
Decay rates for the quadratic and super-quadratic

tilt-excess of integral varifolds

S lawomir Kolasiński Ulrich Menne
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Abstract

This paper concerns integral varifolds of arbitrary dimension in an
open subset of Euclidean space satisfying integrability conditions on their
first variation. Firstly, the study of pointwise power decay rates of the
quadratic tilt-excess is completed by establishing the precise decay rate
for two-dimensional integral varifolds of locally bounded first variation.
Secondly, counter-examples to pointwise power decay rates of the super-
quadratic tilt-excess are obtained. These examples are optimal in terms
of the dimension of the varifold and the exponent of the integrability
condition in most cases, for example if the varifold is not two-dimensional.
Thirdly, these counter-examples demonstrate that within the scale of
Lebesgue spaces no local higher integrability of the second fundamental
form, of an at least two-dimensional curvature varifold, may be deduced
from boundedness of its generalised mean curvature vector.

Amongst the tools are Cartesian products of curvature varifolds.

Keywords. Integral varifold, first variation, generalised mean curvature vector,
quadratric tilt-excess, super-quadratic tilt-excess; curvature varifold, second
fundamental form; Cartesian product of varifolds.
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Introduction

Overview

Integral varifolds as defined by Allard in [All72, 3.5] constitute an analytically
tractable model for singular geometric objects which admit appropriate notions
of tangent plane and mean curvature vector, see [All72, 3.5 (1a)]. Due to good
compactness properties, see [All72, 6.4], they also arise naturally as weak limits
of smooth submanifolds of some ambient space; hence, may be used to represent
solutions to geometrical variational problems. Our main objective is the study
of regularity properties entailed by integrability conditions on the first variation
of such varifolds by means of quadratic and super-quadratic tilt-excess.

Known results

To describe the known results, consider the following set of hypotheses; the
notation is explained in Section 1. Additionally, the terms “[twice] weakly
differentiable” are employed with their usual meaning, see e.g. [Men12, p. 9–10].

General hypotheses. Suppose m and n are positive integers, m < n, 1 ≤ p ≤
∞, U is an open subset of Rn, V is an m dimensional integral varifold in U
whose first variation δV is representable by integration1, the generalised mean
curvature vector h(V, ·) of V belongs to Lloc

p (‖V ‖,Rn), and if p > 1 then

(δV )(θ) = −
´

h(V, z) • θ(z) d‖V ‖z for θ ∈ D(U,Rn).

Let Z = U ∩{z : Tanm(‖V ‖, z) ∈ G(n,m)} and define τ : Z → Hom(Rn,Rn) by
τ(z) = Tanm(‖V ‖, z)\ for z ∈ Z.

The set Z consists of all points such that the closed cone of (‖V ‖,m) approx-
imate tangent vectors forms an m dimensional plane; for these points z, τ(z)
denotes the orthogonal projection of Rn onto this plane.

The study of regularity properties is usually preceded by a more basic study
of the density ratio by means of the monotonicity identity, see Allard [All72,
§5], Simon [Sim83, § 17] and [Men14, §4], and its consequence, the isoperimetric
inequality, see Allard [All72, §7] and Michael and Simon [MS73, §2]. In particular,
if p > m then Θm(‖V ‖, ·) is an upper semicontinuous real valued function whose
domain is U , see Simon [Sim83, 17.8]. To which extent these properties persist
if p = m is unclear; the cases m = 1 and m = 2 are treated in [Men14, 4.8] and
Kuwert and Schätzle [KS04, Appendix] respectively. From Allard [All72, 3.5 (1),

1That is, in the terminology of Simon [Sim83, 39.2], V is of locally bounded first variation.
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8.3] one is at least assured that H m x spt ‖V ‖ ≤ ‖V ‖ if p = m. If p < m, one
easily constructs examples with spt ‖V ‖ = U , see [Men14, 14.1]. Yet, there are
precise local estimates available on the size of the set of points where the density
ratio is small, see [Men09, §2].

In order to put the study of regularity properties into perspective, it is
instructive to consider as well the behaviour of the Laplace operator.

Model case. Suppose m and n are positive integers, m < n, 1 ≤ p ≤ ∞,
u ∈ Lloc

1 (Lm,Rn−m), the distributional Laplacian T ∈ D ′(Rm,Rn−m) of u,
defined by T (φ) =

´
u • LapφdLm for φ ∈ D(Rm,Rn−m), is representable by

integration, and if p > 1 then there exists f ∈ Lloc
p (‖V ‖,Rn−m) satisfying

T (φ) =
´
f(x) • φ(x) dLmx for φ ∈ D(U,Rn−m).

If 1 < p < ∞ then u is twice weakly differentiable and the distribu-
tional partial derivatives up to second order of u correspond to functions in
Lloc
p (Lm,Rn−m); this is a consequence of the usual a priori estimate based on

the Calderón Zygmund inequality, see e.g. [Men13, 3.5], and convolution.
This implies differentiability results in Lebesgue spaces for the weak derivative,

see for instance Calderón and Zygmund [CZ61, Theorem 12, p. 204].
For an integral varifold V , the existence of a notion of first order derivative,

i.e. that τ is defined ‖V ‖ almost everywhere, is a simple consequence of its
rectifiability, see Allard [All72, 3.5 (1)]. However, this derivative behaves rather
like an approximate derivative than a weak derivative as is exemplified by the
fact that a Poincaré inequality only holds under additional hypotheses on the
first variation, see [Men10, p. 372]. More information on the validity of Sobolev
Poincaré type inequalities may be retrieved from Hutchinson [Hut90], [Men10,
§4] and [Men14, §10].

As the Grassmann manifold is compact, τ belongs to Lloc
q (‖V ‖,Hom(Rn,Rn))

for 1 ≤ q ≤ ∞. Yet, it is important to understand for which q effective coercive
estimates are available. Classically, this is the case for q = 2, see Allard [All72,
8.13] and its refinements Brakke [Bra78, 5.5] and [Men12, 4.10, 4.14].

Question 1. Suppose 2 < q <∞ and 1 < p <∞.
Do the general hypotheses imply that for ‖V ‖ almost all c there exists 1 ≤

γ <∞ such that there holds(
r−m
´
B(c,r/2)

|τ(z)− τ(c)|q d‖V ‖z
)1/q

≤ γ
((
r−m
´
B(c,r)

|τ(z)−τ(c)|2 d‖V ‖z
)1/2

+
(
rp−m

´
B(c,r)

|h(V, z)|p d‖V ‖z
)1/p)

whenever 0 < r ≤ γ−1? A similar question may be phrased for q = ∞ or
p ∈ {1,∞}.

In case m ≥ 2 and q = ∞ such estimates are known to fail by Brakke
[Bra78, 6.1]. In view of 10.4 the Question 1 is related to the possible size of the
exceptional sets occurring in approximations by QQ(Rn−m) valued functions. It
is also related to the second “main analytic estimate” – so termed in Almgren’s
announcement [Alm79, p. 6] – of Almgren’s regularity proof for area minimising
currents of arbitrary codimension, see Almgren [Alm00, 3.29, 3.30] and De Lellis
and Spadaro [DLS14, Theorem 7.1].

Passing from first order to second order quantities, the analogous property
to weak differentiability of the weak derivative of u would be generalised V weak
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differentiability of τ , or equivalently, V being a curvature varifold in the sense
of Hutchinson, see 3.3 and 3.4. Considering three half lines emanating from
the origin in R2 at equal angles shows that even a stationary integral varifold
need not to be a curvature varifold, see Mantegazza [Man96, 3.4, 3.11]. In view
of [Men13, 4.8], one may however still define a notion of approximate second
fundamental form, ap b(V, ·), of a varifold satisfying the general hypotheses such
that

ap b(V, z) = b(M, z) for ‖V ‖ almost all z ∈ U ∩M

whenever M is an m dimensional submanifold of Rn of class 2. Since the
corresponding approximate mean curvature vector is ‖V ‖ almost equal to h(V, ·)
by [Men13, 4.8], we assume m ≥ 2 in the following question.

Question 2. Suppose m ≥ 2, p =∞, and 0 < q <∞.
Do the general hypotheses imply that for ‖V ‖ almost all c

´
B(c,r)

‖ ap b(V, z)‖q d‖V ‖z <∞ for some r > 0?

The existence proof in [Men13, 4.8] does not provide any integral estimates
of the resulting quantity and, in fact, no positive results are known. Considering
the scaling behaviour of the above integral, the example in Brakke [Bra78, 6.1]
shows that the answer is in the negative whenever q ≥ 2.

In case V happens to be a curvature varifold, one may deduce differentia-
bility results for τ in Lebesgue spaces from general facts about generalised V
weakly differentiable functions, see [Men14, 11.4, 15.9–15.12]. The next question
concerns to which extent these properties persist for non-curvature varifolds.

Question 3. Suppose 0 < α ≤ 1 and 2 ≤ q <∞.
Do the general hypotheses imply that

lim sup
r→0+

r−α
(
r−m
´
B(c,r)

|τ(z)− τ(c)|q d‖V ‖z
)1/q

<∞

for ‖V ‖ almost all c? A similar question may be phrased for q =∞.

This may be seen as a pointwise Hölder condition with exponent α on τ at a
measured in a Lebesgue space with exponent q. If p > m and p ≥ 2, proving
uniform estimates for

r−α
(
r−m
´
B(c,r)

|τ(z)− τ(c)|2 d‖V ‖z
)1/2

for all c in some relatively open subset of spt ‖V ‖ and all 0 < r ≤ ε for some
ε > 0 is – via Hölder continuity of τ – the key to Allard’s regularity theorem,
see [All72, §8]. If m ≥ 2 and p = ∞, then τ may be discontinuous at points
in a set of positive ‖V ‖ measure and spt ‖V ‖ may fail to be associated to an
Rn−m valued or even QQ(Rn−m) valued function near those points by Brakke
[Bra78, 6.1]. Therefore the condition in Question 3 also acts as replacement for
more classical notions of regularity which are known to possibly fail on a set of
positive ‖V ‖ measure.

Evidently, if m ≥ 2 and q = ∞ the answer is in the negative whenever
1 ≤ p ≤ ∞ by Brakke [Bra78, 6.1]. If p < m, the answer is in the negative
whenever αq > mp/(m− p), see [Men09, 1.2 (iv)].
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Turning to positive results, only the case q = 2 has been systematically
studied. The sharpest known results were obtained in [Men13] building partly
on [Men12] and extending methods and results of Brakke [Bra78, 5.5, 5.7] and
Schätzle [Sch01, 5.4], [Sch04, Theorem 5.1], and [Sch09, Theorem 3.1]. Namely,
if m = 1 or m = 2 and p > 1 or m > 2 and p ≥ 2m/(m+ 2), then the answer is
in the affirmative for α = 1 and q = 2, see [Men13, 5.2 (2)], and if m = 2 and
α < 1 or sup{2, p} < m and α = mp/(2(m− p)) < 1 then the answer is in the
affirmative for q = 2, see [Men13, 5.2 (1)].

Therefore the previously known results for Question 3 may be summarised as
follows. If q = 2, only the case (m, p, α) = (2, 1, 1) was left open. If 2 < q <∞,
the gap between positive results and known counterexamples was quite large.
And if q =∞, only the case m = 1 remained open. The initial motivation for
the present work was to solve some of these open cases of Question 3.

Finally, notice that Question 3 could be phrased for 1 ≤ q < 2 as well, see
[Men09, p. 248, Problem (ii)], and Question 2 could include the case p < ∞.
However, no effort has been made to resolve these additional cases in the present
study.

Results of the present article

The results may be summarised as follows. All cases of Question 1 are answered;
in the negative if m ≥ 2 and in the affirmative if m = 1, see 11.6 and 12.2.
Question 2 is answered in the negative if q > 1, see 10.5. All cases of Question 3
except the case (m, p, α) = (2, 1, 2/q) for 2 < q < ∞ are treated, see 11.1,
11.3–11.5, and 12.4. Finally, for the case (m, p, q) = (2, 1, 2) of Question 3, the
precise decay rate is determined, see 5.8 and 9.2.

Beginning with the last item, the following theorem is established.

Theorem A, see 9.2. Suppose m = 2 and p = 1.
If n, U , V , and τ satisfy the conditions of the general hypotheses, then

lim
r→0+

r−4(log(1/r))−1
´
B(c,r)

|τ(z)− τ(c)|2 d‖V ‖z = 0

for ‖V ‖ almost all c.

This result is sharply complemented by the following negative result.

Theorem B, see 5.8. Suppose m = 2, n = 3, p = 1, U = R3, and ω is a
modulus of continuity.

Then there exist V and τ satisfying the conditions of the general hypotheses
and C with ‖V ‖(C) > 0 satisfying

lim sup
r→0+

ω(r)−1r−4(log(1/r))−1
´
B(c,r)

|τ(z)− τ(c)|2 d‖V ‖z > 0

whenever c ∈ C.

In fact, the varifold constructed in Theorem B may be chosen to be associated
to the graph of a Lipschitzian function with small Lipschitz constant. Theorem B
in particular answers the case (m, p, α) = (2, 1, 1) of the part q = 2 of Question
3 in the negative.

Theorem C, see 10.8 and 10.10. Suppose m ≥ 2, n = m + 1, p = ∞,
U = Rn, and ω is a modulus of continuity.
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Then there exist a curvature varifold V ∈ IVm(Rn) and τ satisfying the
conditions of the general hypotheses, an m dimensional submanifold M of Rn

of class ∞ which is relatively open in spt ‖V ‖, ε > 0, B ⊂ {r : r > 0} with
inf B = 0, and C with ‖V ‖(C) > 0 such that the following properties hold
whenever c ∈ C.

(1) If r ∈ B, then

‖V ‖(B(c, r) ∩ {z : ‖τ(z)− τ(c)‖ ≥ 1/3}) ≥ ω(r)rm+2(log(1/r))−2.

(2) If r ∈ B and T = im τ(c), then

H m(H(T, c, r)) ≥ ω(r)rm+2(log(1/r))−2,

where H(T, c, r) = T ∩B(T\(c), r)∼T\[C(T, c, r, r) ∩ spt ‖V ‖].

(3) If r > 0 and 1 < q <∞, then

´
M∩B(c,r)

|b(M, z)|q dH mz =∞.

(4) If 0 < r ≤ ε, then

‖V ‖(B(c, r) ∩ {z : Θm(‖V ‖, z) ≤ Θm(‖V ‖, c)− 1}) ≥ ω(r)rm.

If ω satisfies the Dini condition and “ω(r)” is replaced by “ω(r)2” in parts
(1) and (2), then one may take B = {r : 0 < r ≤ ε}, see 10.3 and 10.5.

Part (1) answers Question 3 in the negative whenever q > 2 and α > 2/q.
Notice that the ‖V ‖ measure of sets of the form considered in part (1) occurs
as upper bound on the size of the exceptional sets of the usual approximation
by QQ(Rn−m) valued functions, 10.4. In part (2) we provide a lower bound on
the size of “holes” of the varifold. As these regions will always be part of one of
the exceptional sets of any approximation by QQ(Rn−m) valued functions, this
yields a corresponding lower bound on the size of this set. For any δ > 0, this
lower bound also rules out an upper bound on the size of the exceptional sets by
a suitable multiple of

E1+δ, where E = r−m
´
B(c,r)

|τ(z)− τ(c)|2 d‖V ‖z.

Such upper bound would be the natural analogue for varifolds satisfying the
general hypotheses with m ≥ 2 and p =∞ of the aforementioned second “main
analytic estimate” for area minimising currents obtained by Almgren in [Alm00,
3.29 (8)]. Of course, our example does not (obviously) preclude a possible bound
involving E(log(1/E))−2, for E > 0, in place of E1+δ or the original bound by
E1+δ under the additional hypothesis of stationarity.

Evidently, part (3) provides a negative answer to Question 2 whenever q > 1;
in fact, even if the integral in question is restricted to the “regular part” of
V . Part (4) contains the observation that the regions of significantly smaller
density around a given point may be as large as the approximate continuity of
the density permits, see 10.11.

If m ≥ 2, part (1) of Theorem C leaves little room for positive answers to
Question 3 for q > 2 except of those which follow from the boundedness of τ and
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the known positive results for q = 2, see 11.1 and 11.3–11.5. In fact, only the
case (m, p, α) = (2, 1, 2/q) for 2 < q <∞ remains open. This case is related to
the question of availability of estimates of τ in certain Lorentz spaces, see 11.5.

The combination of positive and negative answers to Question 3 obtained
so far in particular implies that the answer to Question 1 is in the negative
whenever m ≥ 2, see 11.6.

Turning to the case m = 1, a positive answer to Question 1 follows from 12.2.

Theorem D, see 12.4 and 12.5. Suppose m = 1 and p = 1.
If n, U , V , Z, and τ satisfy the general conditions, then there exists a subset

A of Z with ‖V ||(A∼Z) = 0 such that the following two statements hold for
‖V ‖ almost all z ∈ A.

(1) The map τ |A is differentiable at z relative to A and

D(τ |A)(z) = (‖V ‖, 1) apDτ(z).

(2) If ε > 0 then there exist a positive integer Q, 0 < r < ∞, and fi :
T ∩B(T\(z), r)→ T⊥ ∩B(T⊥\ (z), r) with Lip fi ≤ ε for i = 1, . . . , Q and

Θ1(‖V ‖, ζ) = card{i : fi(T\(ζ)) = T⊥\ (ζ)}

for H 1 almost all ζ ∈ C(T, z, r, r).

Part (1) includes a positive answer to Question 3 for m = 1, α = 1, and
q =∞. Part (2) expresses the varifold as finite sum of graphs of Lipschitzian
functions.

Outline of the proofs

Theorem A

In order to explain the proof of Theorem A, it is instructive to recall the strategy
of proof of similar results in [Men13, 5.2]. The proof rests on an idea of Schätzle
underlying [Sch04, Theorem 3.1]. He realised that in the presence of a coercive
estimate, see Brakke [Bra78, 5.5], second order rectifiability of a varifold satisfying
the general hypotheses with p = 2 implies second order behaviour of the quadratic
tilt-excess and the quadratic height-excess. Having second order rectifiability at
one’s disposal from [Men13, 4.8], this procedure has been employed in [Men13,
5.2 (2)] with a refined coercive estimate. Specifically, Brakke’s estimate [Bra78,
5.5] was improved by introducing height-excess quantities measured in Lq(‖V ‖)
with q = 2m

m−2 if m > 2, see [Men12, 4.10, 4.11]. Employing an approximation

by QQ(Rn−m) valued functions and interpolation in [Men12, 5.7, 6.4] yielded a
coercive estimate involving approximate height-excess quantities, that is height-
excess that excludes an arbitrary set of small ‖V ‖ measure, see [Men12, 9.5].
Finally, in all cases in which this method implied a positive answer to Question 3
for q = 2 and α < 1, the differentiation theory from [Men09, 3.7] was employed
in conjunction again with the second order rectifiability to establish that the
limit in question is actually equal zero ‖V ‖ almost everywhere.

The results obtained by the above method in case m = 2 were not sharp
as the coercive estimate [Men12, 4.10] did only use Lebesgue spaces so that
subsequently the non-sharp embedding of weakly differentiable functions with
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square-integrable weak derivative on U(a, r), for a ∈ R2 and 0 < r <∞, into
Lq(L 2 xU(a, r)) for q <∞ needed to be employed. To be able to employ the
sharp embedding into Orlicz spaces, see [AF03, 8.27, 8.28], we therefore modify
the above procedure. In particular, we obtain a coercive estimate involving the
appropriate Orlicz space in 6.7 which takes the role of [Men12, 4.10]. Moreover,
to be able to proceed after obtaining a weaker form of Theorem A which results
from replacing “lim” and “= 0” by “lim sup” and “<∞” in its statement, the
differentiation result [Men09, 3.7] is adapted in 4.2 to include rates which are
not powers. It should also be noted that as the current proof does not aim at
decay estimates, i.e. estimates for positive radii, such as [Men12, 10.2] but only
at decay rates, i.e. the behaviour as the radius approaches zero, we are able to
encapsulate the usage of the approximation by QQ(Rn−m) valued functions in
the construction of a real valued auxiliary function in 7.9. In comparison to
[Men12, 9.5] where the coercive estimate involving the approximate height-excess
quantities was derived as corollary to the more elaborate estimates in [Men12,
9.4 (9)] aiming at the proof of [Men12, 10.2], this greatly simplifies our derivation
of the corresponding estimates in 9.2.

Theorems B and C

The qualitative construction principle for both theorems is that of Brakke [Bra78,
6.1]. The basis for obtaining quantitative information is provided by the following
variant of classical propositions, see 2.5. If m is a positive integer, 0 < λ < 1,
and ω is a modulus of continuity, then there exist a countable disjointed family G
of cubes contained in the unit cube C of Rm, B ⊂ R∩{r : r > 0} with inf B = 0,
and ε > 0 such that Lm almost all a ∈ C ∼

⋃
G have the following property: If

0 < r ≤ ε, then there exists a subfamily H of G with
⋃
H ⊂ B(a, r),

Lm(
⋃
H) ≥ ω(r)rm and if r ∈ B then cardH = 1.

Moreover, B may be required to equal {r : 0 < r ≤ ε} if and only if ω satisfies
the Dini condition, see 2.2 and 2.3. Denoting by F the collection of balls with
centres and “radii” equal to those of the cubes in G and fixing an isometric
injection of Rm into Rm+1, we associate to each member of F an m dimensional
submanifold of Rm+1 of class 1 involving a piece of a catenoid, see Figures 1
and 2 on page 22 and 40. The varifolds whose existence is asserted in Theorems B
and C then consist of the submanifolds corresponding to the members of F
together with the image of Rm∼

⋃
F under the injection [taken with multiplicity

two in case of Theorem C].

Theorem D

The key to the proof of Theorem D is an a priori estimate for “weak subsolutions
to Poisson’s equation for the Laplace-Beltrami operator on V ”, see 12.1 and
12.3. This estimate is adapted from Allard and Almgren, see [AA76, 5 (6)], and
implies in particular a positive answer to Question 1 if m = 1 and q =∞, see
12.2. Since a positive answer to Question 3 for m = 1 and q = 2 is already known
from [Men13, 5.2 (2)], part (1) is now a consequence of suitable differentiation
result, see 4.4, which in turn is based on [Men09, 3.1]. Part (2) then follows by
a suitable approximation by QQ(Rn−1) valued functions, see [Men10, 3.15], and
a selection theorem for such function, see Almgren [Alm00, 1.10].
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Curvature varifolds

Our treatment of curvature varifolds makes use of generalised weakly differen-
tiable functions introduced in [Men14, 8.3], in particular their differentiability
properties, see [Men14, 11.2, 11.4]. This approach rests on the characterisation
of curvature varifolds in terms of such functions, see [Men14, 15.6]. Otherwise,
only some more elementary facts are cited from [Men14].

An open problem

The cases of Question 3 remaining open are related to the following question
concerning the decay behaviour of tilt-excess quantities measures in the Lorentz
space with exponent (2,∞), see 11.5.

Question 4. Suppose m = 2 and p = 1.

Do the general hypotheses imply that

lim sup
r→0+

r−1E(c, r) <∞ for ‖V ‖ almost all c,

where E(c, r) = sup{tr−m/2‖V ‖(B(c, r)∩{z : |τ(z)−τ(c)| > t})1/2 : 0 < t <∞}?
If the answer should turn out to be in the affirmative, it would imply

Theorem A as a corollary as well as a positive answer to Question 3 in the
remaining cases α = 2/q for 2 < q < ∞ both by interpolation based on the
boundedness of τ . For the model case of the Laplace operator the procedure
used to prove Theorem A could be adapted since coercive estimates in Lorentz
spaces are available for the Laplace operator; such estimates are reviewed for
instance in Dolzmann and Müller [DM95, §3].

Organisation of the paper

In Section 1 the notation is introduced. Sections 2–4 are of preparatory nature
supplying the density properties of the Lebesgue measure, properties of Cartesian
products of varifolds, and some differentiation theory for functions on varifolds
respectively. Sections 5–9 treat the quadratic tilt-excess whereas Sections 10–
11 cover the super-quadratic case. This includes, in Section 10, the example
concerning the integrability of the second fundamental form of curvature varifolds.
Finally, one dimensional varifolds are considered in Section 12.
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1 Notation

The notation generally follows Federer [Fed69] and Allard [All72] with some
modifications and additions described in [Men14, §1]. Here, concerning the
paragraph “Definitions in the text” of [Men14, §1], only the notions of gener-
alised weakly differentiable function, generalised weak derivative, V Df , and the
associated space T(V, Y ), see [Men14, 8.3], will be employed.

Less common symbols and terminology. A family is disjointed if and only
if two distinct members have empty intersection, see [Fed69, 2.1.6]. Whenever
f is a function it is a subset of the Cartesian product of its domain, dmn f ,
and its image, im f , see [Fed69, p. 669]. The Lebesgue measure of the unit ball
in Rm will be denoted by α(m), see [Fed69, 2.7.16]. Whenever µ measures X
and Y is a Banach space, A(µ, Y ) denotes the vectorspace of those Y valued
µ measurable functions f such that there exists a separable subspace Z of Y
satisfying µ(f−1(Y ∼Z)) = 0, see [Fed69, 2.3.8]. In this case,

µ(p)(f) =
(´
|f |p dµ

)1/p
whenever 1 ≤ p <∞,

µ(∞)(f) = inf{t :µ({x : |f(x)| > t}) = 0}

whenever f ∈ A(µ, Y ), see [Fed69, 2.4.12]. Notice also that no usage of equiva-
lence classes of functions is made.

Modifications. Extending Allard [All72, 2.5 (1)], whenever M is a submani-
fold of Rn of class 2 and a ∈M the second fundamental form of M at a is the
unique symmetric bilinear mapping

b(M,a) : Tan(M,a)× Tan(M,a)→ Nor(M,a)

such that whenever g : M → Rn is of class 1 and g(z) ∈ Nor(M, z) for z ∈M ,

u • 〈v,Dg(a)〉 = −b(M,a)(u, v) • g(a) for u, v ∈ Tan(M,a).

We modify the definition of (µ,m) approximate differentiation of functions
f at a given in [Men14, p. 13] and [Fed69, 3.2.16] by requiring additionally
that f is approximately continuous at a. Consequently, (Lm,m) approximate
differentiation agrees with approximate differentiation in the sense of [Fed69,
3.1.2].

Additional notation. By a modulus of continuity we mean a function ω :
{t : 0 ≤ t ≤ 1} → {t : 0 ≤ t ≤ 1} such that

lim
t→0+

ω(t) = 0, ω(t) = 0 if and only if t = 0 whenever 0 ≤ t ≤ 1,

ω(s) ≤ ω(t) whenever 0 ≤ s ≤ t ≤ 1.

Adapting Morrey [Mor66, p. 54], such ω is said to satisfy the Dini condition if

and only if
´ 1

0
ω(t)t−1 dL 1t <∞. Following [Men12, p. 8], whenever n,m ∈P,

m < n, T ∈ G(n,m), a ∈ Rn, 0 < r <∞, and 0 < h <∞ we define the closed
cuboid by

C(T, a, r, h) = Rn ∩ {z : |T\(z − a)| ≤ r and |T⊥\ (z − a)| ≤ h}.
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Definitions in the text. The notions of curvature varifold and its second
fundamental form b(V, z), are explained in 3.3. The Orlicz space seminorm µ(Φ)

is defined in 6.1. The space QQ(Y ) metrised by G occurs in 7.1, the notion of
affine QQ(Y ) valued function and the corresponding seminorm ‖f‖ are explained
in 7.2. Finally, the notions of affinely approximable and approximately affinely
approximable for QQ(Y ) valued functions and the corresponding symbols Af
and apAf are defined in 7.2.

2 Density properties of Lebesgue measure

The purpose of this section is to provide two examples of subsets of positive
Lebesgue measure whose complement is as large as possible near each point of
the set, see 2.2 and 2.5. In this respect the size of the complement is measured
either by the Lebesgue measure or by the behaviour of the distance function on
the complement (equivalently by the size of cubes contained in the complement).
In the light of known positive results, the examples obtained are sharp, see 2.3
and 2.6. Using these examples, certain varifolds will be constructed in Sections 5
and 10 to demonstrate that the tilt-excess decays proven in Sections 9 and 11
are sharp in many cases.

Both sets are constructed by removing a suitable disjointed subcollection of
the family of all dyadic subcubes from the unit cube.

2.1. Here, we collect some useful terminology for later reference.
Suppose m is a positive integer. Define open cubes by

C(a, r) = Rm ∩ {x : aj < xj < aj + r for j = 1, . . . ,m}

whenever a ∈ Rm and 0 < r <∞. Note that a /∈ C(a, r). We shall work with
the following definition of dyadic cubes. Whenever i is a nonnegative integer
define W (i) to consist of all open cubes

C(2−ia, 2−i) ⊂ C(0, 1)

corresponding to a ∈ Zm with 0 ≤ aj ≤ 2i − 1 for j = 1, . . . ,m. Let

Z =
⋃
{W (i) : i = 0, 1, 2, . . .}, N =

⋃∞
i=1

(
(ClosC(0, 1))∼

⋃
W (i)

)
.

Note that W (i) is disjointed and W (i) ∩W (j) = ∅ if i 6= j and Lm(N) = 0.
Observe

either Q ⊂ R or R ⊂ Q whenever Q,R ∈ Z and Q ∩R 6= ∅.

2.2 Example. Suppose m, W , Z, and N are as in 2.1, ω is a modulus of continuity
satisfying the Dini condition, and 0 ≤ λ < 1.

Then there exist 0 < ε ≤ 1 and a disjointed subfamily G of Z such that

A = C(0, 1)∼(N ∪
⋃
G)

satisfies the following two conditions:

(1) Lm(A) ≥ λ.

11



(2) If a ∈ A and 0 < r ≤ ε, then there exists Q ∈ G with

Q ⊂ U(a, r) and Lm(Q) ≥ ω(r)rm.

Construction. Choose 0 < s ≤ 2−1m−1/2 such that ω(2m1/2s) ≤ 2−2mm−m/2,
define φ : R ∩ {t : 0 ≤ t ≤ 1} → R by

φ(t) = 22mmm/2ω(2m1/2t) for 0 ≤ t ≤ s, φ(t) = 1 for s < t ≤ 1,

and note that φ is a modulus of continuity satisfying the Dini condition. Choose
a positive integer k such that

2−k ≤ s, (log 2)−1
´ 21−k

0
φ(t)t−1 dL 1t ≤ 1− λ.

Define a sequence βi of integers by the requirement

2m(i−βi+1) > φ(2−i) ≥ 2m(i−βi).

For k ≤ i ∈ Z observe that βi+1 ≥ βi ≥ i and inductively define families Fi to
consist of the open cubes C(b, 2−βi), see 2.1, corresponding to all C(b, 2−i) ∈W (i)
satisfying the following condition:

If j is an integer, k ≤ j ≤ i− 1, and R ∈ Fj then C(b, 2−βi) ∩R = ∅.

Let ε = m1/221−k and note that ε ≤ 1. Define

G =
⋃
{Fi : k ≤ i ∈ Z}, A = C(0, 1)∼(N ∪

⋃
G).

Notice that Fi is disjointed for k ≤ i ∈ Z and G is a disjointed subfamily of
Z. Estimating∑∞

i=k2m(i−βi) ≤
∑∞
i=kφ(2−i) ≤

∑∞
i=k(log 2)−1

´ 21−i

2−i φ(t)t−1 dL 1t ≤ 1− λ,

and cardFi ≤ cardW (i) = 2im whenever k ≤ i ∈ Z, one obtains

Lm(
⋃
G) ≤

∑∞
i=k2m(i−βi) ≤ 1− λ, Lm(A) ≥ λ.

Suppose a ∈ A and 0 < r ≤ ε.
There exist i and b such that

k ≤ i ∈ Z, 2−i ≤ m−1/2r ≤ 21−i, a ∈ S = C(b, 2−i) ∈W (i).

The proof will be concluded by showing: There exists Q = C(c, t) ∈ G having
the property

t ≥ 2−βi and Q ∩ S 6= ∅

and this property implies

Q ⊂ U(a, r), Lm(Q) ≥ ω(r)rm.

Concerning the existence of Q, if C(b, 2−βi) ∩ R 6= ∅ for some integer j with
k ≤ j ≤ i − 1 and some R ∈ Fj , then one may take Q = R, and otherwise
one may take Q = C(b, 2−βi) ∈ Fi. Concerning the implication of the property,
estimate

2−i ≤ s, φ(2−i) ≥ 22mmm/2ω(r), tm ≥ 2−mβi > φ(2−i)2m(−i−1) ≥ ω(r)rm

and note that Q ⊂ S, since a ∈ S∼Q and S,Q ∈ Z, hence Q ⊂ U(a, r).
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2.3 Remark. Whenever ω violates the Dini condition and λ > 0 there do not exist
ε, G and A as in 2.2 as may be verified by applying Topsøe [Top80, Theorem
3] with ‖x‖, N , B, ψ(r), and δ0 replaced by sup{|xi| : i = 1, . . . ,m}, m, G,
ω(r)1/mr/2, and ε.

2.4 Remark. The basic construction principle is that of Mejlbro and Topsøe
[MT77, Theorem 2] who established the sharpness of the Dini condition in a
similar context.

2.5 Example. Suppose m, W , Z, and N are as in 2.1, ω is a modulus of continuity,
and 0 ≤ λ < 1.

Then there exist 0 < ε ≤ 1, B ⊂ R ∩ {r : r > 0} with inf B = 0, and a
disjointed subfamily G of Z such that

A = C(0, 1)∼ (N ∪
⋃
G) with Lm(A) ≥ λ

satisfying the following condition: If a ∈ A and 0 < r ≤ ε, then there exists a
subset H of G ∩ {Q :Q ⊂ U(a, r)} such that

Lm(
⋃
H) ≥ ω(r)rm and cardH = 1 if r ∈ B.

Construction. Choose s with

0 < s ≤ 2−1m−1/2, ω(2m1/2s) ≤ 2−2mm−m/2,

define φ : R ∩ {t : 0 ≤ t ≤ 1} → R by

φ(t) = 22mmm/2ω(2m1/2t) for 0 ≤ t ≤ s, φ(t) = 1 for s < t ≤ 1,

and note that φ is a modulus of continuity. Inductively choose sequences αi and
βi of nonnegative integers subject to the conditions

φ(2−αi) ≤ (1− λ)2−i, αi+1 > βi ≥ αi,
2m(αi+1−βi+1+1) > φ(2−αi) ≥ 2m(αi+1−βi+1)

whenever i is a positive integer and, in case i > 1, define families Fi to consist
of the open cubes C(b, 2−βi), see 2.1, corresponding to all C(b, 2−αi) ∈ W (αi)
satisfying the following condition:

If j is an integer, 1 < j ≤ i− 1, and R ∈ Fj then C(b, 2−βi) ∩R = ∅.

Define ε = inf{2−α1m1/2, 2m1/2s} and note that ε ≤ 1. Let

G =
⋃
{Fi : 1 < i ∈ Z}, A = C(0, 1)∼ (N ∪

⋃
G),

B = {m1/221−αi : 1 < i ∈ Z}.

Observe that G is disjointed. Since cardFi ≤ 2mαi for any positive integer i, we
have

Lm(
⋃
G) ≤

∑∞
i=22m(αi−βi) ≤

∑∞
i=2φ(2−αi−1) ≤ 1− λ.

Hence Lm(A) ≥ λ.
Suppose a ∈ A and 0 < r ≤ ε.
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There exist k and c satisfying

α1 < k ∈ Z, 2−k < m−1/2r ≤ 21−k, a ∈ S = C(c, 2−k) ∈W (k)

and i such that

1 < i ∈ Z and αi−1 < k ≤ αi.

Defining I = W (αi) ∩ {Q :Q ⊂ S}, one notes that

card I = 2m(αi−k),

in particular card I = 1 if r ∈ B. Moreover, one concludes

C(b, 2−αi) ∈ I implies C(b, 2−βi) ⊂ R ⊂ S for some R ∈ G;

in fact, either C(b, 2−βi) ∩ R 6= ∅ for some integer j with 1 < j ≤ i − 1 and
some R ∈ Fj , hence

R ∩ S 6= ∅, C(b, 2−βi) ⊂ R ⊂ S

as βi ≥ βj and a ∈ S∼R, because a ∈ A ⊂ C(0, 1)∼
⋃
G, or

C(b, 2−βi) ∈ Fi ⊂ G, C(b, 2−βi) ⊂ C(b, 2−αi) ⊂ S.

Consequently, there exists a subset H of G ∩ {R :R ⊂ S} such that⋃
{C(b, 2−βi) :C(b, 2−αi) ∈ I} ⊂

⋃
H, cardH = 1 if r ∈ B.

Noting 2−1m−1/2r ≤ inf{2−αi−1 , s}, one infers

Lm(
⋃
H) ≥ 2m(αi−βi−k) ≥ 2−2mm−m/2φ(2−αi−1)rm ≥ ω(r)rm.

Since S ⊂ U(a, r), the conclusion follows.

2.6 Remark. From the classical differentiation theory of Vitali and Lebesgue,
see for instance [Fed69, 2.8.17, 2.9.11], it is evident that the lower bound on
Lm(U(a, r)∼A) exhibited here is the known optimal one, see Tolstoff [Tol42,
Théorème 3, p. 263]. In order to demonstrate the sharpness of our results in 9.2,
the additional property “cardH = 1 if r ∈ B” will be employed in 5.8. Clearly,
B may not be required to equal {r : 0 < r ≤ ε} if ω violates the Dini condition
and λ > 0 by 2.3.

3 Cartesian product of varifolds

The purpose of this section is to collect basic properties of the Cartesian product
of varifolds. The construction preserves rectifiability, integrality and maps
curvature varifolds to curvature varifolds, see 3.7. We also note a version of the
coarea formula for rectifiable varifolds, see 3.6 (2).

The proof of the rectifiability of the Cartesian product of rectifiable varifolds
needs to take into account that (H m,m) rectifiable sets do not possess a similar
stability property, see 3.8. Our treatment of curvature varifolds is based on the
characterisation of such varifolds in terms of generalised weakly differentiable
functions obtained in [Men14, 15.6].
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3.1 Lemma. Suppose m,n ∈P, m ≤ n, M is an m dimensional submanifold
of Rn of class 2, τ : M → Hom(Rn,Rn) is defined by τ(z) = Tan(M, z)\ for
z ∈M , and Hom(Rn,Rn) is normed by ‖ · ‖.

Then the following three statements hold.

(1) If z ∈M and u, v ∈ Tan(M, z), then b(M, z)(u, v) = 〈u, 〈v,Dτ(z)〉〉.

(2) If z ∈M and u, v, w ∈ Rn then

〈v, 〈u,Dτ(z) ◦ τ(z)〉〉 • w
= b(M, z)(〈u, τ(z)〉 , 〈v, τ(z)〉) • w + b(M, z)(〈u, τ(z)〉 , 〈w, τ(z)〉) • v.

(3) If z ∈M , then ‖b(M, z)‖ = ‖Dτ(z) ◦ τ(z)‖.

Proof. Define ν : M → Hom(Rn,Rn) by ν(z) = 1Rn − τ(z) for z ∈M . Differ-
entiating the equations τ(z) ◦ τ(z) = τ(z) and ν(z) ◦ τ(z) = 0 for z ∈ M , one
obtains for z ∈M and u ∈ Tan(M, z) that

τ(z) ◦ 〈u,Dτ(z)〉 ◦ τ(z) = 0, ν(z) ◦ 〈u,Dτ(z)〉 ◦ ν(z) = 0.

In order to prove (1), suppose z ∈ M and u, v ∈ Tan(M, z), notice that
〈u, 〈v,Dτ(z)〉〉 ∈ Nor(M, z), and differentiate the equation 〈u, τ(ζ)〉 • g(ζ) = 0
for ζ ∈M , to obtain 〈u, 〈v,Dτ(z)〉〉 • g(z) = −u • 〈v,Dg(z)〉. Expressing

〈v, 〈u,Dτ(z) ◦ τ(z)〉〉 • w = 〈〈v, τ(z)〉 , 〈u,Dτ(z) ◦ τ(z)〉〉 • 〈w, ν(z)〉
+ 〈〈v, ν(z)〉 , 〈u,Dτ(z) ◦ τ(z)〉〉 • 〈w, τ(z)〉

for z ∈M and u, v, w ∈ Rn, (2) follows from the symmetry of 〈u,Dτ(z) ◦ τ(z)〉
and (1). Finally, noting

|〈v, τ(z)〉||〈w, ν(z)〉|+ |〈v, ν(z)〉||〈w, τ(z)〉| ≤ |v||w|

for z ∈M and v, w ∈ Rn by Hölder’s inequality, (3) follows from (1) and (2).

3.2 Remark. Items 3.1 (1) (2) are in analogy with Hutchinson [Hut86, 5.1.1 (i) (ii)].

3.3 Definition. Suppose m,n ∈P, m ≤ n, and U is an open subset of Rn.
Then V is called m dimensional curvature varifold in U if and only if the

following three conditions are satisfied:

(1) V is an m dimensional integral varifold in U .

(2) ‖δV ‖ is a Radon measure absolutely continuous with respect to ‖V ‖.

(3) If Y = Hom(Rn,Rn) ∩ {σ :σ = σ∗}, Z = U ∩ {z : Tanm(‖V ‖, z) ∈
G(n,m)}, and τ : Z → Y is defined by τ(z) = Tanm(‖V ‖, z)\ for z ∈ Z,
then τ is a generalised V weakly differentiable function.

In this case one defines for z ∈ Z ∩dmnV Dτ the second fundamental form of V
at z by

b(V, z) : Tanm(‖V ‖, z)× Tanm(‖V ‖, z)→ Rn,

b(V, z)(u, v) = 〈u, 〈v, V Dτ(z)〉〉 whenever u, v ∈ Tanm(‖V ‖, z).
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3.4 Remark. In view of [Men14, 15.4–15.6] the preceding definition of curvature
varifold is equivalent to Hutchinson’s original definition in [Hut86, 5.2.1]. Re-
calling [Men13, 4.8] and [Men14, 11.2], one infers that, for ‖V ‖ almost all z, the
second fundamental form of V at z is a symmetric bilinear map with values in
Norm(‖V ‖, z) which is related to V Dτ(z) as b(M, z) is related to Dτ(z) ◦ τ(z)
in 3.1 (2) (3); in fact, if M is an m dimensional submanifold of Rn of class 2 and
σ : M → Hom(Rn,Rn) satisfies σ(z) = Tan(M, z)\ for z ∈M , then

Tan(M, z) = Tanm(‖V ‖, z) and Dσ(z) = (‖V ‖,m) apDτ(z)

for ‖V ‖ almost all z ∈ U ∩M by [Fed69, 2.8.18, 2.9.11, 3.2.17] and Allard [All72,
3.5 (2)]. Notice also that, for ‖V ‖ almost all z,

b(V, z) ◦ (Tanm(‖V ‖, z)\ × Tanm(‖V ‖, z)\)

corresponds to the generalised second fundamental form at (z,Tanm(‖V ‖, z)) in
the sense of Hutchinson [Hut86, 5.2.5].

3.5. Suppose V and W are finite dimensional vectorspaces, f ∈ Hom(V,W ),
and g ∈ Hom(W,V ). Then trace(g ◦ f) = trace(f ◦ g); in fact, the argument of
[Fed69, 1.4.5] for the case V = W applies to the present case as well.

3.6. Suppose m,n ∈P, m ≤ n, U is an open subset of Rn, and V ∈ RVm(U).
Then the following two statements hold.

(1) There exist sequences of compact subset Cj of m dimensional submanifolds
of U of class 1 and 0 < dj <∞ such that

V (k) =
∑∞
j=1dj

´
Cj
k(z,Tanm(H m xCj , z)) dH mz

for k ∈ K (U ×G(n,m)).

(2) If m ≥ µ ∈ P, M = {z : 0 < Θm(‖V ‖, z) < ∞}, and f : U → Rµ is
Lipschitzian, then f is (‖V ‖,m) differentiable at ‖V ‖ almost all z and
there holds´

g(z)
∥∥∧

µ(‖V ‖,m) apDf(z)
∥∥d‖V ‖z

=
´ ´

M∩f−1[{y}]g(z)Θm(‖V ‖, z) dH m−µz dL µy

whenever g is a ‖V ‖ integrable R valued function, where ∞ · 0 = 0.

(1) may be verified by means of [Fed69, 2.8.18, 2.9.11, 3.2.17, 3.2.29]. The first
half of (2) is implied by [Men12, 4.5 (2)]. Concerning the second half of (2), one
notices that g|Cj is H m xCj integrable and

Θm(‖V ‖, z) =
∑
j∈J(z)dj for H m almost all z ∈ U,

(‖V ‖,m) apDf(z) = (H m xCj ,m) apDf(z) for H m almost all z ∈ Cj ,

where J(z) = P ∩ {j : z ∈ Cj}, by Allard [All72, 2.8 (4a), 3.5 (2)] and obtains´
Cj
g(z)

∥∥∧
µ(H m xCj ,m) apDf(z)

∥∥dH mz

=
´ ´

Cj∩f−1[{y}]g(z) dH m−µz dL µy

from [Fed69, 2.10.35, 3.2.22 (3)], hence multiplying by dj and summing over j by
means of [Fed69, 2.10.25] yields the conclusion since M and

⋃∞
j=1 Cj are H m

almost equal by Allard [All72, 3.5 (1b)] and the equation for Θm(‖V ‖, z).
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3.7 Theorem. Suppose for i ∈ {1, 2}, mi, ni ∈P, mi ≤ ni, pi : Rn1 ×Rn2 →
Rni satisfy pi(z1, z2) = zi for (z1, z2) ∈ Rn1 ×Rn2 , Ui are open subsets of Rni ,
Vi ∈ Vmi

(Ui), and W ∈ Vm1+m2
(U1 × U2) satisfies

W (k) =
´
k((z1, z2), S1 × S2) d(V1 × V2)((z1, S1), (z2, S2))

for k ∈ K
(
(U1 × U2)×G(Rn1 ×Rn2 ,m1 +m2)

)
.

Then the following eight statements hold.

(1) There holds ‖W‖ = ‖V1‖ × ‖V2‖.

(2) If V1 and V2 are rectifiable, so is W and, for ‖W‖ almost all (z1, z2),

Tanm1+m2(‖W‖, (z1, z2)) = Tanm1(‖V1‖, z1)× Tanm2(‖V2‖, z2),

Θm1+m2(‖W‖, (z1, z2)) = Θm1(‖V1‖, z1)Θm2(‖V2‖, z2).

(3) If V1 and V2 are integral, so is W .

(4) If Si ∈ G(ni,mi) for i ∈ {1, 2} and h ∈ Hom(Rn1 × Rn2 ,Rn1 × Rn2),
then

(S1 × S2)\ = p∗1 ◦ (S1)\ ◦ p1 + p∗2 ◦ (S2)\ ◦ p2,

(S1 × S2)\ • h = (S1)\ • (p1 ◦ h ◦ p∗1) + (S2)\ • (p2 ◦ h ◦ p∗2).

(5) If θ ∈ D(U1 × U2,R
n1 ×Rn2), then

(δW )(θ) =
´

(δV1)z1(p1(θ(z1, z2))) d‖V2‖z2

+
´

(δV2)z2(p2(θ(z1, z2))) d‖V1‖z1.

(6) If ‖δVi‖ are Radon measures for i ∈ {1, 2}, then

‖δW‖ ≤ ‖δV1‖ × ‖V2‖+ ‖V1‖ × ‖δV2‖

and, for θ ∈ L1

(
‖δV1‖ × ‖V2‖+ ‖V1‖ × ‖δV2‖,Rn1 ×Rn2

)
, the equation

in (5) holds.

(7) If, for i ∈ {1, 2}, Vi are rectifiable, ‖δVi‖ are Radon measures, Yi are finite
dimensional normed vectorspaces and fi ∈ T(Vi, Yi), and f : dmn f1 ×
dmn f2 → Y1 × Y2 satisfies

f(z1, z2) = (f1(z1), f2(z2)) for z1 ∈ dmn f1 and z2 ∈ dmn f2,

then f ∈ T(W,Y1 × Y2) and, for ‖W‖ almost all (z1, z2),

W Df(z1, z2)(u1, u2) = (V1 Df1(z1)(u1), V2 Df2(z2)(u2))

whenever u1 ∈ Rn1 and u2 ∈ Rn2 .

(8) If V1 and V2 are curvature varifolds, then so is W and, for ‖W‖ almost
all (z1, z2),

b(W, (z1, z2))((u1, u2), (v1, v2)) = (b(V1, z1)(u1, u2),b(V2, z2)(u2, v2))

whenever u1, v1 ∈ Rn1 and u2, v2 ∈ Rn2 .
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Proof of (1). (1) follows from Fubini’s theorem.

Proof of (2). If Ci are compact subsets of mi dimensional submanifolds of Ui
of class 1 for i ∈ {1, 2}, then C1 × C2 is (H m1+m2 ,m1 +m2) rectifiable with

(H m1 xC1)× (H m2 xC2) = H m1+m2 x(C1 × C2),

by [Fed69, 3.2.23] and, for H m1+m2 almost all (z1, z2) ∈ C1 × C2,

Tanm1(H m1 xC1, z1)× Tanm2(H m2 xC2, z2)

= Tanm1+m2(H m1+m2 x(C1 × C2), (z1, z2))

by [Fed69, 2.8.18, 2.9.11]. Therefore the assertion may be verified by means of
3.6 (1), Allard [All72, 2.8 (4a), 3.5 (2)], [Fed69, 2.1.1 (11)], and (1).

Proof of (3). This is a consequence of (2) and Allard [All72, 3.5 (1c)].

Proof of (4) (5) (6). The first equation of (4) is obvious and implies the second
equation by 3.5. (5) is a consequence of (4) and Fubini’s theorem. (5) implies
(6).

Proof of (7). Assume dim(Y1×Y2) ≥ 1. First, consider the case dim(Y1×Y2) ≥ 2.
Define F : p−1

1 [dmnV1 Df1] ∩ p−1
2 [dmnV2 Df2]→ Hom(Rn1 ×Rn2 , Y1 × Y2) by

F (z1, z2)(u1, u2) = (V1 Df1(z1)(u1), V2 Df2(z2)(u2))

whenever z1 ∈ dmnVi Dfi and ui ∈ Rni for i ∈ {1, 2}. By [Men14, 8.4] it
sufficient to prove

(δW )((γ ◦ f)θ)

=
´
γ(f(z))T\ •Dθ(z) dW (z, T ) +

´
〈θ(z), Dγ(f(z)) ◦ F (z)〉 d‖W‖z

whenever θ ∈ D(U1×U2,R
n1 ×Rn2) and γ ∈ D(Y1×Y2,R). Recalling [Men14,

2.12, 3.1],2 one may assume additionally that for some γi ∈ D(Yi,R) for i ∈ {1, 2},
there holds

γ(y1, y2) = γ1(y1)γ2(y2) for (y1, y2) ∈ Y1 × Y2.

In this case one computes, noting

(δVi)zi(γi(fi(zi))pi(θ(z1, z2)))

=
´
γi(fi(zi))(Si)\ • (pi ◦Dθ(z1, z2) ◦ p∗i ) dVi(zi, Si)

+
´
〈pi(θ(z1, z2)), Dγi(fi(zi)) ◦ Vi Dfi(zi)〉 d‖Vi‖zi

whenever i, j ∈ {1, 2}, i 6= j and zj ∈ dmn fj , and using (4) and (6),

(δW )((γ ◦ f)θ)

=
´
γ2(f2(z2))(δV1)z1(γ1(f1(z1))p1(θ(z1, z2))) d‖V2‖z2

+
´
γ1(f1(z1))(δV2)z2(γ2(f2(z2))p2(θ(z1, z2))) d‖V1‖z1

=
´
γ(f(z))T\ •Dθ(z) dW (z, T ) +

´
〈θ(z), Dγ(f(z)) ◦ F (z)〉 d‖W‖z.

If dim(Y1×Y2) = 1, one may assume dimY1 = 1, hence dimY2 = 0, and similarly
consider γ1 ∈ E (Y1,R) such that sptDγ1 is compact and γ2 = 1.

2The topologies on D(Y1 × Y2,R) considered in [Men14, 2.10] and [Fed69, 4.1.1] differ but
possess the same convergent sequences, see [Men14, 2.12, 2.14 (3)].
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Proof of (8). Define Yi = Hom(Rni ,Rni) ∩ {σ :σ = σ∗} and functions fi ∈
T(Vi, Yi) by fi(zi) = Tanmi(‖Vi‖, zi)\ whenever zi ∈ Ui and Tanmi(‖Vi‖, zi) ∈
G(ni,mi) for i ∈ {1, 2}. Associate f ∈ T(W,Y1 × Y2) to f1 and f2 as in (7).
Define Y to be the vectorspace of symmetric endomorphisms of Rn1 ×Rn2 and
let the linear map L : Y1 × Y2 → Y be defined by

L(σ1, σ2) = p∗1 ◦ σ1 ◦ p1 + p∗2 ◦ σ2 ◦ p2 for σ1 ∈ Y1 and σ2 ∈ Y2.

In view of (2) and (4), one infers

Tanm1+m2(‖W‖, (z1, z2))\ = L(f(z1, z2)) for ‖W‖ almost all (z1, z2).

Therefore W is a curvature varifold by (1), (3), (6), and [Men14, 8.6] and, by
(7), there holds, for ‖W‖ almost all (z1, z2),

W Df(z1, z2)(u1, u2) = L(V1 Df1(z1)(u1), V2 Df2(z2)(u2))

for u1 ∈ Rn1 and u2 ∈ Rn2 . Recalling (2), the equation for the second funda-
mental form of W now follows.

3.8 Remark. The behaviour of rectifiable varifolds described in (2) is in contrast
with the more subtle behaviour of (H m,m) rectifiable sets; in fact, if m,n ∈P
and m < n there exist compact subsets C1 and C2 of Rn such that

H m(C1) = H m(C2) = 0, H l(C1 × C2) =∞

whenever 0 ≤ l < m+ n, see [Fed69, 2.10.29, 3.2.24].

3.9 Remark. Concerning (7) and (8), notice that, for general W , neither is
membership in T(W,Y1×Y2) implied by membership of the component functions
in T(W,Yi) nor is T(W,Y1 × Y2) closed under addition, see [Men14, 8.25].

4 Differentiation results

In this section we provide a slight generalisation of a differentiation theorem
for measures relative to varifolds obtained in [Men09, 3.1]. The results of this
section will be employed in proving decay rates for the tilt-excess of one and two
dimensional varifolds in Sections 12 and 9.

Results of the type considered here occur for instance in Calderón and
Zygmund [CZ61, Theorem 10, p. 189] in which paper a differentiation theory of
higher order in Lebesgue spaces is developed. The classical Rademacher theorem
is contained in that theory as special case, see Calderón and Zygmund [CZ61,
Theorem 12, p. 204].

4.1. Suppose m,n ∈ P, m ≤ n, 1 ≤ p ≤ ∞, U is an open subset of Rn,
V ∈ Vm(U), ‖δV ‖ is a Radon measure, Θm(‖V ‖, z) ≥ 1 for ‖V ‖ almost all z.
If p > 1, then suppose additionally that h(V, ·) ∈ Lloc

p (‖V ‖,Rn) and

δV (θ) = −
´

h(V, z) • θ(z) d‖V ‖z for θ ∈ D(U,Rn).

Therefore V ∈ RVm(U) by Allard [All72, 5.5 (1)]. If p = 1 let ψ = ‖δV ‖. If
1 < p < ∞ define a Radon measure ψ over U by the requirement ψ(B) =´
B
|h(V, z)|p d‖V ‖z whenever B is Borel subset of U .
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4.2 Theorem. Suppose m, n, p, U and V are as in 4.1, 1 ≤ p ≤ m, ω is a
modulus of continuity, µ measures U with µ(U ∼ spt ‖V ‖) = 0, and Z is a ‖V ‖
measurable set with µ(Z) = 0. In case p < m suppose additionally that there
exist 1 < q ≤ ∞ and f ∈ Lloc

q (‖V ‖) such that

lim inf
r→0+

r(1−1/q)mp/(p−m)ω(r) > 0,

µ(B) =
´
B
f d‖V ‖ whenever B is Borel subset of U .

Then for H m almost all z ∈ Z

lim sup
r→0+

r−mω(r)−1µB(z, r) equals either 0 or ∞.

Proof. For i ∈ P let Gi denote the set of all z ∈ spt ‖V ‖ such that either
U(z, 1/i) 6⊂ U or

‖δV ‖B(z, r) > (2γ(m))−1‖V ‖(B(z, r))1−1/m for some 0 < r < 1/i.

Notice that Gi+1 ⊂ Gi and that Gi is relatively open in spt ‖V ‖ by an argument
analogous to [Fed69, 2.9.14].

We start with some preliminary observations. Consider the case p < m. If
q <∞, define ν to be the Radon measure over U characterised by the requirement
ν(B) =

´
B
fq d‖V ‖ whenever B is a Borel subset of U . Using Hölder’s inequality,

one may employ [Men09, 2.9, 2.10] with m, n, µ, s, ε, and Γ replaced by n−m,
m, ‖V ‖, m, (2γ(m))p/(p−m), and 5mγ(m) to see that for H m almost all z ∈ U
there exists an i ∈P such that

Θm2/(m−p)(‖V ‖ xGi, z) = 0.

This implies, by another use of Hölder’s inequality, that for H m almost all
z ∈ U there exists an i ∈P such that

Θm(1+(1−1/q)p/(m−p))(µ xGi, z) = 0,

since, if q < ∞, then Θ∗m(ν, z) < ∞ for H m almost all z ∈ U due to [Fed69,
2.10.19 (3)]. Observe that if z ∈ spt ‖V ‖∼

⋃∞
i=1Gi, then, according to [Men09,

2.5], Θm
∗ (‖V ‖, z) > 0; hence, spt ‖V ‖ ∩ {z : Θm(‖V ‖, z) = 0} ⊂

⋂∞
i=1Gi. Recall-

ing that Gi are relatively open in spt ‖V ‖ and µ(U ∼ spt ‖V ‖) = 0, one infers
that

Θm(‖V ‖, z) = 0 implies Θm(1+(1−1/q)p/(m−p))(µ, z) = 0

for H m almost all z ∈ U . In case p = m, one notices that

Θm
∗ (‖V ‖, z) ≥ 1/2 whenever z ∈ spt ‖V ‖,

spt ‖V ‖ ∩
{
z : ‖δV ‖({z}) < (2γ(m))−1

}
⊂ U ∩

⋃∞
i=1

{
c :Gi ∩B(c, 1/i) = ∅

}
,

spt ‖V ‖ ∩ {z : ‖δV ‖({z}) ≥ (2γ(m))−1} is countable

by [Men14, 4.8 (4), 7.6] and [Men09, 2.5]
Therefore, one may assume in both cases that Z ⊂ {z : Θ∗m(‖V ‖, z) > 0}.

As this implies that Z is a union of countably many H m measurable sets of finite
H m measure by [Fed69, 2.10.19 (3)], one may also assume that Z is compact.
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Define sets

Zj = Z ∩ {z :µB(z, r) ≤ jrmω(r+) for all 0 < r < 1/j}

whenever j ∈P and 1/j < dist(Z,Rn∼U) whose union contains

Z ∩
{
z : lim sup

r→0+
r−mω(r)−1µB(z, r) <∞

}
and observe that the sets Zj are compact, see [Fed69, 2.9.14]. Hence, it is
sufficient to prove for each j ∈P with 1/j < dist(Z,Rn∼U) that

lim
r→0+

r−mω(r)−1µB(c, r) = 0 for H m almost all c ∈ Zj .

In fact, this equality will be proven whenever c ∈ Zj and j ∈ P with 1/j <
dist(Z,Rn∼U) satisfy for some i ∈P with i ≥ 2j that Θm(‖V ‖ xU ∼Zj , c) = 0
and

Θm2/(m−p)(‖V ‖ xGi, c) = 0 if p < m, Gi ∩B(c, 1/i) = ∅ if p = m

as H m almost all c ∈ Zj do according to [Fed69, 2.10.19 (4)] and the second
paragraph of this proof.

For such c, j, and i, suppose 0 < ε ≤ (6mγ(m))−1, 0 < r < 1/i, and

‖V ‖(B(c, 2r)∼Zj) < εmrm.

Whenever ζ ∈ B(c, r) ∩ (spt ‖V ‖)∼(Gi ∪ Zj) and s = dist(ζ, Zj) there exists
z ∈ Zj with s = |ζ − z| and one infers, using [Men09, 2.5] with n, m, U , µ, ε,
and % replaced by m, n−m, U(ζ, 1/i), ‖V ‖, (2γ(m))−1, and s/2, that

s ≤ |ζ − c| ≤ r < 1/i ≤ 1/(2j), B(ζ, s/2) ⊂ B(z, 3s/2) ∩B(c, 2r)∼Zj ,
(4mγ(m))−msm ≤ ‖V ‖B(ζ, s/2) ≤ ‖V ‖(B(c, 2r)∼Zj) < εmrm, 3s/2 < r,

µB(ζ, s/2) ≤ µB(z, 3s/2) ≤ j(3s/2)mω((3s/2)+) ≤ γω(r)‖V ‖B(ζ, s/2),

where γ = j(6mγ(m))m. Therefore the Besicovitch-Federer covering theorem
yields the existence of countable disjointed families F1, . . . , Fβ(n) of closed balls
such that

B(c, r) ∩ (spt ‖V ‖)∼(Gi ∪ Zj) ⊂
⋃⋃
{Fk : k = 1, . . . ,β(n)} ⊂ B(c, 2r)∼Zj ,

µ(S) ≤ γω(r)‖V ‖(S) whenever S ∈ Fk and k = 1, . . . ,β(n).

Recalling µ(Z) = 0, the conclusion follows from

µ(B(c, r)∼Gi) = µ(B(c, r) ∩ (spt ‖V ‖)∼(Gi ∪ Zj))

≤
∑β(n)
k=1

∑
S∈Fk

µ(S) ≤
∑β(n)
k=1 γω(r)

∑
S∈Fk

‖V ‖(S)

≤ β(n)γω(r)‖V ‖(B(c, 2r)∼Zj) ≤ β(n)γεmrmω(r),

since ε can be chosen arbitrary small.

4.3 Remark. The preceding theorem is a slight generalisation of [Men09, 3.1]
which treated the case that ω(r) equals a positive power of r; see [Men09, 3.2–3.4]
for comments on earlier developments and the sharpness of certain hypotheses.
The case q = 1 is excluded since in this case there is no modulus of continuity
satisfying the condition on the limit inferior.
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4.4 Corollary. Suppose m, n, p, U , and V are as in 4.1, p = m, g maps ‖V ‖
almost all of U into {t : 0 ≤ t ≤ ∞}, dmn g ⊂ spt ‖V ‖, and 0 < q <∞.

Then, for ‖V ‖ almost all z, either

(1) lim supζ→z |ζ − z|−qg(ζ) =∞, or

(2) g(z) = 0 and limζ→z |ζ − z|−qg(ζ) = 0.3

Proof. Define C = {z : g(z) = 0} and Z = U ∩ {lim supζ→z |ζ − z|−qg(ζ) <∞}.
Then Z is a Borel subset of U and Z ∩ (dmn g)∼C is countable; in fact, Z is
the union of the relatively closed subsets of U defined by

Zi = U ∩ {z : g(ζ) ≤ i|ζ − z|q whenever ζ ∈ dmn g and 0 < |ζ − z| < 1/i}

for i ∈P and Zi ∩ (dmn g)∼C is contained in the set of isolated points of Zi.
Therefore ‖V ‖(Z ∼C) = 0 and C ∩ Z is ‖V ‖ measurable. Hence, applying 4.2
with ω(r), µ(B), and Z replaced by r, (sup({0} ∪ g[B]))(m+1)/q, and C ∩Z, one
derives

lim sup
ζ→z

|ζ − z|−qg(ζ) = 0 for ‖V ‖ almost all z ∈ Z.

As dmn g does not contain isolated points, the conclusion follows.

4.5 Remark. Clearly, the special case [Men09, 3.1] of 4.2 would also be sufficient
for the proof of the corollary.

5 Quadratic tilt-excess, an example

The purpose of this section is to exhibit a two dimensional integral varifold
whose first variation is representable by integration in order to render the decay
estimates of Section 9 sharp. The varifold constructed for that purpose in 5.8
will in fact be associated to the graph of a Lipschitzian function with small
Lipschitz constant.

The basic building block of this example is a varifold consisting of a piece of
a sphere, a piece of a catenoid and a smooth join to a plane, see 5.6. Suitably
rescaled copies of this varifold will then be used to fill the holes of a set previously
constructed in 2.5.

0 s r
1
2r−s−r − 1

2r

sphere catenoidcatenoid cutoffcutoff

Figure 1: Rotating the solid line around the vertical axis illustrates the support
of the varifold constructed in 5.6.

3Our usage of limits is affected by the requirement

lim sup
z→c

g(z) = lim
ε→0+

sup{g(z) : z ∈ B(c, ε) ∩ dmn g},

in particular lim supz→c g(z) = −∞ if c /∈ Clos dmn g.
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5.1 (see [Fed69, 5.1.9]). Suppose 1 < n ∈P and p : Rn → Rn−1 and q : Rn →
R satisfy

p(z) = (z1, . . . , zn−1) and q(z) = zn whenever z = (z1, . . . , zn) ∈ Rn.

Then the statements of Allard [All72, 8.9] may be supplemented as follows.

(1) If S, T ∈ G(n, n− 1), then |S\ − T\| = 21/2‖S\ − T\‖.

(2) If L ∈ Hom(Rn−1,R), S = Rn ∩ {z :L(p(z)) = q(z)}, and T = im p∗,
then |L| = ‖L‖ and ‖S\ − T\‖ = (1 + ‖L‖2)−1/2‖L‖.

In fact, if v ∈ Sn−1 and with S = {z : z • v = 0} then (1) is implied by

2−1|S\ − T\|2 = T\ • S⊥\ = |T\(v)|2 = ‖T\ ◦ S⊥\ ‖2 = ‖S\ − T\‖2

and in case of (2) one may take v = (1 + ‖L‖2)−1/2(p∗(L∗(1))− q∗(1)).

5.2. If 1 < n ∈P, I is an open subset of {t : 0 < t <∞}, and g : I → R is of
class 2, then N = Rn ∩ {z : q(z) = g(|p(z)|)}, see 5.1, is an n− 1 dimensional
submanifold of Rn of class 2 and if z ∈ N and t = |p(z)| then

|h(N, z)| = (1 + g′(t)2)−1/2
∣∣(n− 2)t−1g′(t) + (1 + g′(t)2)−1g′′(t)

∣∣
≤ (n− 2)t−1|g′(t)|+ |g′′(t)|,

‖b(N, z)‖ = (1 + g′(t)2)−1/2 sup{t−1|g′(t)|, (1 + g′(t)2)−1|g′′(t)|}
≤ sup{t−1|g′(t)|, |g′′(t)|}

as may be verified using the formulae occurring in [GT01, p. 356–357, 388–391].

5.3. We will employ the area cosinus hyperbolicus, arcosh : {t : 1 ≤ t <∞} → R,
given by arcosh(t) = log

(
t+ (t2 − 1)1/2

)
for 1 ≤ t <∞. Notice that

arcosh′(t) = (t2 − 1)−1/2, arcosh′′(t) = −t(t2 − 1)−3/2

for 1 < t <∞, hence for 3/2 ≤ t <∞ also that

log t ≤ arcosh(t) ≤ 3 log t, 1/t ≤ arcosh′(t) ≤ 3/t, −3/t2 ≤ arcosh′′(t) < 0.

Moreover, arcosh(t)− arcosh(s) ≥ log(t/s) for 1 ≤ s ≤ t <∞.

5.4 Lemma. Suppose N = R3 ∩ {z : |q(z)| = arcosh(|p(z)|)}, see 5.1 and 5.3.

Then N is a 2 dimensional submanifold of R3 of class ∞, h(N, z) = 0 for
z ∈ N , and whenever 1 ≤ r <∞ there holds

H 2
(
N ∩ p−1[B(0, r)]

)
= 2α(2)

(
arcosh(r) + r(r2 − 1)1/2

)
,´

N∩p−1[B(0,r)]
|Tan(N, z)\ − p∗ ◦ p|2 dH 2z = 8α(2) arcosh(r).

Proof. The asserted equations are readily verified by means of 5.1–5.3.

5.5 Remark. The surface N is known as the catenoid, see e.g. [Oss86, p. 18].
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5.6 Lemma. Suppose n = 3, p and q are related to n as in 5.1, and 2 ≤ s ≤
r/2 <∞.

Then there exist h : R2 → R of class 1 and V ∈ IV2(R3) satisfying

Liph ≤ Γ/s, LipDh <∞, ‖V ‖ = H 2 x im(p∗ + q∗ ◦ h),

‖V ‖ xp−1[R2∼U(0, r)] = H 2 xp∗[R2∼U(0, r)],

1 ≤ α(2)−1r−2‖V ‖
(
p−1[U(0, r)]

)
≤ 1 + Γr−2 log r, ‖δV ‖(R3) ≤ Γ,

‖δV ‖ is absolutely continuous with respect to ‖V ‖,
Θ2(‖V ‖, z) = 1 and |q(z)| ≤ 3 log r whenever z ∈ spt ‖V ‖,´

p−1[U(0,r)]×G(3,2)
|S\ − p∗ ◦ p|2 dV (z, S) ≥ log(r/(2s)),

where Γ is a universal, positive, finite number.

Proof. Abbreviate f1 = arcosh, see 5.3. Define d : {σ : 1 < σ <∞} → R by

d(σ) = f1(σ) + σ/f ′1(σ)

for 1 < σ < ∞ and note that d(σ) − σ2 is a nondecreasing as a function of σ
with d(σ)− σ2 → −1 as σ → 1+, hence

d(σ)− σ2 ≥ −1 for 1 < σ <∞.

Define f2 : {t :−s2 < t < s2} → R by

f2(t) = a(s)−
(
s4 − t2

)1/2
for −s2 < t < s2,

hence f2(t) ≥ −1 for −s2 < t < s2. Choose γ ∈ E (R,R) with 0 ≤ γ ≤ 1 and

γ(t) = 1 if t ≤ 1/2, γ(t) = 0 if t ≥ 1, −3 ≤ γ′(t) ≤ 0

whenever t ∈ R. Noting

s4 − s2 = s2/f ′1(s)2 > 0, f2(s) = f1(s), f ′2(s) = f ′1(s),

one defines a function g : R→ R of class 1 with Lip g′ <∞ by

g(t) = f2(|t|)− f1(r) if |t| ≤ s, g(t) = (f1(|t|)− f1(r))γ(|t|/r) else

whenever t ∈ R.
One computes

g′(t) = f ′1(t)γ(t/r) + (f1(t)− f1(r))r−1γ′(t/r),

g′′(t) = f ′′1 (t)γ(t/r) + 2f ′1(t)r−1γ′(t/r) + (f1(t)− f1(r))r−2γ′′(t/r)

for s < t < ∞, hence, taking into account 5.3, there exists a positive, finite
number ∆1 determined by γ such that

−∆1 log r ≤ g(t) ≤ 0 for 0 ≤ t <∞,
0 ≤ g′(t) ≤ ∆1 inf{1/s, 1/t} for 0 ≤ t < r,

g′(t) ≥ 1/t for s ≤ t ≤ r/2, |g′′(t)| ≤ ∆1r
−2 for r/2 < t < r.
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Define h : R2 → R by

h(x) = g(|x|) for x ∈ R2

and note that h is of class 1 with

Liph ≤ ∆1/s, LipDh <∞.

Let M = R3 ∩ {z : q(z) = h(p(z))}, define V ∈ IV2(R3) by

V (k) =
´
M
k(z,Tan(M, z)) dH 2z for k ∈ K (R3 ×G(3, 2))

and observe

δV (θ) = −
´
M

h(M, z) • θ(z) dH 2z for θ ∈ D(R3,R3).

Since M ∩ p−1[U(0, s)] is a piece of a sphere of radius s2 one computes

|h(M, z)| = 2s−2 whenever z ∈M ∩ p−1[U(0, s)],´
M∩p−1[U(0,s)]

|h(M, z)|dH 2z = 4α(2)s/(s+ (s2 − 1)1/2) ≤ 4α(2)

and since M ∩ p−1[B(0, r/2)∼B(0, s)] is a piece of a catenoid one obtains

h(M, z) = 0 whenever z ∈M ∩ p−1[B(0, r/2)∼B(0, s)]

from 5.4. Moreover, recalling 2 ≤ s ≤ r/2, one estimates

0 ≤H 2
(
M ∩ p−1[U(0, r)]

)
−α(2)r2 = 2α(2)

´ r
0

(
(1 + g′(t)2)1/2 − 1

)
tdL 1t

≤ α(2)
´ r

0
g′(t)2tdL 1t ≤ 2α(2)∆2

1 log r.

From 5.2 and the estimates for g′ and g′′, one obtains a positive, finite number
∆2 determined by γ such that

|h(M, z)| ≤ ∆2r
−2 whenever z ∈M ∩ p−1[U(0, r)∼B(0, r/2)].

Combining the preceding estimates, we obtain, recalling r ≥ 2, that

‖δV ‖(R3) ≤ 4α(2) + α(2)∆2(1 + ∆2
1).

Since M ∩ p−1[U(0, r/2)∼B(0, s)] is a piece of a catenoid, 5.4 implies

´
p−1[U(0,r)]×G(3,2)

|S\ − p∗ ◦ p|2 dV (z, S) ≥ 8α(2)(arcosh(r/2)− arcosh(s)),

hence 5.3 implies the conclusion.

5.7. Occasionally, we denote the open cube with centre a and side length 2r by

O(a, r) = Rm ∩ {(x1, . . . , xm) : |xi − ai| < r for i = 1, . . . ,m}

for m ∈P, a = (a1, . . . , am) ∈ Rm, and 0 < r <∞.
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5.8 Example. Suppose n = 3, p and q are related to n as in 5.1, T = im p∗,
ε > 0, and ω is a modulus of continuity.

Then there exist f : R2 → R, C ⊂ T , and V ∈ IV2(R3) satisfying

Lip f ≤ ε, ‖V ‖ = H 2 x im(p∗ + q∗ ◦ f), ‖V ‖(C) > 0,

‖δV ‖(R3) <∞, ‖δV ‖ is absolutely continuous with respect to ‖V ‖,

lim sup
r→0+

r−1(log(1/r))−1/2ω(r)−1
(ffl

B(c,r)×G(3,2)
|S\ − T\|2 dV (z, S)

)1/2
> 0

whenever c ∈ C, here 0−1 =∞.

Construction. Take G and A as furnished by 2.5 with m and λ replaced by 2
and 1/2, abbreviate ∆ = Γ5.6, λ = inf{1/4, ε/(2∆)}, and let C = p∗[A]. Define
W ∈ IV2(R3) by

W (k) =
´
T ∼p∗[

⋃
G]
k(z, T ) dH 2z for k ∈ K (R3 ×G(3, 2)).

Whenever Q = O(a, t) ∈ G and t > λ let fQ : R2 → R and XQ ∈ IV2(R3) be
defined by

fQ(x) = 0 for x ∈ R2, ‖XQ‖ = H 2 x im(p∗ + q∗ ◦ fQ).

Whenever Q = O(a, t) ∈ G and t ≤ λ apply 5.6 with s and r replaced by (2λ)−1

and 1/t to construct fQ : R2 → R and XQ ∈ IV2(R3) such that t−2fQ ◦τ a ◦µt2
and (µt−2 ◦ τ−a)#XQ satisfy the conditions of 5.6 in place of h and V implying

spt fQ ⊂ ClosQ, Lip fQ ≤ ε, ‖XQ‖ = H 2 x im(p∗ + q∗ ◦ fQ),

‖XQ‖ xp−1[R2∼Q] = H 2 xp∗[R2∼Q],

‖δXQ‖(R3) ≤ ∆t2, ‖δXQ‖ is absolutely continuous with respect to ‖XQ‖,
|q(z)| ≤ 3t2 log(1/t) whenever z ∈ spt ‖XQ‖,´

p−1[Q]×G(3,2)
|S\ − T\|2 dV (z, S) ≥ t4

(
log(1/t)− log(1/λ)

)
.

Recall that G is disjointed and define f : R2 → R and V ∈ IV2(R3) by

f(x) =
∑
Q∈G

fQ(x) for x ∈ R2, ‖V ‖ = H 2 x im(p∗ + q∗ ◦ f).

Note that V = W +
∑
Q∈GXQ x(p−1[Q]×G(3, 2)) and ‖V ‖(C) ≥ 1/2. Observe

‖δV ‖(R3) <∞, ‖δV ‖ is absolutely continuous with respect to ‖V ‖.

Suppose c ∈ C and δ > 0.
Then there exist r and O(a, t) = Q such that

0 < r ≤ δ, Q ∈ G, Q ⊂ U(a, r), L 2(Q) ≥ ω(r)r2,

hence t ≤ r. Since (2t)2 ≥ ω(r)r2 and

t4
(

log(1/t)− log(1/λ)
)
≥ 2−4ω(r)2r4

(
log(1/r)− log(1/λ)

)
,

the estimates for XQ imply the assertion.
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6 A coercive estimate

In this section we provide in 6.7 the first main ingredient for the proof of the
decay rates of the quadratic tilt-excess of two dimensional integral varifolds
whose first variation is representable by integration, namely a coercive estimate.
In this estimate the quadratic tilt-excess is controlled by the variation measure of
the first variation and the height-excess. In order to be effective for the present
purpose, two aspects are crucial. Firstly, in the height-excess only the set of
points where the density ratio is bounded from below are taken into account.
Secondly, the height-excess term which is multiplied by a first variation term
is measured in the Orlicz space seminorm naturally corresponding to square
summable weak derivatives in two dimensions.

In the basic form of such coercive estimate all quantities are measured as
square integrals, see Allard [All72, 8.13]. In [Bra78, 5.5] Brakke devised an
interpolation procedure to obtain estimates in which the variation is measured
by its variation measure. This was further refined in [Men12, 4.14] by allowing
the height-excess to be measured in different Lebesgue spaces and in [Men12,
4.10] by restricting the height-excess to the set of points where the density ratio
is bounded from below using a possibly discontinuous “cut-off” function, see
6.8. In 6.7 we additionally refine Brakke’s interpolation procedure to include the
relevant Orlicz space norm.

6.1 Definition. If Φ : {t : 0 ≤ t < ∞} → {t : 0 ≤ t < ∞} is a nondecreasing
convex function with Φ(0) = 0 and limt→∞ Φ(t) =∞, µ measures X, and Z is a
Banach space, then one defines the seminorm µ(Φ) on A(µ,Z) by

µ(Φ)(f) = inf
{
λ : 0 < λ ≤ ∞,

´
Φ ◦ |λ−1f |dµ ≤ 1

}
for f ∈ A(µ,Z).

6.2 Remark. Notice that µ(Φ)(f) = 0 if and only if f(x) = 0 for µ almost all x.
Moreover, if µ(Φ)(f) > 0 then

´
Φ ◦ |λ−1f |dµ ≤ 1 for λ = µ(Φ)(f) and equality

holds if
´

Φ ◦ |s−1f |dµ <∞ for some 0 < s < µ(Φ)(f).

6.3 Remark. The functions Φ and µ(Φ) are a “Young’s function” and its cor-
responding “Luxemburg norm” in the terminology of [BS88, Chapter 4, 8.1,
8.6].

6.4 Remark. Suppose Φ, µ, X and Z are as in 6.1. Then the following basic
properties hold.

(1) If 0 < c <∞ and f ∈ A(µ,Z), then (cµ)(Φ)(f) = µ(cΦ)(f).

(2) If 0 < ε ≤ 1 and f ∈ A(µ,Z), then εµ(Φ)(f) ≤ µ(εΦ)(f).

(3) If u : X → Y , f : Y → Z, and f ◦ u ∈ A(µ,Z), then f ∈ A(u#µ,Z) and
(u#µ)(Φ)(f) = µ(Φ)(f ◦ u), see [Fed69, 2.1.2, 2.4.18 (1)].

6.5. Suppose 2 ≤ m ∈P and κ : {t : 0 ≤ t <∞} → {t : 0 ≤ t <∞} satisfies

κ(0) = 0, κ(t) = t
(
1 + (log(1 + 1/t))1−1/m

)
for 0 < t <∞.

Then one verifies that κ is continuous increasing and concave, in particular
κ(τt) ≤ τκ(t) for 1 ≤ τ <∞ and 0 ≤ t <∞.
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6.6. Suppose 2 ≤ m ∈P and Φ : {t : 0 ≤ t <∞} → {0 ≤ t <∞} is defined by

Φ(t) = exp
(
tm/(m−1)

)
− 1 for 0 ≤ t <∞.

Then Φ satisfies the conditions of 6.1, and Φ maps {t : 0 ≤ t <∞} univalently
onto {t : 0 ≤ t <∞} with

Φ−1(t) = (log(1 + t))1−1/m for 0 ≤ t <∞.

Therefore µ(Φ)(1) = 1/Φ−1(1/µ(X)) whenever µ measures X and 0 < µ(X) <∞
by 6.2. Notice, if 0 ≤ α <∞ then

inf{αt+ 1/Φ(t) : 0 < t <∞} ≤ κ(α),

where κ is as in 6.5; in fact, consider t = Φ−1(1/α) if α > 0.

6.7 Theorem. Suppose m, n, p, U , and V are as in 4.1, p = 1 < m, κ and Φ
are related to m as in 6.5 and 6.6, C and K are compact subsets of U , C ⊂ K,
0 < r <∞, H is the set of all z ∈ spt ‖V ‖ such that

‖V ‖B(z, s) ≥ (40γ(m)m)−msm whenever 0 < s <∞, B(z, s) ⊂ K,

c ∈ Rn, T ∈ G(n,m), and h : U → R satisfies h(z) = dist(z − c, T ) for z ∈ U .
Then there holds

r−m
´
{z :U(z,r)⊂C}×G(n,m)

‖S\ − T\‖2 dV (z, S) ≤ Γ
(
r−m‖δV ‖(K)m/(m−1)

+ κ(r−m‖δV ‖(K)(‖V ‖ xC ∩H)(r−mΦ)(h)) + r−m−2
´
C∩H |h|

2 d‖V ‖
)
,

where Γ is a positive, finite number depending only on m.

Proof. Assume c = 0, hence h =
∣∣T⊥\ |U ∣∣, and notice that in view of 6.4, [All72,

3.2(2) and 4.12(1)], one may employ homotheties to reduce the problem to
the case r = 1. Abbreviate µ = (‖V ‖ xC ∩H)(Φ)(h) and denote (‖V ‖,m)
approximate differentials by “apD”.

Select φ ∈ D(U,R) with

0 ≤ φ ≤ 1, sptφ ⊂ C, {z : U(z, 1) ⊂ C} ⊂ {z :φ(z) = 1}, |Dφ| ≤ 2.

Using [Men12, 4.7] with δ = 1
40 , one obtains a Borel function f : U → {t : 0 ≤

t ≤ 1} with f |U ∼K = 0 such that the varifolds V1, V2 ∈ RVm(U) defined by

V1(A) =
´ ∗
A
f(z) dV (z, S) for A ⊂ U ×G(n,m)

and V2 = V − V1 satisfy

f(z) = 1 and apDf(z) = 0 for ‖V ‖ almost all z ∈ U ∼H,´
φ(z)2‖S\ − T\‖2 dV1(z, S) ≤ 4‖V1‖(K) ≤ ∆‖δV ‖(K)m/(m−1),

‖δV2‖ ≤ (1− f)‖δV ‖+ | apDf |‖V ‖, ‖V ‖(| apDf |) ≤ (400)m‖δV ‖(K),

where ∆ = 4(400)m
2/(m−1)(γ(m)m)m/(m−1); compare [Men12, p. 24, l. 14–20].

In particular, one infers

‖V2‖ ≤ ‖V ‖ xH, ‖δV2‖(K) ≤ (800)m‖δV ‖(K).
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Defining g = φ2(T⊥\ |U), one derives

´
φ(z)2‖S\ − T\‖2 dV2(z, S) ≤ sup

{
16
´
|Dφ|2|h|2 d‖V2‖, 2|(δV2)(g)|

}
as in Brakke [Bra78, 5.5, p. 139, l. 1–14], hence

´
{z :U(z,1)⊂C}×G(n,m)

‖S\ − T\‖2 dV (z, S)

≤ ∆‖δV ‖(K)m/(m−1) + 2|(δV2)(g)|+ 64
´
C∩H |h|

2 d‖V ‖.

If µ = 0, then g(z) = 0 for ‖V ‖ almost all z ∈ H, hence Dg(z)|Tanm(‖V ‖, z) = 0
for ‖V ‖ almost all z ∈ H by [Fed69, 2.10.19 (4), 3.2.16] and (δV2)(g) = 0.
Therefore one may assume µ > 0.

In order to estimate |(δV2)(g)|, suppose 0 < t < ∞, define η : {s : 0 ≤ s <
∞} → R by

η(0) = 1, η(s) = inf{1, t/s} for 0 < s <∞.

Moreover, let Z = {z : t < h(z)} and define Lipschitzian maps by

g1 = φ2(η ◦ h)T⊥\ |U, g2 = g − g1.

Since g2|U ∼Z = 0, one notices that

apDg2(z) = 0 for ‖V ‖ almost all z ∈ U ∼Z

by [Fed69, 2.10.19 (4)]. Additionally, one computes

|g1(z)| ≤ t for z ∈ U, ‖Dg2(z)‖ ≤ 2φ(z)2 + |Dφ(z)|2h(z)2 for z ∈ Z,

see the case r = 1 of [Men12, 4.10, p. 24, l. 26 – p. 25, l. 12]. It follows that

‖Dg2(z)‖ ≤ 2φ(z)2Φ(t/µ)−1Φ(h(z)/µ) + |Dφ(z)|2h(z)2 for z ∈ Z.

Therefore one estimates, using [Men12, 4.5 (4)] and 6.2,

|(δV2)(g)| ≤ t‖δV2‖(K) + 2Φ(t/µ)−1
´
C

Φ ◦ |µ−1h|d‖V2‖+ 4
´
C
|h|2 d‖V2‖

≤ (800)mt‖δV ‖(K) + 2Φ(t/µ)−1 + 4
´
C∩H |h|

2 d‖V ‖,

hence, noting 6.6 with α = ‖δV ‖(K)µ, one may take Γ = ∆ + (1600)m.

6.8 Remark. Notice that the function f furnished by [Men12, 4.7] will necessarily
be discontinuous in some cases, see [Men12, 4.8]. However, inspecting the proof of
[Men12, 4.7] and using [Men14, 8.7], one is at least assured that f is generalised
weakly differentiable in the sense of [Men14, 8.3] with

V Df(z) = (‖V ‖,m) apDf(z) ◦ Tanm(‖V ‖, z)\ for ‖V ‖ almost all z.

7 Approximation

In this section we construct a real valued Lipschitzian auxiliary function from an
integral varifold in a cylinder whose first variation is representable by integration,
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see 7.9. This auxiliary function captures information on the height-excess mea-
sured in Lebesgue and Orlicz spaces and the quadratic tilt-excess of the varifold.
In conjunction with the basic coercive estimate in 6.7 and the interpolation
inequalities of Section 8 it will be used in 9.1 to obtain a coercive estimate
involving an approximate height quantity.

The auxiliary function is constructed as “upper envelope of the modulus”
of an approximating Lipschitzian QQ(Rn−m) valued function constructed in
[Men10, 3.15]. Approximations by QQ(Rn−m) valued functions are a powerful
tool, originating from Almgren [Alm00, 3.1–3.12], whose handling is at times
complex. The fact that in the present setting we are able to encapsulate their
usage in the construction of the real valued auxiliary function considerably
simplifies our proof of decay rates for the quadratic tilt-excess in 9.2.

7.1 Definition (see Almgren [Alm00, 1.1 (1) (3), 2.3 (2)]). Suppose Q is a
positive integer and Y is a finite dimensional inner product space. Then

QQ(Y ) =
{∑Q

i=1 [yi] : y1, . . . , yQ ∈ Y
}

is metrised by G such that, whenever y1, . . . , yQ ∈ Y and υ1, . . . , υQ ∈ Y ,

G
(∑Q

i=1 [yi],
∑Q
i=1 [υi]

)
equals the infimum of the set of numbers(∑Q

i=1

∣∣yi − υπ(i)

∣∣2)1/2

corresponding to all permutations π of {1, . . . , Q}.

7.2 Definition (see Almgren [Alm00, 1.1 (9) (10)]). Suppose m and Q are
positive integers and Y is a finite dimensional inner product space.

A function f : Rm → QQ(Y ) is called affine if and only if there exist affine
functions fi : Rm → Y corresponding to i = 1, . . . , Q such that

f(x) =
∑Q
i=1[fi(x)] whenever x ∈ Rm

and in this case ‖f‖ = Lip f . Moreover, if a ∈ A ⊂ Rm and f : A → QQ(Y )
then f is affinely approximable at a if and only if a ∈ IntA and there exists an
affine function g : Rm → QQ(Y ) such that

g(a) = f(a) and lim
x→a

G (f(x), g(x))/|x− a| = 0.

The function g is unique and denoted by Af(a). The concept of approximate
affine approximability is obtained through replacement of the condition a ∈ IntA
by a ∈ A and replacement of lim by ap lim. The corresponding affine function
is denoted by apAf(a).

7.3 Remark. Notice that the above definition differs from Almgren [Alm00,
1.1 (10)] by the additional requirement g(a) = f(a) which ensures that [ap-
proximate] affine approximability implies [approximate] continuity. Moreover,
supposing Q = 1 and denoting by i : Q1(Y ) → Y the canonical isometry, the
function f is [approximately] affinely approximable at a if and only if i ◦ f is
[approximately] differentiable at a and in this case

i ◦ apAf(a) = i(f(a)) + apD(i ◦ f)(a).
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7.4. Suppose Q is a positive integer, Y is a finite dimensional inner product
space, a ∈ Rm, and f : Rm → QQ(Y ) is affine. Then

Lip f = lim sup
x→a

|x− a|−1G (f(x), f(a)) = ap lim sup
x→a

|x− a|−1G (f(x), f(a));

in fact, in view of [Alm00, 1.1 (9)] only the last equation needs to be proven.
For this purpose denote the approximate limit superior by λ and define the
Lipschitzian function g : Rm → R by g(x) = G (f(x), f(a)) − λ|x − a| for
x ∈ Rm. One infers apDg+(a) = 0, whence it follows Dg+(a) = 0 by [Fed69,
3.1.5] with C, B, f , η, and M replaced by Rm, Rm, g+, 1, and Lip g; therefore
lim supx→a |x − a|−1G (f(x), f(a)) ≤ λ. The reverse inequality follows since
a ∈ Int dmn f .

7.5. Suppose Q is a positive integer, Y is a finite dimensional inner product
space, a ∈ Rm, f maps a subset of Rm into QQ(Y ), and f is approximately
affine approximable at a. Then 7.4 implies

‖ apAf(a)‖ = ap lim sup
x→a

|x− a|−1G (f(x), f(a)).

7.6 Lemma. Suppose Q is a positive integer, Y is a finite dimensional inner
product space, and σ : QQ(Y )→ R satisfies

σ(S) = sup{|y| : y ∈ sptS} for S ∈ QQ(Y ).

Then Lipσ ≤ 1.

Proof. One may express σ = p ◦ ξ ◦ g, where g : QQ(Y )→ QQ(R) denotes the
push forward induced by the norm on Y mapping Y into R, and ξ : QQ(R)→ RQ

and p : RQ → R are characterised by

ξ
(∑Q

i=1[yi]
)

= (y1, . . . , yQ) if yi ≤ yi+1 for i = 1, . . . , Q− 1,

p(y1, . . . , yQ) = yQ

whenever (y1, . . . , yQ) ∈ RQ. Clearly, Lip p ≤ 1. Moreover, one readily verifies
Lip g ≤ 1. Finally, Lip ξ ≤ 1 by Almgren [Alm00, 1.1 (4)].

7.7 Lemma. Suppose Q is a positive integer, Y is a finite dimensional inner
product space, a ∈ Rm, f maps a subset of Rm into QQ(Y ), and σ : QQ(Y )→ R
is Lipschitzian.

Then the following two statements hold.

(1) If f is affinely approximable at a and σ ◦ f is differentiable at a, then
|D(σ ◦ f)(a)| ≤ Lip(σ)‖Af(a)‖.

(2) If f is approximately affinely approximable at a and σ ◦ f is approximately
differentiable at a, then | apD(σ ◦ f)(a)| ≤ Lip(σ)‖ apAf(a)‖.

Proof. (2) is a consequence of 7.5 together with 7.3 and implies (1).

7.8 Remark. Notice that

sup{α(m) :m ∈P} < 6;

in fact, using 3 < Γ(1/2)2 < 3.2 and (m+2)α(m+2) = 2Γ( 1
2 )2α(m) for m ∈P

by [Fed69, 3.2.13], one obtains α(6) = 1
6Γ( 1

2 )6 < 8
15Γ( 1

2 )4 = α(5) < 6 and the
supremum does not exceed α(5).
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7.9 Theorem. Suppose m,n,Q ∈P and 1 < m < n.
Then there exists a positive, finite number Γ with the following property.
If 0 < r <∞, T = im p∗, V ∈ IVm(Rn ∩U(0, 4r)),

(Q− 1/2)α(m)rm ≤ ‖V ‖(C(T, 0, r, r)) ≤ (Q+ 1/2)α(m)rm,

‖V ‖(C(T, 0, r, 2r)∼C(T, 0, r, r/2)) ≤ (1/2)α(m)rm,

‖V ‖U(0, 4r) ≤ Qα(m)(5r)m,

η = ‖δV ‖(U(0, 4r))m/(m−1) +
´
‖S\ − T\‖2 dV (z, S),

H consists of all z ∈ C(T, 0, r, r) such that

‖V ‖B(z, s) ≥ (40γ(m)m)−msm whenever 0 < s < 2r,

and Φ is as in 6.6, then there exists a Borel subset X of Rm ∩ B(0, r) and
a function f : X → R with Lip f ≤ 1 satisfying the following five conditions
whenever 1 ≤ q ≤ ∞ and A is a subset of X:

(1) Lm(B(0, r)∼X) ≤ Γη.

(2) (‖V ‖ xH)(q)(T
⊥
\ ) ≤ Γ

(
(Lm xX)(q)(f) + η1/q+1/m

)
.

(3) (‖V ‖ xH)(r−mΦ)(T
⊥
\ ) ≤ Γ

(
(Lm xX)(r−mΦ)(f) + η1/m

)
.

(4) (Lm xA)(2)(f) ≤ (‖V ‖ xH ∩ p−1[A])(2)(T
⊥
\ ).

(5) (Lm xX)(2)(apDf) ≤ (2Qη)1/2.

Proof. Notice that (γ(m)m)−m ≤ α(m) (see for instance [Men09, 2.4]). Define
β = m/(m− 1), and

∆1 = ε[Men10, 3.15]

(
n−m,m,Q, 1, 5mQ, 1

2 ,
1
2 ,

1
2 ,

1
4 , (40γ(m)m)−m/α(m)

)
,

∆2 = (log 2)1/β , ∆3 = 1/Φ−1(1/(6(Q+ 1))), ∆4 = (20γ(m)m)−m∆β
1 ,

∆5 = ∆2
1(Qα(m)n)−1(60γ(m)m)−2m,

∆6 = sup{3 + 2Q+ (12Q+ 6)5m, 8(Q+ 2)},
∆7 = (1/2)α(m)λ[Men10, 3.15 (4)](m, 1/2, 1/4)m6−m,

∆8 = sup{Γ[Men10, 3.15 (6)](m), 2α(m)−1/m}, ∆9 = ∆6nβ(n) sup{1,∆−2
1 },

∆10 = (12)m+1Q sup{Q,∆8∆
1+1/m
9 }, ∆11 = inf{1,∆4,∆5,∆

−1
9 ∆7},

∆12 = 2∆10∆−1
2 , ∆13 = sup{6(Q+ 1)∆

−1−1/m
11 ,∆3∆

−1/m
11 },

Γ = sup{∆9,∆10,∆12,∆13}.

Notice that ∆2 < 1 ≤ ∆9.
Suppose r, T , V , η, H, and Φ are related to m, n, and Q as in the body of

the lemma. Since the statement of the lemma is invariant by replacing V , f
with (µ(1/r))#V , r−1f ◦ µr, we can assume r = 1.

One may also assume η ≤ ∆11 since otherwise

Lm B(0, 1) ≤ 6 ≤ ∆13∆11 ≤ Γη,

(‖V ‖ xC(T, 0, 1, 1))(q)(T
⊥
\ ) ≤ 6(Q+ 1) ≤ ∆13∆

1+1/m
11 ≤ Γη1/q+1/m,

(‖V ‖ xC(T, 0, 1, 1))(Φ)(T
⊥
\ ) ≤ ∆3 ≤ ∆13∆

1/m
11 ≤ Γη1/m
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by 7.8 and 6.6, hence one may take X = ∅ and f = ∅.
One applies [Men10, 3.15] with

m, n, L, M , δ1, δ2, δ3, δ4, δ5, a, h, µ, and ε1 replaced by

n−m, m, 1, 5mQ, 1
2 , 1

2 , 1
2 , 1

4 , (40γ(m)m)−m/α(m), 0, r, ‖V ‖, and ∆1

to obtain B̄, f̄ and H̄ named B, f and H there.
First, it will be shown that H = H̄; in fact, noting η ≤ inf{∆4,∆5}, one

estimates

‖δV ‖U(z, 2) ≤ η1/β ≤ ∆
1/β
4 ≤ ∆1‖V ‖(U(z, 2))1/β ,´

U(z,2)×G(n,m)
|S\ − T\|dV (z, S) ≤ ‖V ‖(U(0, 4))1/2n1/2η1/2

≤ (Qα(m))1/23mn1/2∆
1/2
5 ≤ ∆1‖V ‖U(z, 2).

whenever z ∈ C(T, 0, 1, 1) and ‖V ‖U(z, 2) ≥ (20γ(m)m)−m.
Choose a Borel subset X of dmn f̄ with Lm((dmn f̄)∼X) = 0 and define

f : X → R by

f(x) = sup{|y| : y ∈ spt f̄(x)} whenever x ∈ X.

Clearly, Lip f ≤ Lip f̄ ≤ 1 by 7.6 and one infers

| apDf(x)| ≤ ‖ apAf̄(x)‖ for Lm almost all x ∈ X;

in fact, f̄ is approximately affinely approximable at Lm almost all x ∈ X
by [Men10, 3.15 (7a)] and f is approximately differentiable by [Fed69, 2.8.18,
2.9.11, 3.1.8] at Lm almost all x ∈ X so the assertion follows from 7.6 and
7.7 (2).

Next, it will be proven that Lm(B(0, 1)∼X) ≤ ∆9η. For this purpose define
sets B1 and B2 consisting of those z ∈ C(T, 0, 1, 1) satisfying

‖δV ‖B(z, s) > ∆1‖V ‖(B(z, s))1/β for some 0 < s < 2,´
B(z,s)×G(n,m)

‖S\ − T\‖2 dV (z, S) > ∆2
1n
−1‖V ‖B(z, s) for some 0 < s < 2

respectively. To estimate ‖V ‖(B1) we employ the Besicovitch-Federer covering
theorem which provides disjointed families F1, . . . , Fβ(n) of closed balls such that

B1 ⊂
⋃⋃
{Fi : i = 1, . . . ,β(n)} ⊂ U(0, 4),

‖V ‖(C) < ∆−β1 ‖δV ‖(C)β whenever C ∈ Fi and i = 1, . . . ,β(n),

and we obtain

‖V ‖(B1) ≤ ∆−β1

∑β(n)
i=1

∑
C∈Fi

‖δV ‖(C)β

≤ ∆−β1

∑β(n)
i=1

(∑
C∈Fi

‖δV ‖(C)
)β ≤ ∆−β1 β(n)‖δV ‖(U(0, 4))β .

In a similar fashion we find another disjointed families F1, . . . , Fβ(n) of closed
balls such that

B2 ⊂
⋃⋃
{Fi : i = 1, . . . ,β(n)} ⊂ U(0, 4),

‖V ‖(C) < ∆−2
1 n
´
C×G(n,m)

‖S\ − T\‖2 dV (z, S) for C ∈ Fi, i = 1, . . . ,β(n),
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and in consequence

‖V ‖(B2) ≤ ∆−2
1 n

∑β(n)
i=1

∑
C∈Fi

´
C×G(n,m)

‖S\ − T\‖2 dV (z, S)

≤ ∆−2
1 nβ(n)

´
‖S\ − T\‖2 dV (z, S).

Verifying B̄ ⊂ B1 ∪ B2 by means of Hölder’s inequality, the asserted estimate
follows from [Men10, 3.15 (3)].

Since in particular Lm(B(0, 1)∼X) ≤ ∆9∆11 ≤ ∆7, one applies [Men10,
3.15 (6)] with S replaced by Q[0] to estimate, concerning (2),

(‖V ‖ xH)(q)(T
⊥
\ )

≤ (12)m+1Q
(
Q1/2(Lm xX)(q)(f) + ∆8L

m(B(0, 1)∼X)1/q+1/m
)

≤ ∆10

(
(Lm xX)(q)(f) + η1/q+1/m

)
for 1 ≤ q ≤ ∞.

Consequently, concerning (3), one notes that η ≤ 1 and Φ(∆2) = 1 and estimates

´
H

Φ ◦ |γ−1T⊥\ |d‖V ‖ =
∑∞
i=1i!

−1γ−iβ
´
H
|T⊥\ |βi d‖V ‖

≤ 1
2

∑∞
i=1i!

−1(2∆10/γ)βi
(´
X
|f |βi dLm + η1+βi/m

)
= 1

2

´
X

Φ ◦ |2∆10γ
−1f |dLm + 1

2ηΦ(2∆10η
1/mγ−1) ≤ 1

whenever 2∆10∆−1
2

(
(Lm xX)(Φ)(f) + η1/m

)
< γ <∞, hence

(‖V ‖ xH)(Φ)(T
⊥
\ ) ≤ ∆12

(
(Lm xX)(Φ)(f) + η1/m

)
.

To prove (4) and (5), recall

H ∩ p−1[dmn f̄ ] = {z : q(z) ∈ spt f̄(p(z))} ⊂ {z : Θm(‖V ‖, z) ∈P}

from [Men10, 3.15 (2) (4)] and observe: If A is a subset of X, g is an Lm xA
measurable real valued function and h is an ‖V ‖ xH ∩ p−1[A] measurable real
valued function such that

Lm(A ∩ {x : g(x) > t}∼p[H ∩ {z :h(z) > t}]) = 0 for 0 < t <∞,

then (Lm xA)(q)(g) ≤ (‖V ‖ xH ∩ p−1[A])(q)(h); in fact

Lm(A ∩ {x : g(x) > t}) ≤H m(H ∩ p−1[A] ∩ {z :h(z) > t})
≤ ‖V ‖(H ∩ p−1[A] ∩ {z :h(z) > t})

by [Fed69, 2.10.35] and Allard [All72, 3.5 (1b)].

One applies this observation with g and h replaced by f and
∣∣T⊥\ |U ∣∣ to

deduce (4). Recalling | apDf(x)| ≤ ‖ apAf(x)‖ for Lm almost all x ∈ X
together with [Men10, 3.15 (7d)], one applies the observation once more, with

g(x) and h(z) replaced by | apDf(x)| and (2Q)1/2‖Tanm(‖V ‖, z)\ − T\‖

to infer (5).
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8 Embedding results

In the present section we formulate for convenient reference two embedding
results for Sobolev functions in Euclidean space which measure the lower order
term only on a set of suitably large Lebesgue measure.

8.1 Lemma. Suppose 2 ≤ m ∈P, a ∈ Rm, 0 < r <∞, 0 < ε ≤ (α(m)/2)1/m,
A is an Lm measurable subset of U(a, r), Lm(U(a, r)∼A) ≤ (εr)m, and
f ∈W1,1(U(a, r)).

Then there holds

r−1(Lm xU(a, r))(m)(f)

≤ Γ
(
ε1/2(Lm xU(a, r))(m)(Df) + ε−1/2r−1(Lm xA)(m)(f)

)
,

where Γ is a positive, finite number depending only on m.

Proof. By Hölder’s inequality it is sufficient to prove the statement that results
from replacing r−1(Lm xU(a, r))(m)(f) by r−1/2(Lm xU(a, r))(2m)(f). The

latter is a special case of [Men12, 6.3] taking ζ = 2
3m, ξ = m, s = m and

λ = (εr)m.

8.2 Theorem. Suppose 2 ≤ m ∈ P, Φ is related to m as in 6.6, a ∈ Rm,
0 < r <∞, A is an Lm measurable subset of U(a, r) with Lm(A) ≥ 1

2α(m)rm,
and f ∈W1,1(U(a, r)),

Then there holds

(Lm xU(a, r))(r−mΦ)(f) ≤ Γ
(
(Lm xU(a, r))(m)(Df) + r−1(Lm xA)(m)(f)

)
,

where Γ is a positive, finite number depending only on m.

Proof. The problem may be reduced firstly to the case A = U(a, r) by 8.1 and
secondly to the case a = 0 and r = 1 using translations and homotheties. The
remaining case is a special case of [AF03, 8.27].

9 Quadratic tilt-excess, decay rates

In this section we prove sharp decay rates of the quadratic tilt-excess for two
dimensional integral varifolds whose first variation is a Radon measure, see 9.2.
This result rests on two pillars. Firstly, on the second order rectifiability of
such varifolds obtained in [Men13, 4.8]. Secondly, on an approximate coercive
estimate by which we mean an estimate of the tilt-excess in terms of the first
variation, the height-excess measured on a set of suitably large weight measure
and small contributions from the tilt-excess, see 9.1.

Accordingly, in order to derive the approximate coercive estimate 9.1 from
the coercive estimate 6.7, one needs to estimate the height-excess occurring
in 6.7 by approximate height-quantities together with the variation measure of
the first variation and quadratic tilt-excess. The approximation 7.9 reduces such
an estimate to the case of a real valued Lipschitzian functions which has been
treated in 8.1 and 8.2.

Since currently no analogous estimates to 8.1 and 8.2 are available for real
valued Lipschitzian function over varifolds, the authors have chosen the path
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using the approximation by QQ(Rn−m) valued functions leading to 7.9. Yet, it
would be of interest to investigate whether the embedding theory for Lipschitzian
functions on varifolds can be extended so as to yield a proof without such
approximation. In a somewhat different vein much of that theory has been
extended to generalised weakly differentiable functions in [Men14, § 10].

9.1 Lemma. Suppose 2 < n ∈ P, Q ∈ P, c ∈ Rn, 0 < r < ∞, V ∈
IV2(U(c, 8r)),

‖V ‖B(c, 2r) ≥ (Q− 1/2)α(2)(2r)2, ‖V ‖U(c, 8r) ≤ (Q+ 1/4)α(2)(8r)2,

T ∈ G(n, 2), 0 < ε ≤ 1, Z is ‖V ‖ measurable, and

α = r−1‖δV ‖U(c, 8r), β = r−1
(´
‖S\ − T\‖2 dV (z, S)

)1/2
, α+ β ≤ ε,

γ = r−2
(´
Z

dist(z − c, T )2 d‖V ‖z
)1/2

, ‖V ‖(U(c, 8r)∼Z) ≤ (εr)2,

and κ : {t : 0 ≤ t <∞} → R satisfies (see 6.5)

κ(0) = 0, κ(t) = t
(
1 + (log(1 + 1/t))1/2

)
for 0 < t <∞.

Then there holds

r−2
´
U(c,r)×G(n,2)

‖S\ − T\‖2 dV (z, S) ≤ Γ
(
κ(α(α+ β + γ)) + εβ2 + ε−1γ2

)
,

where Γ is a positive, finite number depending only on n and Q.

Proof. Considering (µ1/r)#V in place of V one may assume r = 1 and, using
isometries, one may assume c = 0 and T = im p∗, see 5.1. Moreover, one may
assume Z to be a Borel set.

Define

∆1 = 1 + Γ7.9(2, n,Q), ∆2 = inf
{

1/3, 2∆
−1/2
1

}
,

∆3 = 2(Q+ 1/2)1/2(Q+ 3/8)−1/2, ∆4 = (2Q)1/2 + ∆
1/2
1 ,

∆5 = ∆
5/4
1 Γ8.1(2)21/2, ∆6 = inf

{
1, (∆2

3 − 4)1/2/4
}
, ∆7 = ∆5(1 + ∆4),

∆8 = 4∆1(Γ8.2(2) + 1)(∆4 + 1),

∆9 = sup{∆−1
2 ,∆−2

6 }, Γ = sup{∆9,Γ6.7(2)(1 + 3∆2
7 + ∆8)}.

If ε > ∆2 then β2 ≤ ∆−1
2 εβ2 ≤ ∆9εβ

2 and if γ > ∆6, then β2 ≤ ε2 ≤ 1 ≤
∆−2

6 ε−1γ2 ≤ ∆9ε
−1γ2. Therefore one may assume ε ≤ ∆2 and γ ≤ ∆6.

Abbreviate C = C(T, 0, 2, 2), K = Rn ∩ {z : dist(z, C) ≤ 4}, and

H = C ∩ {z : ‖V ‖B(z, s) ≥ (80γ(2))−2s2 for 0 < s < 4}.

Notice that

U(0, 1) ⊂ {z : U(z, 1) ⊂ C}, K ⊂ U(0, 8),

C ∩H6.7 ⊂ H, where H6.7 denotes the set named “H” in 6.7.

In order to apply 7.9 with m and r replaced by 2 and 2, one estimates

‖V ‖U(0, 8) ≤ 100Qα(2),

‖V ‖(C(T, 0, 2, 4)∼C(T, 0, 2, 1)) ≤ ‖V ‖(U(0, 8) ∩ {z : dist(z, T ) ≥ 1})
≤ ‖V ‖(U(0, 8)∼Z) + γ2 ≤ ε2 + 1 ≤ 2α(2),
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and, noting 2 < ∆3 < 8 and

C ⊂ U(0,∆3) ∪
(
U(0, 8) ∩ {z : dist(z, T )2 ≥ ∆2

3 − 4}
)
,

one employs the monotonicity identity (see for instance [Men14, 4.5, 4.6]) and
the bounds on ε and γ to infer

‖V ‖(C) ≤ ‖V ‖U(0,∆3) + ‖V ‖(U(0, 8) ∩ {z : dist(z, T )2 ≥ ∆2
3 − 4})

≤ ∆2
3

(
8−2‖V ‖U(0, 8) +

´ 8

2
t−2‖δV ‖U(0, t) dL 1t

)
+ ‖V ‖(U(0, 8)∼Z) + (∆2

3 − 4)−1γ2

≤ ∆2
3

(
(Q+ 1/4)α(2) + 3

8α+ ε2 + (∆2
3 − 4)−1γ2

)
≤ ∆2

3(Q+ 3/8)α(2) = 4(Q+ 1/2)α(2).

Using the hypotheses one also gets ‖V ‖(C) ≥ 4(Q − 1/2)α(2). Therefore,
applying 7.9 with m and r replaced by 2 and 2 in conjunction with Kirszbraun’s
theorem, see [Fed69, 2.10.43], one obtains a Borel set X and a function f : R2 →
R such that f |X satisfies the conditions of 7.9 and Lip f ≤ 1, in particular f is
weakly differentiable with Df(x) = Df(x) for L 2 almost all x by [AFP00, 2.13,
2.14]. Define

A = X ∼p[C ∩ {z : Θ2(‖V ‖, z) ∈P}∼Z]

and notice that A is L 2 measurable by [AFP00, 2.55] and [Fed69, 2.2.13]. Since

L 2(p[C ∩ {z : Θ2(‖V ‖, z) ∈P}∼Z])

≤H 2(C ∩ {z : Θ2(‖V ‖, z) ∈P}∼Z) ≤ ‖V ‖(C ∼Z) ≤ ε2

by [Fed69, 2.10.35] and Allard [All72, 3.5 (1b)], one infers from 7.9 (1) that

L 2(U(0, 2)∼A) ≤ L 2(B(0, 2)∼X) + L 2(X ∼A) ≤ ∆1ε
2 ≤ 2α(2).

Noting [All72, 3.5 (1c)] and [Fed69, 2.8.17, 2.9.11, 3.1.2] and observing that from
the definition of A it follows that H ∩ p−1[A] ∩ {z : Θ2(‖V ‖, z) ∈P} ⊂ Z, one
applies 7.9 (4) and 7.9 (1) (5) to obtain the following auxiliary estimates

(L 2 xA)(2)(f) ≤ γ, (L 2 xU(0, 2))(2)(Df) ≤ ∆4(α+ β).

Next, defining Φ as in 6.6, it will be shown that

(‖V ‖ xH)(2)(T
⊥
\ ) ≤ ∆7(α+ ε1/2β + ε−1/2γ),

(‖V ‖ xH)(Φ)(T
⊥
\ ) ≤ ∆8(α+ β + γ).

To prove the first estimate, one notes α2 ≤ α, β2 ≤ εβ ≤ ε1/2β and applies

7.9 (2) and 8.1 with r and ε replaced by 2 and 2−1∆
1/2
1 ε to deduce

(‖V ‖ xH)(2)(T
⊥
\ ) ≤ ∆1

(
(L 2 xU(0, 2))(2)(f) + α2 + β2

)
≤ ∆5

(
ε1/2(L 2 xU(0, 2))(2)(Df) + ε−1/2(L 2 xA)(2)(f) + α+ ε1/2β

)
,

hence the estimate follows using the auxiliary estimates. To prove the second
estimate, one employs 6.4 (2), 7.9 (3), and 8.2 to infer

(‖V ‖ xH)(Φ)(T
⊥
\ ) ≤ 4∆1

(
(L 2 xU(0, 2))(Φ/4)(f) + α+ β

)
≤ 4∆1(Γ8.2(2) + 1)

(
(L 2 xU(0, 2))(2)(Df) + (L 2 xA)(2)(f) + α+ β

)
,
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hence the estimate follows from the auxiliary estimates.
To conclude the proof, one employs 6.7 to obtain

´
U(0,1)×G(n,2)

‖S\ − T\‖2 dV (z, S)

≤ Γ6.7(2)
(
α2 + κ(∆8α(α+ β + γ)) + 3∆2

7(α2 + εβ2 + ε−1γ2)
)
,

hence, noting α2 ≤ κ(α2) and κ(∆8α(α+ β + γ)) ≤ ∆8κ(α(α+ β + γ)) by 6.5,
the conclusion is now readily derived.

9.2 Theorem. Suppose 2 < n ∈P, U is an open subset of Rn, V ∈ IV2(U),
and ‖δV ‖ is a Radon measure.

Then, for V almost all (z, T ), there holds

lim
r→0+

r−4(log(1/r))−1
´
B(z,r)×G(n,2)

‖S\ − T\‖2 dV (ζ, S) = 0.

Proof. Define Z = U ∩ {z : Tan2(‖V ‖, z) ∈ G(n, 2)} and τ : Z → Hom(Rn,Rn)
by τ(z) = Tan2(‖V ‖, z)\ for z ∈ Z. Recall that

V (k) =
´
Z
k(z, τ(z))Θ2(‖V ‖, z) dH 2z for k ∈ K (U ×G(n, 2))

from Allard [All72, 3.5 (1b)] and that there exists a countable collection C of
2 dimensional submanifolds of Rn of class 2 such that ‖V ‖(U ∼

⋃
C) = 0 from

[Men13, 4.8]. Notice that

Tan(M, z) = Tan2(‖V ‖, z) for ‖V ‖ almost all z ∈ U ∩M

for M ∈ C by [Fed69, 2.8.18, 2.9.11, 3.2.17] and Allard [All72, 3.5 (2)]. In par-
ticular, one may construct a sequence of functions τi : U → Hom(Rn,Rn) of
class 1 such that the sets Zi = U ∩ {z : τ(z) = τi(z)} cover ‖V ‖ almost all
of U . For i ∈ P, applying 4.2 with m, p, ω(r), Z, f , and q replaced by 2, 1,
r2(1 + log(1/r)), Zi, ‖τ − τi‖2, and ∞ one infers, for ‖V ‖ almost all z ∈ Zi, that

lim sup
r→0+

r−4(log(1/r))−1
´
B(z,r)

‖τ(ζ)− τ(z)‖2 d‖V ‖ζ

= lim sup
r→0+

r−4(log(1/r))−1
´
B(z,r)

‖τ − τi‖2 d‖V ‖ ∈ {0,∞}.

Therefore it is sufficient to prove for ‖V ‖ almost all c that

lim sup
r→0+

r−4(log(1/r))−1
´
B(c,r)

‖τ(z)− τ(c)‖2 d‖V ‖z <∞.

For ‖V ‖ almost all c ∈ U there exist Q ∈P and M ∈ C such that

Θ2(‖V ‖, c) = Q, Θ∗2(‖δV ‖, c) <∞, Θ2(‖V ‖ xU ∼M, c) = 0,

lim
r→0+

r−2
´
B(c,r)

‖τ(z)− τ(c)‖d‖V ‖z = 0

by Allard [All72, 3.5 (1c)] and [Fed69, 2.8.18, 2.9.5, 2.9.9, 2.9.11]. Considering
such c, Q and M and abbreviating T = Tan(M, c)\, it follows

τ(c) = T\, lim sup
s→0+

s−6
´
B(c,s)∩M dist(z − c, T )2 d‖V ‖z <∞
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since M is a submanifold of class 2. Defining

η = sup{1,Γ9.1(n,Q)}, ε = 2−14η−1,

one obtains the existence of 0 < r ≤ 1/4 and 1 ≤ ξ <∞ such that U(c, 8r) ⊂ U
and for 0 < s ≤ r

s−1‖δV ‖U(c, 8s) + s−2
(´

U(c,8s)∩M dist(z − c, T )2 d‖V ‖z
)1/2 ≤ ξs,

and V satisfies the hypotheses of 9.1

with r and Z replaced by s and U(c, 8s) ∩M .

Abbreviating

f(s) = s−2
´
U(c,s)×G(n,2)

‖S\ − T\‖2 dV (z, S) for 0 < s ≤ 8r,

∆ = sup
{

220η2ε−1ξ2, 26f(8r)r−2(log(1/(8r)))−1
}
,

one inductively proves that

f(s) ≤ ∆s2 log(1/s) whenever 0 < s ≤ 8r;

in fact, the inequality is evident if r ≤ s ≤ 8r and if it holds with s replaced
by 8s for some 0 < s ≤ r, then, recalling r ≤ 1/4, one notes that

s2 ≤ ξs
(
ξs+ 26∆1/2s(log(1/s))1/2

)
≤ 8−1η−1∆s2(log(1/s))1/2,

1 + (log(1 + 1/s2))1/2 ≤ 4(log(1/s))1/2, ηε−1ξ2s2 ≤ 4−1∆s2 log(1/s),

to infer from 9.1 that

f(s) ≤ η
(
κ
(
ξs(ξs+ 26∆1/2s(log(1/s))1/2)

)
+ 212ε∆s2 log(1/s) + ε−1ξ2s2

)
≤ 8−1∆s2(log(1/s))1/2

(
1 + (log(1 + 1/s2))1/2

)
+ 2−1∆s2 log(1/s)

≤ ∆s2 log(1/s),

where κ is as in 9.1.

9.3 Remark. In view of 5.8 the decay rate is sharp for integral varifolds. For
curvature varifolds a stronger conclusion is attainable, see [Men14, 15.9].

9.4 Remark. It is an open problem whether the integrality hypothesis on V could
be replaced by the requirement “Θm(‖V ‖, z) ≥ 1 for ‖V ‖ almost all z”.

10 Super-quadratic tilt-excess, an example

In this section we provide examples of curvature varifolds satisfying the conditions
of 4.1 with p =∞, hence in particular having bounded generalised mean curvature
vector, for which there is a set of positive weight measure such that in arbitrarily
small balls around the points of that set there is a portion of relatively large
measure where the tilt is greater than 1/3. In fact, the Hausdorff measure of the
regions in the affine tangent planes which are not covered by the varifold, i.e. the
size of “holes”, is large at these scales which is essentially a stronger statement,
see 10.4. The power of the decay of the super-quadratic tilt-excess exhibited by
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these varifolds is the smallest possible, see 10.5 and 11.1. In 10.8, the example
is modified so as to yield the largest possible size of points of small density
permitted by the approximate lower semicontinuity of the density, see 10.11.

The qualitative construction principle was described by Brakke in [Bra78, 6.1]
for two dimensional integral varifolds. Our implementation employs additionally
the estimates obtained in 10.2 for certain varifolds, see Figure 2, and the sets
constructed in 2.2 and 2.5.

0 1−1 r−r 1
2r− 1

2r

catenoidcatenoid cutoffcutoff

Figure 2: Rotating the solid line around the vertical axis illustrates the support
of the varifold constructed in 10.2.

10.1. If φ is a measure, A is φ measurable, φ(A) <∞, f ∈ L∞(φ), ε > 0, and
εφ(A) ≤

´
A
f dφ, then

(ε/2)φ(A) ≤ φ(A ∩ {x : f(x) ≥ ε/2})φ(∞)(f).

10.2 Lemma. Suppose n = 3, p and q are related to n as in 5.1, and 4 ≤ r <∞.
Then there exists a curvature varifold V ∈ IV2(R3) satisfying

spt ‖V ‖ ⊂ im p∗ ∪ p−1[U(0, r)],

‖V ‖ xp−1[R2∼U(0, r)] = 2H 2 x im p∗∼U(0, r),

p−1[U(0, r)] ∩ spt ‖V ‖ is a two dimensional submanifold of R3 of class ∞,
Θ2(‖V ‖, z) = 1 for z ∈ p−1[U(0, r)] ∩ spt ‖V ‖,

0 ≤ ‖V ‖
(
p−1[U(0, r)]

)
− 2L 2 U(0, r) ≤ Γ(log r)2,

‖δV ‖ ≤ Γ(r−2 log r)‖V ‖,
´
‖b(V, z)‖d‖V ‖z ≤ Γ log r,

|p(z)| ≥ 1 and |q(z)| ≤ 3 log r whenever z ∈ spt ‖V ‖,
V
(
(R3 ×G(3, 2)) ∩ {(z, S) : ‖S\ − p∗ ◦ p‖ ≥ 1/3}

)
≥ 1,

where Γ is a universal positive, finite number.

Proof. Choose γ ∈ D(R,R) with {t : γ(t) > 0} = U(0, 1) and

0 ≤ γ(t) ≤ 1 for t ∈ R, γ(t) = 1 for −1/2 ≤ t ≤ 1/2.

Recalling 5.3, define g : R ∩ {t : 1 < t <∞} → R by

g(t) = arcosh(t)γ(t/r) for 1 < t <∞,

hence there exists a positive, finite number ∆1 determined by γ such that

|g′(t)| ≤ ∆1r
−1 log r and |g′′(t)| ≤ ∆1r

−2 log r for r/2 ≤ t ≤ r.

Defining h : R2∼B(0, 1)→ R by h(x) = g(|x|) for x ∈ R2∼B(0, 1), let

M = R3 ∩ {z : q(z) = h(p(z))}.

40



Notice that h(M, z) = 0 for z ∈M ∩ p−1[U(0, r/2)] by 5.4 and

M ∩ p−1[R2∼U(0, r)] = im p∗∼U(0, r),

p[M ] ⊂ R2∼U(0, 1), q[M ] ⊂ B(0, 3 log r),

M ∩ p−1[B(0, 2)] ⊂ {z : ‖Tan(M, z)\ − p∗ ◦ p‖ ≥ 1/3}.

by 5.1 (2) and 5.3. Recalling r ≥ 4, one may deduce from 5.3 and 5.4 that

0 ≤H 2
(
M ∩ p−1[U(0, r/2)]

)
−L 2(U(0, r/2)) ≤ 12 log r.

Noting that (1 + s)1/2 ≤ 1 + s/2 for −1 ≤ s <∞, one estimates

0 ≤H 2
(
M ∩ p−1[U(0, r)∼U(0, r/2)]

)
−L 2(U(0, r)∼U(0, r/2))

≤ 8
´ r
r/2

(
(1 + g′(t)2)1/2 − 1

)
tdL 1t ≤ 4

´ r
r/2
g′(t)2tdL 1t ≤ 2∆2

1(log r)2.

In view of the estimates for g′ and g′′ and 5.2, one notes

‖b(M, z)‖ ≤ 2∆1r
−2 log r whenever z ∈M and r/2 ≤ |p(z)| ≤ r,

hence, using 5.2 and 5.3, one obtains

´
M
‖b(M, z)‖ dH 2z ≤ ∆2 log r,

where ∆2 is a positive, finite number determined by γ.
Employing the reflection L : R3 → R3 given by L(z) = p∗(p(z))− q∗(q(z))

for z ∈ R3, one defines a curvature varifold V ∈ IV2(R3) by

V (k) =
´
M
k(z,Tan(M, z)) + k(L(z), L[Tan(M, z)]) dH 2z

for k ∈ K (R3 ×G(3, 2)). Hence one may take Γ = 4 sup{(3 + ∆1)2,∆2}.

10.3 Example. Suppose m is an integer with m ≥ 2 and ω is a modulus of
continuity satisfying the Dini condition.

Then there exist ε, C, M , R, T , and V satisfying

ε > 0, R ∈ G(m+ 1,m− 2), T ∈ G(m+ 1,m), C is a Borel subset of T ,

M is an m dimensional submanifold of Rm+1 of class ∞,
V ∈ IVm(Rm+1) is a curvature varifold with Θm(‖V ‖, z) = 1 for z ∈M,

C, M , and T , are invariant under translations in directions belonging to R,

spt ‖V ‖ ⊂M ∪ T, ‖δV ‖ ≤ ‖V ‖, ‖V ‖(C) > 0, Θm(‖V ‖, c) = 2,

‖V ‖(B(c, r) ∩ {z : Θm(‖V ‖, z) = 1}) ≥ ω(r)rm,

inf
{
V ((B(c, r)×G(m+ 1,m)) ∩ {(z, S) : ‖S\ − T\‖ ≥ 1/3}),
H m(T ∩B(c, r)∼T\[spt ‖V ‖])

}
≥ ω(r)2rm+2(log(1/r))−2

whenever c ∈ C and 0 < r ≤ ε and, if m > 2, then there also exists a curvature
varifold V ′ ∈ IV2(kerR\) such that

V (k) =
´
Rm+1×Rk(x+ y, im(P\ +R\)) dV ′ ×H m−2((x, P ), y)

whenever k ∈ K
(
Rm+1,G(m+ 1,m)

)
.
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Construction. Suppose p and q as related to n = m+1 as in 5.1 define T = im p∗.
Notice that it is sufficient to prove the assertion obtained by replacing closed
balls “B(c, r)” by open cubes “O(c, r)”, see 5.7. Hence, in view of 3.7, the
construction may be reduced to the case m = 2 by considering suitable products
with m − 2 dimensional planes if m > 2. Let ∆ = 3 sup{Γ10.2, 3} and choose
0 < η ≤ 1 such that ω(η) ≤ 2−6∆−2.

Define a modulus of continuity ψ satisfying the Dini condition such that
ψ(r) = sup{8∆ω(r), 4r2} for 0 ≤ r ≤ η. Apply 2.2 with m, ω, and λ replaced by
2, ψ, and 1/2 to obtain a number δ, named “ε” there, as well as G and A. Let

ε = inf
{
δ,∆−1, η

}
, B = {r : 0 < r ≤ ε}.

Define W ∈ IV2(R3) by

W (k) = 2
´
T ∼p∗[

⋃
G]
k(z, T ) dH 2z for k ∈ K (R3 ×G(3, 2)).

Whenever Q = O(a, s) ∈ G and s > ∆−1 let XQ ∈ IV2(R3) be defined by

XQ(k) = 2
´
T
k(z, T ) dH 2z for k ∈ K (R3 ×G(3, 2))

and set MQ = ∅. Whenever Q = O(a, s) ∈ G and s ≤ ∆−1 apply 10.2 with
r replaced by ∆s−1 log(1/s) to construct a curvature varifold XQ ∈ IV2(R3)
such that (µ∆s−2 log(1/s) ◦ τ−a)#XQ satisfies the conditions of 10.2 in place of
V implying

‖XQ‖ xp−1[R2∼U(a, s)] = 2H 2 xT ∼U(p∗(a), s),

MQ is a two dimensional submanifold of R3 of class ∞,
Θ2(‖XQ‖, z) = 1 for z ∈MQ,

‖δXQ‖ ≤ ‖XQ‖, |q(z)| ≤ s2 for z ∈ spt ‖XQ‖,
‖XQ‖

(
O(p∗(a), s) ∩ {z : Θ2(‖XQ‖, z) = 1}

)
≥ 2−1L 2(Q),

‖XQ‖
(
p−1[Q]

)
≤ 2L 2(Q) + s4,

´
‖b(XQ, z)‖d‖XQ‖z ≤ s2,

inf
{
XQ((p−1[Q]×G(3, 2)) ∩ {(z, S) : ‖S\ − T\‖ ≥ 1/3}),
H 2(p∗[Q]∼T\[spt ‖XQ‖])

}
≥ ∆−2s4(log(1/s))−2,

where MQ = p−1[U(a, s)]∩ spt ‖XQ‖. Now, let M =
⋃
{MQ :Q ∈ G} and define

V ∈ IV2(R3) by

V = W +
∑
Q∈GXQ x(p−1[Q]×G(3, 2)).

Note that ‖V ‖(p∗[A]) ≥ 1 and Θ2(‖V ‖, c) = 2 for ‖V ‖ almost all c ∈ p∗[A] by
Allard [All72, 2.8 (4a), 3.5 (2)]. Let C = p∗[A] ∩ {c : Θ2(‖V ‖, c) = 2}. Moreover,
observe that V is a curvature varifold with ‖δV ‖ ≤ ‖V ‖. Finally, if c ∈ p∗[A]
and r ∈ B, then there exists O(a, s) = Q ∈ G with Q ⊂ U(p(c), r) and
L 2(Q) = 4s2 ≥ ψ(r)r2, in particular O(p∗(a), s) ⊂ O(c, r), s ≤ ∆−1, and

∆−2s4(log(1/s))−2 ≥ 2−6∆−2ψ(r)2r4(log(1/r))−2 ≥ ω(r)2r4(log(1/r))−2

since r ≥ s ≥ ψ(r)1/2r/2 ≥ r2.
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10.4 Remark. Concerning the relation of the two terms occurring in the infimum,
the following observation is particularly appropriate. If n, Q, L, M , δ1, δ2, δ3,
δ4, ε, m, s, S, U , V , δ, and B are as in [Men13, 4.1], p = m, ψ is related to
m, n, p, U and V as in 4.1, and ψ(U)1/m ≤ δ, then

‖V ‖(B) ≤ 2δ−1n1/2β(n)V ((U ×G(n,m)) ∩ {(z,R) : |R\ − S\| ≥ δ/2});

in fact, this follows from 10.1, Allard [All72, 8.9 (3)], and the Besicovitch-Federer
covering theorem.

10.5 Remark. Taking ω in 10.3 such that ω(t) = (log(1/t))−1(log(log(1/t)))−2

for 0 < t ≤ e−e, where e denotes the Euler’s number, one obtains

lim
r→0+

r−m−2−δ´
B(c,r)×G(n,m)

‖S\ − T\‖ι dV (z, S) =∞

whenever c ∈ C, δ > 0, and 1 ≤ ι <∞. Taking ι > 2 and δ = ι− 2, one infers´
M∩U(c,r)

‖b(M, z)‖q dH mz =∞

whenever c ∈ spt(‖V ‖ xC), 0 < r <∞, and 1 < q <∞; in fact, the Cartesian
product structure of M and V reduces the problem to the case m = 2 in which,
in view of 3.1 (3) and 3.4, one may apply [Men14, 11.4 (3)] with f(z) replaced
by Tan2(‖V ‖, z)\.
10.6 Remark. For comparison note the following well known proposition: If
m and n are positive integers, m ≤ n, 0 ≤ K < ∞, V ∈ IVm(Rn) with
‖δV ‖ ≤ K‖V ‖ then there exists a relatively open, dense subset A of spt ‖V ‖
such that for any 1 ≤ q <∞ there holds

lim sup
r→0+

r−m−q
´
B(a,r)×G(n,m)

|S\ − T\|q dV (z, S) <∞

for V almost all (a, T ) ∈ A×G(n,m); in fact, one may combine Allard [All72,
8.1 (1)] with elliptic regularity theory as provided e.g. in [Men13, 3.6, 3.21] and
properties of Sobolev functions, see Calderón and Zygmund [CZ61, Theorem 12,
p. 204] or [Zie89, Theorem 3.4.2]. In particular, the tangent plane behaviour
exhibited in the preceding example may not occur at V almost all points.

10.7 Remark. Example 10.3 is a refinement of the example described by Brakke
in [Bra78, 6.1].

10.8 Example. Suppose m is an integer with m ≥ 2 and ω is a modulus of
continuity.

Then there exist ε, B, C, M , T , and V satisfying

ε > 0, B ⊂ R ∩ {t : t > 0}, R ∈ G(m+ 1,m− 2), T ∈ G(m+ 1,m),

inf B = 0, C is a Borel subset of T ,

M is an m dimensional submanifold of Rm+1 of class ∞,
V ∈ IVm(Rm+1) is a curvature varifold with Θm(‖V ‖, z) = 1 for z ∈M,

C, M , and T are invariant under translations in directions belonging to R,

spt ‖V ‖ ⊂M ∪ T, ‖δV ‖ ≤ ‖V ‖, ‖V ‖(C) > 0, Θm(‖V ‖, c) = 2,

‖V ‖(B(c, r) ∩ {z : Θm(‖V ‖, z) = 1}) ≥ ω(r)rm for 0 < r ≤ ε,
inf
{
V ((B(c, r)×G(m+ 1,m)) ∩ {(z, S) : ‖S\ − T\‖ ≥ 1/3}),
H m(T ∩B(c, r)∼T\[spt ‖V ‖])

}
≥ ω(r)rm+2(log(1/r))−2 for r ∈ B
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whenever c ∈ C and, if m > 2, then there also exists a curvature varifold
V ′ ∈ IV2(kerR\) such that

V (k) =
´
Rm+1×Rk(x+ y, im(P\ +R\)) dV ′ ×H m−2((x, P ), y)

whenever k ∈ K
(
Rm+1,G(m+ 1,m)

)
.

Construction. Modify the construction of 10.3 by replacing its second paragraph
by “Define a modulus of continuity ψ such that ψ(r) = sup{8∆ω(r)1/2, 4r2} for
0 ≤ r ≤ η. Apply 2.5 with m, ω, and λ replaced by 2, ψ, and 1/2 to obtain
a number δ, named ‘ε’ there, as well as B, G and A. Let ε = inf

{
δ,∆−1, η

}
.”

and “ω(r)2” in the last displayed inequality by “ω(r)”, and adding “If c ∈ p∗[A]
and 0 < r ≤ ε there exists H such that H ⊂ G ∩ {Q :Q ⊂ U(p(c), r)} and
L 2(

⋃
H) ≥ ψ(r)r2, in particular O(a, s) ∈ H implies O(p∗(a), s) ⊂ O(c, r) and

s ≤ ∆−1.” at the end, to obtain a construction for the present assertion.

10.9 Remark. The main modification of the construction of 10.8 in comparison to
10.3 is the usage of 2.5 in place of 2.2 and that B is a (countable) set constructed
in 2.5 rather than an interval.

10.10 Remark. As in 10.5, one obtains

´
M∩U(c,r)

‖b(M, z)‖q dH mz =∞

whenever c ∈ spt(‖V ‖ xC), 0 < r <∞, and 1 < q <∞.

10.11 Remark. Since Θm(‖V ‖, c) = 2 for c ∈ C, the lower bound on

‖V ‖(B(c, r) ∩ {z : Θm(‖V ‖, z) = 1})

is the largest one permitted by the approximate continuity of Θm(‖V ‖, ·) with
respect to ‖V ‖ and the standard Vitali relation, see [Fed69, 2.8.18, 2.9.13].

11 Super-quadratic tilt-excess, decay rates

The present section concerns integral varifolds of at least two dimensions, de-
ferring the one dimensional case to Section 12. Its purpose is to complement
the examples concerning the decay rates of the super-quadratic tilt-excess con-
structed in 10.3, 10.8 and [Men09, §1] by positive results, see 11.1. This yields
a sharp dividing line in most cases, see 11.3–11.5. Additionally, we prove that
the examples constructed in 10.3 and 10.8 are essentially sharp also with respect
to the size of holes the varifolds contain, see 11.7.

The positive results follow readily from the existing theory. For the super-
quadratic tilt-excess, these are the second order rectifiability and its consequences
for the decay of the quadratic tilt-excess in conjunction with the differentia-
tion theory both obtained in [Men13, 4.8, 5.2] and [Men09, §3] respectively.
Concerning the estimate for the size of the holes, we additionally employ an
approximation by QQ(Rn−m) valued functions, see [Men10, 3.15], and more
basic results on the size of the set where the first variation is large from [Men09,
§2].

11.1 Theorem. Suppose m, n, p, U , and V satisfy the hypotheses of 4.1,
V ∈ IVm(U), 2 < q <∞, and either
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(1) m = 2 and p > 1, or

(2) m > 2 and p ≥ 2m/(m+ 2).

Then for V almost all (z, T ) there holds

lim
r→0+

r−m−2
´
B(z,r)×G(n,m)

|S\ − T\|q dV (ζ, S) = 0.

Proof. Assume m < n. First, note that since the function mapping S ∈ G(n,m)
to |S\ − T\| is bounded for any T ∈ G(n,m), we have

lim sup
r→0+

r−m−2
´
B(z,r)×G(n,m)

|S\ − T\|q dV (ζ, S) <∞

for V almost all (z, T ) by [Men13, 5.2 (2)] and Hölder’s inequality. Second, note
that [Men13, 4.8] implies the existence of a sequence of functions τi : U →
Hom(Rn,Rn) of class 1 such that

‖V ‖
(
U ∼

⋃∞
i=1Zi

)
= 0,

where Zi = U ∩ {z : τi(z) = Tanm(‖V ‖, z)\}, hence

lim
r→0+

r−m−2
´
B(z,r)

|τi(ζ)− Tanm(‖V ‖, ζ)\|q d‖V ‖ζ = 0

for ‖V ‖ almost all z ∈ Zi by [Men09, 3.7 (i)] with Z, f , α, r, and g replaced
by Hom(Rn,Rn), Tanm(‖V ‖, ·)\, 2/q, ∞, and τi. The conclusion then follows,
since the functions τi are of class 1.

11.2 Remark. The concept of proof is the same as in [Men13, 5.2 (1)].

11.3 Remark. Note that the number 2 in r−m−2 cannot be replaced by any larger
number by 10.3 even if n = m+ 1 and “lim” is replaced by “lim inf”.

11.4 Remark. Note the following proposition: If m, n, p, U , and V are as in
4.1, V ∈ IVm(U), m > 2, p < 2m/(m+ 2), and 2 ≤ q <∞, then

lim
r→0+

r−m−mp/(m−p)
´
B(z,r)×G(n,m)

|S\ − T\|q dV (z, S) = 0

for V almost all (z, T ); in fact, it suffices to combine [Men13, 5.2 (1)] with
Hölder’s inequality. Taking α1 = α2 slightly larger than q−1mp(m − p)−1 in
[Men09, 1.2], one infers that mp/(m − p) cannot be replaced by any larger
number in the preceding statement even if n = m+ 1 and “lim” is replaced by
“lim inf”.

11.5 Remark. Note the following proposition: If m, n, p, U , and V are as in
4.1, V ∈ IVm(U), m = 2, p = 1, 0 < s < 2, and 2 ≤ q <∞, then

lim sup
r→0+

r−2−s´
B(z,r)×G(n,m)

|S\ − T\|q dV (ζ, S) <∞

for V almost all (z, T ); in fact, again, it suffices to combine [Men13, 5.2 (1)]
with Hölder’s inequality. Taking α1 = α2 slightly larger than 2q−1 in [Men09,
1.2, 1.3], one infers that s cannot be replaced by any number larger than 2 in
the preceding statement and s cannot be replaced by 2 in case q = 2 by 5.8 both
even if n = m+ 1 and “lim sup” is replaced by “lim inf”. This leaves open the
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case s = 2 and q > 2. An affirmative answer to the latter case would be implied
by interpolation if one would know

lim sup
r→0+

r−1φ(z, r, T ) <∞ for V almost all (z, T ),

where φ(z, r, T ) abbreviates

r−1 sup
{
tV ((B(z, r)×G(n,m)) ∩ {(ζ, S) : |S\ − T\| > t})1/2 : 0 < t <∞

}
.

11.6 Remark. If 2 ≤ m ∈ P, 1 ≤ p < ∞, and 2 < q < ∞, then there exist
V ∈ IVm(U) related to m, n = m + 1, p, and U = Rn as in 4.1 and A with
V (A) > 0 satisfying

lim
r→0+

(
r−m
´
B(z,r)×G(n,m)

|S\ − T\|q dV (ζ, S)
)1/q(

r−m
´
B(z,r)×G(n,m)

|S\ − T\|2 dV (ζ, S)
)1/2

+ r1−m/pψ(B(z, r))1/p
=∞

whenever (z, T ) ∈ A, where ψ is as in 4.1; in fact, choosing α such that
q−1mp(m − p)−1 < α < 2−1mp(m − p)−1 if m > 2 and p < 2m/(m + 2) and
2/q < α < 1 otherwise, 11.3–11.5 yield V ∈ IVm(U) related m, n = m+ 1, p,
and U = Rn as in 4.1 and A with V (A) > 0 such that

lim inf
r→0+

r−α
(
r−m
´
B(z,r)×G(n,m)

|S\ − T\|q dV (ζ, S)
)1/q

> 0

whenever (z, T ) ∈ A, hence [Men13, 5.2] and [Fed69, 2.8.18, 2.9.5, 2.9.8] imply
the assertion. The same statement holds for p =∞ if ψ(B(z, r))1/p is replaced
by (‖V ‖ xB(z, r))(∞)(h(V, ·)).

11.7 Theorem. Suppose m, n, p, U , and V satisfy the hypotheses of 4.1,
V ∈ IVm(U), and either

(1) m = 2 and p > 1, or

(2) m > 2 and p ≥ 2m/(m+ 2).

Then for V almost all (c, T ) there holds

lim
r→0+

r−m−2H m(H(T, c, r)) = 0,

where H(T, c, r) = T ∩B(T\(c), r)∼T\[C(T, c, r, r) ∩ {z : Θ∗m(‖V ‖, z) > 0}].

Proof. Assume 1 < p < m. If m = n, then δV = 0 by [Men13, 4.8], hence the
conclusion follows from Allard [All72, 4.6 (3)]. Therefore assume m < n.

Suppose Q is a positive integer. Recalling [Men09, 2.4], define

λ = ε[Men10, 3.15](n−m,m,Q, 1, 5mQ, 1/4, 1/4, 1/4, 1/4, (2γ(m)m)−m/α(m)),

Z = U ∩ {z : Tanm(‖V ‖, z) ∈ G(n,m)}

and τ :Z → Hom(Rn,Rn) by

τ(z) = Tanm(‖V ‖, z)\ whenever z ∈ Z.
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Let Bi consist of all z ∈ spt ‖V ‖ such that either B(z, 1/i) 6⊂ U or

‖δV ‖B(z, s) > λ ‖V ‖(B(z, s))1−1/m for some 0 < s < 1/i

whenever i is a positive integer. Note that Bi+1 ⊂ Bi. Moreover, let Di(c)
denote the set of all z ∈ U such that either B(z, 1/i) 6⊂ U or

´
B(z,s)

|τ(ζ)− τ(c)|d‖V ‖ζ > λ ‖V ‖B(z, s) for some 0 < s < 1/i

whenever c ∈ Z and i is a positive integer. Note that Di+1(c) ⊂ Di(c).
Next, the following assertion will be proven. For ‖V ‖ almost all c there exists

i such that

lim
r→0+

r−m−2‖V ‖(Bi ∩B(c, r)) = 0, lim
r→0+

r−m−2‖V ‖(Di(c) ∩B(c, r)) = 0.

Noting mp/(m−p) ≥ 2 and applying [Men09, 2.9, 2.10] with m, n, µ, s, ε, and Γ
replaced by n−m, m, ‖V ‖, m, inf

{
(2γ(m))−p/(m−p), λp/(m−p)

}
, and 8γ(m)m

yields the first equality. In view of [Men13, 5.2 (2)], applying [Men09, 3.7 (ii)]
with n, m, µ, Z, f , α, q, and r replaced by m, n−m, ‖V ‖, Hom(Rn,Rn), τ , 1,
2, and ∞ one obtains the second equality.

Note that for V almost all (c, T ) with density Θm(‖V ‖, c) = Q the hypotheses
of [Men10, 3.15] (Lipschitz approximation theorem) with m, n, L, M , δ1, δ2,
δ3, δ4, δ5, a, h, and µ replaced by n−m, n, 1, 5mQ, 1/4, 1/4, 1/4, 1/4,
(2γ(m)m)−m/α(m), c, r, and ‖V ‖ are satisfied for all sufficiently small r > 0.
Therefore the conclusions (1)–(3) of [Men10, 3.15] with ε1 replaced by λ in
conjunction with the assertion of the preceding paragraph yield the conclusion.

11.8 Remark. Possibly up to logarithmic factors, the estimate obtained is sharp
even in case n−m = 1 and p =∞ by 10.3 and 10.8.

12 The one dimensional case

For completeness, we consider in this section one dimensional integral varifolds
of locally bounded first variation. In that case we prove that there is a set almost
equal to the support of the weight measure of the varifold such that the tangent
map of the varifold is differentiable relative to this set almost everywhere, see
12.4. This implies that near almost all points the varifold may be expressed by
a finite sum of graphs of Lipschitzian functions, see 12.5.

The differentiability result for the tangent map mainly relies on an adaptation
of a coercive estimate of Allard and Almgren in [AA76, §5] in conjunction with
differentiability results of approximate and integral nature obtained for that
map in [Men13, §5]. The corollary then follows from a suitable approximation
by Lipschitzian QQ(Rn−1) valued functions, see [Men10, 3.15], in combination
with a structural result for such function, see Almgren [Alm00, 1.10].

12.1 Lemma. Suppose U is an open subset of Rn, V ∈ RV1(U), M = {z : 0 <
Θm(‖V ‖, z) <∞}, µ is a Radon measure over U , f : U → R is a Lipschitzian
function,

´
apDf • apDθ d‖V ‖ ≤ µ(θ) whenever θ ∈ D(U,R) and θ ≥ 0,
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where “ap” denotes approximate differentiation with respect to (‖V ‖, 1), and
φ ∈ D(U,R) with φ ≥ 0.

Then there holds

(H 1 xM)(∞)(φ| apDf |Θ1(‖V ‖, ·)) ≤ Lip(φ)
´

sptDφ
| apDf |d‖V ‖+ µ(φ).

Proof. Abbreviate γ = Lip(φ)
´

sptDφ
| apDf |d‖V ‖+ µ(φ) and define

h(t) =
´
M∩{z : f(z)=t}φ(z)| apDf(z)|Θ1(‖V ‖, z) dH 0z whenever t ∈ R

and T = {t :h(t) ≤ γ}. Since 3.6 (2) and Allard [All72, 3.5 (1b)] imply

apDf(z) = 0 for H 1 almost all z ∈M ∩ f−1[N ]

whenever L 1(N) = 0, it is sufficient to prove L 1(R∼T ) = 0.
Approximating θ by convolution and using [Men12, 4.5 (3)], one obtains

´
apDf • apDθ d‖V ‖ ≤ µ(θ)

whenever θ : U → R is a nonnegative Lipschitzian function with compact
support. Employing 3.6 (2) with g(z) replaced by φ(z)ψ′(f(z))| apDf(z)| and
taking θ = φ · (ψ ◦ f) yields

´
ψ′hdL 1 =

´
φ(ψ′ ◦ f)| apDf |2 d‖V ‖

=
´

apDf • apDθ d‖V ‖ −
´

(ψ ◦ f) apDf • apDφd‖V ‖ ≤ γ

whenever ψ ∈ E (R,R) and 0 ≤ ψ ≤ 1. Letting ψ approach the characteristic
function of {u : t < u} shows that t ∈ T whenever t is a Lebesgue point of h and
the conclusion follows from [Fed69, 2.8.18, 2.9.8].

12.2 Remark. If θ ∈ D(U,R) and f ∈ Hom(Rn,R), then (δV )(θ grad f) =´
apDf • apDθ d‖V ‖. Consequently, if ‖δV ‖ is a Radon measure, then

‖V ‖(∞)(φ| apDL|) ≤ n
(
‖L‖‖δV ‖(φ) + Lip(φ)

´
sptφ
| apDL|d‖V ‖

)
whenever L ∈ Hom(Rn,Rn).

12.3 Remark. The method of proof originates from Allard and Almgren [AA76,
5 (6)]. Adapting the terminology of [GT01, p. 41, p. 188, p. 391] to varifolds,
our presentation views f as a “weak subsolution to Poisson’s equation for the
Laplace-Beltrami operator on V ”, see also Allard [All72, 7.5].

12.4 Theorem. Suppose 1 < n ∈P, U is an open subset of Rn, V ∈ IV1(U),
‖δV ‖ is a Radon measure,

C = {(z,B(z, r)) : z ∈ U , 0 < r <∞}, Z = U ∩ {z : Tan1(‖V ‖, z) ∈ G(n, 1)},

τ : Z → Hom(Rn,Rn) satisfies τ(z) = Tan1(‖V ‖, z)\ for z ∈ Z, and A is the
set of points in spt ‖V ‖ at which τ is (‖V ‖, C) approximately continuous.

Then ‖V ‖(U ∼A) = 0 and, for ‖V ‖ almost all z ∈ A, τ |A is differentiable
relative to A at z with

D(τ |A)(z) = (‖V ‖, 1) apDτ(z).
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Proof. First, notice that ‖V ‖(U ∼A) = 0 by [Fed69, 2.8.18, 2.9.13] and that, for
‖V ‖ almost all z, τ is (‖V ‖, 1) approximately differentiable at z and

lim sup
r→0+

r−2
´
B(z,r)

|τ(ζ)− τ(z)|d‖V ‖z <∞

by [Men13, 5.2 (2), 5.5]. If z additionally satisfies Θ∗1(‖δV ‖, z) < ∞, as ‖V ‖
almost all z do by [Fed69, 2.10.19 (3)], then

lim sup
A3ζ→z

|τ(ζ)− τ(z)|/|ζ − z| <∞;

in fact, it is sufficient to take L = 1Rn − τ(z) and a suitable φ in 12.2 since
|τ(ζ)− τ(z)|2 = 2|L ◦ τ(ζ)|2 for ζ ∈ Z by Allard [All72, 8.9 (1) (2)],

Next, one obtains a sequence of functions τi : U → Hom(Rn,Rn) of class 1
such that the sets Zi = Z ∩ {z : τ(z) = τi(z)} cover ‖V ‖ almost all of U and

(‖V ‖, 1) apDτ(z) = Dτi(z)|Tan1(‖V ‖, z) for ‖V ‖ almost all z ∈ Zi

by [Men14, 11.1 (2) (4)] and [Fed69, 3.2.16]. Defining fi = (τ − τi)|A, the
preceding paragraph yields

lim sup
ζ→z

|fi(ζ)|/|ζ − z| <∞ for ‖V ‖ almost all z ∈ Zi,

hence, in view of 4.4 and [Fed69, 3.1.22], it follows

lim
ζ→z
|fi(ζ)|/|ζ − z| = 0, D(τ |A)(z) = Dτi(z)|Tan(A, z)

for ‖V ‖ almost all z ∈ Zi. Noting

Tan1(‖V ‖, z) ⊂ Tan(A, z) ⊂ Tan(spt ‖V ‖, z) for z ∈ U

by [Fed69, 3.2.16], the conclusion now follows from [Men14, 11.3].

12.5 Corollary. Suppose 1 < n ∈P, U is an open subset of Rn, V ∈ IV1(U),
‖δV ‖ is a Radon measure, and ε > 0.

Then, for V almost all (z, T ), there exist Q ∈ P, 0 < r < ∞, and fi :
T ∩B(T\(z), r)→ T⊥ ∩B(T⊥\ (z), r) with Lip fi ≤ ε for i = 1, . . . , Q such that

Θ1(‖V ‖, ζ) = card{i : fi(T\(ζ)) = T⊥\ (ζ)}

for H 1 almost all ζ ∈ C(T, z, r, r).

Proof. Let Z, τ and A be defined as in 12.4, in particular ‖V ‖(U ∼A) = 0.
In view of 12.4 and Allard [All72, 3.5 (1)] it is sufficient to prove the conclusion
at a point (z, T ) such that z ∈ A, T = im τ(z), ‖δV ‖({z}) = 0, τ |A is continuous
at z, and, for some Q ∈P, also

r−1
´
k(r−1(ζ − z), S) dV (ζ, S)→ Q

´
T
k(ζ, T ) dH 1ζ as r → 0+

for k ∈ K (Rn × G(n, 1)). Define δ1 = δ2 = δ3 = 1/2, δ4 = 1/4, and δ5 =
(2α(1)γ(1))−1 and recall δ5 ≤ 1, see e.g. [Men09, 2.4]. From [Men10, 3.15] one
obtains

λ = ε[Men10, 3.15](n− 1, 1, Q, ε, 5Q, δ1, δ2, δ3, δ4, δ5).
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Choose 0 < r <∞ such that

(Q− 1/2)α(1)r ≤ ‖V ‖(C(T, z, r, r)) ≤ (Q+ 1/2)α(1)r,

‖V ‖(C(T, z, r, 5r/4)∼C(T, z, r, r/2)) ≤ (1/2)α(1)r,

U(z, 4r) ⊂ U, ‖V ‖U(z, 4r) ≤ 5Qα(1)r, ‖δV ‖U(z, 4r) ≤ λ,
|τ(ζ)− τ(z)| ≤ λ whenever ζ ∈ A ∩U(z, 4r).

Applying [Men10, 3.15 (1)–(3)] with m, n, L, M , a, h, and ε1 by n− 1, 1, ε, 5Q,
z, r, and λ and noting that the set B occurring there is empty, one infers the
existence of a function f with values in QQ(T⊥) with dmn f ⊂ T ∩B(T\(z), r),
Lip f ≤ ε, and

spt f(x) ⊂ B(T⊥\ (z), r) for x ∈ dmn f,

Θ1(‖V ‖, ζ) = Θ0(‖f(T\(ζ))‖, T⊥\ (ζ)) for ζ ∈ C(T, z, r, r) ∩ T−1
\ [dmn f ],

H 1(T ∩B(T\(z), r)∼dmn f) + ‖V ‖
(
C(T, z, r, r)∼T−1

\ [dmn f ]
)

= 0.

Consequently, [Fed69, 2.10.19 (4)] implies

Θ1(‖V ‖, ζ) = 0 for H 1 almost all ζ ∈ C(T, z, r, r)∼T−1
\ [dmn f ].

Defining g = Clos f , one infers that g is a function, dmn g = T ∩ B(T\(z), r),
Lip g ≤ ε, and spt g(x) ⊂ B(T⊥\ (z), r) for x ∈ dmn g. Now one readily verifies

Θ0(‖g(T\(ζ))‖, T⊥\ (ζ)) = 0 for H 1 almost all ζ ∈ C(T, z, r, r)∼T−1
\ [dmn f ]

and the conclusion, both by means of Almgren [Alm00, 1.10 (2), 1.10 (1) (iii)].

12.6 Remark. The fact H m({(x, y) :x ∈ X and y ∈ spt g(x)}) = 0 whenever
Lm(X) = 0 and g : X → QQ(Rn−m) is Lipschitzian, deduced from Almgren
[Alm00, 1.10 (2), 1.10 (1) (iii)] for m = 1 in the preceding proof, clearly holds for
arbitrary n > m ∈P by Almgren [Alm00, 1.5 (11) (iii) (c)] or [Men10, 2.5 (1)].
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Rec. Math. [Mat. Sbornik] N.S., 10(52):249–264, 1942.

[Top80] Flemming Topsøe. Thin trees and geometrical criteria for Lebesgue
nullsets. In Measure theory, Oberwolfach 1979 (Proc. Conf., Ober-
wolfach, 1979), volume 794 of Lecture Notes in Math., pages 57–78.
Springer, Berlin, 1980.

[Zie89] William P. Ziemer. Weakly differentiable functions, volume 120 of
Graduate Texts in Mathematics. Springer-Verlag, New York, 1989.
Sobolev spaces and functions of bounded variation. URL: http://dx.
doi.org/10.1007/978-1-4612-1015-3,

53

http://projecteuclid.org/getRecord?id=euclid.jdg/1231856266
http://projecteuclid.org/getRecord?id=euclid.jdg/1231856266
http://dx.doi.org/10.1007/978-1-4612-1015-3
http://dx.doi.org/10.1007/978-1-4612-1015-3

	 Introduction
	1 Notation
	2 Density properties of Lebesgue measure
	3 Cartesian product of varifolds
	4 Differentiation results
	5 Quadratic tilt-excess, an example
	6 A coercive estimate
	7 Approximation
	8 Embedding results
	9 Quadratic tilt-excess, decay rates
	10 Super-quadratic tilt-excess, an example
	11 Super-quadratic tilt-excess, decay rates
	12 The one dimensional case
	 References

