, = 13 for low eccentricities and
several modes lower for high eccentricity. A required
Il implies that we must compute tensor spherical
harmonic modes up to /. = lnax +3.

A. General modes

We first consider the general case, encompassing all
modes with / > 2 that are neither static nor near static. The
expressions (3.8) and (3.9) provide leading-order behavior
for the MP amplitudes as r, — +o0. In practice, boundary

1 10~ 16—/ 2M) ...

B, Relative error
=
2
oo
‘
Il

10-16 1 1 1 1 1 1 RN
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rH /M

FIG. 2 (color online).
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conditions are set at finite radii and require expansions with
numerous terms beyond just this leading order. Appendix A
provides details on the asymptotic (r, — +o0) and Taylor
(r, » —oo) expansions that are used to set accurate
boundary conditions as close to the source region as
possible. Unique numerical issues are encountered on both
the near-horizon and near-infinity sides.

1. Boundary conditions near the horizon and
subdominance instability

On the near-horizon side, using the simple bases of (3.8)
and (3.9) at large negative r, is found to generate a
subdominance instability. There is an undesired, acausal
(upgoing) homogeneous solution that can be excited by
roundoff errors in the numerical boundary condition that
grows exponentially relative to a desired (subdominant)
causal solution. Figure 2 shows the effect of starting the
integration at various initial 7 and integrating to
r, = 10M. Setting the boundary at ¥/ < —10M generates
substantial growth of this acausal mode. We now explain
briefly why this occurs. We use odd parity as the example,
with even parity following a similar analysis.

A complete set of odd-parity independent homogeneous
solutions at the event horizon has leading behavior

(By)T ~(1,1)fetior,
(B;)T~(1,—1)e+i“’r*.

(By) " ~(1,1)e7ir,
(BD) "~ (1.=1)fe", (4.1)
Ba and Bl_ are the desired causal solutions of Eq. (3.9),

representing downgoing modes, while B, and B3 are
acausal, representing radiation coming up from the black

hole. When we attempt to set boundary conditions for Ba

10 16— /M ......nnl]

&, Relative error
—_
2
oo
T

-16 ! ! ! ! ! ! RN
-40 -35 -30 -25 -20 -15 -10 -5 O

ri /M

Subdominance instability and growth of roundoff errors with starting location. We demonstrate the effects of a

subdominance instability by comparing results of numerical integrations begun at different initial radii 77 near the horizon and ending at
r. = 10M. The chosen modes have [ = 2 and M@ = 1 (odd parity on the left; even parity on the right). The fiducial, accurate solution is
obtained from a high-order Taylor expansion, with sufficient terms that residuals are at or below roundoff even at a radius of 7 = 0.
Using the Taylor expansion at any —6M < r/ < 0 to begin an integration that then ends at r, = 10M gives results that are consistent
with each other. However, as smaller initial radii are chosen (rf/ < —10M), exponentially greater errors are found in comparing at
r, = 10M the integrated mode and the fiducial Taylor expansion. We avoid the instability by beginning all integrations at r = —6M

with initial conditions from the high-order Taylor expansion.
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and Bl_, the inherent limitations of our double precision
routines produce instead numerical superpositions

By" = By +a\Bi + a,B; + B3,
By = By + poBy + B + i B3, (42)
where all the terms a, BB, and §,B, are of order ~10~16
(roundoff) times the desired dependence. We must be
concerned with any of these roundoff terms that are acausal
and grow relative to the causal terms as we integrate from

our starting location, rZ. Near the horizon f ~ e’+/*M,

. — . . ~— N
meaning a,/8,, an acausal contribution to B,", has

precisely this exponential growth relative to i%g . This
prediction is confirmed numerically, as shown in the left

panel of Fig. 2. On the other hand, Bf itself grows like
e™/>M and we see none of the other roundoff terms grow
relative to it. As such, this solution does not display a
subdominance instability.

In the case of even parity, the worst acausal mode has an
f? radial dependence. Accordingly, its relative growth is
even worse, i.e., ~¢”+/M  This is shown in the right panel of
Fig. 2. The figure merely demonstrates the instability. In
practice, we simply set the boundary condition at r? =
—6M using Taylor series with sufficient terms to reach
roundoff. The details of those Taylor series are found in
Appendix A. We note finally that it is not inconceivable that
the instability we discuss here is a result of the particular set
of MP variables, and therefore the form of the Lorenz gauge
equations, that we chose to use.

2. Boundary conditions at large radius
and thin-QR preconditioning
On the near-infinity side, the expansions are asymptotic
and require a large starting radius r$°, with the radius being
roughly inversely related to mode frequency w. In what
follows, we use the odd-parity equations as an example.
Even parity follows a similar analysis. After long inward

integration to r™", the outer solutions B;” can be combined

with the inner solutions Bi_ to form the Wronskian matrix
M [see Eq. (3.11)]. Unfortunately, especially at low
frequency, we find the Wronskian matrix to be typically
ill conditioned. Generally one can define a condition
number of the matrix as k(M) = [Apax/Amin|, Where A
and A, are the maximal and minimal eigenvalues of M.
Alternatively and conveniently, we may define it as
k(M) = 6nax/Omin, in terms of the singular values o; of
M in a singular value decomposition (SVD). The condition
number is important since one loses roughly log;, (k) digits
of accuracy in operations like matrix inversion [88].
Starting with the leading-order, near-infinity behavior of
the simple basis in Eq. (3.9) leads to condition numbers as
large as x ~ 10'? in some cases.

PHYSICAL REVIEW D 90, 104031 (2014)

Fortunately, it is possible to use a linear transformation

on the simple basis l})’,+ to find a new one B,T
Unfortunately, long integration of the altered set of homo-
geneous solutions to " is required in order to combine
them with the inner solutions and calculate x, making this a
hit-or-miss procedure.

We have instead developed a novel means for determin-
ing a good linear transformation (at r°) that reduces x by
many orders of magnitude. While the method is most
effective in handling near-static modes (discussed below in
Sec. IV B), we nevertheless use it for all modes and
therefore discuss it here. The technique involves using
just half the information (outer solutions only) that goes
into the Wronskian and calculating a ‘“‘semicondition
number” p. It begins by picking a basis (e.g., the simple
one), taking the right half of the matrix M, and forming the
4 x 2 matrix

VE{ B Bl ] (4.3)

0, B 0,Bf

While V is a nonsquare matrix, it has a SVD and yields a set
of non-negative, real singular values ¢;. In our example
there are two singular values; for even parity there are
four. We call the ratio of the largest to smallest,
P(V) = 61max/Omin> the semicondition number. An advan-
tage of p(V) is that it can be computed immediately once an
outer basis is chosen. However, p is not the same as the full
condition number x, which can only be computed once the
complete set of (inner as well as outer) homogeneous
solutions is compared. Empirically, though, we find that p
is typically large to begin with (~107) and grows by
multiple orders of magnitude as the outer solutions are
integrated inward (see Fig. 3) and that its value at 7™ tends
to be within an order of magnitude of x. This strongly
suggests that, if p could be minimized at the starting radius,
then x might be greatly reduced in the source region. This
guess turns out to be correct.

A linear transformation on the outer boundary conditions
can be used to mitigate the ill conditioning [i.e., we are free
to choose the starting b’s in (A16) to begin solving the
recurrence relations]. To see how a choice might be made,
we start with the simple basis of (3.9) to form V [see also
Eq. (A20)] and perform a thin-QR decomposition [89]. The
matrix is numerically split into a product V = QR, where
Q is a4 x 2 unitary matrix and R is a 2 x 2 square, upper-
triangular matrix. Computed at an initial location r$°, the
columns of Q are an alternative, and in this case orthogo-
nal, basis for beginning an integration for the homogeneous
solutions. In other words p(Q) = 1. We see that the square
matrix R multiplies Q from the right to give V and R™!
multiplies V from the right to give Q.

In principle, while the columns of Q (evaluated from V
at finite radius r$°) do indeed give a new orthogonal basis

104031-15
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with unit semicondition number, in practice the use of this
basis for boundary conditions on the homogeneous sol-
utions (i.e., replacing V — V' = Q) leads to a separate,
serious numerical problem. Because V is ill conditioned,
the numerical construction of Q at finite radius r$° will be
accompanied by phase and amplitude errors that are well
above roundoff, some of which will be consistent with
undesired acausal modes (see the similar discussion in the
previous subsection). In effect, the numerically derived
new basis could not be obtained (to machine accuracy)
from an integration of purely outgoing wave solutions at
infinity.

Nevertheless, the thin-QR decomposition provides the
route forward. The idea is to use the initial choice for V at
r afforded by the simple basis and its related asymptotic
expansion. Then the thin-QR decomposition is computed
numerically. With this done, we compute from R its inverse
numerically. After that, we use these values of R™! at 7% to
transform the initial conditions for solving the recurrence
relations, and we solve those again. The resulting set of new
asymptotic expansions has built into them proper causal
behavior and also has p(V’) = 1. In effect, R~! serves as a
preconditioner on the linear system. (Akcay et al. [37] use
a different means of preconditioning their boundary con-
ditions for the outer solutions.) So we are able to start
inward integrations with ideal linear independence (by this
measure) and obtain greatly reduced ill conditioning (also
by this measure) once the source region is reached (see
Fig. 3 and six orders of magnitude improvement).
Empirically, we then find the full condition number, «,
is also improved by orders of magnitude.

101 . . .
Simple initial data ====s==a--
E 1012 T — Orthogonal initial data 7]
E .0l 0 T
10 - -
e
g |
= 6 ]
g 10
$ 10t} .
E
£ 102 -
10! 10? 103 10*
T« /M

FIG. 3 (color online).
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Since developing this thin-QR preconditioning tech-
nique, we have thus far not been able to find any
comparable discussion in the literature.

3. Numerical integration

Having set the boundary conditions, our C code uses the
Runge—Kutta—Prince-Dormand 7(8) [90] routine rk8pd of
the GNU Scientific Library (GSL) [91] to obtain the
homogeneous solutions [note that GSL. documentation
incorrectly labels rk8pd a 8(9) method]. We first integrate
the outer homogeneous solutions from r° inward and then
through the source region to r™". We then integrate the
inner homogeneous solutions from 77 to ™", Next, we
switch to an integration over y to compute Eqgs. (3.14) and
acquire C f/ °% In practice, we also find it more efficient to
determine the integrands of Eq. (3.14) using an LU
decomposition of the Wronskian matrix. Finally, we form
the TD EHS as described in Sec. III D.

A final comment is warranted on the integration over the
source region and the relative accuracies of various
quantities. In the sweep back over the source region, the
Wronskian matrix elements are recomputed step by step
alongside the normalization functions ¢*/“(r) within a
broadened system of ODEs. When the Wronskian matrix
is mildly ill conditioned, it becomes impractical to enforce
the same accuracy criterion on the normalization coeffi-
cients as the homogeneous solutions that make up the
elements of the Wronskian. We instead modify the adaptive
step size routine to demand high accuracy ~10~'3 for the
Wronskian elements while ignoring the fractional errors in
the normalization coefficients unless they exceed ~10712,

1010 B

—
S
co

100+

104 |

Semi-condition number

02 b "

100 & o - —
10t 102 103 10* 105 106
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Semicondition number growth of outgoing homogeneous solutions and effect of thin-QR preconditioning. The

left panel uses the even-parity mode (I, @) = (5,5 x 1073M~") and plots as a function of r, the semicondition number p of the matrix V,
which is comprised of (the outer solution) half of the Wronskian matrix. Two initial conditions are compared: the simple basis in red
(dotted) and the thin-QR preconditioned basis in blue (solid). Orthogonalization with the thin-QR preconditioner makes a more than 5
orders of magnitude improvement. The right panel uses an / = 16 even-parity mode and shows the growth of p in solutions that start
with thin-QR orthogonalized initial conditions, as functions of frequency. Once the frequency reaches |wM| < 107, thin-QR
preconditioning is no longer sufficient to control the condition number in the source region and still allow double precision

computations, and we turn to added techniques.
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This criterion does not really diminish the achievable
accuracy in the coefficients, since the condition number
of the Wronskian may reach or exceed 10° near the low
frequency limit of our double precision code (see Sec. [V B
for use of quad precision). It does, however, prevent the
step size from being driven unreasonably small and halting
the integration.

B. Near-static modes

As mentioned in our step-by-step procedure, near-static
modes (0 < |@M| < 107*) are a special case subject to
separate numerical handling. This problem has also been
discussed in Ref. [37]. The ill conditioning associated with
the outer homogeneous solutions continues to grow as
@ — 0, despite the application of the orthogonalization
technique described in the previous section. To compute
modes with 107° < |wM| < 1074, we make use of three
procedures. First, the thin-QR preconditioning discussed in
Sec. IV A, which is used for all modes, helps to minimize
the semicondition number as much as possible. Second,
when a mode with frequency as low as this is encountered,
we switch to the use of quad-precision routines to handle
integration of the homogeneous solutions and source
integrations (i.e., steps 3 and 4). Third, for a given [, m,
we identify the lowest frequency mode n = r/, and for it we
bypass the source integration and instead use the jump
conditions to provide its normalization.

The semicondition number scales roughly as
p~10*(Mw)™2, as can be seen in Fig. 3. Once the
condition number of the Wronskian matrix reaches
~10'°, too many digits (~10) are being lost to make
double precision calculations viable. Resorting to 128-bit
floating point arithmetic is a computationally costly but
effective way of proceeding. At quad precision, much
higher condition numbers (<10??) can be tolerated. Our
quad-precision implementation is based on modified
Numerical Recipes in C [92] routines. We switch to the
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FIG. 4 (color online).
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Runge—Kutta—Cash—Karp 4(5) method for these calcula-
tions. While C compiler support for quad precision is
available, its use is computationally costly on 64-bit
hardware. Fortunately, for broad regions of orbital param-
eter space, these modes are few enough that growth in CPU
time is manageable (see Fig. 4).

The third element of the procedure focuses on the fact
that for a given /, m there is always one n = n’ that gives
the lowest magnitude frequency, @'. If @’ is small enough
(and there are others like it for enough other / and m), the
quad precision integrations over the source might overly
dominate the run time of the code. This is particularly a
concern for wide separations and large eccentricities.
Fortunately, for each [ and m, there is a way of bypassing
the source integration for this one n" mode and obtaining its
normalization coefficients more efficiently.

We use odd parity to illustrate the method. For a given
[, m, the jump conditions in the TD for the MP amplitudes
and their derivatives can be written in vector form:

hl,
1B1,() =B (t.r,) = B~(1.r,) = [ [IE%HH ]
rilp
[9,hdl
10,8l ,(1) = 0,B%(t.r,) = 0,B(t.r,) = [ 10, (fh,)l ]
r r/lp
(4.4)

These jump conditions can be obtained analytically from
the field equations and the projections of the stress-energy
tensor. They are known to imply that the MP is C° and the
radial derivative jump is some function of time, J (). The
jump conditions can be written as the difference between
the TD EHS or using Eq. (3.16) as the difference of the
Fourier sums over FD EHS,

10°

101}

103 |

CPU time (seconds)

102 ! ! ! ! ! ! ! ! !
0.1 0.2 0.3 04 05 06 0.7 08 0.9
(&

Plots of CPU time for GSF calculations as a function of orbital parameter space location. In the left panel, labels

give the log;, of CPU time in seconds for each contour. The crosses indicate where models were computed. Every orbit on the right of
the solid curve utilizes quad precision. Some orbits on the left lie near resonances, as indicated by local peaks in the contour plot caused
by quad precision computing. Slices of CPU time vs e are shown in the right panel. GSF models require single-processor CPU times that
range from 4 min to 1 day.
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] = [zt ]

_Z{[a B p)} {f;xi)]}e_m'
(4.5)

Normally these conditions are used to check the conver-
gence of the Fourier sums. In the case of a near-static
mode, we first normalize all of the other n # n’ modes in
the usual way. Then the near-static mode is split out of
the sum in (4.5) and written explicitly in terms of its
individual homogeneous solutions and their normalization
coefficients,

cyt
| Bo B -By =By ]|ct
¢ [a,isg 0,Bf —0,B; —a,Br] Co~
co~

- -
“Loul-Zllos | -Los e e
gnl Z\les] loB
In this expression, the function J (¢) is known analytically,
and all of the terms in the sum on the right have been
computed by the standard procedure. On the left, the
homogeneous solutions for @' that make up the matrix
are computed with quad precision, and what remains are
the four unknowns Cg/f This matrix equation is solved at

an arbitrary time ¢, and in doing so we have obtained the
normalization coefficients for the troublesome mode with-
out integrating over the source region. It can be applied for
frequencies as small as |w| ~ 107°M~L.

An objection might be raised that this “spends” the
ability to use the jump conditions as a convergence check.
But in fact it remains possible to check the jumps at any
other time within the radial period 7',. Ultimately, the
techniques presented in this section can be overwhelmed,
since as 7', becomes large the frequency Q, can become
smaller than 10~*M~!, which results in numerous near-
static modes per multipole (see Fig. 4).

C. Static modes with [ > 2

Static modes are another special case and occur when
m =n = 0. At zero frequency, some of the field ampli-
tudes vanish identically and spur a reduction of order in the
constrained field equations and gauge equations. We
discuss odd and even parity in turn.

1. Odd-parity static modes

Analytic homogeneous solutions to the static odd-parity
Lorenz gauge field equations were first derived by Barack

PHYSICAL REVIEW D 90, 104031 (2014)

and Lousto [64]. They showed that h = h2 0 and wrote
down the inner and outer solutions for h in terms of finite
power series. Here, we express the solution in slightly
different form:

ht__ aodd( )
M=
- ~ M2 1+2 r k
+_ - dd
h = h; lnf+7k§:%b2 (M) . (4.7)

The determination of the power series coefficients is
described in detail in Appendix B 1.

2. Even-parity static modes

In this paper, we present for the first time analytic
solutions for static even-parity modes in Lorenz gauge. (We
understand that equivalent analytic solutions have been
derived recently by others [93] also) For static modes in

even parity, the reduction h,, = j; = 0 occurs. The reduced
constrained equations are sixth order and involve ]’lm hr,,

and K. We had a novel, if circuitous, route to discovering
these analytic solutions, which we now present step by step.

(1) Even-I solution to odd-parity equations: For static
modes m = n = 0, Egs. (4.7) are used with odd [ to
provide a necessary part of the MP. There is,
however, nothing to bar us from using an even /
in Egs. (4.7); these, too, are solutions to the odd-
parity Lorenz gauge equations even if they serve no
purpose in decomposing the MP.

(2) Solution to the Regge—Wheeler equation: Armed
with this “even-/ solution to the odd-parity Lorenz
gauge equations,” we next form the gauge-invariant
Cunningham—Price-Moncrief (CPM) [94] function

godd (g _ T (A 25
v <r)_/1(dr rht>'

Recall that A = (I 4+ 2)(I — 1)/2. This master func-
tion satisfies the homogeneous Regge—Wheeler
(RW) equation. See also Refs. [31,78].

(3) CPM master function to Zerilli master function:
Next use the Detweiler—Chandrasekhar transforma-
tion [95-97] to obtain from the CPM function a
solution to the homogeneous Zerilli equation,

(4.8)

- | M\ ~ouq
\Ijeven — 1 \IIO
") =371 KW‘L )+3Mr+/1r2>
d\iodd
+3M fT} . (4.9)

(4) MP amplitudes in RW gauge: Use U to recon-
struct the nonzero even-parity MP amplitudes in RW
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&)

gauge. For purposes of presentation, the expressions
(see, e.g., Ref. [31]) simplify greatly by using
Egs. (4.8) and (4.9) to write the MP amplitudes in
terms of ;l,,

. 2M - 2M\ dh

RW t

K thf+<1+m)czr’

w2 1di,

rr - r2f2 t f dr ’

- oM~ dh

B == bt (4.10)

where we have used the homogeneous field equa-
tions to remove higher derivatives of izt. Given
analytic expressions for the even-/ solutions for 4,
in step 1, we have obtained even-/ static solutions for
the MP in RW gauge.
Gauge vector for RW to Lorenz transformation: We
next seek a gauge vector to map the even-parity
static MPs from RW to Lorenz gauge. The gauge
vector will satisfy the wave equation

V,V'=,

= VVpRV. (4.11)

The generator =, can be decomposed [85] akin to

that shown in Sec. II C, and its even-parity part is

= (8 EM (1. r) + 8, EM (1, 7)Y s

lm

Ep= ) &m(er)yin

Im

(4.12)

We insert these into Eq. (4.11) and transform to the
FD. Then we specialize to the static case (where
;t, =0) and are left with two coupled equations
(after again dropping /mn indices),

e, 2MdE, 2(A+1)- B
dr2 +W dr - rf §e+ ér 0 (413)
PE, 2dE, 20+ 1)4+2f- 4+ 1)
2 +ﬁg_ ’ f gr f fe
2 rw _ 2 zrw dh®Y  1dK®Y
rfT T f dr  f dr °
(4.14)

where we have used the homogeneous relation
WY = r2pRY  Solving Eq. (4.13) for & and
inserting into Eq. (4.14) yields a single fourth-order
equation. Further, we use Eq. (4.10) and the iz, field
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equation to write the source term as a function of h,
and its first derivative:

d*E,  4r—2M &3¢,

dr* r2f dar’

N 8M> —4rM (4 +2) dE,

P f? dr

4(A+1)(2M + r2) ~

rf? e = Se

_8M(A+ )
&= ﬂle’A

4r(A+1) — 4M d?E,
rf dr?

o
Afrd dr’

(4.15)

Equation (4.15) has four independent homogeneous
solutions denoted by %fHO and Eim and two
independent inhomogeneous solutions (since the
source has inner and outer instances) denoted by

éf, Here, the superscript + indicates the solution
that is regular at r = oo (4) or the horizon (—).
Transformation to six independent Lorenz gauge
homogeneous solutions: Once the six solutions for
the gauge generator have been obtained, we can use
them to transform the even-parity static MP to
Lorenz gauge and derive a complete set of homo-
geneous solutions. The transformation is [78]

3 oM cew 2M - dE

ht_hRW zf re hrr:hlrzrwv_Tgr_zﬁ’
r°f dr

. A+1

K=KRW_— fgr A + )56. (4.16)

Note that &, is recovered using Eq. (4.13). We can
now switch to the vector notation of Sec. III B and
write

E=E 1 AE, (4.17)
with components
i i,
- 0 - 0
g =r le.:lrr N AE = _Zﬁ;lfér B zrfz ‘frr s
K 2f&, +24HE,
(4.18)

and with W being obvious. The zeros in the
second row follow from / . vanishing in both Lorenz
and RW gauges when @ = 0. We denote the six
Lorenz gauge homogeneous solutions by é(jf Ef,
and E’f (recall Sec. III C). The first four Lorenz
gauge homogeneous solutions derive from the
homogeneous solutions to Eq. (4.15),
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£ = Ay, Ef = AFy. (4.19)

The final two are found by transforming from the

RW gauge MP amplitudes of step 4 with the

inhomogeneous solutions to Eq. (4.15),

E5 = EMVE L AE (4.20)

. . T+ Rt T+

The extensive expressions for &y, &, 1, and &,
can be found in Appendix B 2.

D. Low-multipole modes

The low-multipole (! = 0, 1) components of the MP are
as essential to the GSF as the radiative modes. Solutions
were first given by Zerilli [98]. These solutions, specialized
to circular orbits, were then transformed to Lorenz gauge
by Detweiler and Poisson [99]. Low-multipole mode
calculations for circular orbits were considered in
Refs. [27,64]. Their solution was extended to eccentric
orbits in Refs. [34,37] using the method of EHS.

1. Even-parity dipole mode

In the case of the even-parity dipole mode [ = 1, m =1,
the amplitude G is not defined [see Eq. (2.15) and note that
Y 4p 1s not defined for / < 2]. The fully constrained field
equations (3.4) are unaffected, however. The vanishing of
G does add the subtlety that the individual homogeneous
solutions to Eq. (3.4) will not, in general, satisfy the Lorenz
gauge conditions, Eq. (2.22).

Numerically, the even-parity dipole mode requires no
special treatment. As usual, we use Eq. (3.14) to integrate
through the source region and find C fi We then find that
|

—Mf?(r* + 2Mr + 4M?)
.1 0 o
f—l’3 P = Mr*=2M?*r + 12M3 0 ﬁ
F2r(r’ +2Mr + 4M?)
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the solution that results from linear superposition of the
normalized modes in Eq. (3.15) does satisfy the gauge
conditions, a byproduct of the source terms being con-
sistent with the Bianchi identities.

2. Odd-parity dipole mode

In the case of the odd-parity dipole mode [ =1, m = 0,

the amplitude fzz is not defined [see Eq. (2.15) and note that
X 4p 1s not defined for / < 2]. As with the even-parity case,
this does not affect the fully constrained field equations.
When o # 0, this mode requires no special treatment. We
find that after normalization and superposition the solution
does satisfy the gauge condition.

The static mode, [ = 1, m = 0, n = 0, must be handled
separately. In this case we use the analytic homogeneous
solutions [99]

~ r2 ~ M2
h; =— hf =— 4.21
t M’ t r ( )

and proceed as usual to obtain the FD EHS.
3. Monopole mode

In the case of the monopole mode, [ = m =0, the
amplitudes }t, },, and G are not defined [see Eq. (2.15)
and note that Y4 and Y45 are not defined for / = 0]. Again,
the fully constrained field equations are unaffected, and no
special treatment is required to obtain the particular
solution as long as n # 0.

However, the monopole static mode [ =m =n =10 is
exceptional. The system is fourth order and has four
independent homogeneous solutions [100], which also
satisfy the Lorenz gauge conditions,

£23M - r) 1AM
0 g L 0
M ’ VAR M3er-3m) |
0 —rf2M?

Mf2r(4M = 3r) (M + r) + (8M3 — ) In f + 8M? In(5)]

P 0

y =

2| fr(rd = Mr? = 2M%r + 12M3) In f + 8M3(2r — 3M) In({;) — Mr(r* = 5Mr + 12M?)

(4.22)

(P =8M%) In f —8M* In(%) — Mr(r + 4M))]

Recall from Sec. IV C that izt, vanishes for static modes, as
indicated by the zeros in the second rows of these
expressions.

We have made a particular choice with this basis. The
solutions £ and &5 are the only independent ones that are

regular at r = oo. Then, &; is the only solution that is

|
regular at the horizon and does not perturb the mass energy

of the black hole [46] (at the horizon). This leaves ‘Z;(J)r .
Ordinarily, we would expect two homogeneous solutions
on the horizon side and two on the infinity side. But all that
is really required are four independent solutions and
regularity. This last solution is independent, and its only
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irregularity at r = oo is the well-known property of Lorenz

gauge that h,, approaches a constant as r — oo [64]. This
behavior leads to a rescaling of the time coordinate
[34,37,46,101]], which is necessary for the solution to
have the correct mass perturbation M — M + u€ in the
region exterior to the particle orbit [99]. With this complete
set of homogeneous solutions, we form the FD EHS.
Rather than using the expression in Eq. (3.15), for this
special case the normalization is

E(r) = 22: CerEN. (4.23)

i=0

E(r)=Cs &,

Our route to the solution for this mode differs from that of
Akcay et al. [37], but of course the two approaches are
ultimately equivalent.

V. ADDITIONAL NUMERICAL RESULTS

We give in this section a sampling of added numerical
results from computing the GSF and discuss the range of
applicability of the code. As mentioned in the Introduction,
astrophysical EMRI sources are expected to have eccen-
tricities as high as e = 0.8. This expectation has motivated
our effort to develop an efficient and accurate code capable
of widely spanning p and e space.

A. GSF results and their accuracies

We first compare our code to results from Ref. [37] for a
mildly eccentric orbit (¢ = 0.2, p = 7.0). Table II shows
values of the # and r components of both the conservative
and dissipative parts of the GSF for a set of locations on the
orbit. Our values match closely those of Akcay et al. Our
results are presented with the number of digits we believe
are significant. Their values were presented with uncer-
tainties in the least significant digit, so we have rounded
their values and present in the table only fully significant
digits for comparison. The two codes agree for this orbit to
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within four to seven digits but do differ in many cases in the
least significant figure. We estimate errors in our calcu-
lation by examining sensitivity in Fourier convergence and
in truncating the MSR. The discrepancy between our two
codes likely reflects the difficulty in determining absolute
error when truncating a Fourier sum or power series.
In terms of speed, our code generates GSF data rapidly
(~15 minutes) for an orbit with an eccentricity as low as
this. CPU run times can be nearly 2 orders of magnitude
greater for high-eccentricity wide-separation orbits (see
Fig. 4) where the code begins to switch on intermittent use
of quad precision.

We next give in Table III a set of numerical values for the
t and r components of the GSF for eccentricity e = 0.1 and
a range of orbital separations. The full regularized GSF is
given at points all around one radial libration. The
dissipative and conservative parts can be reconstructed
through averaging and differencing values across conjugate
points on the orbit using expressions in Sec. Il E. The ¢
component of the GSF can be obtained from orthogonality.
We list only significant digits. It is clear that for low
eccentricity our code generally achieves accuracies of
seven to ten decimal places. As we discussed in the
Introduction, accuracy of eight or more decimal places is
required to keep dephasing errors below 6®, = 1072 when
£ = 1075, The requirement is obviously eased if & = 107,
The results in Table III indicate that our error criterion is
attained for e = 0.1. Additional results are provided in
Appendix D.

Remarkably, the accuracy of our code improves as the
orbital separation increases, as can be seen in Fig. 5. This
trend emerges from conflicting aspects of the algorithm. One
aspect, as Fig. 3 shows, is that integration from large r, to the
libration region is accompanied by growth in the semi-
condition number of the outgoing homogeneous solutions.
In integrating from r, ~ 10°M to r, ~ 10M, the semicondi-
tion number grows by 2 orders of magnitude. For larger p,
many modes will thus have smaller p in the libration region,

TABLE II. Comparison of GSF data from two different codes. We give self-force values for an orbit with p = 7.0 and e = 0.2 and

present only significant figures for the data from our code (rows without parentheses). Our results are compared to those of Akcay et al.
[37] (parentheses), where we have rounded the last digit from values in their table to retain only fully significant digits. Our code took
approximately 15 min on a single core to generate all of the GSF data in this table.

X (M/ﬂ)zFéons (M//’l)zFfjiss (M/ﬂ)chrsons (M/”)ngiss
0 0 —4.06328 x 1073 3.35760 x 1072 0
0) (—=4.063302 x 1073) (3.357606 x 1072) 0)
z/4 8.6473 x 10™* —2.15691 x 1073 2.909881 x 1072 4.734956 x 1073
(8.6472 x 107%) (=2.156923 x 1073) (2.909881 x 1072) (4.734956 x 1073)
z/2 8.28613 x 10~ —2.5168 x 10~ 2.125032 x 1072 3.204189 x 1073
(8.28611 x 107%) (-2.516803 x 107%) (2.125034 x 1072) (3.204190 x 107%)
3n/4 4.60749 x 10~ —1.1241 x 107> 1.590147 x 1072 9.63378 x 10~*
(4.60750 x 1074 (—1.124092 x 1077) (1.590149 x 1072) (9.633734 x 107%)
ps 0 —3.4613 x 1075 1.40888 x 1072 0
0) (=3.461416 x 107°) (1.408877 x 1072) 0)
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TABLE III. GSF results for ¢ = 0.1 and a range of p. We present the 7 and r components of the full regularized self-force at a set of
points around a complete radial libration. Dissipative and conservative parts can be obtained by addition or subtraction across conjugate
points on the orbit according to Egs. (2.35). The ¢ component can be recovered from the orthogonality relation F*u, = 0. Results for

additional eccentricities are found in Table IV and in Appendix D.

X p=10 p =20 p =30 p =60 p =90
F! 0 —2.262915 x 107  —5.259858 x 1076 —6.4546731 x 107  —1.919788169 x 1078 —2.504370129 x 10~
n/4 1.198168 x 10~ 6.729545 x 1075 2.7706691 x 1075 5.382433506 x 1070 2.00678099 x 107°
7/2 2.767753 x 107 8.716476 x 1075 3.4907828 x 1075 6.689040469 x 107° 2.486733999 x 10~°
3rw/4 1.810961 x 10~* 5.416762 x 1075 2.1556094 x 1075 4.107340582 x 10° 1.524147563 x 1076
z 3133613 x 1075 —8.374829 x 1077 —1.0622118 x 1077 —3.201044762 x 10~°  —4.156911071 x 10~'°
Sr/4 —2.601123 x 107*  —5.626206 x 1075 —2.1821319 x 10™5  —4.115331358 x 107®  —1.525185847 x 10~°
3m/2 —4334752x107*  —9.111977 x 1075 —3.5403737 x 1075  —6.703942473 x 107®  —2.488674896 x 10~°
Tr/4 —4.52304 x 107*  —7.519925 x 1075 —2.8683093 x 1075 —5.411581273 x 1076 —2.010582879 x 10~°
Fr 0 1.606774 x 1072 4972162 x 1073 2.3630073 x 1073 6.306313760 x 1074 2.863538695 x 10~*
z/4 1.544991 x 1072 4734491 x 1073 2.2459999 x 1073 5.984342621 x 10~* 2.71591791 x 10~
z/2 1.360189 x 1072 4.167538 x 1073 1.9721189 x 1073 5.238329929 x 104 2.374664601 x 1074
3/4 1.180704 x 1072 3.628645 x 1073 1.7134645 x 1073 4.538465637 x 1074 2.055245423 x 1074
P 1.105404 x 1072 3.413109 x 1073 1.6107881 x 1073 4.262250069 x 10~* 1.929393281 x 10*
5n/4 1.163054 x 1072 3.622782 x 1073 1.712561 x 1073 4.538069014 x 1074 2.055180646 x 104
37/2 1.322747 x 1072 4.155439 x 1073 1.9702746 x 1073 5.237528164 x 1074 2.374533990 x 1074
T/4 1.506292 x 1072 47722305 x 1073 2.244163 x 1073 5.983551871 x 1074 2.71578943 x 10~

leading generally to more accurate GSF values. In contrast,
larger radius orbits are more likely to yield near-static modes
(see the Mw = 107* curve in Fig. 4). Yet, as explained in
Sec. IV B, when this occurs the algorithm switches on quad-
precision routines for these modes. We posit that the clear
benefit of lower semicondition numbers at large p out-
weighs difficulties induced by added near-static modes,
especially as the algorithm adapts to the presence of these
modes. The price to be paid is a significant increase in CPU
time as larger p orbits are computed.

The situation changes as we consider higher eccen-
tricities. Table IV shows equivalent information for orbits
with e = 0.5. At this eccentricity the GSF values have
between five and seven decimal places of accuracy. As

0.8
0.7}
0.6 | x x
0.5} Iox 5 x
v 041 i x —6 x x
0.3 F / x x x
0.2 i x
0.1}

6 7 8 9 10 11 12
p

FIG. 5 (color online).

before, accuracies improve with wider separations. In
Appendix D we provide two more tables, with e = 0.3
and e = 0.7. At e = 0.3 accuracies are intermediate, with
six to nine decimal places, but at ¢ = 0.7 accuracies drop to
three to five significant figures. The trend in accuracy is
best displayed semiquantitatively in Fig. 5, where labeled
contours trace the isosurfaces of relative error in the GSF.
The general trend of improvement in accuracy (in our code)
with increasing p is evident, as is the more severe falloff
with increasing e. It is worth noting how uniform the trends
in accuracy are. This uniformity is in contrast to CPU run
times seen in Fig. 4, evidence that the code trades speed for
accuracy when necessary. With an error goal of 1077
(useful if we consider & > 107> or are willing to relax to

© 0.4

0 20 40 60 80
p

100

Contours of relative errors in the GSF. A grid of orbital parameters is chosen (crosses), and the GSF is calculated.

Resulting relative errors are used to generate contour levels of relative accuracy. Numerical labels indicate the log,, of the relative error

of each contour.
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TABLE IV. Same as Table III but with e = 0.5.

PHYSICAL REVIEW D 90, 104031 (2014)

p =30

p =60

p =90

x p=10 p =20
a 0 —3.6577 x 1073 —7.31834 x 1075
n/4 2.3230 x 1073 5.49789 x 10~*
z/2 2.1668 x 1073 4.64492 x 1074
37/4 6.5637 x 107* 1.45139 x 10™*
7 1.0093 x 10~° 1.68029 x 108
S5n/4 —6.2100 x 10~ —1.44416 x 10~*
37/2 —1.6155 x 1073 —4.54743 x 104
Tn/4 —3.3431 x 1073 —5.74637 x 1074
F’ 0 3.3855 x 1072 9.08159 x 1073
n/4 3.0193 x 1072 7.61709 x 1073
z/2 1.5020 x 1072 430288 x 1073
37/4 6.3892 x 1073 1.86095 x 1073
r 3.9352 x 1073 1.12769 x 1073
S5n/4 6.2762 x 1073 1.85640 x 1073
37/2 1.3115 x 1072 424160 x 1073
Tr/4 2.2613 x 1072 7.40405 x 1073

—8.45794 x 107°
2.18176 x 1074
1.79705 x 104
5.53475 x 1073
1.87076 x 10~

—5.52583 x 105

—1.78586 x 10~*

—2.21391 x 10™*

4.29527 x 1073
3.56654 x 1073
2.00992 x 10~3
8.61808 x 107
5.19946 x 10~*
8.61052 x 107*
2.00050 x 1073
3.53587 x 1073

—2.403093 x 1077
4.230920 x 107>
3.379164 x 1073
1.020907 x 107>

5.493613 x 107!

—1.020630 x 1073

—-3.375934 x 1073

—4.240869 x 1073

1.154902 x 1073
9.498506 x 10~*
5.283582 x 10~*
2.238814 x 10~*
1.345001 x 10~*
2.238461 x 10~
5.279454 x 10~*
0.485827 x 10

—-3.110084 x 1078
1.583867 x 1073
1.251105 x 107>
3.752960 x 107°

7.802583 x 10712

—3.752584 x 107°

—1.250680 x 1073

—1.585176 x 1073

5.267282 x 1074
4317999 x 10~*
2.387940 x 10~*
1.007354 x 10~*
6.043324 x 1073
1.007295 x 104
2.387264 x 10~*
4315958 x 10~*

6®, =107"), our code can directly supply the GSF for
long-term orbit integrations for e < 0.4-0.5 over most of
the range of p.

For eccentricities above e = 0.5 (or in fact above ¢ =
0.25 for p < 10), computing the full GSF accurately is
more problematic, and the code, by itself, is not able to
meet the goal of 6®, = 0.01 if ¢ = 107, (For an IMRI,
though, with ¢ = 10~ we might compute inspirals with
eccentricities as high as e < 0.5-0.6.) One recourse would
be to switch over much of the computation to 128-bit
arithmetic, but doing so on 64-bit architecture would be
expensive. So, can eccentricities of =0.8 be reached and
still maintain the required error tolerance? We believe the
answer is yes and propose a hybrid approach.

The present difficulty stems from asking too much of a
single numerical method. Recall that the first-order GSF
determines both the adiabatic inspiral and its part of the
post-1-adiabatic corrections (with additional correction
coming eventually from the orbit-averaged part of the
second-order GSF). Hence, we need the code to provide
the orbit-averaged part of the first-order GSF to a fractional
accuracy ¢, that is O(e) better than the accuracy e; it
provides in the oscillatory part of the GSF [see the
argument centered around Eq. (1.1)]. This viewpoint
suggests splitting the task, with a separate code providing
the gravitational wave fluxes that drive the inspiral (i.e.,
post-0-adiabatic) and the Lorenz gauge code providing the
conservative and oscillatory part of the dissipative GSF
(post-1-adiabatic). In such a hybrid scheme, the present
code needs only provide the oscillatory GSF with relative
errors of, say, €; = 107*~1073. The flux code would need
to give the orbit-averaged force to an accuracy of
€0 <1078, A Regge-Wheeler—Zerilli (RWZ) code can
achieve this latter accuracy and would not add significant
computational burden.

B. Improving the GSF with energy and angular
momentum fluxes and a hybrid approach

To assess how this hybrid scheme might work, we first
discuss how fluxes are extracted from the Lorenz gauge
code and compare them to computed local rate of change of
work and torque. Energy and angular momentum fluxes
can be read off if the asymptotic values of the Zerilli—
Moncrief (ZM), ¥ and CPM, ¥9%¢, master functions
[31,78] are available. When [+ m is even, we use
W, =0 and when [+m is odd, we use ¥, = W4,
Functions are evaluated at both asymptotic limits, with ¥}
being the amplitude at r = co and W;, being the one
at r =2M. See Ref. [31] and its Sec. IVB for flux
expressions in terms of U, and ¥ .

Expressed in terms of FD amplitudes, the ZM and
CPM master functions are related to Lorenz gauge
amplitudes by

even r % i % _%”ﬁ ~
[mn(r)_/l_'_1|:K+A(fhrr rarK):| A]r+rGa
odd r z L= 2
\I]lmn(r) —E arht+lwhr__ht ’ (5 1)
r

where we define A = 1 + 3M/r. The master functions have
asymptotic running wave behavior \ilf,m(r* - +o0) =
Ci,,e* and the coefficients can be obtained from the
asymptotic behavior of the Lorenz gauge amplitudes.
[Note, the Ci, here are not the same as those in
Eq. (3.14).] Having made these connections to Lorenz

gauge, we use standard expressions for the fluxes:
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. w2, (14 2)!
(E) =2 Gaz ((1—2))v
Imn '

(Chunl® + 1Chl*)-

Imn Imn

(i) =3 e RGP +1CuP) (52)

Imn

In a geodesic GSF code, the fluxes should match the
orbit-averaged rate of work and torque that are computed
locally at the particle via Eq. (2.41). The dissipative GSF
can be split into sums over tensor spherical harmonic and
FD contributions, each of which can be taken to be a
function of y,

Imn

This decomposition of F% . can be substituted into the
integrals in Eq. (2.41) to yield the orbit-averaged rates of
change of energy and angular momentum. It is possible
though to reverse the order of sum and integration and
derive individual [/, m contributions to the rate of work and
torque:

: b 2 5 fydt g

Im T Imn 'uut d)(
. . 2 2 dt .
Ly =3 "Ly = —p 2 podiss g > 5.4
< > - < >l Tr o < 0 //ll/tt d)( Imn X ( )

Moreover, the force can be evaluated on either side of the
particle and should yield the same rates of change (up to
numerical errors). Balance between fluxes and local dis-
sipation occurs mode by mode, i.e., (E),, = —u(é’) m and
(LY = —u(L),,,- Alternatively, we can compare them
after summing over all modes.

PHYSICAL REVIEW D 90, 104031 (2014)

Table V compares the balance between fluxes and local
dissipation for several p = 10 orbits with different eccen-
tricities. For low eccentricity (e = 0.1) we see a high degree
of fidelity between the local dissipation, computed on both
sides of the particle, and the fluxes derived from the Lorenz
gauge fields. The comparison continues to hold, but the
accuracy drops markedly as orbits with ¢ =0.5 and
e = 0.7 are considered. We also then show the results of
computing the fluxes with a RWZ code [31] and a
Teukolsky code [102]. Much smaller fractional errors,
=10"19-1077, are typically obtained, a result due at least
in part to computing more /, m modes.

A hybrid method would make use of the substantially
smaller relative error ¢, = 1071107 of a RWZ code to
provide the orbit-averaged first-order GSF. A question
arises, however, as to what exactly orbit-averaged means.
Pound and Poisson [103] discuss various secular and
radiative approximations. As they point out, an average
(F ‘,@)X over y is not the same as, for example, the average
(F%), over t. A hybrid method would use a very specific
average. A glance at (2.41) shows that the net fluxes will be
balanced by integrals over proper time t of the relevant
covariant components of the dissipative part, F4i, of the
GSF. These averages are then related to fluxes by

s ¢ 1 T diss 7, diss
<E>flux = _ﬂ<g>diss = T. ) Fi®dr = T <Ft >r7
r r
7 / 1 T diss 7, diss
<L>ﬂux = _ﬂ<£>diss = _T F(p dr = — T <F¢ >rv
rJo r

(5.5)

where 7, is the lapse of proper time in one radial orbit. If
we assume that the fluxes are computed with a RWZ code,
we can infer from them an orbit-averaged dissipative force

TABLE V. Comparisons between energy and angular momentum fluxes and locally computed dissipation. Several orbits with p = 10
and differing eccentricities are considered. Local changes in energy and angular momentum (computed with the GSF on both sides of
the particle) are compared to total fluxes radiated to infinity and down the horizon. One set of fluxes is calculated using the present GSF
code by extracting asymptotic values of the Lorenz gauge amplitudes. These results are then compared to published values that were
computed using RWZ and Teukolsky codes. The changes in energy are measured in units of M?/u>, while the changes in angular

momentum are measured in units of M /u>.

e=0.1 e=0.5 e=0."7
—u(EY) This paper 6.3190584052 x 1073 9.2871 x 107> 9.49 x 1073
(&) This paper 6.3190584053 x 10~ 9.2871 x 107> 9.49 x 1073
(E) This paper 6.319058405374 x 1073 9.287477 x 107> 9.5052 x 1073

Hopper and Evans
Fujita et al.

S

6.319058405375 x 1073
6.3190584054 x 107>

(L) This paper 1.9531904845 x 103
—u(L7) This paper 1.9531904845 x 1073
L) This paper 1.953190484551 x 1073

Hopper and Evans

~
~- =
-~

1.953190484552 x 1073

9.287480002 x 1072
9.287480001 x 1072
1.9765 x 1073
1.9765 x 1073
1.976807 x 1073
1.976807667 x 1073

9.505332849 x 107>
9.505332847 x 1075
1.63 x 1073

1.63 x 1073

1.6348 x 1073
1.634854630 x 10~3
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. T. . . T. .
<F?ISS>RWZ == <E>RWZ» <F$SS>RWZ =—= <L>RWZ»
T, T,

(5.6)

with vanishing » component. The process of constructing
the hybrid force involves first taking the GSF from the
Lorenz gauge code and constructing the oscillatory part
ngc — Fgons + ngss _ <ngss>rv (57)
by computing the 7 average of the full force (the
conservative part has zero mean) and subtracting it off.
The hybrid GSF is then the sum of the dissipative term from
a RWZ code and the oscillatory part from the Lorenz gauge
code
P = (P + P (58)
If the Lorenz gauge code and the RWZ code were to have
comparable accuracies, this construction would have little
value. But circumstances are different if the RWZ code can
provide the average force, which drives secular changes,
with relative errors as small as €, = 107'9-107, while the
Lorenz code supplies the oscillatory part of the GSF with
relative errors of e; ~107'°-1073 (depending on eccen-
tricity). Substantially tighter tolerance, and hence smaller
€y, 1s required on the former because the secular changes
drive a large accumulation in the orbital phase ¢, = 1/¢ in
a long-term evolution. The oscillatory part contributes to
k1, and its fractional errors e; need only be <1073 < 69,
consistent with the criterion outlined in the Introduction.

VI. CONCLUSIONS AND FUTURE WORK

We have described in this paper the key elements in our
development of a FD method to compute the gravitational
self-force in Lorenz gauge. With this method we have
extended the region in p and e of orbital parameter space
within which accurate GSF results can be obtained. The
GSF can be calculated out to p = 100 and up to e = 0.5
(with this code alone). New features in our approach
include (1) use of fully constrained Lorenz gauge equations
for both odd and even parity, (2) discovery of analytic
solutions for arbitrary-/ even-parity static modes, (3) devel-
opment of a thin-QR preconditioning technique for ortho-
gonalizing outer homogeneous solutions and reducing
condition number, (4) adaptive use of quad-precision
arithmetic to maintain accuracy of near-static modes,
(5) an application of the jump conditions to avoid source
integration for the lowest frequency mode, and (6) outlining
a proposal for a novel hybrid approach to combine the
Lorenz gauge code with a RWZ code to allow GSF
calculation up to e = 0.8.

This last proposal is an important idea to explore next
and should be done in the context of using our code with a
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separate osculating orbits code to revisit long-term orbit
evolutions [36]. Our existing Lorenz gauge code, with
minor tightening of tolerances, should be able to push to
inspirals of orbits that start with e = 0.5. By including
parallel computation of radiative modes with an existing,
separate RWZ code, we should be able to reach initial orbits
with e = 0.8, near the peak in the expected EMRI
distribution.

An ambitious downstream effort would involve finding
some way to include the orbit-averaged second-order
GSF (i.e., second-order fluxes). Preliminary work is under-
way [104] with applications to circular orbits on a
Schwarzschild background [74,105]. If it proves possible
to find and implement such a scheme, we would be able to
compute inspirals accurately enough for matched filtering
and detector applications (within the restrictions of a
Schwarzschild background and no spin in the secon-
dary body).

A more immediate next application might involve the
inclusion of spin in the small body and calculating not just
the regularized perturbation of the spin precession for
circular orbits [106] but for eccentric orbits also. More
generally, the code might be used as a laboratory to explore
other self-interaction effects, like tidal moments [107], with
attention to their behavior in eccentric orbits. We anticipate
also using the code to explore overlap with a newly
developed MST code that uses analytic function expan-
sions to find the GSF for eccentric orbits [54].
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APPENDIX A: ASYMPTOTIC
BOUNDARY CONDITIONS

We give here the recurrence relations for asymptotic and
Taylor expansions that provide boundary conditions for
mode integrations. Expansions about r, = oo for homo-
geneous Lorenz gauge solutions were first given by Akcay
[32] but with a different initial basis and for a larger,
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partially constrained even-parity system. The fully con-
strained even-parity system we use makes the generic
recurrence relations valid for /=0,1 modes when
@ # 0. Throughout this section we use 6 = M for brevity.

1. Near-horizon even-parity Taylor expansions

The even-parity homogeneous solutions can be
expanded around r = 2M in a Taylor series in powers of

AGE
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(1)

izt, ay
- fil [se] a(")
E =r| 0 | =M YT I (A
fflrr k=0 Clk
K
K al(( )

Recurrence relations for the coefficients can be found via
the method of Frobenius:

(11) A /(c 1t)

1 +8io+2k(k —2 —4io) —8ic -1 0 ag
—dic k(k—2)—dic(k—1) —dic 0 al” _ Al @)
-1 —8ic 1 +8ic+2k(k—2—4ic) 0 o Al
—k+1+2ic —4ic —k—1+2ic k(k—4io) al(cK> AI(CK)
The rhs contains only lower-order coefficients in the expansion
A = [—4i(k — 4)6 + 2k(5k — 34) + 31(1 + 1) + 113]24\", — 2[2k(5k — 6ic — 26) + 31(1 + 1) + 36i5 + 65]a")
+ [2k(5k — 12ic — 18) + 21(1 + 1) + 48i5 + 29]a\"”) + [2(42 = 5k)k — 21(1 + 1) — 173]a\"), — 8ica|")
+24ica\") - 24ica\") + (2(k—5) = 1)a\"; +3a") = 11a\") + 144"} - 6a\") — a\") — 4a*)
+ 16(1,({195 - 24(12’21 + 16a,(£; - 4a,((lf>2,
A = [5K2 = 4i(3k = 7)o = 20k + I + 1+ 16]a\")} + [2k(5k — 2ic — 40) + 3(12 + 1 + 52) + 20ic]a\")
+ [2k(=5k + 6i + 30) = 31(1 + 1) — 44ic — 84)a\") + [-5(k— 10)k = I(I + 1) — 124]45’1 - 4iaa§j’>3
+ 10i0'a,(ff)2 - 8i0'a,(ff)1 - 4i6a,<(r_r§ + 101'661/(:_2 —8ica;’ 4zaa,(( 2‘ + 816611(( )3 410'ak 5+ (k—6)%a k 5,
AV = 2[4i(k = 5)o + 10(k — 8)k + 31(1 + 1) + 155]a\") — 2[2k(5k — 6ic — 30) + 31(I + 1) + 44ic + 83]a"")
+ [2k(5k — 12i6 — 20) 4 21(1 + 1) + 56ic + 33]a\"] + [~10(k — 10)k — 21(1 + 1) — 249]a\"")
+ (=24k + 8ic + 74)al"), + 2(8k — 8ic — 17)a\"), + (=4k + 8ic + 3)a\"| — 24ica\") + 56ica\")
—40ica") + 8(6k — 2ic — 21)a\X), + (=32k + 32ic + 80)a\*) + 4(2k — 4ic — 3)a*) + (19 — 4k)a";
+ (16k — 63)al™, + (2(k — 12)k +73)a\") + (8k — 44)a) + (144 — 32k)a"),
A = 512 = 2k(5 + 6i0) + P2 + 1 + 16i6 + 4]a\®) + [2k(=5k + 6ic + 20) = 3(12 + [ + 12) — 32ic]a\*)
+ [2k(5k = 2i6 —30) 4 31(1 4 1) + 16ic + 84]al*) + [=5(k — 8)k — I(1 + 1) — 76]a")
+ (6k —2ic — 15)a,(f£)2 + (—4k + 4io + 7)01((@1 + 41'6(1;:)2 - 8i6a,(f_r)1 + (6k — 2ic — 9)a,((r_2
+ (4ic — 4k + 1)al") + (k= 4)al", + (13 = 4k)al"; + (k= 4)al”) + (11 = 4k)a\") + (k- 6) (k- 4)al*).  (A3)

In these recurrence relations, a coefficient vanishes any time a negative index appears. Because the matrix is singular when

k < 2, the first few terms are evaluated separately:
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_ _2(1(1 + 1) + ]) (1) _ a(tt)

ag " =4ay’, o — 4 > [ 1 + 4ic (U L 1 +4ioc o b
& _ AU+ D+1) @ (lU+]1) (K) 2w
= -1 —
@ 11602 % T \1 2200 0 TT 46N
2 _ P(l+1)? =8ic(l(l+ 1)+ 1) + 166> 20 _ 28 (14+1) - la(n) — 4™
2 4ic(1 + 166?) O 1-4ic* 1—4ic ' 27
(rr) 200+ D)+ DU+ 1) =3) (@) 5 & 200+1)=1) @ | @
=— 14— B S S
@ 1 + 1602 d T\ T, )% I —d4ip @ Ta

&) =AU+ 1) =11+ 1) + 1)o—i(3L(I(3(1 +2) + 1) = 2) = 16) + 16i6*
ay

az =

(I(L+1) +4ic)* = 36ic + 12 (x)

86(1 +8c(20 +i)) +4i
Zl(l + 1)(1 - iG) +4dic -1 (11)

4(86” + 6ic — 1) “o

The freely chosen coefficients a(()”), a<1">, agt), and aéK)

can choose the simple basis

862 + 6ic — 1

a,’ + agﬂ) : (A4)

control the boundary conditions. For example, at leading order we

(ay” ai™ a5 all) = (1,0,0,0) - (&5)" ~ (1,1,1,0)e "

(a5, al™ al" al)) = (0,1,0,0) = (&7)" ~ (1,0,=1,=2(1 — 4ic)~") fe~ier-

(ay”,ai a5 af’) = (0,0,1,0) = (£2)" ~ (1, =1, 1, 1) 2",

(ay”,al a5 a) = (0,0,0,1) = (5)" ~ (0,0,0, 1)e~r-. (AS)

2. Near-horizon odd-parity Taylor expansions

The odd-parity homogeneous solutions can also be
expanded around r = 2M in powers of f(r):

Recurrence relations for the coefficients are again found via
the method of Frobenius:

—2io

{k(k — 1 —4ic) + 2ic } al
k(k = 1= 4ig) +2ic | | o7

—2io

Once again these result in a linear system to be solved, and
the rhs has only lower-order coefficients:

[

AY = (412 = 22k + P + 1+ 24)a",
—2[k(3k = 2io — 12) + £ + | + 5ic +9]a}’,
+ [2k(2k — 4io = 5) + L2 + | + 12ic + 4]a}’,
+ Zz'aa,(cr_)2 - 4i6a,(<r_>1 — (k=5)(k— 2)“/@47

A = <2[k(3k = 2io = 15) + 2 + 1 + Tio + 15]a.),
+ [4k(k — 2ic = 3) + > + [ + 16i0 + 6]a)’,
+[4k=Tk+ P +1+ 42]6!2’_)3 + 6ioa,
—8ioa"| — (k—6)(k - 3)a\",. (A8)

Any negative-index coefficients vanish. This linear system
is singular for k <1, and starting conditions for the
recursion are calculated separately:

__U+290=1 o _ 0

lic 0o —4ap - (A9)

The freely chosen coefficients aé” and a(,t) control the

boundary conditions. We can choose a simple basis, which
at leading order has the form

104031-27



OSBURN et al.
(ay).al) = (1.0) > (By) " ~ (1. 1),
~ (1, =1)fe"" (A10)

In practical applications, we evaluate these expansions at
r, = —6M and add terms in the series until the relative size
of the last term drops below machine precision.

3. Near-infinity even-parity asymptotic expansions

16b%), + 166\,

PHYSICAL REVIEW D 90, 104031 (2014)

Recurrence relations for the coefficients are a linear system
of equations:

(11)
—2ick 0 0 0 by
—ic  2io(k—1) —io —2ic b;ctr)
2ic 4ic —2io(k—1) —4ic bgcfr)
—ic —2ic —ic —2io(k—1) (K
k
B]({tt)
B](:r)
= . (A12)
Bl(crr)
B

As with the horizon-side expansions, the rhs groups all of
the lower-order coefficients

—4i(k=2)o + k+ P+ b = 2[(7 = 2k)k + 2 + [ = 5]b\") + dicb\")

—4b) |

S}bk 5+ [k(k+4ic —3) - 1(I+1) — 12ic + Z]bit_r)l

The even-parity homogeneous solutions can be
expanded about r = oo as
i b
- il Kmax b(tr) M k
Ef=r fz | =My é‘rr) <—> (A11)
f Nhrr k=0 bk r
K
K bi )
Bgcm =[—k
—2[2(k — 6)k + 17)b") — 6b{") + 4b\") —
B =2[(11 = 2k)k + 1> + 1 —
— 4iob{", — 4icb\"] + 8iob\") — 8ich\")| + 4(k — 4)2b{"),
B = [-k2 —4i(k—3)o + 3k + 2+ 1 — 4

+2(k + 2i6)b\", + 12i6b\") + 4(6k + 4ic — 11)b\)

+ (12 = 8K)b\"™) + (=4(k — 8)k — 66)b\"") + 16(2k — 7)bX), + (128 — 48k)b\"),

B = [—k(k + 4ic = 3) + > + 1 + 8ic — 2)b\*) —2[(9 = 2h)k + 2 + 1 —
"+ (2= k)b — 4k —4)(k —2)b).

+2(k=2)b") — kb +2(k - 2)b") +

45\ = 2[(11 —2k)k+l2+1

17),)
— 4(k + 4io — )b + (8% —22)p")
()
K
9bs)
(A13)

All appearances of a negative index imply a vanishing coefficient. The linear system is singular here when k£ <2 and
starting coefficients are obtained from the reduced equations

rr r l l 4 r
b ——b - 2b, Bl =0, pl = SR 0o

b 1) +4(1 N o . 1
prn = LD T4+ i) o >+2<1+,—)bé’)—zb§”, b = ——p" +
119 112

2io

2)(1—-1
(1+2)0=1) o | o

! 2ic 2ic 0 L

(1) _l(l+1)((1+2)(Z—1)+8ia)+4i6 (11) l(l+ 1)+2 (tr) _ 4 (r)
by" = 802 by + 2ic by b
by MDA +2)= 1)+ 4io(I(I+1)+3) T4+ 1)\, o)
by = —Ebo + Y by’ — |1+ i by,
1 2)(I—-1 j 20i 1 2)(I—-1)—=2i j
b(zrr) _ I(1+1)((1+ )(18 i ) + 8io) + Olabgl) n I+ 1)1+ )(41. - ) — 2ioc) + 8ic b((),r) n Sb(l,r) a ZbgK). (Al4)
o c

The freely chosen coefficients bé ), b(()m, b(ltr), and bg’q control the boundary conditions, and a simple choice for the basis
gives the following lowest-order form:
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(b5, b5 b7 b)) = (1,0,0,0) — (&))" ~ (1,0,=1,0)e",

(b by b1 b)) = (0,1,0,0) — (E)T ~ (0.1.-2 e,
(0”0”5 57) = (0.0.1.0) — (ED) ~ (0. 1. =2, 1)r "

by 65" b b)) = (0,0,0,1) - (E9)" ~ (0.0, -2, l)r_ze“” (A15)

Note though that, as described in Sec. IVA, we take this
simple basis and apply a linear transformation called thin-
QR preconditioning.

4. Near-infinity odd-parity asymptotic expansions

The odd-parity homogeneous solutions can be expanded

about r = co as
k (1)
) max bk M k
= Mei@Ts o .
S| ()

Iy
fljlr k=0 b](cr)

Again, the recurrence relations are found to satisfy a linear

B = (A16)

system,
—2ike 0 b\ B!
. . = : (A17)
—2ic  2ioc(k—1) b,(:) B](cr)

where again the rhs contains all lower-order coefficients,

BY = [I(1 4 1) = k(k + 4ic — 1) + 6io]b\”,
=21+ 1) = 2(k = 3)k = 2]b, + 2icb)”,
— 4k —4) (k- 1)b",,

B = [k(k + 4ic —3) — I(I + 1) — 10ic + 2]b\",

—2R2(k=5)k—1(1+1) + 10]b",

—6iob | +4(k—5)(k—2)b\", (A18)
and any negative index that appears implies a vanishing
coefficient. This linear system is singular for k£ < 1, and
starting conditions are evaluated individually:

(A19)

The freely chosen coefficients bg) and bgr) determine the
boundary conditions, and a simple choice for the basis
yields the following lowest-order form:

b5 b1y = (1,0) = (BT ~ (1,=1)eior
t

(b .67y = (0.1) = (B) " ~ (0. 1)r~" e, (A20)

As with even parity, the method described in Sec. IVA
transforms this simple basis to a more orthogonal one using
thin-QR preconditioning.

With these asymptotic series, care must be exercised
with the number of terms and the starting radius r$°. The
test for convergence is whether a numerical integration
through a distance ~w~! starting with an initial evaluation
of the asymptotic expansion agrees with a second evalu-
ation of the expansion at the end point of the trial. If the test
fails, we increase r2° by some factor (say ~1.5) and repeat.

APPENDIX B: HOMOGENEOUS STATIC MODES

Here, we provide the details of the power series used to
construct exact analytic homogeneous solutions for static
modes when [ >2, as were discussed in Sec. IV C.
Throughout this section we set p=r/M. Regularity at
p=2 and p = oo governs our choice for inner and outer
solutions.

1. Odd parity

In Sec. IV C we gave expressions for iz,_ and izf as finite
sums. The coefficients in those sums are

odd (=D + k+1)!

= , Bl
TIOR3 —k=1)! (B1)
podd — 96
PI+1)*(1+2)(-1)
24 6
bodd — , bodd — ,
P(l1+1)? I(1+1)
1 11
odd _ — _2H
O T VR :
1
b = T [4(k = 3)a9%, + (12 — 8k)a9™q
+ (12=Tk+ k> = I(1+ 1))b9%
+2(10k = 2k* = 10 + [(1 + 1))b2%], (B2)
where H, is the k™ harmonic number defined as
wo={ =0 B3
"2{ LT k=1 (B3)

We have found the expression for 13,+ in Eq. (4.7) to be
impractical to use numerically for large r because of a large

104031-29



OSBURN et al.

number of cancellations between the two sums. We instead
reexpand the solution as an infinite series,

dodd

t ol Tk
Pkop

20 (I k+ 1)1+ k=2)'T(1+ 3/2)

dodd — ,
I+ D) =22+ k+ 1)z

(B4)

which agrees with the expression in Eq. (4.7) up to a
constant factor. This is a convergent Taylor series if p > 2.

2. Even parity
As summarized in Sec. IV C, we find the even-parity
static modes through a series of steps. We give here the
complete expressions for the gauge variables Eét,Ho’ éfﬂl,
and ;‘*f ; that are defined in that section. We construct power

PHYSICAL REVIEW D 90, 104031 (2014)
-1

Eno = MZZaHO o & =Enolnf + M b,
k=0

(BS)

where the coefficients a}® and b

form expressmns

v (=DFI+ )
TR — k)

are given by the closed-

bi® =2a]°(H, - H,). (B6)

In practice, we find the above expression for 5;0 to be
impractical to use numerically due to a large number of
cancellations between the two sums. Instead we use the
following equivalent Taylor series, which converges for all
p>2:

5 MZ o) dHO (_1)l+121+k+] [(l + k)y]Z
§+ — k , dHO _
HO pl+l k§:0: pk k

series expansions, and we seek series that are exact K21+ k+1)!
solutions with finite numbers of terms. This condition B7
imposes constraints on otherwise freely chosen coeffi- (B7)
cients. The variables éiHO are found from the finite sums The variables éim are given by
|
B 142
Ent = Eolnp + M? D all'pk,
k=0
7 afh +afy + 57" 14 an
&in =& {le(f) ——ln( )1 PO R +5&mnp =3 SEinf MY b (BY)
k=0
where we have introduced the dilogarithm function Li,(f) = — (*)f x~!In(1 — x)dx, and the coefficients follow from the
recurrences
Hl Hi 1 w1
afl'=0, at :l(l+1)+§, afll =— (2=1(=241(1431(2+1)))),
1. 539 91 7 11 11
H1:____l 2 _3__ 75 _16
“TTT8 T2 86 T288' 216 288 864

8(=3+k)(=2+k)k2all!

:2(—7+2k)(11+( T+k)k—1(141))atl
—2(=99k> + 12k — 4k(—65+21(1+1)) +

3(=72+71(1+1)))al’,

+4(—68+2k(65+ 6(—6+ k)k) + 71— 4k + (7 —4k) I2)all®,

—8k(12+ k(=15 +4k))al +
—2(128—-33k3 +3k* +

+(=5+k=0(-3+k=0)(-4+k+1)(-2+k+1)all,
(=5+DI(1+1)(6+1)—2k*(—65+21(141)) + 3k(=72+71(1 +1)))al,

424+ (44 k) k(17 +3 (=44 k)k) = 71+ (7= 2Kk)kl + (=T + (1= 2k)k) ) all],.

b =0,

pon | 6+1-2712—1613
16 I(+1)

1
bi! :—5(1+H,(21(l+ 1)+1)),

H;(=2+1(-2+1(1 +3l(2+l))))>,

2164 1(216+1(—656 4 [(=1229 + [(~ 1279+ 1(—463 +271)))))

Hl _
by =

A 1804 11204 1613+ 1495+ (28— 111(3+1)))))).

864

17281(141)

(B9)
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8(=3+k)(=2+k)k>bH = —4(=3+k)all® +2(=7+4k)a% —4(=3+k)(8+ (=6 +k)k—I(1+1))alll,
+2(=51K2 483 +7(=8 + 1+ )+ k(99 —41(1+1)))al!!, —4k(12 4+ k(=15 +4k))al!!
+ (=7 4+2k) (114 (=T +k)k—1(1+1)) b,
+ (99K — 123 +4k(—65+21(1+1)) = 3(=72+T7I(141))) b1,
+2(—6842k(65+6(—6+k)k) + 71— 4kl + (7T—4k)*) b0 —4k(12+ k(=15 +4k))biO
+ (=5 +k=1)(=3+k=1)(=4+k+1)(=2+k-+ )b,
—2(128 =33k3 +3k* + (=5 + DI(1 + 1) (6 +1) = 2k> (=65 +21(1 + 1)) +3k(=72+71(1+1))) bl
+4(24+ (=44 k)k(17+3(=4+k)k) =71+ (7—2k)kl+ (=7 + (7—2k)k)?) b, . (B10)

As with §H0, we find the expression for le to be impractical for numerical use at large radius and replace it with a
convergent Taylor series [this expression for §H1 is equivalent to that in Eq. (B8) up to a linear combination with 5Ho]

- dHl
Sm =5 5}10111,0+ llz

3481442

dgll _ ano, 4l — P+i-1

41 0 b
(=2 4+ k)k(—=1 + k+20)(1 + k+20)dH =2(=3 + k +1)(3 + 4k> + (-9 + 41) + k(=9 + 81))d!"°,

— (=2 + 8K> + 3k*(=9 + 8I) + 1(27 — 261 + 41%) + k(22 — 581 + 20%))d*",

+ (=1 42k +20)(=1 =21 + k(=1 + k +20))dH% = 4(=3 + k+ [)>(=1 + k + ) (k + )d},

+2((=2 4+ k)k(1 + k(=5 + 2k)) — 6] + k(27 + k(=29 + 8k))] + 2(=2 + k) (=3 + 5k)I> + 2(=3 + 2k)*)d!!",.
(B11)

i, dih =0,

The remaining unknown gauge variables are E;t, which satisfy the inhomogeneous ODE, Eq. (4.15). To find expressions
for them, we must first write the source term of that equation as a power series. The source term that is regular at the
horizon is

96 —
)T k=0
— ) 8ay(2(k+1)+I(I+1))=-32(k+3)ap™
¢ = Ve 3fzzYkP ; Ve = = 201 O<k<lI. (B12)
8(/+1) ,odd k=]

-1 -1

The corresponding term that is regular at infinity is

8(1(141)+2(k=1))b0% =32 (k+1)b% B
Lo T0-T) - k=01
S; =S¢ 1“f+Mz Erpa Zykp C ool = | MR RS i <k<i2. (BIY)
A1) i k=142
With these in hand, we can write power series for Ef,,
_ ! I+1
Er=Mp?> aph,  E =& Inf+peyinf+ M Zbkp : (B14)
k=0

where f = — +1) - + + + — 1)|. The coefficients follow from the recurrences
here S 3072(1(1+ 1) 7)/[[4(1 1)4(1 7)(I+2)(I-1)]. Th ffici follow fi h
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s 12 ; 2
an — — S a; = -
0 (I+2)(1+1D)I(1=1) ! I(I+1)
dk(k=1)(k+2)%al =y = (k=1=2)(k=Dk+1=1)(k+1+1)al_, =201+ P -2k =2k* + k(1 + 1+ ?)

+ 222+ 1+ 1%))al_,, (B15)

1 1
Sab+ By af bh = (310 1+ 2pal = 2(1+ 1B + g3

1 2-31-2P+ 2P +I* 2+51+5P
[ (2-31-2P+2P +1*) + (— A o 2

HO HO
A0+ 1) g ay” + 2 ay” +9a3 )]
1

4

(1 [+2)(I—-1 1 2451+ 52 23122 4+2P + 1
LAY (5 b 901 - T+t )

1 2k—1 1 2k—3

"o k:ZZk— pak Y sl

8k?(k —2)(k —3)b},

=2y, Vi, +8(=3+k)[8+ (-6 +k)k—1I(1+1)]al_,

+4[51k* — 8k> = 7(=8 + 1+ I?) + k(=99 + 41(1 + I))]at_5 + 8k[—4 + 4(=2 + k)* + k|al_,
—2[128 = 33k3 + 3k* + (=5 + DI(1 + 1)(6 + 1) — 2k*(=65 + 2I(1 + 1)) + 3k(=72 + 71(1 + 1))]b} _,
+ 424 + (=4 + k)k(17 + 3(=4 + k)k) = 71 + (7 = 2k)kl + (=7 + (7 = 2k)k)I*]b!_,
+(=5+k=D(3+k=D(-4+k+D(-24+k+1)bl_5+86(=3+k)[8+ (=6 + k)k — I(1 + [)]al™®,
+4B[51k* — 8k> = T(—8 + [+ I?) + k(=99 + 41(1 + 1))]al™®, + 8Bk[12 + k(—15 + 4k)]al’®. (B16)

We have found the expressions for SJr and 5 1 in Egs. (B13) and (B14) to also be impractical for numerical use at large r.
Again, we replace them with 1nﬁn1te series. For the source term, we have

2+ R [(L+ k= 1)!PT(1+3/2)

- , B17
S T M [+4f2kZ;p o (I+2)k!I(I =21+ k+ 1)z (B17)
while for Ejl we use
e de k’
—12 1 P-31+2 I(1+1)-1
dé:mvﬁff“’ d=-—p e a0

k(k=2)(=1+k+20(1+k+2D)d = vy —4(-3+k+ D (-1 +k+1)(k+1)d,_,
+ 2[(k = 2)k(1 + k(2k = 5)) + (=1 + k)(6 + k(=21 + 8k))l + 2(=2 + k) (=3 + 5k) > +2(-3 + 2k)I*]d;_,, (B18)
which agrees with (B14) up to a constant factor and linear combination with %EEO- It is important when constructing the

“plus-side” solutions to use either Egs. (4.7), (BS), and (B14) or Egs. (B4), (B11), and (B18). Mixing these sets of equations
will introduce an inconsistency.

APPENDIX C: EXPLICIT FORM OF THE FORCE TERMS f%

Here, we give the explicit form of the various force terms f¢ defined in Sec. I E. Only the 7 and r components are
necessary. The @ component vanishes, and the ¢ component can be derived from the other two. These functions depend
upon the position on the orbit, the constants of motion, and the MP amplitudes and their first derivatives. There is implied
dependence on [ and m:
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APPENDIX D: ADDITIONAL SELF-FORCE VALUES
The following two tables (Tables VI and VII provide GSF data that complements that presented in Tables III and IV

(C16)

TABLE VI. Same as Table IIT with e = 0.3.
X p=10 p =20 p =30 p =60 p =90
0 —1.02425 x 1073 —2.195889 x 1075 —2.619956 x 107° —7.6424003 x 1078 —9.94261928 x 107°
/4 7.93725 x 10~ 2.611011 x 107 1.056357 x 10~ 2.0516060 x 1073 7.66603327 x 107°
7/2 1.12072 x 1073 2.704049 x 10~ 1.061464 x 10~ 2.0147891 x 1073 747715975 x 107°
o 3m/4 5.23325 x 107* 1.237182 x 107 4795782 x 1073 8.9766821 x 10~° 3.31514100 x 107°
z 2.83617 x 1077 —3.146284 x 10=8  —4.916581 x 10™°  —1.5203069 x 10~'0  —1.85477251 x 10~!!
5z/4 501242 x 107*  —1.234054 x 107*  —4.792378 x 10~>  —8.9756562 x 107° —3.31499843 x 107°
37/2  —1.05385x 1073 —2.698687 x 10*  —1.061119 x 10™*  —2.0147281 x 10~> —7.47706856 x 107°
Tr/4  —1.52944 x 1073 —2.782552x 107*  —1.077562 x 107*  —2.0579481 x 107> —7.67431383 x 10~°
0 2.30316 x 1072 6.836866 x 1073 3.254304 x 1073 8.7346506 x 10~* 3.97631238 x 104
/4 2.10318 x 1072 6.042486 x 1073 2.859673 x 1073 7.6346290 x 10~ 3.46940757 x 104
7/2 1.41875 x 1072 4215713 x 1073 1.985131 x 1073 5.2535511 x 10~ 2.37910729 x 1074
= 3m/4 8.91644 x 1073 2.676966 x 1073 1.253239 x 1073 3.2907620 x 10~* 1.48590757 x 10~*
P 7.11090 x 1073 2.131279 x 1073 9.953187 x 10~* 2.6059554 x 10~* 1.17547270 x 1074
5m/4 8.70369 x 1073 2.669408 x 1073 1.252041 x 1073 3.2902233 x 10~* 1.48581907 x 10~*
31/2 1.30565 x 1072 4.179240 x 1073 1.979557 x 1073 5.2511220 x 10™* 2.37871148 x 1074
Tr/4 1.86761 x 1072 5.972195 x 1073 2.849306 x 1073 7.6302517 x 10~ 3.46870034 x 104
TABLE VII. Same as Table III with ¢ = 0.7.
x p =10 p =20 p =30 p =060 p =90
0 —1.12 x 1072 —2.101 x 10~ —2.3435 x 1075 —6.4473 x 1077 -1.97 x 1077
n/4 6.33 x 1073 9.829 x 104 3.7436 x 107* 7.1857 x 1073 2.68 x 1075
7/2 3.53 x 1073 6.765 x 10~ 2.5715 x 1074 47747 x 1075 1.76 x 1073
Ft 3/4 6.28 x 1074 1.300 x 104 4.8732 % 1075 8.8491 x 107° 3.24 x 107
pis 9.81 x 1078 1.933 x 107 2.2050 x 10710 6.4536 x 10712 —3.01 x 10711
5m/4 —6.10 x 107 —1.296 x 1074 —4.8678 x 1073 —8.8474 x 107 —3.24 x 106
31/2 —2.15x 1073 —6.524 x 1074 —2.5435 x 10~ —4.7665 x 107° -1.76 x 107°
Tn/4 —6.48 x 1073 —9.957 x 1074 —3.7692 x 10~* —7.1956 x 1073 —2.68 x 107>
0 5.24 x 1072 1.185 x 1072 5.5084 x 1073 1.4758 x 1073 6.74 x 1074
n/4 4.66 x 1072 9.581 x 1073 43877 x 1073 1.1591 x 1073 5.27 x 1074
z/2 1.62 x 1072 4435 x 1073 2.0476 x 1073 5.3292 x 10~* 2.40 x 1074
o 3rw/4 4.22x 1073 1.180 x 1073 5.3937 x 107 1.3833 x 107* 6.20 x 107
pis 1.55%x 1073 4224 x 1074 1.9202 x 104 4.9022 x 1075 2.19 x 1075
5z/4 419 x 1073 1.179 x 1073 5.3905 x 10~* 1.3832 x 1074 6.20 x 1075
31/2 1.35 x 1072 4348 x 1073 2.0342 x 1073 5.3232 x 10~* 240 x 1074
Tr/4 2.68 x 1072 9.061 x 1073 43148 x 1073 1.1561 x 1073 526 x 1074
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