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A DENSITY THEOREM FOR
ASYMPTOTICALLY HYPERBOLIC INITIAL DATA
SATISFYING THE DOMINANT ENERGY CONDITION

MATTIAS DAHL AND ANNA SAKOVICH

ABSTRACT. When working with asymptotically hyperbolic initial data sets
for general relativity it is convenient to assume certain simplifying properties.
We prove that the subset of initial data with such properties is dense in the
set of physically reasonable asymptotically hyperbolic initial data sets. More
specifically, we show that an asymptotically hyperbolic initial data set with
non-negative local energy density can be approximated by an initial data set
with strictly positive local energy density and a simple structure at infinity,
while changing the mass arbitrarily little. The argument follows an argument
used by Eichmair, Huang, Lee, and Schoen in the asymptotically Euclidean
case.

1. INTRODUCTION

In general relativity Einstein’s equations read
Ric” — £Scal’y = T. (1)

Here Ric” and Scal” denote respectively the Ricci tensor and the scalar curvature
of a spacetime (M, ), and the symmetric divergence-free 2-tensor T is the stress-
energy tensor of the spacetime. A spacetime (M, ) satisfying () is said to obey
the dominant energy condition if for any future directed timelike vector v the vector
—~T(v,-)¥ is either future directed timelike or null. This condition means that the
energy density of (M,) is non-negative and that the energy cannot travel faster
than the speed of light.

Let (M, g) be a Riemannian submanifold of the spacetime (M, v) satisfying the
Einstein equations with unit normal denoted by 7 and second fundamental form
denoted by K. In this case (M, g) can be viewed as a “constant time slice” of
(M, ). The dominant energy condition for (M, ~) at points of M is equivalent to
the inequality p > |J|, everywhere on M. Here the energy density p := T(n,7n)
and the momentum density J := T(n,-) can be computed from g and K using the
constraint equations

—2u = —Scal? — (tr9 K)? + |K|§, (2)
J = div? K — d(tr9 K). (3)

By an initial data set for the Einstein equations we will mean a triple (M, g, K)
consisting of a Riemannian n-manifold (M, g) and a symmetric 2-tensor K defined
on M. We will say that (M, g, K) satisfies the dominant energy condition if yn > |J|,
holds everywhere on M, where p and J are defined through ([@)—(3). By the above
discussion, this means that (M, g, K) arises as a constant time slice of a spacetime
satisfying the dominant energy condition.
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An initial data set (M, g, K) is said to be asymptotically Fuclidean if outside
some compact set M is diffeomorphic to the complement of a ball in the Euclidean
space R™ and if under this diffeomorphism (g, K') approaches (4, 0) sufficiently fast
at infinity. For asymptotically Euclidean initial data sets asymptotic integrals at
infinity can be defined. They are integrals which arise as boundary terms when
integrating the constraint operator

®: (g,K) — (—Scal? — (tr9 K)* + |[K[7, div! K — d(tr? K))

against elements in the kernel of bez‘é)o), which correspond to Killing vectors of
the Minkowski spacetime. In particular, this gives rise to the Arnowitt-Deser-
Misner energy F and linear momentum P. The positive mass conjecture asserts
that E > |P|, provided that the dominant energy condition holds. In particular,
E > 0 is expected to hold under the same assumption, which is the statement of
the positive energy conjecture. For recent progress on these conjectures, see [13].

For many applications in mathematical general relativity it is an advantage to
work with initial data which has simple asymptotics at infinity. For example, an
asymptotically Euclidean initial data set (M, g, K) is said to have harmonic asymp-
totics if in asymptotically Euclidean coordinates at infinity we have

4 2
g=un—2§, mi=K— (tr! K)g = un—2(Lyd — div’ Y),

where £ denotes the Lie derivative, and the positive function u and the vector field
Y are such that

u() =1+ AP+ 0(|2]'™"),  Yj(@) = Bjla[*™" + O(l='™™),

for A € R and B € R™. In this case the Arnowitt-Deser-Misner energy and linear
momentum can be easily recovered from the asymptotic expansions of v and Y at
infinity, namely,

E =2A, Pj:—Z—ij.

Further, many arguments can be simplified by working with initial data with
strictly positive local energy density, that is such that the strict dominant energy
condition p > |J|4 is satisfied. This condition is preserved under “small” perturba-
tions of the initial data, whereas the standard dominant energy condition p > |J|4
might get violated by a perturbation. This observation is crucial for the proof of
the positive energy conjecture in dimension n = 3 by Schoen and Yau [24] and for
its extension to dimensions 3 < n < 7 by Eichmair [12].

In [I3] Theorem 18] Eichmair, Huang, Lee, and Schoen prove that an asymp-
totically Euclidean initial data set satisfying dominant energy condition can be
slightly perturbed to an initial data with harmonic asymptotics which obeys strict
dominant energy condition while changing the energy E and the linear momentum
P arbitrarily little. That is, the set of asymptotically Euclidean initial data with
these preferred properties is dense in the set of asymptotically Euclidean initial
data satisfying the dominant energy condition. This result is used in the proof of
the positive mass theorem by the above authors [I3] Theorem 1].

The goal of the current paper is to prove the analogue of this density result for
asymptotically hyperbolic initial data sets. Roughly speaking, an initial data set
(M, g, K) is asymptotically hyperbolic if the Riemannian metric g approaches the
hyperbolic metric b on hyperbolic space H" in a chart covering everything outside
a compact set. For K, there are two natural choices: either K — 0 at infinity (as
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for spacelike totally geodesic hypersurfaces in asymptotically anti-de Sitter space-
times) or K — g at infinity (as for “hyperboloidal” hypersurfaces in asymptotically
Minkowski spacetimes). In this paper we adopt the second approach and consider
“hyperboloidal” initial data, see Definition Then similar considerations as in
the asymptotically Euclidean case give rise to the notion of mass for asymptotically
hyperbolic initial data, which is a linear functional on a certain finite dimensional
vector space.

The main result of this paper is that a given asymptotically hyperbolic initial
data set (M, g, K) satisfying the dominant energy condition can be approximated
by an initial data set with conformally hyperbolic asymptotics in the sense of Def-
inition which obeys the strict dominant energy condition, while changing the
value of the mass functional by an arbitrary small amount. While the method
of the proof requires g —b = O(e™™") and K —b = O(e™"") for § <7 < n, a
slight modification of the argument yields a useful density result in the critical case
7 = n. The applications of our results are similar to those of [I3] Theorem 18].
In particular, the results are used in the proof of the positive mass theorem for
asymptotically hyperbolic initial data by the second author (in preparation).

The paper is organized as follows. The definition of mass and its continuity with
respect to the initial data is discussed in SectionPl In Section[Bwe show that a given
asymptotically hyperbolic initial data set satisfying the dominant energy condition
can be perturbed slightly to satisfy the strict dominant energy condition, while
changing the mass arbitrarily little. Then in Section [ we make a further pertur-
bation to conformally hyperbolic asymptotics, while preserving the strict dominant
energy condition. In Section [f] we prove a density result in the critical case, con-
cerning asymptotically hyperbolic initial data sets that have Wang’s asymptotics
(see Definition [B1)). Finally, in Section 6l we give comments on extensions of the
results of this paper. Some supplementary results concerning differential operators
on asymptotically hyperbolic manifolds are contained in Appendices [Al [Bl and

Acknowledgements. We want to thank Romain Gicquaud and Lan-Hsuan Huang
for helpful discussions and comments related to the work in this paper.

2. PRELIMINARIES

2.1. Asymptotically hyperbolic initial data. We denote hyperbolic space of
dimension n by H™ and the hyperbolic metric by b. We choose a point in H" as
the origin. In polar coordinates around this point we have b = dr? + sinh?r ¢ on
(0,00) x S"~! where ¢ is the round metric on the unit sphere S"~! and r is the
distance to the origin. The open ball of radius R centered at the origin is denoted
by Bgr, and its closure is denoted by Br.

We first give the definition of an asymptotically hyperbolic Riemannian manifold.

Definition 2.1. We say that (M, g) is a CL8-asymptotically hyperbolic manifold
for a non-negative integer [, 0 < 8 < 1 and 7 > 0, if there exists a compact set
Ky C M, Ry > 0 and a diffeomorphism

WZM\KQ%H"\ERO,
such that ¥,g —b € Cllt’)f(H"; S2H™) and it satisfies

U.g — b|| ~1.8mn oy = sup e (@) W.g — bl amny < OO.
I HCT (H™\Bry;S2H") oM B 1 | [l B (B (x);S2H")
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The diffeomorphism ¥ introduced in this definition is called a chart at infinity
for the asymptotically hyperbolic manifold.

Let (M, g) be a C-#-asymptotically hyperbolic manifold for [, 3, 7 as in Defini-
tion 2.1l Suppose that u is a locally integrable section of a geometric tensor bundle
E (see [I8, Chapter 3] for the definition of geometric tensor bundles) over M \ Kj.
In this case we say that u € WP (M \ Ko) for 0 <k <1I,and 1 < p < oo if

”“HW(;“*P(M\KO) = HeJT\II*UHWk*P(H"\BRO) < 00

Note also the following equivalent definition of the W(f P(M\ Ko) norm,

HUJHW‘;"P(M\KO) = Z ”66ij(\IJ*U)HLT’(H"\BRO)'
0<j<k
Building on these definitions, it is straightforward to define weighted Sobolev spaces
Wf’p(M) for any 4, 0 < k <[, and 1 < p < oo. The weighted Hélder spaces
Cg’o‘(M) are defined in a similar fashion. We say that u € C’f’a(M \ Ky) for
0<k4+a<l+p,and0<a<l1if

[lee]| ke = sup €7@ ora < 0.
CE(M\Ko) 2 €H Bg 41 Ck.(By(x))

The following equivalent definition of the C?’O‘(M \ Kj) norm is often useful,

”’UJHC(I;‘O‘(M\KO) g Z sup |66ij(\11*’u,)| + He‘;rvk(‘ll*u)||Co,a(Hn\BRU).
0<j<k H"\Brg

Again, these definitions can be extended to define weighted Holder spaces C?’O‘ (M).

The weighted Sobolev and Hélder spaces that we have just defined are analogues
of the respective spaces defined by J. Lee in [I§] on conformally compact manifolds.
It is easy to check that standard facts such as embedding theorems, the Rellich
lemma, and density theorems hold for these spaces and that the statements of these
results repeat verbatim the respective statements in [I8]. In particular Lemma 3.6
and Lemma 3.9 of [I8] hold for WP (M) and Cy*(M) as defined above and we
will refer to [I8] for these results throughout the text.

It is straightforward to check that classical interior elliptic regularity as formu-
lated in [18| Lemma 4.8] holds for asymptotically hyperbolic manifolds and weighted
function spaces as defined in Section 2.1l In Appendix [Al we show that improved
elliptic regularity [I8, Proposition 6.5] holds in the current setting. As a conse-
quence, Fredholm theory for geometric elliptic operators on asymptotically hyper-
bolic manifolds in the sense of Definition 2] can be established, since the proof of
[18, Theorem C] can be adapted. The reader is referred to Appendix [A] for details.

We can now give the definition of an asymptotically hyperbolic initial data set.
Recall that the energy density p and the momentum density J are defined via the
constraint equations (2)—).

Definition 2.2. A triple (M, g, K) is an asymptotically hyperbolic initial data set
of class (a,7) for 0 < a < 1and 7> 0 if
e (M,g) is a C2*-asymptotically hyperbolic manifold in the sense of Defini-
tion [Z.1]
e a symmetric 2-tensor K is such that K — g € CL*(M; S?M).
If, in addition, (u,J) € Cgfm for some 79 > 0 then (M, g, K) is an asymptotically
hyperbolic initial data set of class (o, 7, 7).
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Abusing notation slightly we may summarize the content of this definition as
follows: (M, g, K) is an asymptotically hyperbolic initial data set of class («, 7) for
0<a<landt>0if (¢9—bK—g) € C> x CL. In this case (u, J) € CO=.
The necessity for the faster decay (u,J) € Cgfm will become clear in Section 221

Given an asymptotically hyperbolic initial data set (M, g, K) of class («, 7) it is
convenient to set

mi= (K —g) - tr!(K — g)g.
Note that 7 € C1® and that 7 contains the same information as K, since K =
T+ g — = (tr9m)g. It is therefore equivalent to work with (M, g, 7) as an initial
data set, and in this paper we will only work with initial data given in this form.

In terms of (g,m) the constraint equations ([2)—(B]) are written as

—2u=—(Scal! + n(n—1))+2tr9 7 — @ + |7 g,
J =div? .
By the constraint map we mean the map
(tr9 m)?

O:(g,m)— (—(Scalg +nn—-1)+2tr97m — + |7T|§,divg 7T> @

n—1
Finally, we define initial data sets with conformally hyperbolic asymptotics. Re-
call that the conformal Killing operator L is defined by
(Lyg)ij = V¥ + V;Yi = 2(div” Y ) gyj,
that is, (Eoyg)ij is the trace-free part of the Lie derivative (Lyg);; = V,;Y; + V;Y;.
Definition 2.3. We say that an initial data set (M, g, ) has conformally hyperbolic
asymptotics if there exists a compact set Ky, a radius Ry > 0, and a diffeomorphism
V: M\ Ky— H"\ Bg,,
such that y )
U,g=(1+0v)7=2b, U,r=(1+0v)n—2Lyb,
where the function v and the radial and tangential components of the 1-form Y can
be written in the form
v=uvpe " + vy,
}/’I" = (YO)reinT + (Yl)ra (5)
Y, = (Yo)we_(n_l)r + (Yl)wv

where (vo,Yp) € C1 is independent of r and (v1,Y7) € Cifl for 0 <a <1

2.2. The mass functional for asymptotically hyperbolic initial data. In
this section we review the concept of mass in the asymptotically hyperbolic setting
and discuss the continuity of mass with respect to the initial data. We first recall
how the asymptotic charge integrals are defined, following Michel [20].

Let (M, g, ) be an asymptotically hyperbolic initial data set of type (a,7) for
0 <a<1land 7 > 0, and let ¥ be the chart at infinity as in Definition 211
Clearly, in this case we have e := ¥,g —b — 0 and n := ¥, 7w — 0 at infinity. Let
the constraint map ® be defined by (@)). Since ®(b,0) = 0, linearization gives us

(I)(\I/*(gvﬂ)) = Dq)|(b,0)(6777) + Q(evn)a (6)
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where Q(e,n) is a remainder term of second order. For any function V' and 1-form
@ there is a unique 1-form Uy, )(e,n) such that

<D(I)|(b,0) (67 77)7 (Vv w)> = diVb U(V,W) (ev 77) + <(€, 77)7 Dq)?b,o) (Vv w)>7

where qu(kb,o) is the formal adjoint of D®|; o). Here (-, -) denotes the inner product

induced by b on geometric tensor bundles over H". Contracting (@) with (V,w) €
ker Do, ) we obtain

<(I)(\I}*(gv T‘—))v (V7 w)> = divb U(V,W)(ev 77) + <Q(67 77)7 (Vv w)> (7)
In this way we assign to every (V,w) € ker D@’(*b 0) the charge integral

Q,=)(g,m) = lim U, (e, m)(v) dp®,
— 00 Sk
where v is the outer unit normal of the (n — 1)-dimensional sphere Sg in H".
The structure of the kernel of D®f, ) is well understood, see Moncrief [21].

Namely, (V, @*) corresponds to the normal-tangential (or lapse-shift) decomposition
of the restriction along the unit hyperboloid of a Killing vector field of Minkowski
spacetime. In other words, (V, ") is a Killing initial data (or KID) for Minkowski
spacetime given on the unit hyperboloid.

In particular, we have (V, —=dV) € ker Dq)?b,o) for V € N, where the vector space
N is spanned by the functions

Vioy = coshr, V(1) = zlsinhr, ..., Viny = 2" sinhr

L ..., a™ are the

expressed in polar coordinates on H" = (0,00) x S"~!. Here x
coordinate functions on R™ restricted to S™~ .

For these KIDs we have the following result.

Proposition 2.4. Let (M,g,7) be asymptotically hyperbolic initial data of type
(,7,10) for 0 < a <1, 7> %, and 70 > 0. Then for every V. € N the charge
integral Qy,—qvy(g, ™) is well-defined and can be computed by the formula
Qv,—av)(g,m)
8
= lim (V(divb e —dtre) + (t’ e)dV — (e + 29)(VPV, -)) wydpr. ®

R—o0 Sk
Proof. Integrating (@) over H" \ Bg, and using the divergence theorem we obtain

Qu,—avy(g,m)

— [ (@gm) - Qe (VimaV))du + [ Uia(em)v) di.
H"\Br, SRy
Estimating Q(e,n) as in [20, Equation (12)] and using our assumptions on the
decay of the initial data, we see that the integral over H" \ Bg, converges, hence
Qv,—av)(g, m) is well-defined.
We refer to [20, Section IV.2.B| and references therein for the derivation of the
formula (g]). O

Definition 2.5. Let (M, g,7) be an asymptotically hyperbolic initial data set.
Then the mass of (M, g, ) is the linear functional M, ) : N’ = R given by

M(gy,,)(V) = 72(n,11)wn71@(v,fw) (9,7),



A DENSITY THEOREM FOR ASYMPTOTICALLY HYPERBOLIC INITIAL DATA 7

where w,,_1 denotes the volume of the unit sphere (S"~1, o).

This is the same as the expression for the Bondi mass obtained by Chrusciel,
Jesierski, and Leski in [7], under asymptotic decay conditions that however do not
allow for gravitational radiation. See [20] for a discussion of coordinate covariance.

As Proposition [2.4] shows, the mass functional is well defined for asymptotically
hyperbolic initial data of type (a,7,70) for 0 < a < 1,7 > %, and 70 > 0. It is
also straightforward to check that the mass functional is trivial for asymptotically
hyperbolic initial data sets of type (a,7) with 7 > n. The following are two

examples of the “critical” case 7 = n.

Example 2.6. The Anti-de Sitter Schwarzschild Riemannian metric is given by

dp? 2

gAdSS = ——— 5, + PO
1+p2_p2:112

on [a,00) x S"~! where the inner radius a depends on m, see for example [10,
Appendix A]. Tt can be realized as an umbilic (that is, ¢ = K) asymptotically
hyperbolic initial data set for Schwarzschild spacetime, see Brendle and Wang [6].
In this case

MWVg)) =m,  and  M(V(;)) =0,

for ¢t = 1,...,n, where m coincides with the mass parameter of the Schwarzschild
metric.

Example 2.7. For initial data with conformally hyperbolic asymptotics as in Def-
inition it is not complicated to compute that

M(Vio) = 2558 [ o+ 28 [ ()
and
MO = s [ et [ o0 ae
Snfl Snfl
fori=1,...,n.

Concluding this section, we confirm that the mass is continuous as a function
of asymptotically hyperbolic initial data sets of type («, 7, 7p), where 0 < o < 1,
T > 5, and 79 > 0. For simplicity, the charts at infinity are suppressed in the
statement of the result and in the proof.

Proposition 2.8. Let (g, 7) and (g, T) be asymptotically hyperbolic initial data sets
of type (o, 7,79) for 0 < <1, 7> %, and 19 > 0. Given € > 0 there exists 6 > 0
depending only on (g,m) and e, such that if

lg—gllcz <0, |lm—7llcr <9, 9)
and
(e, J) = (1, j)||c§;+m <4, (10)

then for any V€ {Vio), V1), ..., Vin)} we have
(Mg (V) = Mgn (V)| <e



8 MATTIAS DAHL AND ANNA SAKOVICH

Proof. Fix R > Ry. Arguing as in the proof of Proposition 2.4l we find that
2(n - 1)wn,1 (./\/l(gﬂr)(V) - ./\/l(gﬁ)(V))

:/ (®(g,7) — ®(g,7), (V,—dV)) du®
H"\Br
[ @ - o, v -av))
H"\Br

+/s (Uv,—avy(e,n) = Ugv—avy (&, 1)) (v) du®.
R

Now suppose that (g,7) is fixed and that ¢ and (g, 7) are such that (@) and (I0)
hold. Then by assumption (I0) the absolute value of the first integral over H" \ Bg
is bounded by C§ for some C > 0 depending only on (g, 7). The same is true for
the second integral over H™\ Bg by assumption (@) combined with the fact that the
remainder term Q(e,n) in (@) is at least quadratic in e and 7 and their derivatives
of order up to 2 and 1 respectively. As for the inner boundary integral, we see that
its absolute value is bounded by Cée» " for C' > 0 depending only on (g, ).
From this it is clear that § can be chosen so that the sum of the absolute values of
these three integrals is less than ¢. ([

3. PERTURBATION TO STRICT INEQUALITY IN THE DOMINANT ENERGY
CONDITION

This section is devoted to the following result.

Theorem 3.1. Let (M, g, ) be an asymptotically hyperbolic initial data set of type
(a,7,m0) for 0 <a <1, 3 <7 <mn, and 1o > 0. Assume that (M, g, ) satisfies
the dominant energy condition, > |J|,. Then for every e > 0 there exists an
asymptotically hyperbolic initial data set (g,7) of type («, 7, 7)) for some 1) > 0
such that
lg—gllgze <2 llm—Fllgne <=,
and the strict dominant energy condition
> (1+7)Jl
holds for v > 0, and
Mgm)(V) = Mgm (V)| <e
fOT Ve {V(o), V(l), ceey V(n)}

The argument follows [I3] Proof of Theorem 22]. In simple terms it can be
described as follows. We would like to choose symmetric 2-tensors h and w so that
the perturbed initial data § = g+th and & = 7+tw satisfies i > |J|; for sufficiently
small £ > 0. From the Taylor expansion (g, 7) = ®(g,7)+tD®| 4~ (h, w)+O(t?),
we see that i = p+ 5f + O(t?) and J = J + tX + O(t?), where (—f,X) =
D®|(g.x) (h,w). Further,

12 = 717
= (g9 —th" + O(tH))(J; +tX; + O(tH))(J; +tX; + O(t?)) (11)
= |J|2 +t(2X7 — .0 J; + O(t?),
where indices are raised using the metric g. Hence if we set X7/ = %hij J; then
|5 = |J|g 4+ O(t?), as long as the decay of |J|2 at infinity is not faster than that of
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the O(t?) term in the last line of (II)). This leads to the expectation that ji > |J|;
will be achieved if we can find a pair (h,w) such that D®|, . (h,w) = (—f, X),
where X7 = %hij Ji and f > 0. Indeed, in this case we have

L= \Jg=p—|Jg+tf+O{t) >tf +O0(*) >0

provided that the O(¢?) term above decays at least as fast as f at infinity.

However, D®|(, ) is not a determined elliptic operator (see Delay [11]), and this
makes it difficult to ensure that the solutions of the equation D®|(y ) (h, w) =
(—f,X) will have good asymptotic behaviour. This problem can be overcome
by combining the above considerations with a certain construction introduced by
Corvino and Schoen in their proof of the density result in [0, Theorem 1]. The
idea is similar in spirit to the conformal method of solving the constraint equations
(see for example [5, Section 4.1]) and is based on the observation that by suitably
choosing a first order differential operator D one can ensure that the linearization
DT1,0) of the operator

T:(u,Z) s ® (u“g,u“/Q(ﬂ'—FDZ)), (12)

%, is a second order elliptic operator with nice properties.
We begin the proof of Theorem Bl with some preliminaries. For (u—1,Y) € C*
we let

where k =

g=u"g, and 7 =u"?(7 + Lyg), (13)
where £ is the conformal Killing operator described in Section Il Our choice
of the operator D = £ in ([[2)) is motivated by the fact that the vector Laplacian
Ay = div L is a well-known elliptic operator on asymptotically hyperbolic manifolds
whose Fredholm properties (see Appendix [A]) fit nicely into the context of the

current argument. Let z and J be the energy and momentum densities of (g, )
computed via the constraint equations ([2)—(38]) and consider the operator

T(u,Y) = (—2u"f, u™/2J).

This conformal rescaling of the constraint equations is needed to ensure that the
dominant energy condition scales correctly when we pass to the deformed initial

data ([I3)), see 23)) and ([24) below.

It is straightforward to check that

—2u" = %uilAgu — Scal? —n(n — 1)u” 4+ 2u"/? tr9 7 — L (tr9 m)?
+ (72 +2(m, Ly g) + |£vgl2) (14)
u”‘/2jj = (ALY +divin); + 2("—721)u71(ﬂ' + EDYQ)?Vku — %uilvjutrg m,

n—

for j =1,2,...,n. Consequently, the linearization of T at (1,0) is

DT|(1,0)(v, 2) = (2252(A% = nv) + L5 (10 m)o + 20, £29),

(15)
(ALZ); + 2 7b V0 — 225 (00 1)),
for 5 =1,2,...,n. The following lemma concerns Fredholm properties of the oper-

ator DT|(1)0).
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Lemma 3.2. If (M,g,7) is an asymptotically hyperbolic initial data set of type
(o, 7) for 0 < a < 1 and 7 > 0 then DT|q o) is a Fredholm operator with index
zero in the following cases:

. asamapC?’B%Cg’ﬁforO<ﬂ§a, —1<d<n,

. asamapW(?’p%W(?’pforl<p<oo, —1<6+%<n.

Proof. We give the proof in the case of weighted Holder spaces, the case of weighted
Sobolev spaces is treated similarly. Write DT'|(; o) = Po + P1, where

n—2

Py:(v,Z) (4("_1)(A9v — m)),ALZ) ,
and

P :(v,Z)— (ﬁ(trg ™ +2(m, Lzg), 2("—_21)7T;?V;€U — 2 (tr9 F)Vj’l)) .

n—

Here Py : C(?’a — Cg’a is a Fredholm operator of index zero for § € (—1,n), see
Proposition [A2] By [I8, Lemma 3.6 (a)] the map P : C’?’O‘ — C;f; is continuous,
whereas by the Rellich Lemma, [I8, Lemma 3.6 (d)], the inclusion C;f; — C9% is
compact. We conclude that P; : Cg’o‘ — Cg’o‘ is compact for —1 < § < n, and the
claim follows. O

Recall that the constraint map ® is defined by the formula @). A direct com-
putation shows that the linearization of & is

D|(g.x(h,w) = (Ag(trg h) — div? div? h + (h, Ric?)

+2 <1 - trgﬂi) (tr9 w — (h, 7)) — 2(h,mom) + 2{(m, w),

n—
(div? w)y, — K9V 5 — (div b)), + 2V (tr9 b)) — %wijvkhij)

where (7 o 7);; = g¥mxmj. The formal adjoint of D® is given by

tr9

Dq)?g,w)(‘/: X)= ((AV)gij - V;V;V + VRic;; — 2V (1 - nr_ﬂi> Tij
— 2Vrmperh + $(mie ViXF + 1V XF) — 2(div ) X gi;
— i(ﬂ',ﬁxg>gij + %kakﬂ'ij + %(div X)mij,

trd9
— %(ﬁxg)ij + 2V (1 — —n — 1) gij + 2V7Tij>.

(16)

The following lemma is the analogue of [I3] Lemma 20] in the asymptotically hy-
perbolic setting. The proof of the cited Lemma is similar to [9] Proposition 3.1].

Lemma 3.3. If (M, g,7) is an asymptotically hyperbolic initial data set of type
(o, 7) for 0 < a < 1 and 7 > 0 then the linear map A : W(?’p X W(;l’p — W(?’p

defined by

A(h,w) = D®|(y ) (h,w) — (0, Lhl7)
n—1
'
W(?’p X Wlsl’p — W(?’p is surjective for 1 <p < oo and —1 < § + "le <n.

is surjective for 1 < p < oo and —1 < § + < n. In particular, D®|

g,m)
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Proof. The first step is to show that A has closed range. For this we compute
Avg, Lzg) = ((n — 1)(A% — nv) + (Scal? + n(n — 1))v

—2u(trd 7 — ﬁ(trg )% + |7T|§) + 2<7T,£°Zg>,

(ALZ); —v(divim); + (5 — Dl Vv — str9 Vv — %’UJ]‘).
Reasoning as in the proof of Lemma we conclude that the operator

(v, 2) = A(vg, L9)

is a Fredholm operator W(?’p — W(?’p forl1 <p<ooand —1<§+ "le < n. Its
range is contained in the range of the operator A. Consequently, the range of the

operator A has finite codimension in W(? P and hence it is closed.
Next we need to show that ker A* is trivial. Let p* be such that % + p—l* = 1.

Then Wg’f* is dual to Wg’p under the standard L? pairing, see [18, Chapter 3].
Note that we have —1 < —6 + "p:l < n as a consequence of —1 < § + "le <n. It

follows from (I6) that ker A* consists of (V, X) € Wg’g’* such that

. tr9m
(AV)gi; — ViV;V + VRic;; = 2V (1 - ﬁ) i + 2V iy
- %(wjkViXk + 7k V; X")
+ L(divm)p X*gi; + 2(m, Lx 9) i)
— 1XMVpmi; — 2 (div X)m;
+ 1 (XaJj + X;J5),

(17)

tr9mw

1) g+4Vm.

EXg=4V (1—

As a consequence of the second equation we have Lxg € Wg’f*. Taking the trace
of the first equation we have

AV —nV =V 0% ™)+ X xO0%(e ™) + Lxgx O*(e™™"), (18)

where O%(e~™") denotes a section T of some geometric tensor bundle of relevant
type such that T € C%% and Ax B denotes a tensor which is obtained from A® B
by raising and lowering indices, taking any number of contractions, and switching
any number of components in the product. By standard elliptic regularity [18]
Lemma 4.8 (a)] we conclude that V € WE’&D*. As a consequence of the second
equation in ([I7)) we have

. tr9
Lxg=4V <7T— ! 7Tg).
n
Taking the divergence, we obtain
ApX =Vx0%e ™)+ VV x0%(e™ ™). (19)
Thus X € W2’(§D*, again by standard elliptic regularity. Since (V, X) € Wz’g)* the

right hand sides of equations ([I8) and (I9) are both in WEg’_:T. Using Proposi-
tion [A2] improved elliptic regularity [I8, Proposition 6.5], and the continuity of

the embedding WF»" — Wsk,’p* for e > ¢/, we conclude that (V,X) € W2P" for
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n—

any < such that —1 < v + p*l < n. Therefore we may without loss of generality
assume that 1 <y <n— 25 =14 224
In fact, we can show that (V, X) € C,%)B for some 0 < 8 < 1. Indeed, if p* <n
np*
then (V, X) € an_p* by the Sobolev embedding theorem [I8, Lemma 3.6 (c)]
and standard elliptic regularity applied to equations (I8) and (). Repeating this
argument we obtain that (V, X) € W27 for some ¢ > n and thus (V, X) € C#ﬁ for
some 0 < 8 < 1 by Sobolev embedding [I8, Lemma 3.6 (c)]. Applying standard
elliptic regularity to the equations (I8) and (I9) we conclude that (V, X) € Cg’ﬁ .
Next we show that (V, X) vanishes to infinite order at infinity. That is, (V, X) =
O(e N") for any N > 0. As a consequence of (7)) and Definition we see that
(V, X) is a solution to the system

Hess'V — Vb=V 0 ™)+ VVx 0™ ™)+ X x0(e™ ™) + VX x0(e™ "),
Lxb=4Vb+ X xO; (6777“) +Vx 01(6777“),
where O1(e™™") denotes a section T of the relevant geometric tensor bundle such

that T € CL. From the first equation and the fact that (V, X) € 03’ﬁ we conclude
that V satisfies the ordinary differential equation

along radial geodesic rays, where f = O(e=(T+9)7). Since 7 4+ v > 1, it fol-
lows that V' = O(e~ """ see formula @2) for the explicit form of the solu-
tion. Then V € C*? by standard elliptic regularity applied to ([@8). Combin-

T+y
ing this with the second equation, we see that (Lxb).. = O(e~("+7)7") which
yields 9,X, = O(e~("t17). Integrating this relation from 7 to co, we obtain

that X, = O(e~("*Y)7). Differentiating the expression for X, with respect to u
we obtain 9, X, = O(e~ (")), Here we work in polar coordinates for hyperbolic
space, (H",b) = ((0,00) x S"~1, dr? 4+ sinh®r o), the subscript 7 denotes the radial
component and p denotes components in a coordinate system on the sphere. It
follows that

0-X,, —2cothrX, = f,

where f = O(e~("*7=U7) and hence X, = sinh®r [~ —L—ds = O(e=(7+77 D),
Thus |X|, = O(e~("+7)7), and hence X € Cf.f,y by standard elliptic regularity
applied to (). We proceed by induction and deduce that (V, X) = O(e="") for
any N > 0.

To conclude the proof, note that, as a consequence of ([I7), (V, X) € C? satisfies

a differential inequality

AWV, X)| < C([(V, X)) +[V(V, X)]),

where A = V*V is the rough Laplacian. Since (V, X) vanishes to infinite order at
infinity, a standard unique continuation argument, see Appendix [C| implies that
(V, X) vanishes identically. O

We use the subscript ¢ on a function space to denote the subspace of sections
with compact support.
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Lemma 3.4. Let (M, g, ) be an asymptotically hyperbolic initial data set of type
(o, 7), where 0 < o < 1 and 3 < 7 < n. Then for any f € C>* there exist
(v,Z) € C>* and symmetric 2-tensors (h,w) € C>% so that

DT|(1,O)(U7Z)+D(I)|(g,7r)(h7w) = (fu%hé’]l) (20)
If in addition f € Cgfm for some 19 > 0 then (v, Z) € C2°.

Proof. For some p > n we choose v > 0 so that —1 < v+ % < 7. In this case
Cha ey W,’f*p for k = 0,1,2. Further, by Lemmal[3.2the operator DT'|( o) : W,fvp —
W,?’p is Fredholm with index zero. Since the linear map A : Wf’p X W,i’p — W,?’p
defined in Lemma B3] is surjective, we can find symmetric 2-tensors (hy,wy) €
W,f’p X W,}’p, k = 1,...,N, such that their images A(hy,wy) span a subspace
that complements DT|(170)(W3’1’) in W,?’p. Note that by the density of compactly
supported sections, [I8, Lemma 3.9], together with the continuity of A we may
assume that (hg,wy) € C3*. Consequently, since f € WP we can find (v, Z) €
W2 and (h,w) € C3* such that (20) holds. By Sobolev embedding (v, Z) € CJ.
Since v > 0 and f € C2* it follows from ([H) that (Av — nv,ALZ) € C2*. From
[18, Proposition 6.5] we conclude that (v, Z) € C2°.

To prove the second claim note that outside a sufficiently large compact set
(v,Z) € C> satisfies (Av — nv, AZ) € Cy® for some ¢ > 0. This is an im-

n

mediate consequence of (I5) and the fact that 7 > %. The claim follows from

Proposition [B.2l O

Proof of Theorem [31. With the above lemmas at hand, the proof differs very little
from that of [I3] Theorem 22]. We choose a positive C*¢ function f such that

f _ ef(nerin{l,Tg})r
near infinity, and let (v, Z) € C2* and (h,w) € C3“ be a solution of the system
DT|(1,0)(v, Z) + D®|(g ) (h,w) = (—f, 3hT1),
which exists by Lemma 3.4l We will show that for a sufficiently small ¢ > 0
g=(1+tv)"(g+th) and 7= (14 t0)"?(x + tLyg + tw)
is an initial data set whose existence is asserted in the theorem. Note that ||g —
glloza <&, ||m = 7[|gra < e provided that ¢ is sufficiently small.
We will verify that i > (1+7)|J|; for some v > 0 depending on t. Set u = 1+tv
and define B
1 (14 tv, tZ, th, tw) = (—2u"f, u™/2J).
Linearizing we have
O, (1 4 tv, tZ, th, tw) = 1(1,0,0,0) + tDD1|(1.0.0.0) (v, Z, b, w) + R
= (_2/1'7 J) + tDT'(l,O) (Uu Z) + th)'(g,Tr) (h7 ’LU) +R (21)
= (=2, J) +t(—f, 1hETL) + R,
where the remainder term R = R(t,v, Z, h,w) can be written as
R(ta v, Z7 h’a w) = (I)l(l + t’U, tZa thv tUJ) - (1)1 (17 05 07 0) - tD(I)l |(1,0,0,0) (’U, Za h7 U})

1
— / [D®1](140t0.012.00m000) — DP1l(10.0.0)] (v, Z, by w) d,
0

by the mean value theorem.
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We first prove that
IR| < Ct?e™?"" = O(t* f), (22)
where the constant C' > 0 does not depend on ¢t and is uniform for all points. For
this it suffices to estimate R outside the support of (h,w) where it takes the form

1
Rit,v,7) =t / [DT|(1s0t0.002) — DT)1.0)] (v, Z) do.
0
Using (I4) we compute

DT |u,yy (v, Z) = (4("71) (—u2vA% 4+ u P A%) — n(n — 1)ku 1o

n—2

+ru2 ot T 2, Lz9) +2(Lzg, Lyg),
(ALZ); + %Vk(vu_l)(ﬁ + ﬁoyg)?
+ —2(7?:21)u_1vku(£ozg)§ - %Vj(vu_l) tr? 7T).
Then it is not complicated to check that
|DT|(1+9tv,9tZ) (1), Z) - DT|(1,O) (’U, Z)‘ < QtQ(v, Z)

where Q is a quadratic function of v, its first and second order covariant derivatives,
and Lzg, which is uniformly bounded in 6 € [0,1]. Hence ([22) holds.
By (21I)) we have

t - t
W= pt g f O and  wPT =T+ Shids+ O ).
In particular, for sufficiently small ¢ > 0, we have
t
un > p+ gf (23)
Recall that h is compactly supported, hence we may write
g7 =u""(g" —tg"™hi + O(*[)).
Since f is positive, we obtain
(u"|T1g)* = u**g" J; J;
ij ik t tym
= (g7 g™ K+ O )i+ SHdi+ O )y + hF T+ 02 1))
= [JIZ+ O J]gf +1°f?)

_ tIN®_tf ef tf t2f?
(e ) =0 ( (310 55))

2
< (|J|g+%>

for ¢t > 0 small enough, so we find that
- t
wi|ly < 1, + 3 (21)

for such t.

Fix t > 0 such that (23] and (24) hold. Note that our choice of f implies that
supyy (|J]g/f) < oo. Therefore for any x € M such that |J|5(x) # 0 we have

A e tff3 k)3 t

= > =l > 14,
|lg  wrldlg = [Jlg+tf/4~ |Jlg+tf/4 12(g/ ) + 3t
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for

t
7T W2supyy (F],/1) + 3t

In points where [J|5(x) = 0 we have i > 0 by @23). Consequently, we have i >
(14 7)|J|5 everywhere on M as desired.

Note also that (ji,J) € CSfTé for 74 = min{l, 7} by (2I), the asymptotics
of u, and the properties of R. In particular ||(u, J) — (@i, J)||co  can be made
n+7'6

arbitrarily small for a sufficiently small ¢t. Thus Proposition 2.8 guarantees that
’M(QJ)(V) - M(g,ﬁ)(V)‘ < € holds. 0

4. PERTURBATION TO CONFORMALLY HYPERBOLIC ASYMPTOTICS
In this section we prove the following result.

Theorem 4.1. Let (M, g,m) be an asymptotically hyperbolic initial data set of type
(a,7,70) for 0 < a < 1, 3 <7 < n and 10 > 0. Assume that the dominant
energy condition p > |J|g holds. Then for every v < T and ¢ > 0 there exists
an asymptotically hyperbolic initial data set (g, T) which has conformally hyperbolic
asymptotics with respect to the same chart, and is such that

lo =gl <&l —Tlloze <<,
the strict dominant energy condition
i > |J|g
holds, and
Mgm (V) = Mgm(V)l <e
for any V€ {Vioy, Viay, .- -, Viny }-
In [I0, Appendix B] a similar result was proven in the simpler case when 7 = 0.

The proof of Theorem [L1]is very similar to [I3} Proof of Theorem 18]. Its main
ingredients are Theorem Bl and the following lemma.

Lemma 4.2. Let (g, ) be an asymptotically hyperbolic initial data set of type (cv, T)
for 0 < a <1 and § <7 < n and suppose that 7" < 7. Then there are positive
constants Co and 8y such that for any (i, J) € C* with ||(u — i, J — J)| go.e <
d < o, there exists initial data (g, ) of type («, T) with the following properties.

e The energy and momentum densities of (§,7) are fi and J.

e Qutside of a compact set (g, 7) is of the form

g = u"b, 7 =u"2Lyb
for (u—1,Y) € C%*.
e The initial data (g, ) is close to (g, m) in the sense that

||g - gHCQ}a S 0057 ||7T - 'ﬁ'”cl}a S CO(S

Proof. The proof uses the construction introduced by Corvino and Schoen in [9,
Proof of Theorem 1], which is similar to the one that was used in the proof of
Theorem Bl Given (g, ) as in the statement of the theorem and (u—1,Y) € C3,
we define the map

Tigm)(u,Y) = ®(ug,u/*(x + Lyg)).
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It follows from (I4)) that the components of T{, ) are given by

-2 = %u‘“_lAgu —u "Scal?! —n(n—1) + 22 19

n—1

— (0 )+ u (|72 4 2(m, Ly g) + |Lvgl?) |

25
Fo_ .5 ALY + div? 2(n-1) —5-1 Lora)F (25)
Ji=u 2(ALY +divi7); + S=u (m+ yg)jvku
K
- %u7§71 tr9 wVu,
for j =1,2,...,n. From this formula it is straightforward to compute the lineariza-

tion
DTy mla,0(v,Z) = (%Agv + 4 Scal?v — A (trf m)v

+ L5 (tr? )% — ﬁh’@v + 2(m, ﬁozg>,

(ALZ); — 25 (div? )0 + 2(7?_721)77ka0 — 25 (¢ W)Vjv).
Since Scal? + n(n — 1) € C2%, we may argue as in the proof of Lemma and
show that DT(y y|(1,0y is Fredholm of index zero as an operator C(?’O‘ — Cg’a for

—1 < § < n and as an operator W2P — WP for —1 < v+ "le <n. Fix 7 e

(5,7) and let U, denote a complementing space for the kernel of DT'|(; o) in Cf}a.
Arguing as in the proof of Lemma [3.4] we conclude that there exist finitely many
pairs of compactly supported symmetric 2-tensors (hg,wy), & = 1,..., N, such

that their images D®|(y r)(hg, w) form a basis for a subspace which complements
DT(97W)|(170)(03}Q) in CS}Q. Set V. = span{(hk,wk)}kzl

E(gm) : U X Voo — %% by
Egm : (u, Y, hyw) — ®(u"g + h, u”/2(7r + éyg) + w). (26)

~- We define the map

.....

Then the linearization D=y ](1,0,0,0) : Urr X Vo — Cg}a is given by

DE(g,m)l(1,0,00) : (v; Z,n,w) = DT(g.m)l1,0)(v, Z) + D®|(g,m) (0, w)
and is an isomorphism by construction.

Using the chart at infinity ¥ : M\ Ky — H"\ Bpg,, we define the cut-off function
xx(x) = x(r(z)/X), where x : R — R is a smooth function satisfying x(r) = 1 for
r <1 and x(r) =0 for r > 2. For a sufficiently large A > 0, the cut-off initial data
(gx, ) is given by

gr=x29+ (1 =x2)T"b,  m=xaT.
Since 7 < 7 we have
||g - g)\HCQ}a —0 and ||7T - 7T)\||Cl;o¢ -0 (27)

as A — o0o. Hence
19(g, ™) = @(ga, mA)[[ oo = 0 (28)

as A — oo.

Similarly to (26), we define the map = Upr x Vo — C’S}O‘ by

gx,mr)
Egamy) ¢ (0, Y, hyw) = ®(ugy + h, u“/2(7r,\ + EoygA) + w).
The linearization D=y, ~,[(1,0,0,0) : Urr X Vi — CS}O‘ is given by

DE(gx,m)|(1,o,0,o) : (Ua Zﬂ?aw) = DT(g/\77T,\)|(l,O) (Ua Z) + D‘I)|(gx,m)(777w)-
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As a consequence of (27), the operators D=y, ~,/(1,0,0,0) converge to the isomor-
phism D=y 1)(1,0,0,0) @ A — o0 in the uniform operator topology. It follows that
there exists a positive A\g such that for any A > Ao the linearization D=4, ~,)l(1,0,0,0)
is an isomorphism. Note that 2y, ~,)(1,0,0,0) = ®(gx,mr) = (—2pa,Jx). Ap-
plying the Inverse Function Theorem, see for example [I5, Theorem 4.2 and Re-
mark 4.3]), it is not complicated to check that there exists pg > 0 depending only
on (g,m) such that Z, .y : Bp,(1,0,0,0) = E(g, x,) (Bp,(1,0,0,0)) is a diffeo-
morphism for any A > A\g. Furthermore, there exists a constant C' > 0 depending
only on (g, ) such that

OH(U, Ya hv U}) - (17 Oa 07 O)HCf;D‘ S ||E(9A77T,\)(u7 K h’a w) - (—2M)\, JA)HCS;D‘ (29)
holds for any (u,Y, h,w) € B,,(1,0,0,0), and such that
BCpo(_2M)\7 J)\) C E(gxﬁﬂ'x) (Bpo(l, 0, 0, 0)) .

Now set 6y = Cpp/2 and suppose that (ji, J) is such that ||(2(u—f), J—j)HC‘?,a
§ < do. By (28) we may assume that A > g is such that [|[(2(x—px), J = Jx)| g0,

<
<

d, hence (=21, J) € Bcp,(—2px, Jx). Then it follows from the above discussion that

there exists (u,Y,h,w) € B,,(1,0,0,0) such that =, . (u,Y,h,w) = (=2f,J).
As a consequence of (29) we have

(v —1,Y, h,w)||ci;a < 20716,
Further, it follows from (28) that outside of a compact set (u,Y") satisfies
—2u g = %Abu +n(n—1)(u—utY) 4 u|Lyb|?, (30)
WP = (ALY); 4+ 22 Ly b) V.
This implies that v =u — 1 and Y are such that (v,Y) € Cf}o‘ and
(A% — nv, ALY) € C%,

hence (v,Y) € C%“ by the improved elliptic regularity [18, Proposition 6.5].

It is now straightforward to check that there exists a constant Cy > 0 such that
the initial data

g=1u"gx+h, 7 =u"?(m\ 4 Lygy) +w

has all the required properties. ([

The following result is not complicated to prove.

Proposition 4.3. Suppose that (M,g,7) is an asymptotically hyperbolic initial
data set of type (o, T, 70) for 79 > 1 such that

g = u"b, T =u"?Lyb
outside of a compact set for some (u —1,Y) € C*“. Then (g, ) has conformally
hyperbolic asymptotics in the sense of Definition [2.3

Proof. In this case it follows from (B0]) that outside of a compact set v = u — 1 and
Y satisfy

(Aby —nu, ALY) € Oﬁfe
for some € > 0. Then (v,Y) € C>% by Proposition[B.2l More specifically, from the
proof of Proposition [B.2] we see that (v,Y) is of the form (&), where (vo, Yy) does
not depend on 7, and (vi,Y;) € C2f..
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Inserting u = v+ 1 and Y back in (80) we conclude that (vy,Y7) € C’ng satisfies
(Abv; —nvy, ALY)) € Cgfl.

Thus (v1, Y1) € C2% by Proposition B2} O

Proof of Theorem[{.1] By Theorem B.I] we may without loss of generality assume

that u > (1 4 7)|J], for some v > 0. Let £ be a smooth function such that
£(x) = e ") outside a compact set. For xy as in the proof of Lemma set

& = xa+ (1= xa)& Then (&1, 60J) € Coy ., and
”(/1’7 J) - (§AM7§>\J)HCOf , —0 (31)
n TO

as A — oo for any 7, < 7. By Lemma and Proposition [£3] we may construct
initial data sets (gx,mx) with conformally hyperbolic asymptotics, whose energy
and momentum densities are ({\u,£xJ), and such that

lg9=axllcze =0, llm = maflgre =0 (32)

for any 7/ < 7 as A\ — co. In particular, ||g — gallco — 0 as A — oo thus |J|2 =
|J]2(1 4+ 0(1)) as A — co. It follows that

> a0+ = (1+2) leaTlos

for A sufficiently large, hence (g, 7)) satisfies the strict dominant energy condition.
Further, since (3I) and (32]) hold for any 0 < 75 < 79 and § < 7’ < 7, it follows by
Proposition 2.8 that

Mgy 2 (V) = Mgm (V)
for all V€ {Vioy, Viu), .-+, Viny } as A — o0, O

5. INITIAL DATA WITH WANG’S ASYMPTOTICS

In this section we show that the results of Section Bl extend to yet another
important class of asymptotically hyperbolic initial data.

Definition 5.1. Let (M, g,7) be asymptotically hyperbolic initial data of type
(a,n) for 0 < oo < 1. We say that (M, g,m) has Wang’s asymptotics if there exists
Ry > 0 and a diffeomorphism

W:M\KQ%Hn\BRO
with the following properties.
1. The pushforward of the metric g under ¥ satisfies
W,g = dr? + sinh? rg,, (33)
where
gr=0+me " + O(e_("H)T)
is an r-dependent family of symmetric 2-tensor on S"~!, and m is a sym-
metric 2-tensor on S™1L.
2. The pushforward of the 2-tensor m under ¥ satisfies

(\I]*W)rr _ pTTefnr + O(ef(nJrl)r)’
(V) = prpe” "D+ 0(e™™), (34)
(‘I’*ﬂ-)“y _ puyef(n72)r + O(ef(nJrl)r),
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where p does not depend on r and u, v denote components in a coordinate
system on the sphere.

3. The asymptotic expansion ([B3) is twice differentiable and the asymptotic
expansion (34) is once differentiable.

Asymptotically hyperbolic metrics g with asymptotics ([33) were considered by
Wang in [25] and have been studied in various contexts, see for example [1], [22],
and [23].

The assumption that the metric has an asymptotic expansion (B3] is not as
restrictive as it might seem. Any sufficiently regular conformally compactifiable
metric with the round sphere as the boundary at infinity and deviating from the
hyperbolic metric at the “critical” order |g — bl = O(e™™") can be written in
the form (B3] in appropriate coordinates. See, for example, [3l Section IV], [I
Section 3], or [g].

In the case when (M, g, 7) is an initial data set with Wang’s asymptotics a direct
computation shows that the mass functional is given by

M(‘/(O)) = 2(71,—11)‘—‘-’71—1 / (TL trom — 2pr7“) d,uga
Snfl
and

M(‘/(l)) = Wl)wm /Sni1 xi(ntrg m — 2prr) d,U‘Ta

for i = 1,...,n, where m and p,, are as in Definition 5.1l Further, we have the
following result.

Theorem 5.2. Suppose that (M,g, ) is an initial data set of type (a,m) for
0 < a < 1 such that it has Wang’s asymptotics and satisfies the dominant energy
condition @ > |J|4. Then, for any ¢ > 0 there exists an asymptotically hyperbolic
initial data set (g, ) of the same type with Wang’s asymptotics such that

lg = gllcee <e, and 7= 7lgre <e, (35)

the strict dominant energy condition

i>|J)g (36)
holds, and
Mgm(V) = Megm(V)l <e (37)
for any V€ {Vioy, Viny, - - -, Vimy }-
Proof. Let ¢ > 0 be fixed. Since Ck* < Ck2 for n > 7 and k = 0,1,..., we can

argue as in the proof of Theorem Bl to find (v, Z) € C2?, and (h,w) € C>* such
that for some sufficiently small £ > 0 the perturbed initial data

Gg=0+t)(g+th) and 7= (14 t)"?(x+tLyg+ tw)

satisfies (33 and [B4). In particular, the positive function f used in this construc-
tion should be chosen so that f = O(e~(™*17") in order to ensure that (v,Z) =
(vo, Zo)e™™ + (v1, Z1) for (vo, Zo) € C1% independent of r and (v, Z;) € Cifl
(compare the proof of Proposition 3)). Since in this case f might decay faster
than J = O(e™""), it is not clear that there is a v > 0 such that i > (1 + v)|J|;.
However, this is not important in the current setting since we do not intend to

make a further perturbation of (g, 7).
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Next we estimate the difference between the masses of the original data (g, )
and the perturbed data (g, 7). Outside a compact set we have

g=(1+tv)g and 7= (14 t0)"?(x + tLzg).

Set U = (1+tv)" —1,then j—g =Ug, # —7 = Ur + t(1 + tv)"/2L ;g where
U = O1(tv) = O1(e™™"). A straightforward computation shows that for any V €
{V(o), V(l), ey V(n)} we have

M(?vﬁ)(v) - M(q,ﬂ')(v)
=1 jim ((n ) UAV — VAU)(v) — 2L 7b(VPV, y)) b

2(n—1)wyp—1 R—soo Sn
Consequently, we have
IMg,2) (V) = Mgy (V)| < Ct(|v]cy +1Z]cy)

for any V' € {V(o), Vi), .- -, V(n)} and (B1) follows, after decreasing ¢ if necessary.
Finally, recall that g has asymptotic expansion ([B3]) with respect to a certain
chart at infinity. With respect to this chart, g has the expansion

g = (14 tv)*dr* 4 sinh®r (O’ + (m + tkvgo)e™ " + O(e_("""l)r))) .

This expansion is not of the form (33). Nevertheless, we may argue as in [3]
Section IV] or [§] and introduce a new radial coordinate ¥ = r — FEvge™"" +
O(e~ (1) 5o that (g,7) has Wang’s asymptotics in the new coordinates. In

particular,
g = di? +sinh* 7 (O’ + (m+ —m(zﬂ)voa)e*mj + 0(67(”+1)F)) .

Using the asymptotic expansions of (g, ) and (v, Z) it is straightforward to check
that this change of coordinates does not affect the mass. ([

Using the computations performed in the proof of Theorem it is straightfor-
ward to see that initial data sets with conformally hyperbolic asymptotics can be
interpreted as initial data sets with Wang’s asymptotics after a change of the radial
coordinate. This gives us the following equivalent form of Theorem [Tl

Theorem 5.3. Let (M, g, ) be an asymptotically hyperbolic initial data set of type

(a,7,70) for 0 < a < 1, § <7 < n and 19 > 0. Assume that the dominant

energy condition p > |J|, holds. Then for every T < T and € > 0 there exists an
asymptotically hyperbolic initial data set (g, 7) with Wang’s asymptotics such that
||g—§||cz}a < g, ||F—ﬁ||cz}a <eg,
the strict dominant energy condition
fi>|Jlg
holds, and
Mgm)(V) = Mgm V)| <e
fOT any Ve {‘/(0)7‘/(1)7 s 7‘/(71)}
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6. CONCLUDING REMARKS

In this paper we have focused on the charge integrals Q,_qv), where V' €
{Vioy; V1), - -+ Vi) }- These charge integrals are associated (as described in Sec-
tion 2.2) to the Killing vectors 0y, 0,1, ..., 0zn of Minkowski spacetime which gen-
erate infinitesimal translations in time and space. One may ask if the analogue of
Theorem [£.]] can be proven for the remaining charges associated with the Killing
vectors x0; + t0,:, 1 < i < n, and 2°0,; — 270,:, 1 <14 < j < n, which generate
respectively infinitesimal boosts and rotations. In fact, using the general theory
by Michel [20, Section IV.B] it is straightforward to check that these charges are
well-defined and continuous under the assumptions of Proposition 2.4] and Propo-
sition 2.8 As a consequence, we expect that the perturbation results of this paper
can be extended to apply to these charges as well. Note that this is quite different
from the situation in the asymptotically Euclidean setting, where the charges as-
sociated with boosts and rotations are determined by terms of lower order in the
asymptotic expansion of the initial data than the charges associated with transla-
tions in time and space. For this reason a given asymptotically Euclidean initial
data set can be perturbed slightly to achieve any value of angular momentum and
center of mass in such a way that the mass and linear momentum do not change,
see Huang, Schoen, and Wang [I6]. (In particular, this shows that the mass and
angular momentum inequality will in general not hold for asymptotically Euclidean
initial data sets without the assumption of axial symmetry.) One does not expect
such a result to hold in the asymptotically hyperbolic setting.

It is also clear that we could have assumed higher regularity for the initial data
(g,7), say g € Ck* and m € CF"1% for k > 2,0 < @ < 1 and 7 <7 <mn,in
which case the perturbed data (g, 7) would have the same regularity throughout
the article, as a consequence of standard elliptic regularity.

Regarding the extension of the results to the case of weighted Sobolev spaces,
note that in this case it is not possible to rely on the beautiful theory of Lee [I8].
Instead, methods for operators asymptotic to geometric operators on hyperbolic
space (compare Bartnik [4) Definition 1.5]) can be used, see for example the proof
of Lemma [3.2)

APPENDIX A. FREDHOLM OPERATORS ON ASYMPTOTICALLY HYPERBOLIC
MANIFOLDS: CHART-DEPENDENT APPROACH

Theorem C in Lee’s monograph [18] proves the Fredholm property of geometric
elliptic operators acting on weighted Sobolev and Hoélder spaces on conformally
compact manifolds. In this appendix we will show that the same result holds
for asymptotically hyperbolic manifolds in the sense of Definition 2.1l We use the
same definition of geometric tensor bundles and geometric elliptic partial differential
operators as in the cited monograph.

Let (M, g) be a CLA-asymptotically hyperbolic n-manifold in the sense of Def-
inition Bdl for n > 2,1>2,0< B < 1,and 7 > 0. Let ¥ : M \ Ky — H"\ Bg,
be the chart at infinity. Given a geometric elliptic partial differential operator
P :C>®(M;E) — C®(M;E) of order m <1 we define the indicial map I;(P) :
E|gn-1 — E|gn—1 by setting

I;(P)u := lim e’ P(e” ).

r—00
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Following [I8, Section 4], we call s € C a characteristic exponent at p € S"~1 if
I5(P) is singular at p. Using the fact that |U,.g—bl, = O(e~"") it is not complicated
to check that the characteristic exponents of P are constant on S®~!. Further, if P
is self-adjoint one may verify that the set of characteristic exponents is symmetric

about the line Res = an —k, where k = k1 — ko is the rank of the geometric tensor

bundle E C T:;M , see [18, Proposition 4.4]. Similarly to the conformally compact
case, we define the indicial radius of P as the smallest non-negative number R such

that P has a characteristic exponent whose real part is "T_l —k+R.

Theorem A.1. Let (M, g) be a connected asymptotically hyperbolic n-manifold of
class C’i’ﬁ, withn>2,1>2,0<8<1, and 7T >0 and let E — M be a geometric
tensor bundle over M. Suppose that P : C*°(M; E) — C>®(M;E) is an elliptic,
formally self-adjoint, geometric partial differential operator of order m, 0 < m <1,
and assume that there exists a compact set K C M and a positive constant C' such

that
ullz2 < C||Pul| 2 (38)
for allu e CX(M\ K; E). Let R be the indicial radius of P.
o Ifl<p<ooandm<k<I then the natural extension

P:W{P(M; E) — Wy ™ (M; E)

is Fredholm for |6 + "le — 21| < R. In that case, its index is zero, and its
kernel is equal to the L? kernel of P.
e I[fo<a<landm<k+a<Il+ [ then the natural extension

P:CE(M;E) = C¥™(M; E)

is Fredholm for |0 — ”771| < R. In that case, its index is zero, and its kernel
is equal to the L? kernel of P.

Proof. The proof goes as in [18, Chapter 6], except for the steps which explicitly use
coordinates at infinity. We verify that these steps can be carried out in our setting,
that is for asymptotically hyperbolic manifolds as in Definition 2l Specifically,
we need to adapt the construction of a parametrix given in Proposition 6.2 and
Corollary 6.3 of [I§]. In fact, the construction of a parametrix turns out to be
simpler than in the conformally compact case, since instead of countably many
Mobius charts covering a neighbourhood of infinity we have a single chart, so there
is no need to patch the coordinate charts together using a partition of unity.

Let ¥ : M\ Ky — H"\ Bg, be a chart at infinity as in Definition [Z1] As
in [I4, Appendix A] we use this chart to construct a bundle E — H" which is
defined using the same O(n)-representation as the one which defines F, and an
isomorphism T : E|Hn\BR0 — Ela\k,- The isomorphism T, its inverse and their
first ! derivatives all have uniformly bounded norms on H"™ \ Bpg,, respectively
M\ Ko. Let P : C®(H"; E) — C*®(H"; E) be the operator on hyperbolic space
with the same local coordinate expression as P. We define P’ : C°°(H"\ Bg,; E) —
C°(H" \ Bry; E) by

Pu="Y"'PYu.

Let Ry > Ry. Since P is a geometric operator and g is C-#-asymptotically hyper-
bolic, we conclude that for each § € R, 0 < a < 1, 1 < p < oo, and k such that
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m < k<land m < k+ «a <[+ 3 there exists a positive constant C independent
of R; such that

~ —TR
1P"u = Pl grme o g 1y < €T [l gt b, ) (39)
holds for all u € C?’O‘(H" \ Bry; E)u and
~ —TR
||P/’U, — Pu||W§7m’p(H"\BR1;E) < Ce 1||u||W§’p(H"\BR1;EV) (40)

holds for all u € WP (H" \ Bg,; E).

Now suppose that P satisfies [38)). Then, by the properties of T, the operator
P’ also satisfies (38]). Consequently, if Ry is sufficiently large, it follows by (0] and
standard elliptic regularity that P satisfies |ul|2 < C||Pul|2 for all u € C°(H™ \

v

Bg,; E), possibly with a larger value of C' than in ([B8]). By [I8, Theorems 5.7 and
5.9] we conclude that P is invertible as an operator Wf’p (H"; E) — WE=m™(H", E)
for |6 + "le — 21| < R and as an operator CY(H™ E) — Cy "™ “(H"; E) for
6 — 251 < R.
Assume that Ry > Ry is sufficiently large and let K7 be such that M \ K; =
U~Y(H" \ Bg,). We proceed by defining the operators Q,S : C°(M \ K1, E) —
Qu="TP T 1,
Su="TP YP - P)Y u.
Then it is straightforward to check that
QPu=u+ Su.
It follows from the above discussion that @) extends to bounded maps
Q: WP (M\ Ko; E) = WP (M \ Ko; E)  for |6+ 2L — 251 < R,

and

Q:CY*(M\ Kp;E) = OJ"*“(M \ Ko; E)  for |6 — 25| < R.
Similarly, as a consequence of ([B9) and ([@0), S extends to bounded maps

S WP (M N\ Ko; E) = WP (M \ Ko; E)  for |64 252 — 251 < R,

and

S:C{(M\ Ko; E) = C{"*(M \ Ko; E) for |6 — 2| <R,
such that if u is supported in M \ K7, then

ISullwy» < Ce™ ™ lullwpe,  [[Sullome < Ce™ o ||ul| g

for some constant C independent of R; and u. Without loss of generality we may
assume that Ce™ 71 < %, and it follows that the operators

[d+S: W""(M\ Ky; E) - W""(M \ K1; E),
[d+S:C{"*(M\ Ky; E) — C5"* (M \ Ki; E)
have bounded inverses. This implies that, whenever u has support in M \ K7, we
have N
u = QPu,
where Q = (Id +5)~'0Q is bounded as an operator WP (M \ Ky; E) — WP (M \
Ki;E) and Cy*(M \ K13 E) — CJ"*(M \ Ky; E), where § is in the same range
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as above. As a consequence of this parametrix construction, improved elliptic
regularity results [I8, Proposition 6.5] hold for asymptotically hyperbolic manifolds
as in Definition 2.1

The rest of the proof does not use coordinates at infinity, and the reader is
referred to [18] for details. O

Proposition A.2. The operator A — n and the vector Laplacian Ay satisfy the
conditions of Theorem [A1 with R = 241,

Proof. Tt is not complicated to check that the L?-estimate at infinity (B8] holds for
A —n. For Ar the L2-estimate at infinity can be proven by standard methods,
see for example Appendix B in [I4]. The critical exponents of both operators can
be computed using the explicit expressions for their components, see the proof of

Proposition [B.2] below. O

APPENDIX B. SOLUTIONS OF CRITICAL ORDER

Suppose that P : C*°(M; E) — C®(M; E) is a formally self-adjoint geometric
elliptic operator of order m satisfying the conditions of Theorem[ATland let §_ < .
be its critical exponents. Roughly speaking, if u = O(e™°") for some 6 € (§_,0,)
then Pu = O(e ") for some xk € (d_,04) implies that u = O(e™""), see [18]
Proposition 6.5]. At the same time, Pu = O(e~%+") does not necessarily imply
u = O(e%+"). An extensive study of the asymptotic behaviour of solutions outside
of the Fredholm interval can be found in [2] Chapter 4] in the case of conformally
compact metrics. Analogous results can be proven for asymptotically hyperbolic
manifolds as in Definition 2.1] using the following simple lemma.

Lemma B.1. Consider the ordinary differential equation
' + Au' + Bu = f. (41)
Assume that A2 — 4B > 0 so that the characteristic equation \*> — A\ + B = 0 has
two distinct real roots 6 < &4. Suppose that {Il) holds for u = u(r) = O(e™°")
and f = f(r) = O(e™"") for some k> d4. Then
e 5> 0_ implies that u = O(e~%+"), and
e § > 04 implies that u = O(e™"").
Note that we use a possibly non-standard characteristic equation which results
from substituting u = e~*" rather than u = " into ({@I)).

Proof. This is a consequence of the explicit formula
u=A~A_e " A e
- (e_‘sr/ e‘sfsf(s)ds—e_‘s”/ e>+5 f(s) ds> (42)
5+ —0- I T
for the solutions of (41]). Note that A_ and A4 do not depend on 7. O

In this paper we use the following result.

Proposition B.2. Let (M, g) be a connected asymptotically hyperbolic n-manifold
of class CLP, withn >2,1>2,0<3<1, and 7 > 0.

e Assume that v € Cg,o s such that Av —nv € Cgfa fore>0,0<a<1,
and2+a <1+ B. If§ > —1 thenv € C>*. If§ > n, then v € Cifs.
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o Assume that Z € Og,o is such that ApZ € Cgfa fore>0,0<a<1, and
24a<Il+B. If6>—1then Z € C>*. If§ > n, then Z € C2..

Proof. We first prove the second claim. A straightforward computation shows that
if Z € C3* then

(ALZ), = 20202 Z, + (n = 1)0:Zy — nZy) + O™+,
(ALZ)y = 02, Zy + (n = 3)0,Zy — 2(n — 1) Zy + O(e~ @ +771r)
for v = min{1,7}. Note that in our case Z € C% for any &' € (-1,n) as a

consequence of improved elliptic regularity [I8, Proposition 6.5] so we may assume
that 6’ + v > n. Hence the components of Z satisfy

83TZT + (n - 1)arZr —nZ, = O(eimﬂ)’

2. Zy + (n —3)0,Zy — 2(n —1)Zy = O(e~"717)
for kK = min{é’ + v,n + }. From Lemma [B1] it follows that Z, = O(e™™"), and
Zy = O(e~ (D7) hence Z € C>* by standard elliptic regularity. Similarly, if
0 > n it follows that Z € Cifa, possibly after repeating this argument finitely
many times in order to ensure that Kk =n + €.

The first claim is proven similarly using Lemma [B] and the fact that

Av—nv =020+ (n—1)d,v — nv+ O(e~ O +17)

for v = min{1,7} when v € C3. O

ApPPENDIX C. ON THE UNIQUE CONTINUATION PROPERTY

The following result is a straightforward consequence of the unique continuation
results by Mazzeo [19, Theorem 7] and Kazdan [17, Theorem 1.8].

Proposition C.1. Let (M, g) be a C>P-asymptotically hyperbolic manifold for T >
0 and 0 < B < 1, and let E be a geometric tensor bundle over M. Suppose that
u € C?(M; E) satisfies the differential inequality

[Au| < C(Ju| + [Vul), (43)

where A = —V*V is the rough Laplacian. If u vanishes to infinite order at infinity,
that is |u| = O(e™N") for any N > 0, then u =0 on M.

Proof. The hyperbolic metric b = dr? 4+ sinh®r o clearly satisfies the conditions
(4)—(6) in [19]. We may therefore combine Theorem 7 in this reference with the
fact that g—b € C%P to conclude that for any z € C?(M; E) vanishing on {r < r¢}
and to infinite order at infinity we have

t3/ 62”|z|2dug+t/ 2|V 2 dpd < CO/ 2| Az dul. (44)
M M M

Here it is assumed that ¢ and rq are sufficiently large, and that Cy does not depend
on t. We now argue as in [19, Corollary 11] and set z = ¢u where ¢ vanishes on
{r <o}, and is equal to 1 on {r > ro + 1}. As a consequence of [@4]) combined
with (@3] we obtain

ro+1
(t3 — 20002)/ 2 u? dpf < Co/ 2| Az|? dpf.

ro+1 T0

oo
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When ¢ — oo the left hand side is at least of order O(t3e2("0tD) whereas the
right hand side has order O(e?("o*+1%), Hence u = 0 on {r > rq + 1}. To conclude
the proof, it suffices to note that u satisfies the conditions of the strong unique

continuation theorem [I7, Theorem 1.8], thus v =0 on M. O
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