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Abstract
We study the frequency splitting of the polarization eigenmodes of the fundamental transversemode
inCO2 laser-machined, high-finesse optical Fabry–Perot cavities and investigate the influence of the
geometry of the cavitymirrors. Their highly reflective surfaces are typically not rotationally symmetric
but have slightly different radii of curvature along two principal axes.We observe that the eccentricity
of such ellipticalmirrors lifts the degeneracy of the polarization eigenmodes. The impact of the eccen-
tricity increases for smaller radii of curvature. Amodel derived from corrections to the paraxial reso-
nator theory is in excellent agreementwith themeasurements, showing that geometric effects are the
main source of the frequency splitting of polarizationmodes for the type ofmicroscopic cavity studied
here. By rotating one of themirrors around the cavity axis, the splitting can be tuned. In the case of an
identical differential phase shift permirror, it can even be eliminated, despite a nonvanishing eccen-
tricity of eachmirror.We expect our results to have important implications formany experiments in
cavity quantum electrodynamics, where Fabry–Perot cavities with smallmode volumes are required.

1. Introduction

Fabry–Perot resonators entered the scene of physicsmore than a century ago and have continued to play an
important role ever since. A very prominent entry was the advent of the laser, where a Fabry–Perot cavity
provides the optical feedback required for the coherent amplification of light. Since then,many efforts have been
targeted at increasing thefinesse and decreasing themode volume of these resonators in order to enhance the
coupling of light to progressively smaller amounts ofmatter. Advances in these directions have resulted in
rapidly developing fields like cavity quantum electrodynamics (CQED) and cavity optomechanics [1]. By now,
research onCQEDhas reached the regime of single quanta of light andmatter, as exemplified by the
nondestructive detection of a photon [2, 3] or a universal single-atomquantumnetwork node [4–6].

The quest for even smallermode volumeswith dimensions approaching thewavelength has triggered the
development of newmirror fabrication techniques for Fabry–Perot resonators [7–11] and led to numerous
efforts towards new types ofmonolithicmicroresonators [12–14]. Inmonolithic systems, atoms are coupled to
the evanescent field of a tightly confinedmode. In contrast, Fabry–Perot cavities offer polarization control and
the advantage of easy access to the fieldmode [15–19].Microfabricated Fabry–Perot cavities have been
employed in awide variety of contexts: they have yielded unprecedentedly high light-atom coupling rates in
Fabry–Perot resonators [20], have been used to approach the strong-coupling regime of CQEDwith ions [21],
and have enabledCQED experiments with solid-state emitters in Fabry–Perot cavities [22–26]. They have
further been utilized to enhance Raman scattering ofmolecules [27] and to couple light tomicromechanical
objects [28]. The highest surface qualities formicromirrors have been achievedwith a fabrication process using a
CO2 laser to shape the end facets of optical fibres [10, 11, 29]. These are subsequently coatedwith Braggmirrors,
applying the same process routinely used for superpolished substrates.

To exploit the full potential of high-finesse Fabry–Perot cavities, the control of polarization eigenmodes is
essential. Examples range from cavity-enhanced polarimetry [30–32] and cavity ring-down spectroscopy
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[33, 34] to applications in quantum information processing, such as the efficient and coherent coupling of
atomic states to the polarization of single photons [35]. The latter requires degeneracy of the polarization
eigenmodes, which has been achieved for Fabry–Perot cavities built from superpolishedmirror substrates [36].
Microfabricated cavities, however, can have increased frequency splittings between polarization eigenmodes, as
wasfirst observed inCO2 laser-machined resonators [10, 20]. If the splitting is on the order of the linewidth of
the cavity, there can be detrimental effects on all kinds of experiments [37–39]. There are two strategies for
dealingwith the splitting in cavities: tominimize it until it becomes negligible, or to increase it such that the two
polarizationmodes are well separated [38]. In either case, it is necessary to understand and control this splitting.

Two potential sources of the splitting of polarization eigenmodes in a Fabry–Perot cavity can be
distinguished. Thefirst one is birefringence of themirrormaterials, usually attributed tomechanical stress
[39, 40]. Combinedwith afinite penetration depth, this leads to a polarization-dependent phase shift upon
reflection. The second source is directly related to the cavity geometry. Its existence is not evident from the usual
paraxial resonator theory, inwhich the cavity field and its resonances are described by a scalarmode function
that is independent of the polarization. The paraxial theory does describe the polarization-independent splitting
of higher-order transversemodes of equal order in a cavity with ellipticalmirrors, but it cannot account for an
additional splitting of each of thesemodes into a doublet via the polarization degree of freedom. Any splitting of
the polarizationmodes thus has to originate from effects beyond the paraxial approximation. It has been shown
that corrections to the paraxial theory predict a splitting of polarization eigenmodes of higher-order transverse
modes for cavities with sphericalmirrors [41–44].However, due to the cylindrical symmetry assumed in these
calculations, they result in degenerate fundamental transverse polarization eigenmodes. Because fundamental
transversemodes are of greatest practical relevance inCQEDexperiments, they are the subject of this work.

In the following, we show that corrections to the paraxial approximation can explain a frequency splitting of
the fundamental transversemode in cavities with ellipticalmirrors.Wefind good quantitative agreement
between experimental data and a theoretically derived analytic relation between surface geometry and induced
frequency splitting. This confirms that formirrorsmachinedwith aCO2 laser, their ellipticity is the dominant
reason for the splitting of polarizationmodes. Therefore, the expected splitting can be predicted from the surface
data of fabricated structures, even before the application of amirror coating. The studied effect is very general,
and by nomeans exclusive toCO2 laser-machined cavities, but appears whenever the radii of curvature of
elliptical cavitymirrors approach thewavelength of the resonantfield. Finally, we demonstrate that for cavities
with two ellipticalmirrors, the amount of frequency splitting can be further controlled by rotating one of the
mirrors.

2. Fabrication offibremirrors

We fabricate the fibremirror substrates bymicromachining end facets of fused silica optical fibreswith aCO2

laser [29]. Local heating due to the absorption of a laser pulse leads to evaporation offibrematerial. In
combinationwith theGaussian transverse profile of the laser beam, concave structures are formed.Melting
should be restricted to a thin layer below the surface of the fibre such that the surface tension leads to an
ultrasmooth surface but not to the formation of a convex structure. Tominimize the absorption depth, we
employ aCO2 laser at awavelength of 9.3 μm, close to an absorptionmaximumof fused silica [45]. Single-mode
andmulti-mode opticalfibres with a cladding diameter of 125 μmare cleaved, and the end facets are illuminated
for 0.65–1.2 mswith typically 50Wof laser power focused to a e1 2 beamdiameter of 450 μm.This results in
concave structures 73–83 μmin diameter andwith radii of curvature of 120–600 μmdetermined by the duration
of the laser pulse. The diameter of the structure is limited by thefibre diameter and surface tension, which
prevents the formation of sharp edges.

We characterize the fabricated structures with a scanningwhite-light interferometer. In general, the surface
is neither spherical, nor does it exhibit perfect cylindrical symmetry with respect to thefibre axis. Therefore, the
radii of curvature are local features and depend on the region of interest when determined fromfits to thefibre
surface. Near the centre, it is well approximated by an elliptic paraboloidwith amajor axis having a radius of
curvature (R1) larger than that of theminor axis (R2) (figure 1).We call suchmirrors elliptical because the
contour lines of their surfaces are ellipses. As can be seen from figure 2, we find that the eccentricity
ϵ = − R R1 2 1 is influenced by the polarization of theCO2 laser. Using linear polarization, we find amean
eccentricity of 0.47with a standard deviation of 0.07 over 18 samples. Theminor axes of the structures are
alignedwith the direction of the linear polarization. Switching to circular polarization, we find amean
eccentricity of 0.26with a standard deviation of 0.08 over 41 samples, with no preferred direction for the
principal axes (figure 2). Apparently, linear polarization of theCO2 laser induces additional asymmetry in the
process and leads to an increased eccentricity of the resulting structures.
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Themachined structures were coatedwith a commercial high-reflection coating using ion-beam sputtering.
Superpolished reference substrates coated in the same run show a transmission of ±(2.9 0.1)ppmat a
wavelength of 780 nm. For a cavity built from two of these reference substrates, wemeasure afinesse of

±340 000 20 000 using cavity ring-down [46], which corresponds to 6 ppmadditional losses (scattering and
absorption) permirror. Cavities built from twofibremirrors with the same coating reach afinesse of up to

±190 000 10 000, as determined fromdirect spectroscopicmeasurements of the cavity linewidth. This
corresponds to parasitic losses of 13.5 ppmpermirror under the reasonable assumption that the transmission is
the same as for the reference substrates.

3. Theoreticalmodel

In the paraxial resonator theory, themodes of a cavity are described by scalarmode functions, which are
solutions of the paraxial wave equation. The resonance frequencies of themodes are deduced from the condition
that the field, derived from themode function,must vanish on themirror surfaces. Polarization effects do not

Figure 1.CO2 laser-machined fibre end facet imagedwith a scanningwhite-light interferometer (schematic, not to scale). At the
centre, the surface can be approximated by an elliptic paraboloidwith radii of curvatureR1 andR2 along the two principal axes. The
inset shows the surface cut along theminor axis (solid blue line) and afitted parabola (dashed green line).

Figure 2.Eccentricity and orientation of theminor axis of theCO2 laser-machined fibre end facets. For samplesmachinedwith a
linearly polarized laser (red pluses), the orientation is given relative to the polarization axis (vertical in the plot). Themean eccentricity
is 0.47 (red circle). Using a circularly polarized laser (blue crosses), themean eccentricity is reduced to 0.26 (blue circle). To denote the
individual axes, the crosses have been duplicated and rotated by 180 degrees, such that each pair of opposing crosses represents one
sample.While there is no preferred orientation of theminor axis in the case of circular polarization, the orientations of theminor axes
of thefibre surfacesmachinedwith linear polarization are correlated, close to the orientation of theCO2 laser polarization axis.
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enter the paraxial resonator theory, which can therefore not account for a frequency splitting of polarization
eigenmodes.

Modelling of the frequency splitting of the polarization eigenmodes requires an extension of the scalar
theory to a vector theory. Lax et al [47] pointed out how the scalar paraxial theory is naturally embedded in a
more general vector theory. By scalingMaxwell’s equationswith the characteristic lengths along the longitudinal
and transverse directions of a light beam, they showed that the vector field can be suitably expressed as a power
series in the parameter kw1 ( )0 , which compares thewavelength λ π= k2 to the beamwaistw0. The leading-
order term in this series is a transverse field component that satisfies the paraxial wave equation known from the
scalar theory, whereas the first-order correction points along the propagation direction of the beamand is out of
phasewith themain, transverse field component by about 90°. Such afield is shown infigure 3, with the
transverse field component chosen to point along x.

In the case of a vector field, themost natural boundary condition for the electric field on the cavitymirrors is
that of a perfect conductor, which imposes that the electric field component tangential to themirror surface

must vanish ( ⃗ = ⃗E 0tan ). Infigure 3, red lines labelledwith S indicate where this condition is fulfilled. Amirror
matching one of these lines supports the depictedmode. For comparison of the vector theorywith the scalar
paraxial theory, green lines labelledwith S̃ indicate where the transverse field component, described by a paraxial
mode function, vanishes (Ex=0).One can see that the green lines, which overlapwith the red lines at x=0, have
a slightly larger radius of curvature (figure 3(b)). In the vector treatment of the cavitymode, the transverse part
of the field is thus described by amode function that, at the position of themirror, has a larger radius of
curvature along the polarization direction (x) than themirror itself. The larger radius of curvature of themode
function comes alongwith a smaller Gouy phase shift and a correspondingly lower resonance frequency than the
treatment of the same resonatorwithin the scalar paraxial theorywould predict, inwhich the resonance
frequencywould be deduced from amode functionwith radii of curvature that exactlymatch the cavitymirrors.

The described frequency correction to the paraxial resonator theory, due to themore accurate treatment of
the boundary condition on themirror surface in a vector theory, was pointed out and calculated byCullen [48]
for the fundamental transversemode of a resonatorwith sphericalmirrors.We consider and calculate this
frequency correction for the case of a plano-concave cavity with an ellipticalmirror having different radii of
curvatureR1 andR2 along themajor andminor principal axis, respectively. The resulting frequency correction
depends only on the radius of curvature alongwhich themode is polarized. This leads to different frequency
correctionsδν1 andδν2 relative to the paraxial theory formodeswhich are linearly polarized along the principal
axes of the ellipticalmirror. Themodulus of the (negative) frequency correction is larger for themode polarized

Figure 3.Electric field distribution of a fundamental transverse cavitymodemainly polarized along the x-directionwith an additional,
nonparaxial field component along the propagation axis z. The transverse field component is aGaussian TEM00-mode (wavelength
λ = 780 nm,modewaist 3.5 μm), fromwhich the longitudinalfield component is derived as described in the appendix [47]. The
relative scaling of Ex andEz corresponds to the scaling of the spatial axes in each subplot. Note that this does not preserve angles (most

pronounced in (b)). Lines indicating the fulfilled conditions ∣ =E 0x S̃ (green) and ⃗ ∣ = ⃗E 0Stan (red) are plotted in all three graphs but

can only be resolved in (b) and (c). The lines S and S̃ have slightly different radii of curvature and overlap at x=0.
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along theminor principal axis, because corrections to the paraxial theory becomemore important for smaller
radii of curvature. Therefore, thismode has the lower resonance frequency.

The consequence of these corrections to the paraxial theory is the qualitatively new effect of a frequency
splitting between the polarization eigenmodes of the fundamental transversemode for a cavitywith an elliptical
mirror. To the lowest order in kw1 ( )0 , the frequency splitting is given by (appendix)

Δν δν δν
ν

π
= − =

−
k

R R

R R2
. (1)1 2

FSR 1 2

1 2

Here,ν = c L(2 )FSR is the free spectral range of the cavity of length L. The frequency splitting of the polarization
eigenmodes can be related to the differential phase shift Δφrt that the two polarizationmodes acquire during a
cavity round trip:

Δφ π Δν
ν

= 2
. (2)rt

FSR

For the considered case of only one ellipticalmirror, the differential phase shift per round trip is equal to the
differential phase Δφ the linear polarizationmodes acquire during reflection from thatmirror, Δφ Δφ=rt . This
differential phase shift per reflection is therefore given by

Δφ ϵ=
−

=
k

R R

R R kR

1
, (3)1 2

1 2

2

2

which is independent of the cavity length. The relevant geometrical property of themirror surface in (1) and (3)
is the square of the eccentricity, scaled by an additional factor λ π=kR R1 ( ) (2 )2 2 . The effect ofmirror
eccentricity thus becomes increasingly important when going for small radii of curvature that approach the size
of thewavelength, as, for example, inCO2 laser-machined optical cavities or in themicrowave domain. Relation
(3) also sets an upper bound of kR1 ( )2 for themaximumdifferential phase shift per reflection for the
fundamental transversemode that can be achieved viamirror asymmetry. It is reached for cylindricalmirrors
that have ϵ = 1.

4. Experimental results

We study the dependence of the frequency splitting of the polarization eigenmodes on the properties of CO2

laser-machinedmirrors in a hybrid cavity setup (figure 4(a)). The cavities consist of the fibremirror under
testing and a referencemirror based on a superpolished substrate with a 100 mmradius of curvature. Typical
cavity lengths are around 50 μm.Using an additionalmacroscopicmirror and a procedure similar to the one
described in [49], the differential phase shift of the referencemirror has been characterized to be smaller than
2 μrad. This is negligible compared to the phase shift induced by the ellipticity of the fibremirrors, andwe
consequently attribute anymeasured differential phase shift to thefibremirror under testing.

Light at awavelength of 780 nm is coupled into the cavity via the fibremirror and imaged on aCMOS camera
behind the superpolishedmirror. The order of the transversemode and its orientation can thus be assigned to
each peak in the transmission spectrum.We observeHermite–Gaussianmodes, as expected formirrors having
an elliptic paraboloid shape (figure 4(b)). From the orientation of the first-order transversemodes and their
distance from the fundamental transversemode in frequency space, the orientation of themajor andminor axis
of the fibremirror and the corresponding effective radii of curvature can be deduced [50].We optimize the
cavity geometry for efficient excitation of the fundamental transversemode and onlymeasure at cavity lengths
where no hints of higher-order transversemodes are visible simultaneously with themodes to bemeasured.

To characterize the polarization eigenmodes of the cavity, we replace the camerawith a λ 2-waveplate, a
polarizing beam splitter, and a photomultiplier tube at each output port of the beam splitter (figure 4(a)). The
polarization of the incoming light is adjusted to equally excite both polarization eigenmodes. Thewaveplate in
the detection setup is adjusted until the light of each polarization eigenmode ismapped onto one detector
(figure 4(c)). This is possible because the polarization eigenmodes are linear within themeasurement accuracy.
For every fibremirror characterized in this way, we have verified that the polarization eigenmodes are aligned
with the principal axes of the CO2 laser-machined structure, with themode assigned to theminor axis always
being lower in frequency. The frequency splitting Δν of the two polarization eigenmodes ismeasured by
scanning the cavity lengthwith a linear rampwhile phasemodulating the probe light with an electro-optic
modulator to generate sidebands as frequencymarkers. To compensate for a potential difference in signal path
delays, we switch scanning directions and take themean of 100 scans in each direction. The cavity length is
determined from ameasurement of the free spectral range, νFSR, using two lasers which are simultaneously
resonant with neighbouring fundamental transverse cavitymodes.We can then convert the cavity length-
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dependent Δν into the differential phase shift per cavity round trip (equation (2)), which is independent of the
cavity length. It equals the differential phase shift per reflection of the fibremirror if the influence of the
superpolishedmirror is negligible. The results as a function of the radii of curvature are shown infigure 5,
showing excellent agreement with the theoreticalmodel. This demonstrates that ellipticity of the cavitymirrors
is the dominant reason for the splitting of polarizationmodes in cavities built from the presented CO2 laser-
machinedmirrors.

An alternative way to determine the radii of curvature, instead ofmeasuring the frequency separation of
transversemodes, is tofit an elliptic paraboloid to themeasured surface profile. Thefit is weightedwith the
estimated transverse profile of the cavitymode, because deviations from a spherical surface lead to a spatial
dependence of the curvature. The resulting radii of curvature, and thus the resulting differential phase shift per
reflection, depend on the position of the cavitymode on themirror. Formirrors based on single-mode fibres, the
core of thefibre can be used as a position reference when the overlap of cavitymode and fibremode is optimized

Figure 4.Characterization of the frequency splitting of polarization eigenmodes. (a) Experimental setup. The hybrid cavity consists of
onefibremirror and onemacroscopicmirror. (b)Using a removable camera, the transversemode structure (here TEM01) and its
orientation θ can be determined for each cavity resonance. Typicalmodewaists are 4–7 μm. (c) The frequency splitting between the
two orthogonal, linear polarization eigenmodes is determined from a simultaneous scan over both resonances. The centre of each
resonance is determined byfitting Lorentzians (green and red lines) to themeasured transmission (green and red crosses).

Figure 5.Differential phase shift per reflection for fibremirrors as a function of themirror geometry. Green squares: phase shift
measuredwith a hybrid cavity; radii of curvature determined from the transversemode distances. Error bars are statistical. Cyan
squares: phase shiftmeasured by rotation using a fibre cavity (section 5); radii of curvature determined from surfacefits. Error bars are
confidence intervals deduced from thefits. The letters indicate different fibremirrors. The blue linewith slope k1 is the result of a
theoreticalmodel (section 3)with no free parameter.
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bymaximizing the transmission of the cavity. For single-mode fibres, wefind good agreement between the
values obtained from thefit and those from the transversemode distances. It is therefore possible to predict the
geometrically induced differential phase shift of a particularmachined structure directly from ameasurement of
its eccentricity and radius of curvaturewithout the need to build a cavity or to apply a reflective coating.

5. Control byfibre rotation

The rotational alignment of two elliptical cavitymirrors, i.e., the relative orientation of theirmajor axes, can be
used to further control the frequency splitting of the polarizationmodes [51]. Figure 6 shows the results of a
measurement of the differential phase shift per round trip of afibre cavity as a function of the angle bywhich one
of the fibremirrors was rotated around thefibre axis. Thefibre cavitywasmade of two single-mode fibres. A
polarization-resolving excitation and detection setupwas used, analogous to the one described in section 4.
Careful optimization of the cavity transmissionwas found to be crucial for reproduciblemeasurements.

We use amodel based on the Jones formalism to describe themeasured data [49, 52]. In thismodel, the two
cavitymirrors are characterized by their individual differential phase shifts per reflection Δφ1 and Δφ2. They can
be rotated around the cavity axis with the relative angle between theirmajor axes denoted byϑ. The differential
phase shift per round trip Δφrt of the two polarization eigenmodes of the cavity is deduced from the eigenvalues
of the Jonesmatrix describing a round trip of a polarization vector through the cavity. It is given by

Δφ Δφ Δφ Δφ Δφ ϑ= + + 2 cos(2 ) . (4)rt 1
2

2
2

1 2

For thefits infigure 6, an offset angleϑ0 was introduced as an additional fit parameter to account for the
unknown initial orientation of the fibres. Thefibres used for the depictedmeasurement are the ones that yielded
data pointsD andE infigure 5, withmeasured differential phase shifts Δφ = ±(192 13)1 μrad and
Δφ = ±(247 12)2 μrad, respectively. The dashed blue curve infigure 6 is afit of (4) using thesemeasured values
for Δφ1 and Δφ2, such thatϑ0 is the only free parameter. The red solid curve is a fit with the differential phase
shifts of the twomirrors as free parameters, resulting in Δφ = ±(230 11)1 μrad and Δφ = ±(268 9)2 μrad. The
discrepancy in the results of the twomethods can be attributed to different positions of the cavitymode on the
fibremirrors. Usingweighted surface fits as described above, we have studied the local eccentricity of themirror
surface as a function of lateral displacement.Wefind that the eccentricity can change significantly for lateral
displacements of only a fewmicrometres.

An obvious but important implication of (4) is that the frequency splitting of polarization eigenmodes of a
cavity can be tuned via the rotation angleϑ. This is experimentally confirmed by the data infigure 6.When the
major axes of themirrors are parallel, the differential phase shift per cavity round trip, and thus the frequency
splitting of the polarizationmodes, ismaximizedwith Δφ Δφ Δφ= +rt

max
1 2. Aminimal value of

Figure 6.Dependence of the frequency splitting of polarization eigenmodes of the fundamental transversemode on the relative
rotation angle of the two elliptical cavitymirrors. The error bars denote the statistical standard error for the phase shift and the
estimated uncertainty for the rotation angle. See text for a description of themodel used to fit the data.
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Δφ Δφ Δφ= ∣ − ∣rt
min

1 2 is achievedwhen themajor axes of the twomirrors are perpendicular. In particular, the
frequency splitting of the polarization eigenmodes vanishes in this configuration if the differential phase shifts
per reflection of the twomirrors are equal (Δφ Δφ=1 2). This is to be expected, because the effects of the two
identicalmirrors with perpendicular rotational orientation counterbalance each other.

6. Conclusion

Wehave identified ellipticalmirror surfaces as the dominant source of the frequency splitting of the polarization
eigenmodes of the fundamental transverse resonatormode inCO2 laser-machined optical cavities. Using aCO2

laser at awavelength of 9.3 μm,we fabricated structures with ultrasmooth surfaces onfibre end facets. In
combinationwith a highly reflective coating, finesses of up to 190 000were reached, allowing for a high spectral
resolution in ourmeasurements.Wefind excellent qualitative and quantitative agreement between
experimental data and amathematicalmodel based on corrections to the paraxial resonator theory [48], which
relies only on themirror geometry. The agreement includes the orientation of the polarization eigenmodes
along the principal axes of the ellipticalmirror, the fact that the polarizationmodewhich is polarized along the
minor axis has the lower resonance frequency, and themagnitude of the frequency splitting.

We have identified the shape of the fabricatedmirror surfaces as the crucial control parameter for the
splitting of polarization eigenmodes. This suggests that the final splitting can to a large degree be controlled
during theCO2 laser-machining process. Consequently, optimization is possible without the necessity to build
cavities or even coat the fibre end facets. An excellent tuningmechanism for the frequency splitting of cavities
built from existingmirrors is given by the rotation of one of themirrors around the cavity axis. The relative angle
between themajor axes of the twomirrors can be used to alter and, in the case ofmirrors with identical
differential phase shifts, even to cancel the frequency splitting. Alternatively, the frequency splitting can be set to
nonvanishing values in a controlledmanner by fabricating suitable asymmetricmirrors.

There are a number of quantum information protocols, for example, entanglement generation [35] or
quantum state transfer in a cavity-based quantumnetwork [4], which rely on degenerate polarizationmodes.
The concepts andmethods presented here should allow for future experiments implementing these protocols
using high-finessefibre-based optical Fabry–Perot resonators with degenerate polarization eigenmodes.
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AppendixA. Calculation of the frequency splitting of polarization eigenmodes for a cavity
with one ellipticalmirror

The calculation behind (1) follows a publication byCullen [48]. The results are extended to the case of cavities
with one ellipticalmirror and to arbitraryHermite–Gaussianmodes. Elliptical cavitymirrors are essential for
obtaining the frequency splitting of the polarization eigenmodes of the fundamental transversemodewe
observe.

The calculation is based onGreen’s second identity, which states that for two functions f and g, which are
twice continuously differentiable, the relation

 ∫ ∫▵ − ▵ = ⃗ − ⃗ ⃗( )f g g f V f g g f S( )d · d (A.1)
V S

holds. Here,V is a volumewith a surface S, of which ⃗dS is an outward-pointing infinitesimal area element [53].
We consider the case that ≡f Ex is amode function, whichwe assume to represent the x-component of the

electric field of a resonatormode.We assume thatEx fulfils theHelmholtz equation,▵ + =E k E 0x x
2 , and

require it to vanish on themirror surface, ∣ =E 0x S , according to the boundary condition formode functions in
the paraxial resonator theory. Thewavenumber k is directly related to the frequencyν π= kc (2 )of themode.
The function ≡g Ẽx is given by an almost identicalmode function ≅E E˜

x x, which describes the transverse field
component of a vectormode, as discussed in section 3. It does not exactly vanish on themirror surface but takes

on nonzero values ≡ ∣E E˜ ˜
x
S

x S, which fulfil the boundary condition of a perfect conductor ⃗ ∣ = ⃗E 0Stan , where ⃗Etan

designates the electric field component, which is tangential to themirror surface. Ẽx has a slightly different

8

New J. Phys. 17 (2015) 013053 MUphoff et al



frequency ν̃ and is assumed to fulfil theHelmholtz equation▵ + =E k E˜ ˜ ˜ 0x x
2

. Inserting these conditions in (A.1)
and assuming that the frequency shift between the twomodes,δν ν ν= −˜ , is small ( δν ν∣ ∣ ≪ ), leads to the
following equation for the frequency shift [48]:

∫
∫

δν
π

≈
⃗ ⃗

c

k

E E S

E V4

˜ · d

d
. (A.2)S x

S
x

V x
2

Here, the volume integral has to be taken over thewhole resonator volume and the surface integral in general
over both resonatormirrors. In order to specify the amount of frequency splitting of the polarization
eigenmodes induced by a single elliptical cavitymirror, we consider a plano-concave cavity. In this

configuration, =Ẽ 0x
S

on the planarmirror. Therefore, the surface integral in (A.2), can be restricted to the
surface of the concavemirror. On the left-hand side of (A.2), terms of the relative order δν ν( )have been
neglected.

We take Ex to be aGaussianTEMnm-mode. Thesemodes fulfil the paraxial wave equation and not the
Helmholtz equation, as was assumed above. The approximationmade in going from theHelmholtz equation to
the paraxial wave equation is, however, polarization independent as long as themode functions are polarization
independent. Any error resulting from this approximationwill thus not affect the frequency splitting of
polarization eigenmodes in afirst-order perturbation calculation. In complex notation, themode functions are
given by

π ξ

=

= − + + −

E x y z u x z u y z

u x z
n w z

H
x

w z
n z

kx

R z

x

w z

( , , ) e ( , ) ( , ),

( , )

2

2 ! ( )

2

( )
exp i

1

2
( ) i

2 ( ) ( )
, (A.3)

x
kz

n
x

m
y

n
x

n
x

n
x

x
x x

i

2 2

2

4

⎜ ⎟
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎛
⎝

⎞
⎠

⎞
⎠⎟

wherewx(z) is themodefield radius along x,Rx(z) is the radius of curvature of thewavefronts along x,ξ z( )x is the
correspondingGouy phase, andHn denotes aHermite polynomial of degree n. Rx(z),wx(z), andξ z( )x are
functions of themodewaistw0x, k, and z and follow the usual definitions [50]. The expressions foru y z( , )m

y are
analogous.We explicitly consider the case of a resonatorwith an ellipticalmirror ≠R R( )x y , meaning that the

modewaistsw0x andw0y and all derived parameters are different foru x z( , )n
x andu y z( , )m

y . The z-dependence of
the parameterswx(z),Rx(z), andξ z( )x will fromnowon be omitted in the notation.

Wefirst consider the surface integral in (A.2). To calculate the function Ẽx
S
, we further follow the procedure

used byCullen [48]: starting from Ex, wewill calculate the longitudinal field componentEz andwill use its value

Ez
S on themirror surface to derive an expression for Ẽx

S
which satisfies the boundary condition ⃗ ∣ = ⃗E 0Stan .

To calculate the longitudinal field componentEz, one can followCullen [48] or use themore rigorous results
of Lax et al [47]. The electric field of a resonatormodewritten as a power series inζ ≡ kw1 ( )0 fulfilsMaxwell’s
equations if the zeroth-order term is a transversal field component (here Ex) that satisfies the paraxial wave
equation, and thefirst-order correction is a longitudinal field component (here Ez) given by

=
∂
∂




E
k

E

x

i
. (A.4)z

x

Further corrections toEz are of the order ζ( )3 ; i.e.,  ζ= +∂
∂




E (1 ( ))z k

E

x

i 2x .

We consider standing-wave solutions in the formof the imaginary part of the complexmode functions,

= = ( ) ( )E E E EIm , Im , (A.5)x x z z

corresponding tomodeswhich have a node at the planar cavitymirror placed at z=0. Close to the centre of the
concavemirror with coordinates L(0; 0; ), >L 0, themirror surface S is in parabolic approximation given by

= − −S z L
x

R

y

R
:

2 2
. (A.6)

x y

2 2

Equations (A.4)–(A.6) and the resonance condition ∣ =E 0x S yield an expression for thefield componentEz
S on

themirror surface as a function of x and y. Thisfield component Ez
S varies only slowly close to themirror surface

and is used to deduce Ẽx
S
. The boundary condition ⃗ = ⃗E 0tan , which Ẽx

S
andEz

S are supposed to fulfil, is equivalent

to the condition that the electric field ⃗E is parallel to the normal N⃗ to themirror surface S. Based on (A.6), the

normal can be given by ⃗ = ( )N x R y R; ; 1x y
T
(not normalized). Using ⃗ ∥ ⃗E N and (A.4), (A.5), and (A.6), we

thus get thefirst intermediate result:
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= =
∂
∂



E
x

R
E

x

kR

E

x
˜ Re , . (A.7)x

S

x
z
S

x

x

S

⎛
⎝⎜

⎞
⎠⎟

The remaining constituent for the surface integral in (A.2) is the inner product ⃗ ⃗E S· dx on themirror

surface S. The outward-pointing infinitesimal surface element ⃗dS is deduced from the gradient to themirror

surface (A.6) and is given by ⃗ = ( )S x R y R x yd ; ; 1 d dx y
T

. The gradient ⃗ Ex is dominated by the z-

dependence of the carrier. Relative to this contribution, additional contributions from the envelope are
suppressed by a factor of  ζ( )2 for the z-direction and ζ( ) for the transverse directions. Due to the additional

factors x Rx and y Ry from the inner product with S⃗d , the corrections due to the transverse contributions will

be further suppressed to the relative order ζ( )2 in thefinal surface integral (A.9). Neglecting these higher-order
contributions, wefind on the surface S:

⃗ ⃗ ≈
∂
∂

≈ = ( ) ( )E S
E

x y kE x y k E x y· d d d Im i d d Re d d . (A.8)x
x

z
x x

Using (A.7), (A.8), and the boundary condition ∣ =E 0x S , integration by parts leads to an expression for the
surface integral in (A.2):

∫ ∬⃗ ⃗ =
∂

∂
= −



( )
( )

E E S
R

x E
E

x
x y

R
˜ · d

1
Re

Re
d d

1

2
, (A.9)

S
x
S

x
x

x

x

x

which is in principle independent of the transversemode chosen for Ex . Corrections due to the approximations

made above are of the relative order ζ( )2 .
The denominator of (A.2) is calculated from the real version of the fields, i.e., (A.5). As the complexmode

function (A.3) is normalized, integration over the realfield yields

∫ =E V
L

d
2

. (A.10)
V

x
2

For the TEM00-mode, corrections to this integral due to the replacement →E E E˜
x x x

2 in the derivation of (A.2)

are of the relative order ζ( )2 .
By combining (A.2), (A.9), and (A.10), we get the frequency correction for the considered vectorialmode,

relative to the prediction of the paraxial theory, due to the refined boundary condition ∣ = → ⃗ ∣ = ⃗E E0 0x S Stan ,

δν
π

≈ − c

kL R4

1
, (A.11)

x
PolX

up to terms of the relative order ζ( )2 .
The frequency correction δνPolY for the correspondingmodewhich is quasi-linearly polarized along the y-

direction is analogous withRx replaced byRy. The difference between these terms is the frequency splitting of the
two polarization eigenmodes:

Δν δν δν
π

= − = −
−c

kL

R R

R R4
. (A.12)

y x

y x
PolX PolY

The frequency splitting is negative (positive) when >R Ry x ( <R Ry x),meaning that the polarizationmode
that is polarized along the smaller radius of curvature has the lower frequency.

Going from (A.11) to (A.12) requires the frequency splitting Δν to be large compared to the termswhich
have been neglected in the calculation of the individual frequency shiftsδν. This puts a limit on the validity of
(A.12), which requires Δν ζ ν π≫ (2 )4

FSR or Δφ ζ≫rt
4 (see equation (2)). For the cavities characterized in this

paper (ζ ⪅ 1 30), this requirement corresponds to Δφ ≫ 1rt μrad, which is clearly fulfilled for allmeasured
cavities.
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