Chapter 9
Ghost Condensation in N = 1 Supergravity

Michael Koehn, Jean-Luc Lehners and Burt Ovrut

We present the theory of an N = 1 supersymmetric ghost condensate coupled to
supergravity using a general formalism for constructing locally supersymmetric
higher-derivative chiral superfield actions. The theory admits a ghost condensate
vacuum in de Sitter spacetime. Expanded around this vacuum, the scalar sector is
shown to be ghost-free with no spatial gradient instabilities. The fermion sector is
found to consist of a massless chiral fermion and a massless gravitino. The ghost
condensate vacuum spontaneously breaks local supersymmetry with the chiral field
as the Goldstone fermion. Although potentially able to get a mass through the super-
Higgs effect, the vanishing superpotential in the ghost condensate theory renders the
gravitino massless.

9.1 Motivation

Higher-derivative scalar field theories coupled to gravitation appear in

e DBI theories [1]
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e ghost-condensate theories of NEC violation [2-5]
e Galileon theories of cosmology [6, 7]
e worldvolume actions of solitonic branes [8, 9].

Using a general formalism for constructing global N = 1 supersymmetric
higher-derivative chiral superfield Lagrangians [10], these scalar theories have been
supersymmetrized in [10—12] respectively. Can these be extended to N = 1 local
supersymmetry? Yes! We have

e given a general formalism for coupling higher-derivative chiral superfield Lagran-
gians to N = 1 supergravity [13] (also see [14, 15])
e applied this to DBI [16], ghost-condensates [17] and Galileons [18].

9.2 Scalar Ghost Condensation

Consider a real scalar field ¢. Denote the standard kinetic term as X = —%(8@2.
A ghost condensate arises from higher-derivative theories of the form

L=—gPX) 9.2.1)
where P(X) is an arbitrary differentiable function of X. In a flat spacetime with
ds* = —d* + a(t)26,-jdx‘dx/ and assuming ¢ = ¢(t), the scalar equation of motion
is

d ( 3p qB) 0 (9.2.2)

—\a =0. 2.
ar\" X

The trivial solution is ¢ = constant. More interesting is the solution
l ‘2
X = §¢ = constant, Py = 0. (9.2.3)

Denoting by Xcx a constant extremum of P(X), the equation of motion admits the
“ghost condensate” solution

d=ct, &=2Xex. (9.2.4)
This vacuum spontaneously breaks Loretz invariance. It can also lead to violations
of the “null energy condition” (NEC). To see this, evaluating the energy and pressure
densities =
p=2XPx—P, p=P = p+p=2XPy. (9.2.5)
The NEC corresponds to the requirement that

p+p=0. (9.2.6)

Since X > 0, = the NEC can be violated if



9 Ghost Condensation in N = 1 Supergravity 165
Px <O. (9.2.7)

That is, if we are close to an extremum of P(X), then on one side the NEC is violated
while on the other side it is not. Since Einstein’s equations =

. 1
H = —E(p +p) (9.2.8)

it is now possible to obtain a non-singular “bouncing” universe where H increases
from negative to positive values. However, is this NEC violating vacuum “stable”?
Expanding the Lagrangian around the ghost condensate

¢ = ct + 0p(x™) 9.2.9)
gives to quadratic order
L 1 ) i
==3 (@XPxx + P00 = Px36706,). (9.2.10)

Note that Lorentz violation = that the coefficients of the time- and space-derivatives
are different. The vacuum will be ghost-free iff

2XP xx +Px > 0. (9.2.11)
This can be achieved by choosing the condensate to be at a minimum
P xx > 0. (9.2.12)

Note that the theory can remain ghost-free even in the NEC violating region where
P x < 0. However, in the NEC violating region the coefficient —P x in front of the
spatial derivative term has the wrong sign. This = the theory suffers from “gradient
instabilities”! These can be softened by adding small higher-derivative terms—not
of the P(X) type—such as

— (O¢)>. (9.2.13)

These modify the dispersion relation for ¢ at high momenta and suppress instabil-
ities for a short—but sufficient—period of time.

Finally, a prototypical choice for P(X) that shows all interesting properties is

PX)=-X+X> (= c=1). (9.2.14)
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9.3 Review of Globally N = 1 Supersymmetric Ghost
Condensation

9.3.1 Higher-Derivative Chiral Superfield Lagrangian

Consider the chiral superfield

i

00X mo™0. 9.3.1
NG X, ( )

_ 1 -
® =A+i00"0A  + J0000IA + 00F + V260x —

The ordinary kinetic Lagrangian is

. i _ _
Lote = / d*0 T = dTD |5 = —0A - DA* + F*F + 3 (X.m0™X — X" X.m) -

(9.3.2)
Defining A = %(¢ + i¢), the Lagrangian becomes
1 2 1 2 * i mz mg

Lote = =500 = SO + F'F+ 3 (xmo"X = X" Xm) . 933)

This is the global N = 1 supersymmetric generalization of X.

What is the supersymmetric generalization of X>? Consider
1 Hot Dot

Lpepepeipet = g DPDPDL'DP |soi- (9.3.4)

To quadratic order in the spinor component field
Lpopodebet = (0A)*(0A™) — 2F*FOA - 0A* + F*2F?
i m=l_nc * l n-m_I~- *
-3 xo"o'o" X n A,,,,A’l + > X.n0 00X A’mAJ
+ixo"X"A mA%, —ix """ XA nA,
i -
+ EXO'mX (AjkmDA - A.mDA*)
1
+ 5 (FOA — OF0A) x X

1 1
+ 5 (F*EIA* - 8F*8A*) XX + EFAJ,, ()’(&ma")_(,,, - )’(,,,&ma”)_()

1 _ _ 3i _ _
+ EF*AT"m (x.n0"3"x — x0" 5" x ) + EF*F (X.m0™X = x0™"X.m)

+ %Xa"';( (FF%, — F*F ) . (9.3.5)

Written in terms of ¢, £ the pure A term in this Lagrangian is
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1 1 1

(A (04" = 209 + 109" = S(0D*09)* + (9909 (9.3.6)

This is the global N = 1 supersymmetric generalization of X2. It is the unique

generalization with the properties:

(a) When the spinor is set to zero, the only non-vanishing term in %DCDDCDI_)(PTI_)QDJr
is the top #26% component.
This is very helpful in producing higher-derivative terms that include X 2,

(b) When coupled to supergravity, %DQDDCI)D(I)TDCI)Jr leads to minimal coupling
of ¢, £ to gravity.

For example, an alternative generalization of X2

- 1_16 (CD - q’T)szq’qu’T = ¢ (0HR. 9.3.7)

9.3.2 Globally Supersymmetric Ghost Condensate

Choose the scalar function P(X) to be

P(X) = —X +X°. (9.3.8)
For a pure ghost condensate can take the superpotential

W=0=F=0. (9.3.9)

The associated globally supersymmetric Lagrangian, to quadratic order in the
spinor, is

1 _ -
£SUSY _ ( —ofe+ —Dq>D<1>chTD<I>T)‘ N
16 0000
1 1 1 1 1
= + 509 + 00)" + 209 + 70" = S (09 (9)* + (96 - 9¢)*
i _ _ 1 i _ _
- 5 (X,mUmX - XJmX,m) - 5(8¢)2§ (X,mamx - XJmX,m)
i _ -
= dnd.nz (¢"0"X = Xxo"X") - (9.3.10)
The equations of motion admit a ghost condensate vacuum

p=ct, £=0, x=0. (9.3.11)

To assess stability, expand in the small fluctuations
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d=1t+06(t, %), £=09E(%), x=0x(X). (9.3.12)
To quadratic order, the result is
£5USY = (59)* + 0- 66766,
+0- (5¢)° + o¢ise

(5X,iai5>z - 5Xai5>z,,~) .
(9.3.13)

1i 1i
—— (6x.00%% — 6xc%x.0) — ==
+22(X'00 A X*O) 22

1. d¢ kinetic term: As previously, has a gradient instability in the NEC violating
region. = In the pure boson case, added a —(CJ¢)? term. The appropriate SUSY
extension is

—iDch@DqﬂDqﬁ({D DUD, DY(® + qﬂ))2‘
211 ' ’ 0060

1 1 1
= — @0 (09 + ;09" + 96 - 99 = S99 (9%). ©3.14)

Expanding around the ghost condensate using (9¢)> = —1
. : 1
£3Y8Y = (56) 406656, — 7066 + - (9.3.15)

which softens gradient instabilities.

2. £ kinetic term: New to SUSY. Has vanishing time and wrong sign spatial kinetic
terms. Cured by adding supersymmetric higher-derivative terms. The appropriate
terms are

8 = tRat > —of Dy(dT —
+15DODODO DO (i0. D)@ - %D, Dy(@" - ) ’ooéé
‘%D@@@MT({D, DY@ + &H)(D, D)@ - &1))

(10 D1c@ + @D, DYOT = )| 75 = 20000 — D" @6 - 06
(9.3.16)

Expanding around the ghost condensate =
LY = o (08)% — 6ET0E i + - (9.3.17)

which is Lorentz covariant with the correct sign.

3. dx kinetic term: Ghost free with gradient “instability”. Can be cured within the
context of supersymmetric Galileons but re-grow a ghost! Won’t discuss here.
To summarize: The entire supersymmetric ghost condensate Lagrangian is
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+ 1 - _
SUSY _ __ T Ty
L3 = — 070 |55 + 5 DODODOTDP |55

+ D@D@D@*D@T[ - 2% ({D, D}{D,D}(® + <I>T))2

+ 2%{0, D}(® — "D, D} — @)

1

- —({D, DY@ + dH){D, D}(d — <1>T))2” .
210 0600

(9.3.18)

In components, writing out all terms that are relevant for a stability analysis in a
ghost condensate background, this corresponds to

£SUSY _ %(3@2 + %(8@4 - i(3¢)4(5¢)2

1 1
+ 5(892 — 5(8@2(0@2 — 2(0)*(9¢)*
+ (D¢ - 9E)* — (99)* (9 - 9E)?

i 1
+ 500" = x0T~ 1 = 509))
- ¢m¢,n%(x’”am>‘< N ) (9.3.19)

The ghost condensate vacuum of this theory breaks N = 1 supersymmetry sponta-
neously in a new form. Consider the SUSY transformation

§x = iv20™"(COnA + V2(F. (9.3.20)
Usually supersymmetry is broken by a non-vanishing VEV (F) # 0 of the auxiliary
field. However, since in the ghost condensate Lagrangian W = 0 = F = 0. Recall
that for the ghost condensate (¢) = ct =
(A) = (d)/V2 = c/V2. (9.3.21)
Therefore,

oy = iv20"COnA = i0%Ce (9.3.22)

and the spinor trasnsforms inhomogeneously. = SUSY is broken by the time-
dependent condensate.
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9.4 The Ghost Condensate in N = 1 Supergravity

In previous work, we showed that a global N = 1 supersymmetric Lagrangian of the
general form

1 A,
L3 = K(@, ®) lyggg +1c DODDS DT (. 0", 0,9, 9,9") lyygg
+ (W(®) log +W (@) 155 ) 941

where K is any real function, T is an arbitrary hermitian function (with all derivative
indices constracted) and W is a holomorphic superpotential, can be consistently
coupled to N = 1 supergravity.

Notation: Curved N = 1 superspace

("™, 0%, 04), Da = (Da, Da, Da) (9.4.2)

Gravity supermultiplet
(631 m, M, bm) 9.4.3)

Two superfield expansions we will need are the chiral curvature superfield

R=-— éM - é@“(am“&bd%bg — 1006 G M + ithaab?)
+0%@, (%R - éi b8 515 — éMM* —~ ligb“ba - éieampmb“
e T R R
— 255" [Baa s + v 0] 9.4.4)
and the chiral density superfield
26 = o (14100000 — 070, [M* + &ad6“bd31§f]) . 9.4.5)

In terms of these quantities, the supergravity extension of global £5V6RA js
3 - 1 - S -
LSUGRA _ / d2®28[§(D2 —8Rye K3 — g(D2 — 8R)(DODPDD DD'T)
+ W(CIJ)] +he. (9.4.6)

Since we are interested in the pure ghost condensate, we can take

W=0=F=M=0. (9.4.7)
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The component expansion of £L5V9R4 then becomes

3 _ 3o _
SUGRA _ | _ -2 272 .—K/3 Py N7 76 e 2. .—K/3
L —[ 32€(D D7e )+116el/)aaa (DaD e )
3o -
- gewa(‘r“bq/}b (Dze_K/3) +ize (far)” (Dae_K/3)
1 : 1 o
- Ze(wabob¢“ +ithh®)” (Dae—m) + iez>22>2(Dcl>D<1>Dc1>'DcpTT)
1 - _ L
— 1g6 (Uat)" Do D*(DPDODD DOTT)
1 - o L
+ §e¢a5“b¢bD2(D¢D¢D©TDq>TT)]‘ the.
1 14 U abed 7 - _ - —K(A,A%)/3
+el =R+ 3b%a+ ¢ (YaGpea — Yaopiea) e
9.4.8)

where | specifies taking the lowest component of the superfield and

Ymn® = Dty — Duthy, Doth} = Oty + U eihg. (9.4.9)

Note that the auxiliary field b,, remains undetermined. We must evaluate the lowest
component of the superfield term. Evaluating the first part of the Lagrangian =

1 1 3 -
SExaion = Z[/ Pe2E2 (D — 8R)e‘K/3] +he.

= ( — %R + %b“ba + isahm@a?fbl/)cd - waabﬂ»m))e"““’*‘*)“
+310AP 753 anx + b (A K3) 4 — A% (7K av)
- i%b“ (Gaxe™ ) 4 = Faile ™) 1)
= V2X" P (€KLY 4 — N 2XG" (7P pv
a i%ww“ba%bf‘,c(efkﬁ)ﬁ - i%i“(}ab‘}cw”f‘?{c(eikﬂ)ﬁ*

KDY pax

+ %Xff“)’(ba @ Xy ane + i% (xo“ed" DX + X7“ea" D X) (€
+ %ﬁAwaaab&“x<e*’(/3),AA* + %sz,m&”awe*’“),AA*

- %(8A>2<e‘K/3>,AA - %(8A*)2(e"‘/3),A*A*

i (A% ) aaens — Al aane). (9.4.10)

This is the supergravitaty extension of the —X scalar term if one takes

K@, o) =—0o. (9.4.11)
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Evaluating the second part of the Lagrangian taking

T'=— = 9.4.12

6 ( )

1 suGra _ 1 T 2 2 NI DdT
L Dot = ;(— i/d ®28(D? — 8R)(DODDDD D )) +he.

(+ 27—91)2152(2)@1)@25@15@)
T. 7 —ava N2 N T dT
~ 551(a6") D, D*(DIDODE DY)

+ 27—71@,&“” '@%D@D@@qﬁ@qﬁ))‘ Fhe.

+ 7(8A)%(0A%)* — %ﬁwa&“a%fc(m)z

— %«/ETXJCa—“%A,C(aA*)Z — V27 (OA)A X"

- \/ET(aA)ZATmzﬁmf(—%TXJH)ZA,aememATb

+ gTXa“xA,aAj‘bbbJr%Txa“gAj‘aememA,b

+ %TXU“)EATQA’bbb—iT(Dmx)ab)ZA’mAj‘b

+ V275 0P XA AR A - + %T)_(&bac&axbcA’”A* b

+ iTXUb(Dm)Z)A*’mA,h + \/ETXJb5C¢aA*’aA,bA* ,C

— %Txa%”a’"(pm;z)A,aA* b— %Txa%bacxbcA,aA* b

i N,
+ %T(Dmx)0m5baa)ZA* kb = STXOGTDA iAo
(9.4.13)

This is the supergravity extension of the X2 scalar term if one takes
T=1 (9.4.14)
The equation of motion of b,, is given by
3. . _ 3 o
b == 51 (Am(@ ™) 4 = 45,7 4 ) 5P = Zxon X aneek P

i+ Zﬁi (wmx(e_K/3),A — imi(e_m),m) ek/3
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5 _
— ZTXO’”X(A)aA’*m —i—Af‘aA,m)eK/3
1
+ ETXa“(}mab;zA,aAj“beK“

1
+ ~7(X0G T X + XOmT TP X)A (AT peK 3. (9.4.15)

e}

Inserting this back into the Lagrangian, Weyl rescaling as
ena WEYL CK/6ena

L VIEN (9.4.16)
U YL K12,

and shifting

SHIFT

2
Um —> Ym + 1{ame,A* (9.4.17)

= keeping terms with at most two fermions

! suGra 1 YIS B, k)3
2Lk @01, Weyt = [/d ©28 (D" — 8Rje ]Weyl +h.c.

1
=—5R- K aa+|0AJ?
- iK,AA*)_(a—mDmX + Eklmn'(zk5'llz’jmwn

1 1 i
— EﬁK,AA*A* X0 T Py — EfzK,AA*A,,,g(}mawm

(9.4.18)
and
1 suGra 1 2 T\ (D2 NP
R Bt Dot eyl e[/d 028 (— 37)(D* — 8R)DSDEDY DO )]Weyl +he.

= 4 7(0A)*(0A%)? — fwa'“ “XA* (0A)?
- %ﬁrxac&“waA,c(aA*)
— V27 (DA A X" — V2 T(8A)2A* wd"Y
- ;rxa YA 1" (D" ) + 37XORA" 1™ (DA 1)
- %TXO’G)_(A A K + %TXU“)QA*‘,,A,;,K"’
IT(DmX)UnXA MARN 4 27,5 P YA AT BA

+ ETXO’ XA pA* WK+ 6Txa‘ba”xA A* K



174 M. Koehn et al.

+lTxab(DmX)A* A + V21X T P AT A AT

— ETXO’ INA* pA 4 Kb — %TXO’“ beA* A K p

- %Txapo" 0" (DpX)A pA* 4 + T(DmX)O'mUPO'qXA A*

n %TXO’C& 0IRK oA pA o — grxa“& 0 KK oA pA* ¢

- %iTxo“x(A*,a<6A>2<e‘K/3>,A — A4 (0A%)* (eKP) pe)ek /3

- %irxa“k(A,a(e*K”).A — AT a(€7KP) 4 ) [0A PR
(9.4.19)
9.4.1 The N = 1 Supergravity Ghost Condensate

Taking K (P, CDT) = —®dT and 7 = 1, the sum of these two terms is the N = 1
supergravity extension of the prototype scalar ghost condensate P(X) = —X + X2
given by

1 _ -1- 1 _ _
SUGRA 2 2 2 _ POT/3 _ DT
L35SR e = 8[/d ©28(D? - 8R) (3¢ 23 (DODEDO Do )], +he

Weyl
(9.4.20)
The purely scalar part of this supergravity Lagrangian is simply
1
Li“f’f{‘(, weyt = —5 R+ |0A>+(0A)*(9A%)? + - - (9.4.21)
_ L . .
For A = ﬁ(é + i&) this becomes
SUGRA 1 1 2, 1 4
£T 1/16,Weyl = ER + 5(&15) + Z(5¢)
1 1 1
+ 500 + 209" = S(06)* (08 + (96 0O + -+
(9.4.22)

The Einstein and gravitino equations can be solved in an FRW spacetime ds®> =
—dt? + a(t)?6;;dx'dx/ with

1

a(t) = e V' 4y, = 0. (9.4.23)
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The ¢, € and x equations continue to admit the ghost condensate vacuum of the form
p=ct, §=0, x=0. (9.4.24)

To assess stability, expand in the small fluctuations
G=1+06(t,%), £=086(%), x=0dx{Xx). (9.4.25)

To quadratic order, the result is

1 . .
= L5UGR et = (00)* + 08650

e
+0-(56)% 4 5¢15¢ ;
+ - (9.4.26)

1. §¢ kinetic term: As previously, has a gradient instability in the NEC violating
region. = In the global SUSY case, this was solved by adding the term

1 o= _ _ N2
— —D®DODD DD ({D, DD, D}(® + &' ‘ 42
21 ({ - DUD. DY@ + )) 06090 ©427)

to the Lagrangian. In the supergravity case, this is easily generalized to
1 _ L
-3 / d>@2£(D?* — 8R)(DODPDO DO T,) + h.c. (9.4.28)

where 5
K _ _ . .
Ty = ?({D”, Do Dy, DY (D + <I>')) (9.4.29)

and « is any real number (chosen arbitrarily to be x = 1/4 in the global SUSY case).
Setting F' = M = 0, its bosonic contribution to the Lagrangian is

| _ o
——[ / @26 (D% — 8R)D¢D¢D¢TD¢*T(,,] +he.
8e Weyl

= k(@6 (09) + 09" = 206209 + 409 - 09)?) . (94.30)

Adding this to the original scalar Lagrangian %D}Zﬁ”}f&%yl, the metric and ¢ solu-

tions of their equations of motion change—unlike in the global SUSY case. Expanded
perturbatively in small x, they become

(@) =1 -3k + O, (9.4.31)

(H)? = % + %n + 0. (9.4.32)
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That is, there is a shift in the condensate/FRW solution without altering its funda-
mental features. However, expanded around this new vacuum =

1 . ) 1 . .
SUGRA __ 1 2 2 s s 2,
L =3 (3<¢> 1) (66)" + 5 (1 (@) )5¢ 56+ K (O +--- .
(9.4.33)
which, for k < 0, softens the gradient instability—as anticipated.

2. && kinetic term: Has vanishing time and wrong sign spatial kinetic terms. In global
SUSY, this is cured by adding the higher-derivative terms

+ iDapDapi)chi)cpT({D DY@ — dH(D, D}(dF — @))’
162 ’ ’ 00060

- 1i63DCI>D<DDCDTD<bT({D, D)@ + o"){D, D}(® — q>+))

s + (bt _
x ({D,D}(cb + ®"){D, D}(® ¢))‘099é (9.4.34)
to the Lagrangian. In the supergravity case, this is easily generalized to
1 . o
-3 / d>@2£(D? — 8R)(DODPDD DD T¢) + h.c. (9.4.35)
where
Te = + 27D, Da}(® — @) {D,, D*}(d" — @)
0 _ _ . 2
e ({Da, D) (@ + 1) {D,, DY (D — cpT)) . (9.4.36)
Setting F' = M = 0, its bosonic contribution is
1 . oL
— —[ / P2e26(D? — 8R)D¢D¢D¢TD¢TT§] +he.
8e Weyl
= —2(0¢)*(96)* — (9)* (9 - 9€)* . (9.4.37)

The addition of these terms does not alter the supergravity ghost condensate vacuum
given above. Expanding around this vacuum, the £ fluctuations are

1 suera _ L1, A6 fe2
SLSUORA = (=S4 @200 — () 60

1 1'2 1\4 N .
+ (5 + 5@ —2()*) g0+

=-~+O—gm+@#»«&f—&wﬁyk~ (9.4.38)
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= the scalar 6¢ kinetic energy is rendered Lorentz covariant and stable by the addition
of these terms. By suitably choosing the coefficients, this kinetic energy can be made
canonical.

3. &x kinetic term: Ghost free with gradient “instability”. Can be cured within the
context of supergravitational Galileons—but re-grow a ghost! Won’t discuss here.

The ghost condensate vacuum of this theory breaks N = 1 supersymmetry spon-
taneously in a specific way. The SUSY transformations of the fermions in the ghost
condensate vacuum are

6x = ivV20"COnA = i0°Ce, iy = 2Dl (9.4.39)
Redefining
~ 21 .
ma = Uma — ~=— DPm nagd . 9.4.40
Yo = Pna — 55 D@08 X (9.4.40)
i ~
0 = 0. (9.4.41)

This identifies y as the Goldstone fermion and ¢, as the physical gravitino. Since
m3 = eK/2|W|, then
W=0 = mp=0 9.4.42)

consistent with an explicit calculation. Specifically—using various identities, redefin-
ing the gravitino as above and evaluating on the ghost condensate FRW background,
we find that

1 1 = .~ - . =
zﬁiiqﬁe,wwl =+ fklmn (¢k01Dm¢n - Waﬂ?m%)

i
+ E(XUmIDmS( + >Z6mDmX)
+ i d.n (X" (Pmx) + x0" (DX)) + - - (9.4.43)

= canonical gravitino kinetic term, Lorentz violating ghost-free/gradient unstable
x kinetic term, and vanishing masses for both ¢/, and .
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