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We prove that any complete metric on R® minus a ball with non-
negative Ricci curvature and quadratic Ricci-curvature decay, has cubic
volume growth.

1 Introduction.

In the study of non-compact manifolds a simple and at the same time rich in-
variant worth investigating is the rate of volume growth of geodesic spheres.
For instance, under some local conditions on the curvature, the rate of volume
growth, which is an asymptotic invariant, can provide global information. This is
the case for example in Anderson’s Gap Theorem [2]. Other instances where the
rate of volume growth plays a relevant role is in the global behavior of harmonic
and Green functions [I4] or in the existence and structure of cones at infinity [§].

Before stating our main theorem let us recall some terminology. Let g be a
complete metric in R3. We say that g has cubic volume growth if

(1) lim Vol(B(o,T))

=p>0
100 73 p

namely the limit exists and is non-zero, where here o is the origin in R3 and
B(o,7) is the geodesic ball of center o and radius 7. If ¢ is a complete metric in
R3 minus (say) the unit ball B3, then one can always “extend” the metric g to all
of R? in such a way that the points in B> are equidistant to o (E) In this sense
we say that g (in R*\B?) has cubic volume growth if the extension to R? has cubic
volume growth. This is the same to say that lim Vol(7T (0B3,7))/7® exists and
is non-zero, where 7 (0B3,7) is the geodesic tubular-neighborhood (in R? \ B?)
of OB and radius 7. The metric has quadratic curvature decay if |Ric| < Ag/7?
where 7(p) = dist(p,0). The following is the main result of this article.

Theorem 1 Let g be a complete metric in R3 minus a ball with non-negative
Ricci curvature and quadratic curvature decay. Then g has cubic volume growth.

A few comments on the hypothesis of the theorem are in order. On R?\ B3
and for a € (1/2,1)U(1,3/2) consider the Riemannian metric g = dr? + r2*dQ?,

1Sometimes the terminology cubic volume growth refers to the condition w173 < Vol(B(o, 7)) < wais.

21f r is the usual radial coordinate in B3 then the extension can be written in the form g = dr? +h(r)
where h(r) (r > 0) is a a path of two-metrics on S? with appropriate values for h(1),h’(1),h” (1) to
make the extension C*.


http://arxiv.org/abs/1212.1317v1

where dQ? is the round metric on S? and r is the standard radial coordinate in
R3. Extend g to a spherically symmetric metric in R3. When o € (1/2,1) then
|Ric| < Ag()/r?® and Ric(p) > 0 if 7(p) > ro(a). Moreover, no matter the
value of « in (1/2,1) we have

lim Vol(Bi?Eo,f)) _0
oo r

The example shows that the hypothesis “quadratic curvature decay” in Theorem

[ can be hardly weakened (and not removable). On the other hand suppose that

a € (1,3/2). Then |Ric| < Ag(a)/r? but the Ricci curvature is not non-negative.

Moreover, no matter the value of « in (1,3/2) we have

lim Vol(Bi?So,r)) -~

7Too T
The example shows that the hypothesis “non-negative Ricci curvature” in The-
orem [I] cannot be completely removed. In this respect an interesting question is
if such hypothesis could be replaced by the much simpler one of “non-negative
scalar curvature”. We point out that examples can be given of complete met-
rics in R? with quadratic curvature decay and slow-volume growth, namely with
p =0 ([I7]). Finally, replacing R3 by R™ with n = 2,4,5,6,... and “cubic” by
”Euclidean” (ﬁ) may also make the statement false. For instance the flat product
metric on S! x R, which has linear volume growth, shows that it would be false
when n = 2 and the well known Tau-NUT Ricci flat instanton in R* which has
cubic volume growth, shows that it would be false when n = 4. We do not know
at the moment if n = 3 is the only dimension where the statement holds.

It is worth mentioning that the relation between volume growth and lower
curvature decay has been discussed at least in [7]. Their work however does not
overlap with ours, but instead, it complements. This is because [7] argues under
the hypothesis Ric > A1/r2, Ay > 0, which turns out to be, if one is working on
R3\ B3, incompatibld] with |Ric| < Ag/r2.

The idea of the proof, which proceeds by contradiction, is somehow simple.
In gross terms one proves that if the volume growth is non-cubic then one can
partition R? into a set of manifolds with a sufficient understanding of their topol-
ogy to be able to prove that their union is topologically incompatible with R3.
All the hypothesis in Theorem [, including the dimension, are strongly used.
Let us elaborate on the argument a bit more technically and, at the same time,
explain the organization of the article. Further explanations have to be found
inside the proof and in the main text. After assuming that the volume growth
is non-cubic, the proof of Theorem [Il which starts in pg. B0l (and ends in pg. B3])
goes by writing first R? as the union of an open set containing the origin and

3In the literature the (unhappy) terminology “Euclidean volume growth” refers to the condition
wir™ < Vol(By (o,7)) < war™.
4For several reasons, for instance Ric > A1 /r? implies non-cubic volume growth (see [7] §4).



with compact closure, and a set
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where every M (T2, T?°) is a compact three-manifold with the tori T2;, T2° as

its boundary components (see Figure[l). In this union the interiors M (T, T?°)°
are pairwise disjoint. The manifolds M (T2%;, T7°) and the tori 77, i > io are
carefully defined in Section [2.3] and Proposition [d The proof continues by show-
ing that every M (1}%‘;1, Tiz") is an irreducible manifold with incompressible bound-
ary (shortly IIB-manifold), to conclude finally, due to the topological properties
of IIB-manifolds, that () cannot cover R? up to an open set of compact closure
containing the origin. The properties of IIB-manifolds that are required for such
conclusion are described in Section In particular it is recalled that any union
of IIB-manifolds along boundary components is a IIB-manifold. To be concrete,
the conclusion, or, more precisely, the contradiction, arises as follows. Pick a
coordinate sphere S2 = dB>(o, 7) of coordinate radius 7 in R3, with 7 big enough
that S2 is inside the union () (indeed inside a finite union of M (T, T?°)’s).
As such union is irreducible, the sphere S2 must bound a three-ball in it which
forcefully must be B3(o,7). Thus the origin must belong to the union () which
is a contradiction. That the M (1}2}:1,1}2") are IIB-manifolds is deduced during
the proof from various informations. Firstly, the M (1}2}:1,1}2") are constructed
as finite unions of manifolds Uy ; of a special annuli decomposition U, which,
as defined and described in Section 23] are particular partitions of R3. The
properties of the special annuli decomposition that we will use, are described in
detail in Proposition M in Section Roughly speaking, the decomposition is
constructed by carefully studying the annuli

AR(10™,10"2) := B(o,10¥2)\ B(o,10k+m1), k = ko, ko +2, ...

(n1 < ng integers but fixed) provided with the scaled metrics g := 10% g and by
means of the Cheeger-Gromov-Fukaya theory of volume collapse with bounded
diameter and curvaturdd. Still such theory for manifolds with boundary has not
been appropriately discussed in the literature. To fill in this small gap and to
provide a reasonable background for those not familiar with it we dedicate the
whole Section 2.4] to analyze this matter (see in particular Footnote [T in pg. [I4)).
Secondly, from Proposition @] and crucially Proposition [ and by using further
topological properties of three-manifolds enclosed by embedded tori in R? which
are discussed in Section [2.2] it is deduced that the pieces Uj; which make up
M(T??,,T?) can be grouped appropriately to form IIB-manifolds. Thus it is

7

5This is possible because over every annulus A (10™1,1072) the gg-Ricci curvature is bounded uni-
formly by 107271 Ag and because limy4oe Volg, (A (10™1,10™2)) = 0, which follows from the fact that,
if the volume growth is non-cubic then it has to be sub-cubic as a consequence of the Bishop-Gromov
monotonicity Vol(7 (0B3,7))/7 |, that is p = 0 in (@). Moreover, as explained in Example T in Section
223 a certain (but practical) uniform diameter boundednes is obtained for (A (10™1,10™2), g) from
Liu’s Ball covering property.



obtained that every M (T2°;,T7°) is a union of IIB-manifolds and therefore a
[IB-manifold itself.

We explain in the Appendix a couple of technical propositions whose inclusion
inside the text would cause much disruption.

The article has a good amount of background material, examples and illus-
trations.

2 Preliminaries.

2.1 Basic notation.

S™ n > 1 will be the unit sphere in R**! and T? = S' x S! the two-dimensional
torus. S' and T? will be thought both as manifolds and as Lie groups. Fur-
thermore B"(o,r) = {Z € R",|Z| < r} will be the open ball of center the ori-
gin o = (0,0,0) and radius r (|Z| is the Euclidean norm of a point z of R").
B" = B"(0,1). I = B!,

Let (M, g) be a compact connected Riemannian manifold with boundary. The
Riemannian metric g induces a metric d, in M (as usual) by

(3) dy(p.q) = disty(p, q) = inf{lengthy(v(p,q)),V(p,q) C'-curve from p to g}

However if (©,g) C (M, g), then on £ one can consider two different distances,
the distance [B]) of (€2,g) or the distance [B]) of (M,g) restricted to Q. This
situation will appear often and for this reason and to avoid confusion we will
denote them by dgl and dg/l respectively.

Inﬂthis article the Riemannian space (2, g) will also denote the metric space
(Q,d,;).

Wge will always use the following definitions of diameter diamy(€2) and radius
(to the boundary) rady(Q2), even when (€, g) C (M, g):

diamg(§2) = sup{df]l(p, q);p,q € Q}, Tady() = sup{df]l(p, oN);p € Q}.

Manifold interiors Q \ 02 are denoted by Q°. To us a metric ball of center
p € Q° and radius r is a geodesic ball if r < d?(p, 09).

The ends of Theorems, Lemmas or Propositions are marked with B, while
the end of a claim or the end of an Example, is marked with a «.

2.2  Surfaces in R? and irreducible three-manifolds with incom-
pressible boundary.

From now on we let S be a smoothly embedded compact, orientable and bound-
aryless surface in R3. Any S divides R? into two open connected components.
We will denote by M (S) the closure of the bounded component. For instance if
S ~ S? then S bounds a three-ball [I]. If SN S’ = () then either

(4) M(S)NM(S') =0, M(S) C M(S')°, or M(S'") C M(S)°.



Moreover if S C M(S)° then S belongs to R3\ M(S’) and therefore M (S’) C
M(S)°. In particular if S" ~ S? and §’ C M(S)° then S’ bounds a three-ball
inside M (S)°. Recall that a three-manifold is irreducible if every embedded two-
sphere bounds a three-ball. Thus for any S, M (S) is an irreducible manifold.

If S ~ T? then either M(S) is a solid torus, i.e. ~B? xS, or, S = dM(S) is
incompressible in M(.S), where recall, N is an incompressible boundary compo-
nent of a manifold M if i, : 71 (N) — 71 (M) is injective (here i : N — M is the
inclusion). To see this think S as a surface in S* via S C R* C (R¥*U{oo}) ~ S*.
If M(S) is a solid torus we are done. If not then S*\ M(S)° is a solid torus
(this is due to Alexander [1]). If S® \ M(S)° represents the unknot then M(S)
is a solid torus but we are assuming that it is not. Then S?\ M(S)° is not the
unknot. Theorem 11.2 in [I5] shows that in this case S is incompressible in M (S)
as claimed. Summarizing, for any S ~ T2, M(S) is either a solid torus or an
irreducible manifold with incompressible boundary.

Other examples of irreducible manifolds with incompressible boundary com-
ponents (in short, “IIB” manifolds) are compact Seifert manifolds with at least
two boundary components ([20] pgs. 431-432 and Corollary 3.3). Recall that a
Seifert manifold is one admitting a foliation C by circles € around any of which
there is a fibered neighborhood isomorphic to a fibered solid torus or Klein bot-
tle (see [20], pg. 428). The class of IIB manifolds is closed under sums along
boundary components. Precisely we have (Lemma 1.1.4 in [21])

Proposition 1

I. Let My and Ms be two I1IB manifolds and let f : Ny — No be a diffeomor-
phism between a boundary component N1 of My and a boundary component
Ny of My. Then the manifold which results from identifying through f the
boundary Ny of My to the boundary No of Ms is a IIB manifold.

I1. Let My be a IIB manifold and let f : Ny — Ny be a diffeomorphism between
the boundary components N1 # No of My. Then, the manifold which re-
sults from identifying through f the boundary N1 to the boundary Ny of the
manifold My is a IIB manifold.

Therefore, any sum of IIB manifolds along any number of boundary components
is a 1IB manifold.

Yet, there is a simple but important situation when the sum of a IIB manifold
and a non-I1IB manifold results in a IIB manifold. The case is when M is a Seifert
manifold with Seifert structure C and at least three-boundary components, My is
a solid torus and the gluing function f : Ny (C 9M;) — Na(= 0M3) send circles
% in C into non-contractible circles f(%) as a circle in Ms. The reason is that
in this situation the S'-foliation f(C) of Ny = 0Ms can always be extended to
a Seifert structure in My and thus making the sum a Seifert manifold with at
least two boundary components and therefore a IIB manifold. To construct the
extension of f(C) proceed as follows. On My ~ B? x S! denote points by (Z, s),
7 € B? and s € S'. Then, for any r € [0,1] define F, : B x S' — B2 x S! by
F.(z,s) = (rz,s). The desired extension of f(C) is {F.(¢); ¢ € C,r € [0,1]}.



2.3 Annuli decompositions.

Let g be a complete metric in R3. For every b > a > 0 we let Ay(a,b) =

By(0,b) \ By(o,a) be the (open) annulus with radii a and b and center the origin
0.

Definition 1 A set U = {Uyp sk = ko + 25,5 =0,1,2,3,...,0 = 1,2,...,l(k)} of
compact three-submanifolds of R® with smooth boundary is an annuli decomposi-
tion iff the following conditions are fulfilled:

1. Upy C Ag(1071,100+3),
Uk, N Ag(10F=110%) #£ 0, and Uy, N Ay (10F+1105+2) =£ ¢,
Uy C (Ag(10571,10%) U Ag(10F+1 10k+2)),

If (k1) # (K,U'), then Ug; and Uy, are disjoint and if Uy and Uy p
intersect then they do in a set of boundary components (of both, Uy, and
U ),

5. Up,—o :=R3\ ( U Uk,l)o s compact.
Ui, €U

e e

Let NV be the set of boundary components of the manifolds Uy, in an annuli
decomposition Y. Elements of A/ are pairwise disjoint compact, orientable and
embedded surfaces. We can order them as follows: S <« S iff M(S) C M(S5").
The order is not necessarily a linear order, as there can be two elements not
related. However there is an important subset which is linearly ordered, this is
the set N° = {S € N;0 € M(S)} (use {@)). Thus N° = {5¢,59,59,...} with
Sy <« 89 <« 89 < .... We will be using this notation (the upper-index o is from
“origin”). We will also use later the notation M (S?,S9) = M(S?) \ M(S$)°
for the region enclosed by S? and S, ¢ > i'. Moreover because of ) we have
the following property: given two elements S < S’ in A/ then there is a unique
(and finite) maximal “chain” {Sp,...,S,} C N such that S = 5) < S1 € ... <
Sn_1 < S, = S'. Later, in the proof of Theorem [I, we will use the notation
{S,8"}y = {S,51,...,5,-1,5"}.

A representation of an annuli decomposition can be seen in Figure Il The
figure shows also the tree induced by the order <.

We note in passing that the notion of annuli decomposition (see also the
notion of (¢,€)-connected components in Definition B]) and that of “chopping”
defined in [6] share some similarities.

2.4  Volume collapse with bounded diameter and curvature.
2.4.1 The Gromov-Hausdorff distance and a relevant example.

The Gromov-Hausdorff distance (shortly GH-distance) [I3] between two compact
metric spaces (X,dx) and (Y,dy) is defined as the infimum of the § > 0 such
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Figure 1: On the left side the figure schematizes a part of an annuli decomposition. We have
indicated only the pieces Uy,1 and Uy 2 but but every region enclosed by thick lines is a piece
Uk,;. We have also explicitly indicated the surfaces Sy, however with a T?°, as this is the
notation to be used in Section [B] where the proof of Theorem [ is carried out. On the right
side is represented the corresponding part of the tree induced by the order <. On both sides
we have enclosed in a dash/point line (— - — - — ) the manifold M (T2, M(T?°)). On the left
it can also be seen crossed thick lines. This is for a later exemplification when in Proposition
M in Section we explain how the special annuli decomposition, to be used in the proof of
Theorem [ is constructed. The cross indicates that such “cuts”, as we refer them there, are to
be discarded.

that there exists, on the disjoint union X LI'Y', a metric dx_y extending dx and
dy such that

(5) Y C Tayy (X,0) and X C gy, (Y, 9)

where 73, ., (X,0) and Ty, , (Y,0) are the dxy-metric neighborhoods of X and
Y and radius 9, respectively.

We introduce now some terminology to be used during the rest of the article.
We will say that a sequence of compact manifolds (M;, g;) metrically collapses
to a space (X, d) if it converges in the GH-topology to (X, d) and the Hausdorff
dimension of X is less than that of M; (which we assume is constant). If the
GH-distance between (M, g) and (X, d) is less or equal than € then we say that
(M, g) is e-close to (X,d). If the GH-distance between (M, g) and a point is less



or equal than e we say that (M, g) is e-collapsed (for the distance of (M, g) to a
point see [19]).

We present below an example where we estimate the distance between two
metric spaces that will be relevant to us in the proof of the Step C inside the
proof of the Proposition [l

Example of a Gromov-Hausdorff distance estimation. Let I be a compact
interval in R of length |I| > 1. Let h be a flat metric in T? of diameter I'. Provide
X = T? x I with the metric dx induced from the Riemanian flat product-metric
g = dx®+h. Intuitively, if T is small then (X, dx ) should be close metrically to the
interval I. More precisely, it should be close to the metric space (Y, dy) = (1,] |)
where dy (1, x2) = |z1 —x2|. We show now the following upper and lower bounds
for the GH-distance between (X,dx) and (Y,dy), (when I < 1)

(6)

<distgu(X,Y) <

o
v | =

e The upper bound. Points in T? are denoted by ¢, points in I by x, and thus
points in X = T? x I by (¢,z). Let tg be a point in T? such that By, (to,['/2) = T?
(such point always exists). For every € > 0 define the distance d5, y as equal
to dx and dy when restricted to X and Y respectively and as d<, ((t, ), 2") =
dx((t,), (to,2")) + € for the distance between (t,x) € T? x I and 2’ € I. Now,
(@) holds for §(e) = I'/2 + 2¢ and for any € > 0. Therefore distau(X,Y) < %.

e The lower bound. Make distgr (X,Y)) =T'/u for a p that we will estimate
as < 5. Let t; and t2 be two points in T? such that disty(t1,t2) = I'. Let
also p1 = (t1,0), p2 = (t2,0), p3 = (t1,T), ps = (t2,T'), forming an “square” in
X:ie. dx(p1,p2) = dx(p2,ps) = dx(pa,p3) = dx(p3,p1) = I' and dx(p1,ps) =
dx(p2,p3) = V2I'. By the definition of the GH-distance, for every e > 0 there is
dS vy extending dx and dy, and satisfying (B with d(e) = I/ + €. Therefore
there are points z1, 22,23 and x4 in I such that for every j = 1,2,3,4 we have
ds Ly (g, xj) < % + ¢. From this and the triangle inequalities

dy (zj, zg) < dxuy (25, p5) + dx (pj, pr) + dxuy (P, Tk)s
dx (pj,pr) < dpy (x5,p5) + dy (x5, 1) + d Ly (Pr, Tk)

we get, when (j, k) is not (1,4) or (2,3)
I r
(7) |:Ej—$k|§2; + T+ 2e, andF§2;+|xj—xk|+2€,
while when (7, k) is (1,4) or (2,3)
r T
(8) V2|2 — 2 52;+\/§r+2e, and \/§r§2;+\xj—xk\+2e,

We will use inequalities (7)) and (8) in what follows. Suppose that z; < z3 (the
case x1 > x3 is symmetric). Then:



- If 24 < 3 we have |x; — 24| = ||x1 — 23| — |23 — 24]| Which using (7)) is
less or equal than 4T/ + 4e, i.e. |x; — x4 < 4T/ + 4e. On the other hand from
this and (§) we obtain v/2I' < 6I' /i + 6¢, for every € > 0 and therefore p < 5.

- If 24 > x3 then we have two possibilities (i) o > z;1 or (i) zo < z1. (i)
is symmetric to the case we have considered before under the change 1 — x3,
x3 — 1 and x4 — x2. We consider then (ii). In this case we have |z — x4] =
|xo —x1|+ |21 — 23|+ |23 — 24| Which by () is greater or equal than 3T'— 61"/ — Ge,
i.e. |rg—x4| > 30— 6"/ —6e. From this and (7)) again we obtain 4I"/p > I' —4e,
for every € > 0 and therefore p < 5. |

2.4.2 The local models of collapse and examples.

Locally there are only five types of models describing the metric limit of bound-
aryless compact three-manifolds collapsing in volume with curvature and diam-
eter bounds. If (X,d) is a limit metric space and = € X then either z is the
only point of X or there is a neighborhood of x locally isometric to one of the
following four possibilities:

I.a an interval I = (—a,a), with —a < x = 0 < a, provided with the standard
metric d(z1, x2) = |11 — 22|,

I.b an interval I = [0,a), with z = 0 < a, provided with the standard metric
d(ajl,xg) = \xl - 332‘,

IL.a a disc D = B%(0,a), x = o, provided with a metric d induced from a C1A-
Riemannian metric,

IL.b adisc D = B%(0,a), = o, provided with a metric d induced from the quo-
tient of a C1#-Riemannian metric by the action of Zgq, q¢ > 1 by isometries
leaving the origin o fixed.

The point x = 0 in case I.a and the point x = o in case IL.b. will be here called
singular points and denoted by Sing(X). A manifold locally of the form II.a or
I1.b will be called a C'# orbifold.

Figure 2: The local models of collapse. From left to right, models: I.a, I.b, I1.a, IL.b.

That I.a, I. b, Il.a, and II.b are the only possible models is an important
consequence of the Cheeger-Gromov-Fukaya theory of collapse under curvature
bounds [10]. We comment on this in what follows. First, the limit space is always
of integer dimension and therefore if it not a point it must be of dimension one
or two as stated in Theorem 0.6 in pg. 2 (and the paragraph below it) of [10].
That when the dimension is two the models are of the forms II.a and IL.b is the
content of Proposition 11.5 in pg. 186 in [12] (Proposition 11.5 is a Corollary to



Theorem 11.1 in pg. 184, which is a restatement of Theorem 0.6 in [10]). That
when the dimension is one the models are of the forms I.a and I.b follows from
Theorem 0.5 in pg. 2 of [10] after Definition 0.4. Indeed by Theorem 0.5 and
Definition 0.4 there is a neighborhood of £ homeomorphic to the quotient of B"
(with z = o and for some m) by the action of a Lie subgroup of O(3). Thus, if
the Hausdorff dimension is one then the space must be of the types I.a or I.b, as
these are the only possible quotients of dimension one. Note that it is excluded
for instance the union of three or more segments in a point (if we remove x = o
from the quotient the space must be still connected).

Below we are going to give four examples showing how everyone of the four
cases above can be realized. They are illustrative and do not play any other role
in the article. For this reason the presentation is rather synthetic. The examples
give sequences of Riemannian manifolds (M, g,) converging to a (X, d) as in La,
I.b, IT.a and IL.b (in this order). We define first the sequence (M, g,,) and give
what is going to be the limit space (X, d). After the definitions for every one of
the cases I.a, I.b, II.a and IL.b are made, we list the geometric properties of the
convergence process applying to each. The justifications are just computational
and because they play no role in the article are left to the readers. Finally let us
mention that the examples show essentially all what can occur locally in volume
collapse with curvature and diameter bounds besides collapse to a point (see
Lemmal [I).

We will use the following notation. The rotational group of R? ~ C will be
denoted by R. Obviously U(1) ~ R under the homomorphism u € U(1) —
R(u) € R, with R(u)z = uz for any z € C. Also for any natural number ¢ let
R? ~ Zg be the subgroup of rotations generated by R(ezm/ 7). Finally the group
of rotations on the first factor R? in R? x R? with be denoted by R and the
group of rotations on the second factor will be denoted by Ro. Note that the set
B2 x S ¢ R? x R? and the set T? C R? x R? are invariant under R x Ry. In
particular T? x I € R? x R? x R is invariant under Rq x Rs.

Example I.a.

o (M,,gy) - Let M = T? x I and provided with a smooth and Ry x Ro-invariant
Riemannian metric g. Let Gy, ~ Z;, x Zy, be the group generated by the rotations
R1(e2™/™), Ro(e*™/M). Let M,, = M /G,, be the quotient of M by Gy, 7, : M —
M, the covering map and g,, the projected metric on M,,, namely 7 (g,) = g.

e (X,d) - Let X = T? x I/(Ry x Rz) with the induced quotient metric d and let
fn : My — X be the projection.

Example 1.b.

o (My,,gn) - Let M = B? x S! and provided with a smooth and Rq X Ro-
invariant Riemannian metric g. Let Gy, ~ Z,2 be the group generated by the
rotations Ry (e>™/™) x Ry(e™/™"). Let M,, = M /G, be the quotient of M by
Gn, Tn : M — M,, the covering map and g,, the projected metric on M, namely
T (9n) = G-

10



e (X,d) - Let X = B?/(Ry x Rz2) with the induced quotient metric d and let
fn: My — X be the projection.

Example II.a.

o (M,,g,) - Let M = B? x S' and provided with a smooth and Ry-invariant
Riemannian metric g. Let G, ~ Z, be the subgroup of Ra generated by the
rotations Rg(ez’”/”). Let M, = M /G, be the quotient of M by G, m, : M —
M, the covering map and g,, the projected metric on M,,, namely 7 (g,) = g.
e (X,d) - Let X = B2, with the induced quotient metric d. Let f, : M,, — X be
the projection.

Example 11.b.

o (M,,gn) - Let M =B? x S! provided with a smooth and Rq X Ro-invariant
Riemannian metric g. Let 0 < p < g be two relatively prime natural numbers and
let G;, ~ Zgy, be the subgroup of R xRy generated by the rotations R4 (627””"/ 7) x
Ro(em/am). Let M, = M /G, be the quotient of M by G, m, : M — M, the
covering map and g, the projected metric on M,,, namely 7} (g,) = g.

e (X,d) - Let X = B2/RY, with the induced quotient metric d. Let f,, : M, — X
be the projection.

With these definitions for the examples I.a, I.b, Il.a and IL.b it is straightfor-
ward to check that,

1. Sing(X) =0 in cases La, IL.a and Sing(X) = {0} in cases I.b and ILb.

2. In every example the sequence (M, g,) converges in the GH-topology to
(X,d). The group G, of Deck transformations on M converges to G' =
Ri1 X Ry ~ T? in cases I.a and Lb, to G = Ry ~ S! in case Il.a and
to G := RY x Ry ~ Z, x S(1) in case II.b. Moreover X = M/G. Let
7 : M — X be the projection. Then Centrg(r—(Sing(X))) = R? where
Centr is the centralizer.

3. In every example f, : M, — X is a fibration and length, (f.'(z)) — 0.
Moreover f,, : My \ f, }(Sing(X)) — X \ Sing(X) is a 'I[‘g—ﬁber bundle in
cases I.a, I.b and a S!-fiber bundle in cases IT.a and IL.b. Centr(Sing(X))
acts freely on f,1(z) for any z € X \ Sing(X) and f,;'(Sing(X)) ~
I (x)/Centr(r1(Sing(X))). <«

2.4.3 Volume collapse of three-manifolds with boundary and with curvature
and diameter bounds - an statement.

We discuss now briefly what we will mean by three-manifolds with non-necessarily
smooth boundary. The reader should keep in mind that the notion is just for
the purpose of working later with some necessary generality, with no intention
whatsoever in developing a new concept, which, as a matter of fact, would be
here purposeless. Let M be a compact set on an open manifold P. Then we say
that M is a compact manifold with non-necessarily smooth boundary (shortly,

11



manifold with NNSB) if M is equal to the closure (in P) of its interior (in P). In
this sense the boundary OM of M is defined as M minus the topological interior
of M (in P) and the manifold’s interior M° := M \ OM therefore coincides
with the topological interior (in P). Note that we do not assume that M° is
connected. A subset of M is a submanifold with NNSB if it is a manifold with
NNSB as a subset of P. Of course any compact manifold with smooth boundary
is a manifold with NNSB. If P carries a Riemannian metric g then we say that
(M, g) is a Riemannian manifold with NNSB. In this case the Riemannian metric
g induces a metric d = dé\/‘[ in every connected component of M°. For the
discussion below we do not need to extend d to a metric on M°. The distance
from a point p € M° to M can be defined in several equivalent and natural
ways. For instance d(p, OM) as the supremum of the radius of the geodesic balls
of center p, lying entirely in M°. Then d(p,0M) is realized by the g-length of a
geodesic starting at p, ending at 0M and whose interior lies in M°. Define the
tubular neighborhoods T4(OM, €) := M U {p € M°,d(p,0M) < €}.

Definition 2 Let 915 : RT x RT — R™ be a non-necessarily continuous function.
Then define M(My) as the set of compact Riemannian manifolds with NNSB
(M, g), such that for any 1 > ey > 2¢; > 0, the minimum number of geodesic
balls of radius €1 covering M \ Tg(OM, eg) is bounded above by Ny(eg, €1).

Remark 1 The values of My outside the set {(eg,€1),1 > €9 > 2¢1 > 0} are of
no relevance.

We would like to comment briefly about the reason of this definition. Recall
that given Ag > 0, Dy > 0 there is 9 : Rt — RT, depending on them, such
that for any compact boundaryless Riemannian three-manifold with |Ric| < A,
diamg(M) < Dy the minimum number of balls of radius e covering M is bounded
above by DMg(e) (this is due to Gromov; see [19], pg. 281). Moreover the existence
of such My is equivalent to the precompactness of the family of compact and
boundaryless Riemmanian three-manifolds with |Ric| < Ag and diamg(M) < D,
as a set inside the family of compact metric spaces provided with the GH-topology
([19]; pg. 280). However in the family of compact manifolds with NNSB, and
even those with smooth boundary, and with |Ric| < Ay and diamgy(M) < Dy
one cannot guarantee the existence of My : R™ — R™ nor the precompactness
of such family. Consider for instance the following example. For any n > 2 let
V,, = [1/n, 1] x S! be endowed with the flat metric dz? + n2z2dy? where ¢ is the
coordinate in the S! factor (and recall that S' has total length 27). For any n
the diameter of Vj, is less or equal than 27 4+ 2. On M,, = V,, x S! consider the
flat product metric g, = da? +n?x2dp? + (1/n)%dH? where 0 is the coordinate in
the S! factor defining M,,. Also, for any n, diamg, (My, g,) < 27 +2+1/n < 10.
Despite of this and despite that the manifolds (M,,,g,) are flat, they do not
collapse to a compact metric space (as n — o0). Even more we have that for
any 1/2 > e > 0 no pointed sequence (€2, gn,pn) of compact connected regions
of M,, with smooth boundary 992, 99, C ’7;52” (OM,,, €), collapses to a compact

metric space. This occurs even when dé\f{" (pn, 0,) > 1/4 (for instance).
But any family M (D7) satisfies the following kind of precompactness.
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Proposition 2 Let (M;, g;) be a sequence in a family M(Ngy) and on every con-
nected component of M} let d; = dé‘f’i. Then for every 1 > €y > 0 we have,

1. There are at most Ny(eo, €0/3) connected components MZ" of M} intersecting
M; \ Ta,(0M;, €o).

2. For every sequence Mi" of connected components of M? intersecting M; \
Ta,(0M;, €0), there is a subsequence (index again by “i”) such that (M} \
Ta,(0M;, €0),d;) converges in the GH-topology to a compact metric space
(X, d).

Remark 2 Note that distances in M? \ Ty, (OMj, €), which can be a connected
set or not, are with respect to d; = dgfi.

Proof: Item 1. By definition 9(ep, €9/3) bounds from above the minimum
number of balls of radius €y /3 covering M;\ T4, (0M;, €y). But given one such cover
there must be at least one ball for every connected component Mi" intersecting
M;\Ta,(0M;, €p). Item 2. From Definition 2l the function (e, €1) as a function
of €; and with ¢ fixed as in the hypothesis, bounds from above the minimum
number of d;-balls of radius €; covering M \ Tg,(0M;,e0). The Proposition
follows from Lemma 1.9 in [19] (pg. 280). [

In the example below we describe a nontrivial family of manifolds with boundary
which are of great interest to us and lie in a class M ().

Example I. Let g be a (complete) Riemannian metric in R3. Suppose that
Ric, > 0 outside By(o,70) and that |Ricy| < Ag/r?. Fix 0 < ¢p < ¢;. We claim
that there is Dy such that for any 7 with 7 > r1 (Ao, ro, co, 1), the Riemannian
annuli (with NNSB) (M7, g7),

- E— 1
My == Agy(coT, c17) = By, (0,¢1) \ By, (0,¢0), g7 := ﬁg

lies in M(91). We show this in the following. From the Ball-covering property
([16], concretely Remark 2, pg. 215 (@) we know that for any 0 < ¢y < ¢
there is 1 and a number ng depending only on c¢g, ¢1,r9 and Ag such that for
any 7 > 71, ng bounds from above the minimum number of gz-balls (in R?) of
radius ¢o/3 covering the annulus Mz. Now, for any gr-ball with center in Mz
and of gy-radius cp/3, the minimum number of balls (in R?) of gr-radii €; < co/4
covering it (therefore having Ric > 0) is, by a simple application of the Bishop-
Gromov volume comparison, bounded above by (2%)3 /(€3). Tt follows that for
any 1 > ey > 2¢; with ¢; < cg/4, the minimum number of gy-balls (in R?) of
gr-radii €; covering My \ Tq. (0M5, €g) (here dr = dgff‘) is bounded from above by
nocg/€3. Therefore (recall Remark [)) for any # > r1, (Mg, g7) belongs to M (M)
where (when 1 > ey > 21 > 0) Mo(eg, €1) is defined as MNy(eg, €1) = nocd/e; if
€1 < min{1/2,co/4} and as No(ep, €1) = 4°ng if 1 € min{1/2,co/4},1/2). <

6In the Remark take S = Ag(co7,c17), Co = c1/co and pu = co/3.
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Example II. For any Dy, Ag and dg, there is DMy(Dy, Ao, Jp) such that for any
(M, g) Riemannian-manifold, with |Rics| < Ag, and connected compact region
Q) C M with smooth boundary having

diamgy(Q) < Dy, and d} (99, 0M) > 6,

the connected manifold (with NNSB) T (€2, dp) lies is M (Mg, Ag). The proof is
not difficult and is left to the reader. |

It is instructive to go back and recall the discussion before the Proposition 2
In there we presented a sequence (M, g,,) which, in the light of Proposition[2] did
not belong to a single M(91y). Now, in the light of Example II, the manifolds
(M, gn) (for all n) cannot be extended beyond their boundary to manifolds
(My, gn) with |Ricg, | < Ay and d)!» (M, 0M,) > &y > 0.

As a consequence of Example II we have,

Example III. Let Ry > 0 and A9 > 0 be given. Then, there is My(Ry, Ag)
such that any (closure of a) geodesic ball of radius ro < Ry inside a mani-
fold (M, g) with |Ric| < Ay, lies in M(Dg). To see this note that By(p,r9) =
Tar (Bg(p,r0/2),70/2) and then use Example II. <

We will denote by M (Mg, Ag) the set of Riemannian three-manifolds (with
NNSB) in the class M(Ny) and with |Ric| < Ag. In the Example I, the manifolds
(M5, gr) lie in M (N, cg 2Ao) where Mg, cg and Ag are as in the example.

Definition 3 Let (M, g) be a compact manifold (with NNSB). Let 0 < e < € < 1.
Then, a compact connected region 2 (with NNSB) is said to be an (e, €)-connected
component of M if 0Q C 7}34 (OM,e) \ 7}34 (OM,€). The set of (€,€)-components
of three-manifolds in a class M(Mg, Ag) will be denoted by ME(MNy, Ag).

Thus when we write (Q,9) € MMy, Ag) we imply that (,g) is the (€,¢)-
connected component of a (M, g) € M (Mg, Ag).

A sequence (M;, g;) is volume collapsing if Volg, (M;) — 0. The followin
important Lemma is essentially Proposition 1.5 in [4] (up to some modiﬁcationsﬂ%
and with some additional information from [10].

Lemma 1 Let (M;, g;) be a volume-collapsing sequence in a M(Ny, Ag) and such
that for some p; € M; we have dgfi (pi,OM;) > T > 0. Then, for every 0 < € <
€ < min{1,T/2} there is a sequence (§;,9;) of (€,€)-connected components of
M;, with p; € Q;, and a subsequence of it (indexed again by “i”) converging in
the GH-topology to a space (X, d) of one of the following two forms:

"Unfortunately Proposition 1.5 in [4] is stated without proof. An argumentative proof can be found
in page 983 in [3] (for the Lemma 1.4 in pg. 982 which is the equivalent to Proposition 1.5 in [4]) but we
were not able to check every claim in there, specially concerning the existence of U; (in the terminology
of [3]) with ¢/2 < dist(0U;, 09;) < e. The problems have to do with the fact that a priori the sequence
(Ds, gi,x;) (in the terminology of [4]) do not belong to any family M(Mp) and this may cause some
inconveniences as indicated in the discussion before the Proposition It is essentially to avoid these
inconveniences that we included the hypothesis that the sequence (M;, g;) belongs a priori to some fixed
family M(p). We would like to thank Michael Anderson for conversations on the Propositions 1.4 and
1.5 in [].
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D1. An interval ([0,Z],] |), with Sing(X) =0 or Sing(X) = {z}, or,

D2. A CYP-two-orbifold, with either Sing(X) =0 or Sing(X) = {Z1,...,Zn} C
X°.

Moreover (for i >ig) I and II below hold.

I. There are fibrations f; : Q; — X, with asymptotically collapsing fibers
fi_l(:n), such that,

- For D1: f;: ; \ f; 1(Sing(X)) — X \ Sing(X) is a T2-fibre-bundle and
if Sing(X) # 0 then f; 1(z) ~ T2/(S' x Z,), where the quotient is by a free
action.

- For D2: f; : Q;\ f; 1 (Sing(X)) — X \ Sing(X) is a S'-fibre-bundle and if
Sing(X) # 0 then f;1(z;) ~ S*/Z,,, where the quotient is by a free action.

II. There are finite coverings m; : Q4 — 4, such that

- For D1: (Qi,gi) converges in CYP to a T?-symmetric Riemannian mani-

fold.
D2: (Qi,gi) converges in C1P to a S'-symmetric Riemannian manifold.

In either case, for any x € X \ Sing(X), 7, *(f; ' (x)) converges in C* to
the T2 or S' orbits.

The fibrations f; have one more property [9]: for any neighborhood W of Sing(X)

the map f; : f; '(X \ W) — X \ W is an almost Riemannian submersion, more

precisely we have

e < | £, (V)] < €°®) | where o(i) UmisN 0,
and for any unit-norm V perpendicular to the fibers.
Remark 3 We remark that the space (Q,g;) represents (S, dS%) (see Sec. [21)

gi
rather than (€, dg/[) Compare this with item 2 in Proposition [2.

Once one assumes that the sequence (M;,g;) is in M(Mp, Ag) the proof of
Lemma [ reduces to pointing to the appropriate reference in Fukaya’s work.
Here we overview why this is so. The proof itself is postponed to the Appendix.

We introduce first a terminology. We say that two metric spaces (Y,dy)
and (Z,dy) are locally isometric under a homeomorphism ¢ :' Y — Z if for all
y €Y and ¢(y) = z there are d(y) and 0(z) such that ¢ : (Bg, (y,(y)),dy) —
(Ba,(2,0(%)),dz) is an isometry. Of course there are non-isometric metric spaces
which are locally isometric . As a matter of fact if (€2, g) C (M, g) then (Q°, d?)

is locally isometric under the identity homeomorphism to (£2°, dg/" ), but they are
not globally isometric in general.

8Tor instance compare the set {¢ € S',0 < ¢ < 37w/4} with the restriction of the standard metric in
St and ((0,37/4),] |).
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Suppose now that a sequence of compact boundaryless manifolds (M;, g;) with
uniformly bounded curvature and diameter collapses to a metric space (X, d) and
suppose that p; — . Let exp : T, M; — M; be the exponential map and let
gi(pi) be the metric g; on T, M;. Finally let BTy, ,,)(pi, Ro) be the g;(p;)-ball of
radius Ry in T}, M;. There is Ry(Ag) small enough, for which the map

erp : BTgi(pi)(pi, Ry) — By, (pi, Ro)

is of maximal rank. Let g7 be the pull-back metric. Then, Fukaya’s tech-
nique to describe the space around = ([I0] Ch. 3), consists in working with
(BTy: (pi, R1),g;), with Ry < Ry small enough, and making the following obser-

vation

1. One can find a subsequence of it converging to a Riemannian manifold
(BT, g*) ([10], pg. 9).

2. For every i, (By,(pi,R1/2),9;) is isometric to the quotient of the space
(BTy: (pi, R1/2),9;) by an appropriate local grouﬂ of isometries GG; and
that G; converges to a local group G ([10], pg. 9) which is locally isomorphic
to a Lie group ([10], Lemma 3.1 in pg. 10).

3. (Bg(x, R1/2),d) is locally isometric to (BT (R1/2),9*)/G, where BT (Ry/2)
is the g*-ball of radius R1/2 in BT (i.e the limit of BTg:(p;, R1/2)) ().

Thus by item 3 to study locally the space (X, d) around z it is enough to study the
limit spaces (BT (R1/2),g*)/G and this is what is done in [10]. What is important
to us about this conclusion is that one can study the collapse of manifolds with
boundary as long as one works on a finite number of balls at a definite distance
away from the boundary. This is essentially what is done in the proof of Lemma
[ in the Appendix and where the condition (M;, g;) € M(Ng, Ag) is used.

We describe now a relevant application of Lemma [I] which will be of use to
us in Proposition Bl We describe it first in rough terms and then in a precise
statement. Consider any solid torus with curvature bounded above by Ag (fixed)
and which is metrically close to an interval I of length between co > Lo > |I| >
1 > 0 (with Ly fixed) and with boundary metrically close to a point. Then, any
curve % in its boundary, which is not a contractible to a point (from now on
simply “contractible”) as a curve in the boundary, but that is contractible as a
curve in the solid torus, must have length greater or equal than some lo(Ag, Lo) >
0. A proof of this phenomenon can be given along the following lines. Suppose
that a curve % in the boundary of the solid torus €2, that is not a contractible
curve as a curve in J€) but is contractible as a curve in 2 has very small length.
Then one can “unwrap” €2, namely take a non-collapsed cover €2, which is also
a solid torus. In particular 052 is covered by a non-collapsed two-torus 0§2. But
then the closed curve €, which is contractible in €, lifts to a closed, equal length

9We do not comment here about some technical issues on smoothing.
10See [10] and ref. therein.
HThis is easy to check and is left to the reader.
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and non-contractible curve % in 0. But there are no non-contractible curves €
in 0N of very small length. This idea is made rigorous in the proof of Proposition
Bl This behavior is explicit in Example I.b as we explain in what follows. In there
the Riemannian solid tori (M, g,) are collapsing to a segment of length one. No
matter the value of n, consider the 6y = m,(%p) where €, = S* x {1} ¢ B2 x S’
The g,-length of % is equal to the length of %y and therefore equal to 2.
Moreover any curve % in dM,, which is non-contractible as a curve in OM,, but
that is contractible as a curve in M,, has length greater than that of %y, i.e. 2.
In other words, no matter the value of n, there are no such curves having a small
length.

We give an statement of what we described above in Proposition Bl The
statement is a bit more general than what was explained before as we do not
make hypothesis on the boundary of the solid tori. For this reason too it is
more general than what we will need in this article but it can be useful in
other investigations. The proof is given in all detail partly to exemplify how
the techniques apply.

Proposition 3 For any Ay, dp < 1/2 and Ly there is £y > 0 such that for any
sequence (23, g;) of solid tori inside a volume collapsing sequence of Riemannian
manifolds (M;, g;) with |Ricg,| < Ao, having

QO. radg, () > 1, dé\:[i (092,0M;) > 69 > 0, and which is
Q1. Metrically collapsing to an interval (I,||), and,

Q2. Posses a sequence of closed curves €; C 0§); non-contractible in 0€); but
contractible in Q; with lengthg, (€;) < {o,

we have |I| > Ly.

Remark 4 The hypothesis that the sequence (M;, g;) is volume collapsing can be
seen to be unnecessary.

Proof of Proposition 3t For the proof it is worth to keep reference to the Figure
Bl We will argue by contradiction. Suppose that there is Ag, 09 < 1/2 and Ly
such that for every m = 1,2,3,... there are sequences (in “i”) (Qm.i, Gm.,i) C
(My,i, Gm.i), where for every m, (M, i, gm,i) is a volume collapsing sequence of
Riemannian manifolds with |Ric,, .| < Ao, such that

QO. rady, (i) > 1, dy (0Qmi, dMiy i) > 6o > 0, and which is,
Q1. Metrically collapsing to an interval (I,,,]| |), with Lo > |I,,|, and which

Q2. Posses a sequence of closed curves Cm,i C 0, i non-contractible in 99, ;
but contractible in Q,,; and of lengthy,, ,(€m,i) < 1/m.

(192

Using that every sequence (in “i”) (Mp,i,gm,i) is volume collapsing and using
Q1, one can select for every m an i(m) such that

Volg,. .o (M itmy) < 1/m, and distay (R, itm)> Im) < 1/m.
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In particular the sequence (in “m”) (M, j(m)s Gm,i(m)) is volume collapsing. Also,
because rady,, .. (Qm.iom)) > 1 and because of Q1 we have Ly > |I,,| > 1 for
every m (@) Therefore there is a subsequence of (Q, i(m)s Im,i(m)) (indexed
again by “m”) metrically collapsing to an interval I’ with Ly > |I'| > 1. We
continue working with this subsequence in what follows. This implies in par-
ticular that diamy,, .., (R im)) < Do for some Dy and for all m ). Fi-
nally note, to be used below, that from Q2 there is, for every m, a curve
Cm,i(m) C O, i(m) non-contractible in 98, ;) but contractible in €, ;(,,) and
of lengthg, ., (€ im)) < 1/m.

By the Example I1, if we let M, = Tq, (2,,i(m), d0) with dp, = dﬁf::;;)m), then
(My, G imy) lies in M (Mg, Ag) for some MNo(Do, Ag, dp). On the other hand as
M), C My, i(m) then (M), Im,i(m)) 18 also a volume collapsing sequence. Hence,
by Lemma [Il one can find a sequence of (dg/4, dp/2)-connected components of
M/, containing Q. i(m), to be denoted by Qn, and having a subsequence (indexed

again by “m”) metrically collapsing to an interval I containing I’. We continue
using this subsequence in what follows. For the sake of concreteness assume that
I is the interval [0, |I]].

Consider the fibrations f,, : QO — I asis explained in Lemmal[ll Asm — oo,
the fibers f,.1(x) collapse to a point and so does 9, = f,,1(0) to the point 0 in
I. Observe that the right point of I’ must be the right point of I, that is ]f |, and
therefore it is a singular point, namely Sing(I) = {|I|}. We observe too that from
the very definition of M;, we have, for every ¢ € 0Q,, ;(m), d?gi - (q,00,) <
6 < 1/2 ). 1t follows from this that for m > mg with mg big enough (i)
O imy C fmt(10,1/2]), (ii) f,,'(1/2) lies in the interior of Q, ¢y, and (iii)
Fint(0) lies in the exterior of Q,, ;). In this way 9Q,, ;) separates f,,,'([0,1/2]),
which is diffeomorphic to T? x [0,1/2], into two connected components. This
implie that 0Q,, ;) is isotopic to f-1(x) for any = € [0,1/2]. In particu-
lar if €}, j(m) is non-contractible in 9, ;) then it is also non-contractible in
f-5([0,1/2]). Moreover, by Lemma [Il there is a subsequence (indexed again

by “m”) and coverings m, : Qn — Q, such that (Qm,§m7i(m)) converges in
C"8 to a T?-symmetric metric on B2 x S and (7.1 (f1([0, 1/2])); Gm,i(m)) con-
verges in C1# to a T2-symmetric metric on T? x I. For this reason there are
my and £1, such that for any m > mj any non contractible closed curve in
(T (fin ([0,1/2])), Gm,i(my) has length greater or equal than ¢;. But for every
m, the curve €, ;) is closed and contractible in {2, ;) and thus contractible

12Tn general, if (Xm,dx,, ) CH, (X,dx) and dx,, (xm,z},) > T for all m, then there are  and =’ in X
with dx (x,2") > T (use the definition of GH-convergence). On the other hand if rad, imy Qmi(my) 2

Q .
mYZ(m) (.Tm, :E{UL) 2 1'

Im,i(m)
131n general if (Xom,dm) &, (X,d) then there is Do such that diamay (Xm) < Do for all m (use
the definition of GH-convergence).
14Note for this that for any ¢ € O, i(m) We must have By, . - (g,00) N OQm # 0, because U, is a

(60/4.60/2)-c.c.
15This is a simple exercise in topology (use Alexander’s theorem in [I] for two-tori in S3).

1 then there are z,, and z},, in Qn,i(m) such that d

1
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also in K:Zm Therefore its lift ‘fm,i(m) to 1 (f-1[0,1/2])) C S:Zm is also closed and
has the same length, which, as was observed above, is less or equal than 1/m. If
m > max{myi,2/{1} then lengthg, . (€, im)) < £1/2 which is not possible. W

T 10,1/2])

ICH0
T

fo)NI
3

0 ‘ 1/2

Figure 3: A representation of the argument given in the proof of Proposition 3l The little curve
in the cover manifold represents the lift €, i(m) of € i(m). If m > max{mi,2¢1} the length of

‘én,i(m) would be too small to be non-contractible in 7' (f*([0,1/2])).

2.5 A special annuli decomposition.

The results of the previous section allow us to show the existence of an annuli
decomposition with special properties.

Proposition 4 Let g be a complete metric in R3 with

E and lim VOlg(Bg(O,T))

) <
‘chg’ = 2’ oo 73

= 0.

Then, there is an annuli decomposition U with the following properties: for every
€ > 0 there is k(€) such that for any k > k(e) every piece (Uyy, gx) is e-close in
the GH-metric to a space Xy of one of the following two forms,

D1. An interval, in which case Uy is either diffeomorphic to T2 x I or a solid
torus B2 x S', or,

D2. A two-orbifold, in which case Uk, is diffeomorphic to a Seifert manifold
with at least one boundary component.

There are fibrations fr; : Uy — Xpy, such that for any k > k(e) the fibers
fk_ll(ac), which are diffeomorphic either to T? or S', are e-collapsed. Moreover
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I1. In case D1, either Sing(Xg,;) is empty or is one of the extreme points of
the interval. In addition, for any non singular point x, the fiber fk_ll(x) 18
diffeomorphic to T? and if z is a singular point then I 11(117) 1s diffeomorphic
to S'.

12. In case f)2, the fibers f,;ll(:n), which are all diffeomorphic to S', are the
fibers of the Seifert-fibration.

Before going into the proof we introduce some notation. For every k we define
the scaled metric

1
9) 9k = Took9

Therefore A, (10™++ 1072+k) = A, (10™,10"2) which to simplify notation we
will write simply as Ag(10™,10™*). We say that a set of embedded two manifolds
{Skjj=1,...,5(k)} is “a cut of R® along the annulus A(1071,1)" if

1. Sk C Ap(1071,1) for all j =1,...,4(k), and,

2. Every curve a : [0,1] — R? with a(0) € By, (0,1071) and a(1) € (R3\
By, (0,1)) intersects at least one of the Sy ;’s, and,

3. The item 2 does not hold if one deletes one of the S} ;’s from the set.

Observe that if a set of manifolds {Sj ;} enjoy item I and item 2, then one can
remove, if necessary, some elements of the set to satisfy also item 3. Also, any
surface Sy ; of a “cut” is necessarily the boundary of two connected components

of R3\ U;z{(k) Sk j, one intersecting By, (0,107!) and the other intersecting R\

ng (07 1) @)
Proof: For the proof it may be worth to keep in mind the Figure [l As ex-
plained in the Example I in Section .43} the spaces (Ax(102,10%), gx) lie in
M (Mg, 102Ag) for some k-independent Ng. Moreover for any p € Ax(1,10) we
have d;R: (p, 0AL(1072,10%)) > 1/2. Granted these two facts we can use then
Lemma [I] to obtain with no difficulty that:

There is a set {Uyj,j = 1,...,j(k);k = ko,ko + 2,...} of (for each k)
(1072/2,1072)-connected components of A(10~2,10%) with the following proper-
ties.

1. The set {Uy j,j =1,...,j(k)} covers Ax(10~1,103) for every k = ko, ko +
2.

2. There are intervals or two-orbifolds, to be denoted by Xk,l, and for every
m =1,2,3,... there is ky,, such that if k > ky, then (U, gr) is 1/m-close
in the GH-metric to Xy .

16 A connected component cannot intersect Bg, (0, 1071) and R3\ By, (0, 1) simultaneously, otherwise
item 2 is violated. Also, if a connected component does not intersect any of them then one can remove
any boundary component still satisfying item 2 and therefore violating item 3.
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3. There are fibrations fk,j : Uk,j — Xk,j} with the properties 11 and i2, such
that if k > ky,, their fibers are 1/m-collapsed.

The fibrations fk,l : Uk,l — X'k,l can be chosen in such a way that if U'k,l and
Uk@p overlap and have fibers of the same dimension, namely both have fibers of
dimension one or both have fibers of dimension two, then the foliations of fibers
coincide on the overlap, while if one has fibers of dimension one and the other of
dimension two, then fibers of dimension one are included in fibers of dimension
two. For this the reader can consult the geometric construction of the fibrations
in [9] and [10].

The desired sets Uy of the annuli decomposition will be defined below simply
as regions of the sets Uk,j appropriately “cut out along the annuli A (10~ L1)”
using the fibers of the fibrations f;;. This has to be done in such a way to Satlsfy
items 1-5 of the definition of annuli decompositions. Once this is performed the
fibrations fkl Ukl — Xkl are defined by fkl = fkl’UM UkJ — XkJ =
fk,l(Uk,l) where Uy ; is that piece containing Uy, and fkl Ut — Xpy its
fibration. We explain how the regions Uy, ; are constructed in what follows.

Fix a value of k in {ko, ko +2,...}. Then, on those XkJ which are an interval
select a set of points Z; and then on thoseiXk,j which are a two-orbifold select a
set of (disjoint) closed curves denoted by €, ; ;, such that the set of tori {Sy ;} :=
{Fi i (@) o J ' (Grji), all i, 5, k} is a “cut of R® along the annulus Ay (1071, 1)”

dieﬁned before the start of the proof. .

Now, for every k in {ko,ko + 2,...} let Uy be the set of compact connected
regions of R? with boundary components in {Sk,j, Sk+2,/, all j and j'}. As men-
tioned before the start of the proof every Sy ; is the boundary of two of such
regions: one in U, and intersecting R? \ By, (0,1), denoted from now on by
U (Sk;), and the other in Uy_o and intersecting By, (0,1071), denoted from

now on by U ~(Sk,j)- Moreover we have the following two properties.

1. For every S ;, the piece U- (Sk,j) is equal to a piece U+(Sk 2,j7) for some
Sk_a.j/, but not necessarily every piece U* (S}, ;) is a piece U~ (Ski2.;) @).

2. Every piece U+(Sk7j) is included in Ax(1071,10%) (@)
We define now the pieces Uy, ;:

e Redefine the set Uy, by eliminating from it those pieces U *(Sk,,;) which
are not equal to a piece U™ (Sk,+2.j)-

o Every Ut (S, +2,;) which is not a U~ (Sk, 14,;) is glued to those pieces in Uy,
sharing a boundary component with it. We define the resulting manifold as

17To see 1 observe that if a piece U’(Sk’j) is not a U*(Sk,z’j/)—piece then it does not have a
boundary component in {S_s ;, all j}. Therefore, as U’(Sk,j) must intersect By, (o, 10~1) there is a
point p € Uf(Skyj) with dﬂsz (p,0) < 1. Now, any length minimizing geodesic segment joining p and o
must intersect 80’(5’;6,3-), say at q. But U~ (Sk,j) C Ag(1,10) and therefore dﬂsz (g,0) > 1 which is

impossible as q belongs to the length minimizing geodesic.
18To see this use directly item 2 of the definition of “cut”.
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one of the Uy, ;’s. The other pieces Uy, ; are defined as those in L?ko which
were not glued to a U *(Sko+2,7) as was explained. In either case every
piece Uy, ; is included in Ay, (1071,10?) (use 2) and in one and only one of
the Uy, ;’s, which as was explained above is used to defined the fibrations
Jrot * Ukt = Xgo -

We define next the pieces Uy, 2,:

e Redefine the set Uy, 45 by eliminating from it those pieces U *(Sko+2,;) which
are not equal to a piece U™ (Sk,+44,;-) and which, as was explained before,
were glued to pieces in Uy, to form some of the pieces Uy, ;.

e Every U*(Sk,+4,;) which is not a U~ (Sk,16,;/) is glued to those pieces in
Z;{k0+2 sharing a boundary component with it. We define the resulting man-
ifold as one of the pieces Uj,y2;. The other pieces Uy 42,; are defined as
those in Z]ko+2 which were not glued to a U *(Sko+4,7) as was explained. In
either case every piece Uy,t2; is included in Ay, 2(1071,103) (use 2) and
in one and only one of the Uk0+27j’s, which as was explained above is used
to defined the fibrations f 42, : Uk,+2,1 = Xko42,-

To define the pieces Uy,441, Uk,+6; and so on, proceed in the same way as
the pieces Uy, 42, were defined. It is straightforward to check that the family
U = {Uy,} thus defined satisfies the Definition [l of annuli decomposition. [

3 Proof of Theorem [l

We will work in this section with the annuli decomposition defined in the previous
section. We already defined in Section 2.3 the set A/ of boundary components of
which we will denote here generically by T? (instead of S because they are tori).
We also defined the subclass N as those tori 72 in N for which o € M(T?)
and observed that they were linearly ordered, i.e. N° = {TOQO,T 20 ...}, with
T?° < T2° if i < 4. For later convenience we further divide A"\ A/ into two
subclasses denoted by N'* and NO; N'* (resp. N©) is defined as the set of tori
in A"\ NV° for which M(T?) is a solid torus (resp. not a solid torus). Tori in
N¢* (resp. N©) will denoted as T?* (resp. T2°). For every T? in A there is
a unique piece Uy, (including the possibility of Ug,_2) such that T? € Uk, and
Ukt C M(T?). In this way the indexes k,[ are univocally defined and we can
write k(T2),1(T?). We will continue using the notation (@) in particular we will
use 9k(T2-

The following proposition is crucial for the proof of the Theorem [II Observe
that the statement is suitable to be used in an iterative argument as will be the
case when we use it in the proof of Theorem [Il

Proposition 5 There exits €*,*, k* such that if for a T12’ e N'* with k‘(Tf’) >
k* we have

Hil. (Uk(leo)J(leo),gk(leo)) is €*-close in the GH-metric to an interval, and,
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H2. There is a curve 1 C Tf’ non-contractible in le’ but contractible in
M(T?*) such that lengthgk(T”)(%l) <0,
1

then, U2y (729) s not the only Uy -piece of M(Tftn), and, if we denote by
T22’ the second boundary component of Uk(le‘)J(Tlu), we have

C1. (Uk(T;o)J(T;o),gk(T;o)) is 2€* /3-close in the GH-metric to an interval, and,

C2. There is a curve 62 C T22’ non-contractible in T22’ but contractible in
M(T;’) such that lengthgk(T”)(Cé) < 20%/3.

Proof: By contradiction assume that for every e = 1/m, ¢} = 1/m and &k}, =
m, m=1,2,3,..., there is Tftn e N'* with k‘(Tf’n) > k' such that

H1. (U, (T2 ), 1(T2% )2 Te(T2% )) is €;,-close in the GH-metric to an interval, and,

H2. There is a curve C1.m C T2¢

L. non-contractible in T 12:1 but contractible in
M (Tf:l) such that length

(Cgl;m) < ejm

T2

but that, if it is not that Uk(Tf_‘) (e = M (Tffn), then, after denoting by
T22:1 the second boundary component of U, ](T2% ),1(T2¢ )> One of the following two

assertions does not hold

C1. (U (728 ).0(T2% )5 I(T2¢ )) 18 267, /3-close in the GH-metric to an interval,

C2. There is a curve Co.m C T 22:1 non-contractible in 7. 22:1 but contractible in
M(Tzztn) such that length Co.m) < 207, /3.

gk<T§:?n>(
We will show that this leads to an impossibility. Such impossibility will come
directly as the result of proving the following three steps.

e Step A. Let Tftn be a sequence satisfying H1 and H2. Then

mdgMTf?n) (M(T73,

Step A shows that there is mq such that for every m > mq, U ](T2% ) 1(T2%) is not

the only piece of M (Tf:n) (because if it is so then, by item 1 of Definition [I]
radg, ip2e )(M(Tffn)) < 10%). The statement of Step B below assumes m > my.

e Step B. (m > my). Let T22:1 be the second component of Uy rae \ ir2e .
Then there is a covering sequence to a subsequence of '

WUherze ) arzs) Y Unze) izt Irrzs,)

1;m
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converging in CY8 to a flat T?-symmetric metric product on T? x I for some
interval Iy 2. That is, the limit metric on T2 x I is of the form dz? + hg with hg
an (z-independent) T2-symmetric metric on T?.

e Step C. There is mg > my such that for all m > ms and m in the subse-
quence of Step B, C1 and C2 hold.

From now until the end of the proof of the Proposition and to simplify notation
we let

Uiim = Upcaze yacrzsys Mum = M(TY,),
tm = Grze s km = k(TT9,)

Proof of Step A. Assume on the contrary radg,, (Mi,;,) < Ro. Then, it is
simple to see [ that Mj.,,, must be a subset of an annulus A(10Fum=1 10k1m+ke)
for some ke > 0 independent of m. On the other hand rady,, (Mi.,) > 10% —
107! > 90 (because of item 2 of Definition [ applied to Uj.;,). Under these
hypothesis we obtain

1. (using H1) A subsequence of the sequence of solid tori (M., g1.m) (indexed
still by “m”) metrically collapses to a compact interva@ I of length |I|
greater or equal than 90, and,

2. (using H2) For every £y we have, lim,,_, lengthy,., (61.m) < o.

We can then apply Proposition [3] ) to conclude that |I| > Ly for any Ly and
therefore that |I| = oo, contradicting the compactness of the interval I. <

We recount a little the setup and terminology before we go into Step B. Let
T22:1 be the second boundary component of Uy, and let Uy, := U K(T2® ) (T2

2;m
be the Uy j-piece, other than Uy, having T22:1 as a boundary component. Of
course ka.p, 1= k(TQQ;J) = k(Tf%l) + 2 = ki, + 2. Following the same pattern of
notation as before we let

U1,2;m = Ul;m U U2;m7 92.:m = gk(Tgtn)
Proof of Step B. To this end first note that (Uj 2.m, g1,m) collapses metrically

to an interval?? to be denoted by I 25 (Ut:m, 91:m) collapses to Iy and (Uz,m, g2.m)
collapses to Iz, and we have Iy o = I1 Ul and |11 2| = |I;| U |I2]. Without loss of

3 . 3 3 3
19For any p € My (m), d]§1;m (p, 0) is less or equal than dﬂslm (p, Tﬁ’n) + dﬂsl;m (Tf’n) + dﬂslm (Ti’n, 0)

which is less or equal than Rg + diamg;,,, (Tﬁ’n) + 1. But the g1;m-diameter of Titn tends to zero (by

H1) and so we can assume that it is less or equal than some Dy.

20Tt must converge to an interval and not a two-orbifold (the only two options) because (M1;m, g1;m)
contains (U1;m, g1;m) which by H1 converges to an interval.

21To apply Proposition Bluse as M,, in its statement the manifold M, := TdR3 (M1;m, 10’2). It is

91;m
direct that (Mpm, g1;m) is a volume collapsing sequence.
22 Again, this is so because (Ut;m, 91;m), with Uy(m) C Uy, 2;m, collapses metrically to an interval.
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generality we assume that Tf:1 collapses to the left boundary point of the interval
I, (or, the same, of I; 2) as an interval in R. Further, following Proposition @
and Lemma [I] (see also Proposition [0l in the Appendix for a technical point on
the explicit form of the limit), there is a subsequence (indexed again by m) and
a covering sequence y, : Ul,g;m — Uy 2,m such that

~ ~ Cl,ﬁ 2 ~ 2 ~
(10) (Ur20m: g1;m) — (T% X I12,51 = dz” + )
where, for z € I, l~11(:17) = B1|T2X{x} is a T2-symmetric Riemannian metric.
Note that because the convergence (I0) is in C'?, the “path” z — hi(z) is CL.
Therefore the second fundamental forms O4(z) := ®1|T2X{w} = (%&ch)}mx{w}
of the slices T? x {z} define a continuous “path” of T2-symmetric, symmetric
two-tensors. Denote the mean curvatures by 601(z) := trj, (x)®1(:17). Moreover,

also from Proposition @ and Lemma/[I] there are C'-fibrations f,, : Uiom — T2
such that

(11) w (@) S5 T2 x {a).

m \Jm

The C! convergence here is not optimal for the argumentation below as we want
to have control on the second fundamental forms of the fibers. However in the
technical Proposition [, which we prove in the Appendix, it is shown that in this
situation f,, can indeed be chosen to achieve convergence in C? in ([I). We will
assume that this is the case_from now on.

We want to prove that hj(x) = hg. This will follow directly from the next
two claims and the identity 8,h1(z) = 201 (z).

Claim 1: Tf §1(z) = 0 at every slice of T2 x I 5 then ©1(z) = 0 at every slice
of T2 X 11’2.

Claim 2: 6,(x) = 0 at every slice of T2 x I 5.

We prove first Claim 1. Let ¢, : T2 x I 1,2 = U1,2.m be a sequence of diffeomor-
phisms such that ¢ (G1.,) converges in C'P to §. Then we can writd?

(12) P (Grim) = apda® + hiym (@)

where the real function ay, : T? x I 12— R™ converges (in Cl), and as m — oo,
to the constant function one on T? x I > and hy.y, converges (in Cl) to hy. Let

O1.m(x) and 0y.,,,(x) be the second fundamental forms and mean curvatures of
the slices T? x {z}, as slices in (T? x I1 2, ¢}, (G1.m)). Then

(13) 89651;7” = _A;h;mam + (’él;m‘%l;m + RZ'Cgl:m (n, n))am

where A; is the h1.m-Laplacian on the slices T2 x {z} and n is the unit normal

field to the slices. Let ¢(z) be a C'' non-negative real function of one variable with

231f necessary, ¢m can be slightly modified to avoid cross terms, as in the metric expression (I2)).
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support in I1 2 and consider the volume measure on T2 x I 1,2, given by dV,, =
dAj 4 _dx, where dA;, is the area element of hy;n, on every slice. Multiplying

(EI:{I) by ¢dV,, and mtegratlng we obtain: for the integral of the left hand side
and after integration by parts in the variable x

(14) _/11‘2 I ((amg)él;m+<2am(9~1;m)2)dvm

where we used d,dAj / dA; = amém, and, for the integral of the first term of
the rlght hand side exactly the value zero because ( is constant over every slice.
As ay, 2229 1 and 91;m e g, (in C! and CY resp. and all over T? x I 9)
we conclude that if 6; = 0 then (I4]) goes to zero, and that this is so for any (.
Therefore the integral of the second term in the right hand side of (I3]), namely

/ g(]él;m\% + Ricg,,,,(n,n)) amdVi,
T2X11 2 im

must go to zero independently of ¢. But Ric, , (n,n) > 0 for every m and thus,

in the limit, we must have [ ¢ |6, 7o dAj dx = 0 for every (. Hence ©; =0 as
claimed.

We prove now Claim 2. We show first the impossibility of having, for some Z,
01(Z) < 0. After that we prove the impossibility of having ;(Z) > 0. To do so we
will appeal to the following standard fact. Fact 1: Let S C M be a hypersurface
on a manifold M with a unit-normal fieldn. Letp € M and v a geodesic segment
starting at S in the direction of n, ending at p and with dist(p, S) = length(y). If
O|ls < 6y <0 and Ric > 0 all over a neighborhood of 7y, then length(vy) < 2/|6p|.

e Suppose that, for some T, 6,(Z) < 0. Then by (II)) we conclude that there
is mg > my such that for every m > mo we have 6;. m|f @) < 01( )/2, where
O () is the mean curvature of f-!(z ) namely 7* (01) = O,,,. But note that: the
solid torus M (f;;1(z)) lies inside M (T? m) which is a region of non-negative Ricci,
that OM (f,,1 (7)) is f,,}(z) and finally by Step A that rady,,, (M(f,'(Z))) — cc.
This easily contradicts Fact 1, as then for any m > msy there is a point p,, and
a geodesic segment in M(fnfbl(:i)) starting at f,,!(Z) and ending at pp, of g1 m-
length equal to rady,,, (M(f,,'(z))) and therefore realizing the g1,,,-distance from
Pm to f1(7).

e Suppose that, for some T, 6 () > 0. Again by (1) we conclude that there
is mj > mq such that for every m > mj we have 01|17y > 0,(%)/2. We
will prove that there is a sequence of geodesic segments 7,,, for m > mg, lying
entirely inside R3\ (M (T, 1%’ )°UBy(0,19)), starting at T’ 12:,1 and ending at a point
Pm and with

dy,.. (om: T13,) = length, ., (m),

m—o0

lengthglm(nm) — oo0.
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About this sequence we make two crucial remarks: first, the geodesic n,, will lie
entirely in the open set R3\ B,(0,7) where the Ricci curvature is non-negative;
second, the mean curvature at the initial point of 7, in le;:n, and in the direction
1., (which is opposite to the one used to define 6;(x)) is less or equal than
—61(%)/2 < 0. That 6;(Z) cannot be positive, contrary to what was assumed,
will follow directly from these two remarks and Fact 1. We move then to prove
the existence of such sequence.

Recall that a ray is an infinite-length geodesic diffeomorphic to [0,00) =
R* U {0} minimizing the distance between any two of its points. Let R;, be the
set of rays € in (R3, g) starting at a base point b(€) in dBy(0,7¢) and lying entirely
inside the closed set R3\ By(0,7¢). The family RR,, is easily seen to be non-empty
and the union of the rays in R, to be a closed set in R3. Moreover observe the
following simple fact about 9, to be used later. Consider a sequence v; of
geodesic segments lying entirely in R3\ By(0,70), having one of its end points
in 0Bgy(o,70) and minimizing the distance between its two extreme points. If
lengthgy(yj) — oo, then there is a subsequence of v; converging (on compact sets
of R?) to a ray in Ry, .

Let Pr, be the set of points in the rays of R, lying at a g-distance L from
the base point of the ray to which they belong, more precisely

Pr={pefeR,/d (pb¢)) =L}

Now, for every m there is L, > 0 sufficiently big with the following propertie:

Figure 4: Representation of the construction in the proof of Step B. In terms of length it more

. . by & by short curve by
economic to go from po to t,, using the path: po % ug Um, ™ tm, rather

than going from pg to t., along vm,.
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P1. Pp,, C (R¥\ M(T7?)), and,
P2. dﬂggim(PLm,Tﬁ’m) > m (note that the distance is with respect to gi,m).

Let v, be a geodesic segment from a point ¢,, in Tf’m to a point p,, in Pr, and
realizing the g1.,,-distance between the closed sets Tffn and Py, of R3. Because
of P1 such segment must lie entirely in R3\ M (Tf’n)" but it is a priori not evident
that it will not intersect By(o,r9). We show now that there is ms > m/, such
that for every m > ms 7, N By(0,79) = (. With this information and P2 we can

conclude that 7, := v, is the sequence we claimed for and the claim 2 will be
finished. Suppose on the contrary that there is a subsequence (denoted again by
Y¥m) such that v, N By(o,r9) # (. In this case v, N By(o,70), as a closed set in
Ym, has a point by, nearest to t,, and a point s,, nearest to p,,. Let 4, be the
piece of v,,, enclosed between t,, and b,,,. Obviously 4,, lies inside R3\ By(o,10).
Therefore, as commented above, the sequence 4, has a subsequence (denoted
again by 4,,) converging to a ray & (on compact sets of R3). Let ug be a point
in & at a g-distance 47 from the base point b(&y) at 0By(0,79). Let u,, be a
sequence of points in 4, converging to ug. Then for every € > 0 there is m(e)
such that for any m > m(e) we have

d§3 (ug, um) <€, and 4rg — e < dﬂf (U, b)) < drg+€

Let py be in &y at a g-distance L,, from b(y), which, by definition, is a point in
Pr, . Then, if m > m(e) we can write

A% (Py, , TE) < di (po,tm) < di (po, o) + di (uo,um) + di (tm, )
< Ly —47‘0—|—e+d " (U, tm)

On the other hand

& (P, TE) = di (Do tim) = diy (Prms Sm) + A (b tin)
> Ly — 2r0 + di (b tim) = Lin — 270 + d (U, )

where we used that d§3 (Pms Sm) = Ly — 219 which is easily deduced from the fact
that, because p,, € Pr,,, we have d?s (pm, 0Bg(0,70)) < Ly,. The two equations
before lead readily to the inequality 2r¢ < e which is impossible if one choses for
instance € = rg. A representation of the construction can be seen in Figure @l
This finishes the proof of Claim 2 and therefore of Step B. <

Proof of Step C. We work here with the subsequence of Step B, but to simplify
notation still use the subindex m. On Uy g, define the C! vector field W,,, =

Vfm/IV fm]2 and on U; 2:m define the lifted function fon = fm omm and the lifted
vector field W, = me/]me]2 W, and W,, define flows v, and ¥, on Uy 2:m

2T M(TE%,) C Byy,, (0, L) then take Ly = mLp, 10F1m.
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and U172;m respectively. Because df,,(W,,) = 1 and d fm(Wm) = 1 the flows ¥,
and 1), take fibers into fibers, that is if 1, x9 € I then

(2 — 21, =) ¢ f (21) = fr (22), and (20 — 21, =) 1 f, (1) = f ' (x2)
Fix 79 € I19. Let Xm : T2 — f,-'(20) be chosen (to be concrete) such that as
m — oo and as fnjl(xo) o2 {20}, Xm converges in C? to the “identity”

diffeomorphism: ¢ € T2 — (t,29) € T? x I1 2. With the help of x,, and Py, One
can define C?-diffeomorphisms

Pm : T? x 11,2 — ﬁ1,2;m7 as @m(tafp) = TZJm(fE - xOv}Zm(t))

for which we have @,, (T2 x {z}) = f-}(x) and d@, (d,) = W,,. Moreover as W,
is perpendicular to the fibers we have the following form of the pull-back metric

GmIltm = agndxz + El;fﬂ(x)

where ay,, and hy.,, () (may be different from those in Step B but we name them
the same) converge in C' to the function identically one and ho respectively. We
inspect now the behavior of the length of curves on fibers when we translate
them along d,. Let €, be a curve on T? x {x1} and %, be the transported of
(gml by 0, to T? x {z}. Then, as Ophyy = 2a1,m(:)1;m we obtain the following
direct estimate

(SUPp2 (4} |O1:ml)

2
But, because of Step B, |él?m|f~z1-m %% 0 (uniformly on T2 x I;5) we deduce

that: for every 1 > v > 0 there is m(v) such that if m > m(v) and x1,x2 € I 2,
then
(16)

(1 —wv)lengthy, )(‘gxl) < lengthﬁllm(m)(%fxz) < (1+ V)lengthﬁllm(xl)(chl)

z1

(15) |Ozlengthy, (6,)| < lengthy, ) (%)

(z)

Now, from (I6) and noting that the result of transporting a curve ¢, C f,*(z1)
(closed or not) by W,, to a curve €y, C f,'(x2) is the same as the result of
lifting €, to an (equal length) curve €., C T2 x {x1} by means of m, © Gpm,
transport it by d, to a curve ‘foz, and then push it down to an (equal length)
curve €, C f-1(z2), we deduce that if m > m(v) and x1, 29 € I; o then

17

( (% —v)lengthy, , (2,) (%) < lengthy, | (2,)(%r,) < (1 +v)lengthy,  (2,) (%)

We are ready to prove that there is mgy such that if m > mqy then C1 and C2
holds. We prove first C1 and then C2.

e First, since the hi.,(z)-diameters of the fibers f,,!(z), here denoted by
' (z), are realized by the length of geodesic segments (inside the fiber), then
we obtain from (I7))

Fim(x1)

(18) 1-v< (@)

<l+v
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for any x1,z9 € I1 2 and m > m(v). Secondly, in exactly the same way that we
proved (@) in the example of Section 2.4.T]one can prove the following statement:
Given Ay there are vy and Ty such that for any Riemannian manifold (V,gy)
with |Ricg, | < Ay and with a T?-fibration fy : V — Iy (|Iv| > 1) for which

I
-y < Lv(e1) <1+wy, 21,72 € Iy, and sup I'y(z) < T
v(z2) vely

where Ty (z) = diam(f;;*(x)), we have,

(19) Linf Ty (@) < distan (V. Iy) < 2 sup Ty ()
zely x€ly
Now, take A; = 100Ag where Ag is the coefficient that we assumed in the
quadratic curvature decay of g, that is in |Ricy| < Ag/r?. Let vo = vo(A;) and
'y = I'p(A1). Chose v < min{1/4,1p} and ma > m(v) (as defined above) and
sufficiently big that for any m > msy we have sup,¢;, , 'iym(2) < Tp. If asin H1,

(Utsm, 91:m) s €*-close in the GH-metric to (I3,] |), then by the first inequality
of (M) (applied® to V = Ui.m and gy = g1.m) and by (I8]) we have

6 .

€

20 Iy <
(20) sup m(7) € 77—
Hence by (@0), and the second inequality of ([J) (applied® to V = Uz and
gv = g2.m) and recalling that go., = 1—(1]291;m (implying T'o.p(z) = T'1ym(x)/10)
we obtain

6 . _2
< 2
1-v) —3

6*

Wl o
S|

diStGH((U2;mag2;m)7 (127 ‘ ‘)) <

where the last inequality is because v < 1/4. This shows that C1 holds.

e Suppose, as in H2, that there is a closed C1m € T 12:1 for which it is
lengthg, ., (€¢1.m) < £;,. Let x1 be the left point of the interval I; and x5 the left
point of the interval Ir. Then the curve %1.,, belongs to the fiber f,.1(z1). Let
%a.m be the transport of €1.,,, by Wiy, to i} (22) = Tzzfn By (I6]) we have

1 41 2
lengthg,, (€a.m) = Elengthgl:m (Cam) < gmlengthgl;m (C1.m) < gﬁ .
This shows that C2 holds. <

We are ready to prove Theorem [II
Proof of Theorem [Ik We will work with the annuli decomposition of Section
The key to the proof of Theorem [lis to show that if ¢ > ig, for some ig > 0,

25Note that \Ricgkl_m\ < 100Ap on Ut;m.
26Note that \Ricgkzim\ < 100Ap on Uz;pm,.
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the manifold M (T2%;,T7°) is a 1IB-manifold. Once this is shown, the proof of
Theorem [is as follows. Let S2 = 0B3(o0,7) be the “coordinate sphere” of radius
7 in R? and let 7 be large enough that S C R*\ M (T2°). Then ad?T

(21) RO\ (720 = | M (T2, T2)

i= Z()
we have, for some i1 > 0,

(22) S2 - U M z+17T2O)

Zlo

By Proposition I the right hand side of (22]) is a IIB-manifold if every one of its
summands is a ITB-manifold. Therefore S2 bounds a ball in U.= “M (T2, T?)
and so bounds a ball in R?\ {0} because R?\ {0} contains U!= “M(T+1,T2O)

7
But SZ does not bound a ball in R? \ {0} and we reach a contradiction.
We move then to prove that there is ig > 0 such that for any ¢ > 1o,
M(T??,,T?) is a IIB-manifold.
Define ig such that, for every piece Uy; C R3\ M(TZ%O)o we have (e*,0*, k*
below are as in Proposition [

1. k£ > k*, and,

2. (Uky, gx) is either €*-close in the GH-metric to either an interval or a two-
orbifold, and,

3. if (Uk,, gx) is €*-close to a two orbifold then the g-length of the fibers ¢
of the Seifert structure is less or equal than ¢*, i.e. lengthg, (¢) < £*.

We will use such a ig from now on and show that if i > 4o then M (T? 20T 20) is

a IIB-manifold. Some notation now. If a piece Uy on R*\ M(T2°)° is e*-close

to an interval then we say that the piece is of type I(e*) and if it is not and

therefore is e*-close to a two-orbifold then we say that the piece is of type IT(e*).
Let ¢ > ’io,

o If M(T?¢,,T7?°) does not contain a piece of type I(e*) then M (T2, T?) is a
union of Seifert manifolds (with Seifert structures coinciding at any intersection)
and therefore a Seifert manifold with two boundary components, 7; 201 and T?°.
It follows that in this case M (T2%;,T7°) is a IIB-manifold.

2

o If M(T?,,T?) contains a piece of type I(e*) then we can distinguish two
cases,

(i) M(T?,,T?°) is itself a piece of type I(e*) (in this case the only

2

Uy, -piece), therefore diffeomorphic to T2 x I and thus a IIB-manifold, or,

2"Note from the properties of annuli decompositions that for any sequence sz of pairwise different

tori in N we have d]§ (o, Tj2) — oo. In particular d]}; (0,T?°) — oo as i — oo. This justifies equation

@D.
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(i) M (T22,,T?°) is not a piece of type I(€*).

(2

We discuss case (i) now and show that M (T2, T7°) is also in this case, a
IIB-manifold. First, denote by N1, the set of boundary components, other
than T 201 and T; 20, Of the Ukl -pieces composing M (T 1, T; 2O) Then any torus
T? in N1, is < than T2%, but not related, in the order <, to T7° (otherwise
would be one of the T2°’ ). Recall that for any T2 € Nit1,; one can associate a
maximal chain {72, T} +1} — {T?,T},..., T2, T} (see notation in Section 23).

Define /\A/'Z-H,Z- as the set of tori T2 in N1, such that
1. T? is the boundary component of a Uy, -piece of type I(€*), and,

2. none of the tori T2, ..., T2, in the chain {T?, ﬂz_fl} —{T%,712,.. T2°1}
is the boundary component of a Uy j-piece of type I(€*).

Then, the set of tori {77 o T 201U M+1 ; enclose the region

e (U )
TQG.//\Z;+1,¢
which is formed by pieces of type II(e*). Therefore it is a Seifert manifold with
at least three boundary components (two of them are Tl%fl and T7?°) and hence
a IIB-manifold. Now, the tori T2 in /\A/'Z-H,Z- are either of type T2* or of type T2,
namely either M (T?) is a solid torus or not (see beginning of Sec. [3]). Consider
T2¢ in ./\Afi+1,i. Then, T2* is the boundary of a Uk, -piece of type II(€*) and,
because i > ig and the definition of i, the fibers {€} of the Seifert structure of
such piece have gj(72+)-length less or equal than £*. In particular the fibers {%'}
on T?* (which, as closed curves, are non-contractible in 72*) have gr(T2+)-length

less or equal than £*. Summarizing, we would have, k(72%) > k* (because i > i)
and

HY’. (Ui (r29),(72%), Gi(12¢)) is €*-close in the GH-metric to an interval, and,

H2’. There is a curve ¥ C T2* (indeed anyone of the %”’s) non-contractible in
T2?* but contractible in M (72*) such that lengthg, ... (€) < 7,

Therefore (and crucially), if the fibers {¢'} on T?* are contractible inside M (T2*)
then applying Proposition B iteratively, we would obtain a consecutive sequence
of pieces of type I(e*) extending to infinity, i.e. a T? x R*-end, which is not
possible because then M (T2*) would not be compact@ We conclude that for

every T2¢ in ./\fl+1,z, the fibers {¢’} are non-contractible in M (T2*). Therefore,
recalling the comment at the end of Section 2.2] the manifold

mazn e (U )

T2O€]\\G+1,i

28 Alternatively it would imply the existence of an embedded torus (a section of such end) dividing
R3 into two unbounded connected components, which is not possible.
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is a IIB-manifold (note the union on the right hand side is on T 20 ¢ /\Afi+17,~).

Finally, for every T?¢ ¢ /(\/24_17@-, M(T?°) is a IIB-manifold as was explained in
Section Therefore by Proposition [, M (Ta?l,Tfo) is a IIB-manifold. This

(3

finishes the proof of Theorem [Il [ |

4  Appendix.

4.1 Remarks on manifolds and convergence.

A three-manifold M is C**18 k> 1,0 < B < 1 if it is a topological manifold
provided with an atlas with transition functions in C**18. A Riemannian three-
manifold (M, g) is C*# if M is C**1# and the entries of g in every coordinate
system of the C*t1.8 atlas of M are C*# functions.

A sequence of C*# Riemannian manifolds (M;,g;) converges in C*# to a
C*# Riemannian manifold (M, g) if there are C¥T1A-diffeomoprhisms ¢; : M —
M; such that the entries of ¢ g; in every coordinate system of the atlas of M,
converge in O to the entries of g in the coordinate system.

There are norms that we will use that do not depend on the coordinates. In
particular on a C*# Riemannian manifold (M, g) one can define the C’g'“—norm,
k' < k, of functions as usual as

j=k'+1
w41 = SU v fl(x )
gy = sup (3 1997162)

J=0

where V) is the operator resulting from applying V j-times. Note that V) f =
VU-1Ddf and that the Cglﬂ norm of f involves only derivatives of g up to order
k'. In particular the space C’g is well defined on a C''# Riemannian manifold.
Moreover one easily has the following property: If (M;, g;) converges in C% to
(M, g) (via diffeomorphisms ;) and f; is a sequence of functions in M;, then there
is ig such that for any i > io we have ¢} fillcz < 2| fillcz (here ¢} fi = fio ¢;).

4.2 Some technical propositions.

The following theorem would be standard if we were working in the smooth
category. With low regularity there are some points to check.

Proposition 6 Let (M, g) be a compact CVP-Riemannian manifold with bound-
ary. Suppose that ¢ : T2 x M — M is a continuous and free action by isome-
tries. Then there exists a C>P-diffeomorphism ¢ : M — T? x I such that
©*g = dx?® + h(x) where h(x) is a CYP-path of T2-symmetric, and therefore
flat metrics in T?.

Proof: By [I8] (Thm 6, pg. 411), the set of orbits T?(p) = {4(t,p),t € T2},
p € M, is a foliation of M by C'-embedded tori. Let T3 # T3 be two leaves and
let 12 be a geodesic segment realizing the distance between them and therefore

33



perpendicular to them. As the action is by isometries the set {¢(t,v12),t €
T2} is a foliation of the region enclosed by T? and T3 by geodesic segments
realizing the distance between T? and T3 and perpendicular to them. As in this
argumentation the leaves T% and T3 are arbitrary it follows that any inextensible
geodesic perpendicular to one leaf is also perpendicular to any other leaf. Let
v(z), x the arc-length, be one of such geodesics. Define ¢ : T2 x I — M,
|I| = length(y), as ¢(t,x) = ¢(t,y(z)). By [I§] (in particular (D) in pg. 402)
the map ¢ is a C! diffeomorphism. We have ¢*g = dz?+h(z) where h(z) is a C°-
path of T2-symmetric metrics in T2. Let (y, z) be (local) flat coordinates on T?
which together with = form (local and C!) coordinates. The standard Laplacian
acting on certain functions f at least can be computed in the coordinates (x,y, z)
as Af = [det h]~Y/2(0;(¢g" [det h] 9;f)) (because det h is just C?). Such is the
casd®] when f = z,y or [“[det h]=Y/2dz. As deth = deth (z), the coordinates
y and z are harmonic (and C') and therefore from standard elliptic regularity
also C%# in M (recall for this that M is C%# and g is C'#). It remains to see
the regularity of z. Define a new coordinate by z = [*[det h]_l/ 2dx. Then
is harmonic and because is C', by standard elliptic regularity again, it is C?”
in M. Therefore (Z,y, z) is an harmonic and C?# coordinate system. Hence in
these coordinates the metric coefficients g;; are of class C1%. Thus [det h]'/? is
of class C*# and because x(z) = [“[det h])'/?dz we deduce that z is also C%# in
M. [

Proposition 7 Suppose that a sequence (Up,, gm) with |Ricg, | < Ao collapses
metrically to (I,| |). Then, there is a covering subsequence (Umj,f]mj) (with
covering maps 7ij) converging in C18 toa T2-symmetric space ('I[‘2 x I,dx? +
h(x)), and there is a sequence of functions Jm,; : Un, — R, such that fp,, ompy, :
T2 x I — R converges in C? to the coordinate function x. In particular, fized a
value of x, W,}}(f,;jl (x)) converges in C? to the slice T? x {x}.

Proof: The first part of the claim, i.e. the existence of the covering subsequence
is known to us from Lemma [Il Thus assume that

(O, m,) S5 (T2 % 1, § = da® + h(z))

Following [5] (see also [12] pg. 336), for every e > 0 there ard®] smoothings I,
of gm, such that

(23)  distrip(gm, 95,) < € |Ricg, | <200, [V Ricg: | < Ag(e) k> 1

where dist [, is the Lipschitz distance (see [13], [12]PY. In these smoothed spaces
one has the following two properties for fixed e.

2970 justify the A f in these cases multiply by a smooth and arbitrary test function of compact support
and integrate by parts.

30We remark that this useful smoothing procedure has been used recurrently in [I0] as it greatly
simplifies the arguments. Our use does no differ much from the purposes it was used there.

31Note that what makes these estimates useful is that they are independent from the injectivity radius.
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E1. There is a subsequence of (ﬁm] s Gm,) (indexed with m; again but depend-
ing on €) converging in C* and via diffeomorphisms x; to (T? x I,5¢ =
dxz? + he(x)). Hence as discussed in Section E1] there is jo(€) such that for
every j > jo(e) and sequence of functions Fj on Uy, we have || X;Ejllez. <

E2. From Lemma 1.6 (pg. 336) in [I1], there are fibrations f7, : Upn, — I such
that, for all & > 1, || f5, o 7mm, Hck < Cj(€). Moreover fg, oy, converges

in C! to the function z in (T?x I, dx +he(z)) and, because of the estimates
before, the convergence is also in C*°. In particular lim [[x}(mm, o fm,) —

ollez. 250

And if we make ¢ — 0 we have, because of the first two terms of (23]), the
following property.

E3. As € — 0, the spaces (T2 x I,dz? + h¢(z)) converge in C*% (8 < ) and
via diffeomorphisms ¢, to (T? x I,dz® 4+ h(z)). Moreover by Prop. [ the
C2-coordinates z in them converge in C2 to the (by Prop. ) C2-coordinate
z in the limit space.

From E1 and E3 we immediately obtain that, for every €(i) = 1/i,i=1,2,3,...
one can find mj;) with j(i) > jo(e(é)), in such a way that the subsequence
(Um](l) ) gféj)( ;) converges in CY#" and via the diffeomorphisms X;i(i) © Pe(i) tO (T? x
I,dz? + h(x)). Then we have

Hgoe(z X](z (ﬂ'mj(l) f;gj(l)) - .Z'HCQ < Hgoe(z X](z (ﬂ'mj(l) fmj(l)) - QO:(Z).Z' + QO:(Z).Z' - ‘T|

< 20Xy Ty © FoD) = @llem,, + ety — allce.

anj()

C?

g9

where the last term tends to zero as i — oo. | |

Proof of Lemma [t The result is a straightforward consequence of the assump-
tion that (M;, gi) € M(My) for some fixed Ny and the results in [10]. There are
however some technical points which is better to clarify and these have to do
with the fact that several metrics are involved at the same time. Fukaya’s proofs
of course will not repeated here and we refer the reader to his articles for full
information. 5

For every “i” let M?(p;) be the connected component of M containing p;
and let d; = d}fi. We let Mi(p;) := M (p;)\ Tz, (0M;, €) and similarly for M (p;).
From Pr0p081t10n we can take a subsequence (index again by “i”) such that
(M£(p;),d;) converges to a compact metric space (X<, d¢). The subsequence can
be chosen in such a way that M¢(p;) converges (as a compact set) to X¢ C X¢.
We keep using this sequence in the following.
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Following [I0] 2), for every z € X© there is 6(z) < (¢ — €)/2 such that
(Bge(x,6(x)),de) is locally isometric to a model space I.a, I.b, II.a or ILb.
Consider then in Bge(z,d(x)) the corresponding Riemannian metric and denote
it by ¢¢. In addition to this information, there is a sequence of points ¢; €
M£(p;) with ¢; — =, such that (By,(g;,d(x)),gi) converges in the GH-topology
to (Bdi(x75(x))vg§) _ _

Now, using the compactness of X¢ one can pick points zi,...,zy in X°©
such that the balls Bge(z;,0(x;)/4), j = 1,...,J, cover X. Assume that p;
converges to a point xg, that points p;; converge to x; and that the union
U;zi] Bge(xj,0(x;)/4) is connected (otherwise take the connected component of
the union containing (). Then, it is direct to check that

j=J j=J
U By, (9:0(7)) 9i) — (| Bae (5, 0())), 9.
j=1 7j=1

Then, one can use the local construction in [I0] (pg. 19, based on [9]) to find C*

functions
Jj=J

fi e | Bo.(pji30(x5)/4) — X*
j=1

(but non-surjective) satlsfylng the properties in Theorem 0.12 of [10] (pg. 3) and

with range covering U Bd_(x], d(xj)/2). The €;’s and the space (X,d) are
finally defined as

j=J j=J
Q= 7| Bar(e;,0(5,)/2) and as (X, d) == (| Barla;, 0(2;)/2), ¢°)
j=1 j=1

with (X, d) satisfying D1 and D2 by construction. We then have (€, g;) SH,

(X,d) and f; : (24,9;) — (X,d) with the properties I which correspond in our
case to properties (0.13.1) and (0.13.2) of Theorem 0.12 of [10].

We discuss now how to show II in case D1. The case D2 is done along
similar lines an as we will not use it in this article the proof is left to the reader.
Take covers (€2;, g;) to have the injectivity radius at one point controlled away
from zero. Leave aside for a moment the issue of the existence of such cover. As
|Ricg,| < Ap we can take a convergent subsequence, say to (€2, g). The group of
Deck-covering transformations of Q,; converge necessarily to a closed group G of
isometries of the limit space (€2, §). On the other hand, for any « € X'\ Sing(X),
the fiber m; '(f; ! (z)) which covers the torus f; '(z) under 7;, converges to a
torus, say T2(z) C Q. The group G acts effectivelyP by isometries on T2(z) and
its quotient is a point. It follows that G is a torus.

32Recall the discussion after the statement of Lemma [I]
33The action is effective because if an isometry of G leaves every point of T?(z) invariant then it must
be the identity as an isometry in €.
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To show that there are covers as mentioned before, observe that, from Lemma
0 any “sufficiently collapsed” manifold (of bounded diameter and curvature)
must possess at least one small and non-contractible loop. Now, in case D1, the
manifolds €; are diffeomorphic to either T2 x I or B? x S' whose fundamental
groups are Z x Z and Z respectively. In either case one can then take (controlled)
covers having no non-contractible and small loops. In this way the cover is
necessarily non-collapsed. |
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