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We explore a new type of entropic mechanism for generating density perturbations in a contracting phase
in which there are two scalar fields but only one has a steep negative potential. This first field dominates
the energy density and is the source of the ekpyrotic equation of state. The second field has a negligible
potential, but its kinetic energy density is coupled to the first field with a nonlinear sigma-model type
interaction. We show that for any ekpyrotic equation of state it is possible to choose the potential and
the kinetic coupling such that exactly scale-invariant (or nearly scale-invariant) entropy perturbations are
produced. The corresponding background solutions are stable, and the bispectrum of the entropy
perturbations vanishes as no non-Gaussianity is produced during the ekpyrotic phase. Hence, the only
contribution to non-Gaussianity comes from the nonlinearity of the conversion process during which
entropic perturbations are turned into adiabatic ones, resulting in a local non-Gaussianity parameter,
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I. INTRODUCTION background is not compatible with a tensor-to-scalar ratio

of r ~0.2, as reported by the BICEP2 collaboration [12].
However, questions have been raised about the BICEP2
claim [13] and it will take other ongoing experiments
to determine if there really exist any detectable tensor
B-modes. Hence, in the meantime, it is reasonable to
assume the Planck2013 bound on r and continue studying
cyclic/ekpyrotic scenarios, given their conceptual advan-
tages regarding a number of important open issues in early
Universe cosmology (such as the initial conditions and
measure problems). Furthermore, it is conceivable that a
detectable gravitational wave spectrum can be created in
the context of cyclic/ekpyrotic scenarios, e.g. by phase
transitions, topological defects or during the bounce—these
avenues remain to be explored.

Using the field picture, the ekpyrotic phase can be
described by a scalar field, ¢, rolling down a steep negative
potential,

Recent Planck satellite measurements [1-3], together
with earlier observations from WMAP, ACT, SPT, and
other experiments [4], showed with high precision that the
spectrum of primordial density fluctuations is nearly scale
invariant, Gaussian, and adiabatic. The currently best
known mechanisms for the generation of cosmological
perturbations are inflation [5—7] and ekpyrosis [8]. Inflation
is a period of accelerated expansion following the big bang,
characterized by a large Hubble parameter, H, and an
equation of state, w~ —1. Ekpyrosis is a period of ultra-
slow contraction preceding the big bang, characterized by a
small H and w > 1.

A distinctive feature of all currently known ekpyrotic
models is that, during the ekpyrotic contraction phase,
gravitational waves are not amplified. More specifically,
the gravitational waves have a blue spectrum, but their
quantum state does not become squeezed; hence, they
cannot be given a classical interpretation [9,10]. During the
expanding phase, the (classical) scalar curvature perturba-
tions provide a source for gravitational waves at second
order in perturbation theory, leading to a small-amplitude
gravitational wave background [11]. This small-amplitude

V=—Vye V20, (1)

where V) is a constant and e denotes the equation-of-state
parameter
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where w is the equation of state, pg the energy density, and
ps the pressure of the smoothing background component.

It has been shown [9,10] that, if there is only a single
field in the contracting phase, the (adiabatic) perturbations
are not amplified and cannot be the seed of structure in
the postbang Universe. The currently best-understood way
around this problem is the entropic mechanism, where
prebang isocurvature fluctuations are generated by adding a
second ekpyrotic field, ¢, [14-17]. These isocurvature
modes are then converted into density perturbations which
source structure in the postbang Universe.

A simple example of an action describing the standard
ekpyrotic mechanism is

S:/d4x\/—_§
1 ,
- / d4x\/—_g(§8”¢13”¢1 + Vle_‘l'/’l)
1
- / d*xy/ —9<§ 0,920y + Vze_cz(pz)v (3)

where V{,V,, ¢y, ¢, are constants and the two fields have
separate ekpyrotic potentials. (Here and throughout this
paper we choose units such that M3 = 1, where M3 =
(82G)~! is the reduced Planck mass and G is Newton’s
constant.) The background evolution is determined by the
linear combination of these potentials, or, equivalently,
after performing a rotation in field space, by the adiabatic
field, o [defined to point tangentially along the background
trajectory, with 6 = (¢12 + ¢22)1/ 2], while the evolution of
perturbations is governed by the entropy field, s (which is,
by definition, perpendicular to the o-field). At the end of
the ekpyrotic phase and before the bounce, the background
trajectory bends and the isocurvature perturbations are
converted into adiabatic ones.

However, it is well known that these ekyprotic solutions
for ¢p; and ¢, are unstable, in that the ¢ direction runs along
aridge in the potential that is unstable to variations in the s
direction (possible consequences in a cyclic context were
discussed in [18,19]). Also, obtaining nearly scale-invariant
spectra requires a steep negative potential which results
in the generation of non-negligible non-Gaussianity during
the ekpyrotic phase that dominates the non-Gaussianity
generated during the conversion of entropic fluctuations to
curvature fluctuations after the ekpyrotic phase [20-23].
Furthermore, the steepness of the potential and the insta-
bility involve additional tuning of parameters and initial
conditions such that, from a theoretical point of view, it
would be desirable to find an alternative approach that
avoids them.

In this paper, we explore a new type of entropic
mechanism in which there are two scalar fields, as before,
but only one has a steep negative potential, V(¢). This first
field, ¢, dominates the energy density and is the source of
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the ekpyrotic equation of state. The second field, y, has a
negligible potential, perhaps precisely zero potential, but its
kinetic energy density is multiplied by a function of the first
field, Q*(¢), with a nonlinear sigma-model type interac-
tion. This model shows certain similarities with conformal
cosmology [24] and pseudoconformal cosmology [25].

A specific example of our model was introduced in [26]
and [27] where both the potential and the nontrivial kinetic
coupling are proportional to e™*#, where A is a positive
constant. This model, which is characterized by a constant
equation of state, e, admits stable scaling solutions that
generate (nearly) scale-invariant spectra and, as shown by
[28], the bispectrum of this model vanishes such that no
non-Gaussianity is produced during the ekpyrotic phase.
As such, these models fit well within the Planck2013
bounds on non-Gaussianity; hence, it is worthwhile study-
ing how general these results are.

Here, we show that these results can be extended to an
entire class of ekpyrotic models: we show that scale-
invariant entropic perturbations can be produced continu-
ously as modes leave the horizon for any time-dependent
ekpyrotic background equation of state. This has the
additional advantage of reducing fine-tuning constraints.
The corresponding background solutions are stable and the
bispectrum of these perturbations vanishes, such that no
non-Gaussianity is produced during the ekpyrotic phase.
Hence, the only contribution to non-Gaussianity comes
from the nonlinearity of the conversion process during
which entropic perturbations are turned into adiabatic ones.

The paper is organized as follows. In Sec. II we introduce
a generic action involving two fields, derive the back-
ground equations of motions and briefly discuss their
properties. In Sec. III we derive the equations of motion
at first order in perturbation theory and show that for each
background potential, V(¢), we can define a nontrivial
field-space metric such that the spectrum of entropy
perturbations, produced by the y-field, is scale invariant.
We illustrate our finding on a simple class of ekpyrotic
models with the equation-of-state parameter ¢ = €(—7)?,
where p > 0. In Sec. IV we compute the bispectrum of the
perturbations and we show that, for models with constant
spectral tilt, no non-Gaussianity is generated during the
ekpyrotic phase. We conclude in Sec. V by summarizing
our results and discussing directions for future research.

II. SETUP

We shall consider the following action involving two
scalar fields and a nontrivial field-space metric:

S = / d4x¢:§§— / d4x\/fg(%8ﬂ¢6”¢ -V(g)

+ %Qz(q’))ﬁﬂxa";{) . (4)
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Here, we work in units where the reduced Planck mass
Mp} = 8zG = 1. With a steep negative potential V(¢), the
first field, ¢, dominates the energy density and is the source
of the ekpyrotic equation of state. We are assuming that the
potential does not depend on the second field, y; however,
the kinetic term of y is multiplied by a function of the first
field, Q%(¢), with a nonlinear sigma-model type interac-
tion. Varying the action with respect to the metric and the
fields leads to the equations of motion

1/1., 1
= (37 2R V). O
$+3Hp—QQ. 47> +V,;=0, (6)
i} Q).
7+ (3H+2§))(—O, (7)

where we have assumed a flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) universe, with H = a/a being
the Hubble parameter, a being the scale factor, and a dot
denoting differentiation with respect to physical time, .

The crucial ingredient of our model is the nontrivial
field-space metric combined with negligible mass of the
x-field: it is immediately apparent that y = 0 is a solution
of Eq. (7)—the noncanonical kinetic coupling acts as an
additional friction term, “freezing” y as long as
3H +2Q/Q > 0. Having no or negligible potential, the
y direction is automatically perpendicular to the ¢ direction
in scalar field space. Hence, the y = 0 solution naturally
defines y as the entropy field generating first-order entropy/
isocurvature fluctuations while ¢ remains the adiabatic
field controlling the background evolution. By a standard
stability analysis, it can easily be shown that the scale-
invariant (Q2,V) solutions for ¢ and H that we shall
discuss below are stable—a more detailed stability analysis
is provided in the appendix.

III. SCALE INVARIANCE

Next, we shall show that for an arbitrary ekpyrotic
potential, V(¢), there is a noncanonical kinetic coupling,
Q?(¢), such that the corresponding spectrum of entropy
perturbations is scaleinvariant.

A. The general case

In order to derive the equations of motion at first order in
perturbation theory, we vary the second-order action

5= [ =g 050, (s)

with respect to the entropy field perturbation dy. With the
canonically normalized variable v, = ads, where ds = Qdy
is the gauge invariant entropy perturbation, the linearized

PHYSICAL REVIEW D 89, 123520 (2014)

equation of motion reads (in Fourier-space and using
conformal time, 7) [29]

Q// alQ/ a//
" k2———2———— =0.
o+ (P- =255 9)

Here, k denotes the wave number of the fluctuation mode; ¢
runs from large negative to small negative values during
contraction with 7,4 marking the end of ekpyrosis; and a
prime denotes a derivative with respect to conformal time.

Assuming standard Bunch-Davies initial conditions, i.e.,
v, — e~*7/\/2k for kr — —co, the solution of Eq. (9) is

v, = %(—T)Hﬁ”(—kf), (10)
where H ,(,1> is a Hankel function of the first kind and v is
given by

1 Q// a/ Q/ a//
2= — ). 11
g 4”(9+ aQ+a) (1)

In the late-time/large-scale approximation v, reduces to
v, & k7Y (=1)1/27. (12)
Thus, the spectral index is given by
ng—1=3-2u. (13)

If we now use Eq. (11), we obtain the following condition
for scale invariance (v = 3/2):

Q' (7) + 2HQ (1) + (H2 +H - T%) Q(r) =0, (14)

where we introduced the conformal Hubble parameter
H=d(z)/a(z). (15)

Equation (14) is a homogeneous second-order linear differ-
ential equation. Hence, for all continuous H and all
T < Toyq there exists (at least locally) a function, Q(z),
such that the resulting spectrum of entropy perturbations is
scale invariant. A global solution exists if the solution ¢(7)
is a C!'-diffeomorphism, i.e., continuously differentiable
and invertible. Note that one can repeat this calculation
straightforwardly for different values of the spectral index
by choosing an appropriate value for v in Eq. (11).

B. An example

To illustrate the above analysis we consider ekpyrotic
models with a power-law equation-of-state parameter,

€

é(—1)?, 0<p<l, (16)
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where € > 3, € = constant. In [28], the p = 0 case was
considered in which ¢ = € is constant and where it was
assumed that the potentials have some bend or cutoff at
Tena to reduce € below 3 and thus end the ekpyrotic phase.
Here, for ease of comparison with the constant e case,
we will do the same, taking 7.,y = —1 so that ¢ » € =
constant constant at the end of the ekpyrotic phase (and the
potential has a bend or cutoff, as before).

From the second Friedmann equation, € = 1 —H'/H?,
we first get

K= —/f""(e ~1)de = 1<pi (=) - 1), (17)

(7 < |H(z)™"|. Substituting the expression for
|H1(end)| |H()I‘Sb. .gh p i for H
into Eq. (14) yields

€ -1/p
€ (—o)r - 1)

Q(7) = (e—1)/r <p .

< oxp (_éf 1), (18)

where we defined the constants of integration such that
Q(7) corresponds to the constant ¢ solution for p — O.

The expression for the potential is given by the first
Friedmann equation,

2
V(T):—%(e—3)
e—p—1)2P(e(=1)P —

with

1 (a(—_f)p_pq)l/p’ )

from Eq. (17), and a(z.,q) is an arbitrary constant which we
set to unity here.

Next, we want to find an expression for V and Q as a
function of ¢. Again, we use the second Friedmann
equation and find

$(z) = / = dev/2eM

=V2(p+1) /Tend dr
ﬂ\/m

B (f—m ¢—+W> -
VEEVPET VR -

é(—1)P
w(€(-7)’ —p—1)
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Note that ¢(z) - /2/€In(—7) for p — 0, in agreement
with the ¢ = € solution. Inverting Eq. (21),

e e (b ) 4 1) 7
Vv P\ )

VerV/p+1 _
Ve—/p+1 exp(\/Z(p+l)) !

o) = (”—T1>”P

€

(22)

and substituting into Eq. (18) allows us to express the
kinetic coupling function in terms of the scalar field

alp) e (= e 0 (S0 -1)L

with €(¢p)/(p + 1) defined as

(\f+\/;T)exp(\/ﬁL> V- rFT) >
(\/§+\/1m)exp(\/2(,7_+l))—\/§+\/m

(24)

Note that in the small p limit we recover a simple
exponential:

Q(¢) - exp(—/¢/2¢)

Finally, we can express the potential V' as a function of ¢.
Equations (19) and (22) yield

for p — 0. (25)

€(¢) -3

-p- 1)2+2/p ’

(26)

V(g) = ~(p+ 17 =p— 1)

(e(9)

with the small p limit

ﬁexp(—\/ﬁ(p) for p - 0. (27)
In particular, we see that, for constant equation of state, Q?
and V need to be proportional to each other in order to yield
a scale-invariant spectrum. For examples of scale-invariant
(Q?,V) pairs with different values of p see Fig. 1. The
graph in Fig. 1 shows that both Q(¢) and V(¢) are simple
monotonic functions of ¢ and, hence, require no additional
tuning whatsoever. This might be surprising since, in
general, Q(¢) and V(¢) do not have simple expressions
as a function of ¢. However, in using a hydrodynamic
approach, we start with the assumption that the equation
of state takes a simple functional form which, in turn, leads
to a simple dynamics. This simplicity is not generally
reflected in the field picture in which the equation of state is
assumed to derive from a scalar field with canonical kinetic
energy. Conversely, models that may be simple in the field
picture may have complicated, time-varying equations of

Vig) - -
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FIG. 1 (color online). A plot of the ekpyrotic potential V(¢) as
in Eq. (26) corresponding to the equation-of-state parameter
e=¢r” and the noncanonical kinetic coupling Q(¢) as in
Eq. (23) that together with V(¢) yields a scale-invariant spec-
trum, as a function of the ekpyrotic field ¢ and for different values
of p; p = 0.1 (dotted red curve), p = 0.5 (solid blue curve), and
p = 0.9 (dashed green curve). The horizontal axis is in Planck
units and the vertical axis uses arbitrary units.

state. In the analysis here, we are throughout using the
hydrodynamic picture and aiming for simplicity within this
purely hydrodynamic prescription.

As should be clear from the above discussion, this
construction works equally well for the case where the
spectral index is constant yet different from exact scale
invariance. All one needs to do is choose a different value
for the index v in Eq. (11), which leads to a slight
modification of Eq. (14). For example, repeating the
analysis of the present section for the case where we have
a deviation from scale invariance, ng — 1 = -4, leads to a

kinetic coupling:
=1/p
1) . (28)

IV. NON-GAUSSIANITY FROM THE
EKPYROTIC PHASE

In the following we show that with scale-invariant
(Q2,V) pairs, as introduced in the previous section, no
non-Gaussianity is produced during the ekpyrotic phase in
the sense that the bispectrum of the perturbations vanishes
exactly. Hence, the only contribution to non-Gaussianity
comes from the conversion process which is the subdomi-
nant contribution in standard ekpyrotic/cyclic theory
[22,30]. We will also extend this result to (Q2, V) pairs
with constant spectral tilt different from 1.

é(=7)”

Qo<r_5/2< -
p+1

A. Non-Gaussianity from the ekpyrotic phase

The standard (phenomenological) parametrization of
non-Gaussianities is by way of introducing a nonlinear
correction to a Gaussian perturbation, {g;:

PHYSICAL REVIEW D 89, 123520 (2014)

¢(x) = {e(x) +§f%§’i[€é(X) — {CE(x))]. (29)

This definition is local in real space and thus f1¢. is called
non-Gaussianity of the local type.

More generally, the leading non-Gaussian correction is
given by the 3-point correlation function, or its Fourier-
equivalent, the bispectrum

<Ck|Cszk3> = Bg(klvkzvkﬁ- (30)

For perturbations around a FLRW background, the momen-
tum dependence of the bispectrum simplifies considerably.
Homogeneity, or translation invariance, means that the
bispectrum must be proportional to a delta function of the
sum of the momenta, B:(k;,K,.k3) «x é(k; + Kk, +k3),
i.e., the sum of the momentum 3-vectors must form a closed
triangle. Isotropy, or rotational invariance, dictates that the
bispectrum only depends on the magnitudes of the momen-
tum vectors, but not on their orientations,

B(ky. Ky, k3) = (27)38(k; + Ky 4 K3) B (ky. ko, k).
(31)

Different types of non-Gaussianities are described by
different shapes of the closed triangle formed by their three
momenta [31]. For f}\?f. the triangle is “squeezed,” i.e.,
ky < ky ~ k3. Here, we have ordered the momenta such
that k; < k, < k3. Higher-derivative interactions can lead
to large non-Gaussianities. A key feature of such inter-
actions is that they are suppressed when any individual
mode is far outside the horizon. Hence, the bispectrum
arising from higher-derivative interactions peaks when all
three modes have wavelengths equal to the horizon size,
i.e., the triangle has a shape of k; = k, = k3, generating
non-Gaussianity of the equilateral type, fi"". A shape that
is orthogonal to both the local and equilateral templates is
called non-Gaussianity of the orthogonal type, f&°. This
shape also arises in the presence of higher-derivative
interactions.

In the absence of higher-derivative kinetic terms in the
action as in Eq. (4), no non-Gaussianity of the equilateral or
orthogonal type is produced, see e.g. [32]. Therefore, we
will focus on the 3-point function of local shape.

During the ekpyrotic phase, non-Gaussianities of
the local type can be generated in two ways, either by
second-order entropy perturbations, 85, (intrinsic non-
Gaussianity), or by first-order entropy perturbations, 6s(!),
that source second-order curvature perturbations, ¢ @) [23].
Here, we indicate the perturbative order by a superscript.

At second order and in comoving gauge, using the
methods of [33], for the perturbation in the fields ¢ and y
we find
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1 Q,¢ (SS(I)/
5@ _§5s<1)< o ss(h) — 7 ) (32)
Sy = Q1653 (33)

Since the y-field is massless and frozen at background
level, there is no source term for the second-order
entropy perturbation, 6s?), and, hence, no intrinsic non-
Gaussianity is generated during the ekpyrotic phase, in
analogy with the constant ¢ case treated in [28].

In order to calculate the non-Gaussianity in the second-
order curvature perturbations that are sourced by first-order
entropy perturbations, we use the following formula for the
evolution of the gauge-invariant curvature perturbation {:

L (34)
¢~ =20V

This formula, previously discussed in [21,34,35], was
shown in [28] to also apply to theories with noncanonical
kinetic terms and has the remarkable property that it is valid
to all orders in perturbation theory. Expanding to second
order, and using Eq. (32), we obtain

Hd?V,, Q. 5s)’
(o = ¢,245s<1)<646s(1>— - ) (35)

In the late-time/large-scale approximation as in Eq. (12) the
expression for @’ reduces to

cor Vg (0)2 (@ 1-20
¢° \a) \Q 2

For the example where the ekpyrotic background equation
of state is given by ¢ = &(—7)?, we can substitute our
expressions for H from Eq. (17) and Q from Eq. (18) to
obtain

H>. (36)

(@ =o. (37)

Thus, for this example, one can easily see that the second-
order curvature perturbation does not get sourced during
the ekpyrotic phase, and no non-Gaussianity arises in this
manner.

Furthermore, as already mentioned above, repeating
the analysis with the same background equation of state
but allowing for deviations from exact scale invariance,
ng— 1= -6, from Eq. (11) we first get

e(—1)P -1/
Q o 102 <_€( +T)1 - 1) g (38)
p

Then substituting into Eq. (36) once again yields ¢(?’ = 0.
That means during the ekpyrotic phase no non-Gaussianity
is generated even for this broader class of ekpyrotic models
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with nonzero tilt, e.g. tilt in accord with cosmic microwave
background measurements.

In fact, there exists a simple (though less direct) argu-
ment that extends the above results to the entire class of
models that we are considering: from the second-order
action for dy, Eq. (8), one can easily derive its equation of
motion,

VH(Q%9,(8x)) = 0, (39)

where V¥ denotes the covariant derivative and 0, the partial
derivative with respect to the coordinate x*.

It is evident that 5y = constant is the relevant solution in
our case of interest, which, keeping in mind the definition
0s = Qoy, immediately implies os « Q and thus

ss)  Q  Q
4 (40)

from which ¢? = 0 follows upon inspection of Eq. (35).
Thus, remarkably, none of our (Q?, V) pairs generate any
non-Gaussianity during the ekpyrotic phase. One can trace
this result back to the fact that the scalar potential does not
depend on the entropy field y.

B. Non-Gaussianity from the conversion process

Cosmic microwave background experiments measure
curvature perturbations, £, i.e., local perturbations in the
scale factor that are described by the perturbed metric

ds?® = —di* + a®(1)e**) dx' dx;. (41)

Like in previous entropic models with canonical kinetic
terms, we are assuming that after the ekpyrotic phase comes
to an end the entropy perturbations get converted into
curvature perturbations. Various concrete mechanisms via
which this can happen are known: for example, the
conversion process can occur right after the ekpyrotic
phase (as in [36]), or during the bounce itself (see [37]).
As discussed in [28], the most important factor determining
the final amplitude of local non-Gaussianity is the effi-
ciency of the conversion process. If the conversion is
efficient, meaning that the curvature perturbations acquire
an amplitude similar to that of the entropy perturbations
that source them, then the local non-Gaussianity parameter
S is expected to be of O(1). Concrete numerical
calculations support this estimate, with typical values of
S ~ 5 being found [38]. It is interesting that such values
are in agreement with current measurements by the Planck
satellite, yet are in a range that makes them detectable in the
future. We note that in contrast to ekpyrotic models with
canonical kinetic terms where the contribution to non-
Gaussianity from the conversion process is subdominant,
in the theory presented here the sole contribution comes
from the conversion.
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V. DISCUSSION

In this paper, we explored a new class of two-field
ekpyrotic models with a massive ekpyrotic field governing
the background evolution and a second field with no or
negligible mass and noncanonical kinetic term. The crucial
ingredient of our model is the nontrivial coupling of the
background field to the kinetic term of the second, massless
field, which plays the role of the entropy field governing
the perturbations. Remarkably, we have found that for each
background equation of state there exists a nontrivial
kinetic coupling such that our model admits scale-invariant
solutions (or, more generally, constant spectral index
solutions) at first order in perturbation theory.

At second order, we have found that the bispectrum of
these perturbations vanishes, such that no non-Gaussianity
is produced during the ekpyrotic phase. Hence, the only
contribution to non-Gaussianity comes from the nonlinear-
ity of the conversion process during which entropic
perturbations are turned into adiabatic ones. This process
is model dependent, but for an efficient conversion mecha-
nism the final bispectrum remains small, with fi¢ ~ 5,
which is in accord with current cosmic microwave back-
ground measurements [3].

This analysis leaves many avenues for future work. A
natural extension of our analysis is the calculation of the
4-point function and predictions for the trispectrum (thus
extending the analysis of [38] to nontrivial field-space
metrics), in particular since forthcoming data releases from
the Planck satellite and large-scale structure experiments
will be able to constrain the primordial trispectrum increas-
ingly tightly. Throughout our analysis, we worked with a
minimal extension of the standard ekpyrotic theory, study-
ing a two-field Lagrangian. It might be worthwhile to see if
a multifield generalization adds to our model in improving
cyclic theories. Similarly, it would be interesting to explore
the implications of including a non-negligible mass for the
entropy field.
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APPENDIX: STABLE EKPYROTIC SOLUTIONS

We are interested in the stability of solutions (¢, y) with
x = 0 since these solutions automatically define the field y
as the entropy field that generates the isocurvature pertur-
bations and ¢ as the ekpyrotic field that governs the
background evolution.

For the stability analysis, it is useful to rewrite the field
Egs. (5)-(7) in terms of the new variables

V6H' V6H'
(A1)
z:—\/v, and N =Ina.
V3H

With these variables we have the autonomous system

|4 Q
x, :3x2+2—1<x+’¢>+’¢ 2, (A2

Yoy = (3(x2 +y2-1)- \/Egg’fx)y. (A3)

Next we study the behavior of small perturbations
around solutions (xy, yo = 0). At linear order, the pertur-
bations 0x = x — xy and dy = y — y, satisfy the equations

V.

% xo)ax, (A4)

)5y,
X0
Vi Vi
where we assumed that | > 5(57).
Since dN is negative during the ekpyrotic phase, a
solution (xg,0) is stable if

ox,y = (9x3 -3+ \/gxo

Q,
Q

Sy = <3x3 -3 —V6x (A5)

V7
9x3 -3 > —V6x, V¢

, (A6)

Xo

Q?
3= 1) > Vexog (A7)

Xo

If yo = 0, xg = \/2¢€¢/6, where ¢ is the equation-of-state
parameter corresponding to (xy, 0). Using this relation, the
stability criteria Eqs. (A6)—(A7)) can be rewritten in terms
of the equation-of-state parameter ¢,

€y — 3 V,¢
> 0, A8
\/260 + \% X ( )
3¢—-3 Q,
— > 0. A9
\/260 Q Xo ( )

In particular, (xo = \/€(—7)?/3,y9 =0), as defined in
Eq. (16), is a stable solution.
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