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Exploring Einstein’s theories of relativity in quantum systems, for example by using atomic clocks at high
speeds can deepen our knowledge in physics. However, many challenges still remain on finding novel methods
for detecting effects of gravity and of special relativity and their roles in light-matter interaction. Here we
introduce a scheme of x-ray quantum optics that allows for a millimeter scale investigation of the relativistic
redshift by directly probing a fixed nuclear crystal in Earth’s gravitational field with x-rays. Alternatively, a
compact rotating crystal can be used to force interacting x-rays to experience inhomogeneous clock tick rates in a
crystal. We find that an association of gravitational or special-relativistic time dilation with quantum interference
will be manifested by deflections of x-ray photons. Our protocol suggests a new and feasible tabletop solution
for probing effects of gravity and special relativity in the quantum world.

Modern x-ray science [1-4] opens an entirely new era of
quantum optics [5]. The vast and unexplored land of x-ray
quantum optics [SH8] provides many possibilities for both fun-
damental research [9H11] and applications [8, 12, [13]]. In
particular, studies of the interaction between x-rays and nu-
clear condensed matter systems lead to novel control of x-ray
photons [8} 10,12} [14]]. Furthermore, the well-known Pound-
Rebka experiment [6] shows that the Mossbauer effect is re-
markably useful for the testing gravitational redshift [[16}[17]
by detecting the influence of Earth’s gravity on propagating x-
rays. Another result was obtained with a rotating nuclear crys-
tal [[18]], demonstrating that the interaction between x-rays and
nuclei is also useful for testing special relativity. Therefore, x-
ray quantum optics with nuclei may offer a new access to the
exploration of gravity and special relativity in quantum sys-
tems. The gravitational redshift indicates that clocks at high
altitudes run faster than those at sea level under the influence
of Earth’s gravity [19]. Also, according to special relativity,
a moving clock ticks at a slower rate than a fixed one in an
observer’s rest frame [20, 21]. Thus, within a crystal, identi-
cal particles at different lattice sites form an array of clocks
which tick at inhomogeneous rates, when they are influenced
by gravity or by time dilation of an inhomogeneous motion.
This opens the question of how this compact configuration af-
fects the quantum mechanical coherence of such a crystal.

Here, we investigate a scenario that manifests distinct de-
flections of a single photon under the action of gravity or spe-
cial relativity and quantum interference. Considering long-
lived nuclear states, one could shine an x-ray on a thin nuclear
crystal to create a collective excitation that is simultaneously
perturbed by relativistic time dilatation. Since the excitation
is delocalized over the whole ensemble of nuclei [2, |9} 22], it
evolves with an inhomogeneous rate caused by Earth’s grav-
ity. We find that the inhomogeneous evolution of a delocalized
excitation causes a deflection of the reemitted single photon.
This time-dependent deflection suggests that the photon tra-
jectory can be influenced by Earth’s gravity even though it
was stored as a stationary quantum excitation in a crystal. An
analogue with slow light propagation of about 100 m/s in me-
dia proposes a light deflection of around 10~ degrees [13],
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being challenging for detections in the optical domain.

A quantum collective excitation occurs when a single pho-
ton is absorbed by a collection of NV particles. This single
photon is then shared by N particles, that leads to a delocal-
ized collective excitation state as depicted in Fig. [ST|a. The
collective excitation state can be written as [2} 9} |22]]
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Here |g)|eg) denotes that particle £ at position 7 is in its ex-
cited state |e), while the other N — 1 particles remain in the
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FIG. 1: Superradiant single photon. a, An incident single pho-

ton with wave vector ko is absorbed and shared by an ensemble of
two-level quantum particles. Without knowing which one is excited,
a collective excitation, which is a superposition of all possibilities,
will form. The decay of such a delocalized collective excitation will
be followed by a directional emission of a single photon along the
incident ko. This coherently reemitted photon is called superradiant
single photon. Yellow (red) dots illustrate particles in the ground (ex-
cited) state, and red arrows depict both the incident and the reemitted
single photon. b, A collective excitation is created in a collection of
two-level particles while a particle is excited from its ground level
|g) to a higher energy level |e) by absorbing a single photon with
wave vector ko. ¢, A superradiant single photon is deflected by a
gradient perturbation depicted by the brown upward arrow. ¢ is the
deflection angle between incident wave vector ko and deflected wave
vector Es.
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ground state |g) as illustrated in Fig. [S1|b. The excitation
energy of particle £ is hw,, where 7 is the reduced Planck con-
stant. Furthermore, VE, and EO are the angular frequency and
wave vector of the incident single photon, respectively. As
a result of quantum interference between the emission from
each crystal site, a directional reemission of a single photon,
namely, superradiance, follows the decay of state |E) along
the direction EO of an incident photon [9]. The directional
superadiance is routinely observed in nuclear forward scat-
tering of x-rays [9] using a nuclear solid-state crystal that is
typically few microns thick and few millimeters in diameter
[2,114]. These tiny dimensions therefore give the upper bound
of the spatial scale where relativistic effects could be probed
by our scheme.

A gradient perturbation, as depicted in Fig. ¢, can be
utilized to control the direction of superadiance. As some ex-
ternal gradient perturbation is applied to the whole ensemble
[S 124], the originally constant w, becomes inhomogeneous
we(R + 7), where R is the position of the ensemble relative
to the origin of the perturbation and 7% is the particle position
in the ensemble coordinate. Assuming that the ensemble size
is much smaller than \ﬁ|, one can use the Taylor expansion
wz(é + 7)) ~ wg(}_f) + ng(f_f) - 7p. By substituting the ex-
panded w (R + 7) into equation (T), the collective excitation
state becomes (see Methods and Supplementary Information)
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where the new time-dependent wave vector kg(t) = ko —
tVwe(R) indicates the deflection of superadiance. If ko and

Vwy(R) are perpendicular to each other, the deflection angle
¢(t) between kg and kg(t) can be written as
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In what follows, we show that the above superradiant de-
flection described by equations may be introduced by
Earth’s gravity and by the time dilation of special relativity in
a rotating system.

The considered system on the surface of the Earth is de-
picted in Fig. [2} Trains of monochromatic x-ray synchrotron
radiation pulses or single x-ray photons resonant to a nuclear
transition impinge on the crystal along the red arrow [2]. The
x-ray pulses are spaced at intervals of the coherence time
Teon defined by, e.g., the lifetime of a nuclear excited state.
Each weak synchrotron radiation pulse or single x-ray pho-
ton mostly excites a single nucleus in a crystal and so creates
the above collective excitation state |F) defined by Eq.
[2, 9,12} [14]. Because of gravity, particles at various crystal
sites evolve differently in time, depending on their position.
The gravitational redshift deduced from the Schwarzschild
metric gives |Vwy(R)| = w x 1.09 x 10716 /m on Earth’s sur-
face, which is well consistent with the experimental redshift
found by Pound and Rebka [6]. Because of this inhomoge-
neous quantum phase evolution, the superradiant photons are

reemitted along the blue arrow in Fig. [2]a and deflected by a
time-dependent angle (see Supplementary Information):

GMgt

2 _2GME
crgy/1 e

¢g(t) = tan ™!

where G is the gravitational constant, Mg is the mass of
the Earth and rg is the Earth’s radius. Since gravity is a
weak force, the resulting angular deflection velocity is 0; ¢4 ~
1.9 x 106 degree/s, such that one needs 7., > 0.5 s to ob-
serve a resolvable deflection angle of 10~° degrees with mod-
ern x-ray optics. As listed in Table I} some candidate transi-
tions of nuclei, e.g., **Sc, 19° Ag and '8%Ta, already give large
enough ¢, to be observed. This gravitational deflection de-
pends on the strength of gravity and can be observed more
significantly in the vicinity of astronomical objects like neu-
tron stars or black holes. For instance, if the Earth was com-
pressed to a compact size of 1.3 km in diameter, 0;¢, would
speed up to about 180 degree/s. In what follows, we show that
such strong deflection can be achieved by an inhomogeneous
time dilatation of special relativity.

We turn to the realization of a larger deflection of super-
radiance by a fast rotating crystal as demonstrated in Fig.
An inomogeneous clock tick rate in a crystal caused by time
dilation of special relativity mimics the time gradient of a
gravitational field [18]. A nuclear crystal is fixed on a ro-
tor with a rotating angular frequency A and a radius R. As
the whole system rotates, a particle at site 7, of the crystal
moves at velocity |V (r;)| = A(R + r¢), as illustrated in
Fig. [3|b. According to special relativity [18]], the transition
angular frequency of a particle at site r, of a crystal becomes

we = wo \/1 — [A(R+ ) /¢]°, and therefore a spatial gra-
dient of w, points in the radial direction of the rotor in this
configuration. Here, wy is the transition angular frequency of
a particle in its rest frame. For creating a collective excita-
tion in a rotating crystal as depicted in Fig. [3] the crystal is
also illuminated by a train of x-rays spaced by 7., along the
red arrow. Subsequently, single x-ray photons scattered off the
crystal are registered by a position-sensitive detector along the
blue arrow in Fig. [3|a with a time-dependent deflection angle

TABLE I: ¢¢(7con) and ¢c(7eon) are the maximum deflection an-
gles of superradiant photons induced by Earth’s gravity and the inho-
mogeneous speed of a rotor, respectively. Here 7., is the coherence
time of the corresponding nuclear transition. The parameters of the
rotor are R =5 mm and A = 27 x 70 kHz. Also, E. is the nuclear ex-
cited state energy, which also corresponds to the used photon energy
[30].

crystal E. coherence time  ¢g(Teon) Dc(Teon)
(keV) Teoh (degrees) (degrees)
15S¢ 124 459 ms 8.6 x 1077 90
5"Fe 14.41 141 ns 2.6 x 1071 2.6 x107°
57zn  93.31 13.09 us 2.5 x 107 24 x 1073
3Ge 13.28 421 pus  7.9%x 10712 7.8 x 1074
109Ag  88.03 57.13 s 1.1x107* 90
181y 6.24 873us  1.6x107' 1.6 x 1073
18219 16.27 408 ms 7.7 %1077 90

229Th:CaF, 0.0078 1 ms 1.9-107° 0.18




FIG. 2: Gravitational deflection of x-ray superradiance. a, Earth’s gravity deflects the superradiant single x-ray photon from its incident
direction with a time-dependent angle ¢,. The green cuboid depicts a fixed nuclear crystal in a gravitational field of the Earth, the red (blue)
arrow represents the incident (reemitted) single photon and yellow horizontal bars illustrate the count numbers at different positions of a
position-sensitive detector. b, Influence of gravity on proper time: Clocks closer to the earth run slower. The same happens to fixed nuclei
(yellow dots) in a crystal (depicted by the green rectangle). Earth, crystal size and clock ticks are not on scale.

FIG. 3: X-ray superradiance under the influence of special relativity. a, X-ray photon deflection by time dilation of special relativity,
where the crystal (green cuboid) is attached to a rotor with radius R and is subject to a rotation with angular frequency A. Under the influence
of the inhomogeneous relativistic time dilation, the incident single x-ray photon (red arrow) is bent along the blue arrow with a time-dependent
angle ¢. and time-dependent reemission probability (yellow bars on the position-sensitive detector). The red circle on the detector illustrates
the trajectory of the registered signals without considering the inhomogeneous relativistic time dilation. b, According to the time dilation
effect, the tick rate of the proper time of each nucleus at different radii  depends on the local velocity \‘7(7”)| = Ar within a crystal. Also,
green arrows illustrate local velocities of nuclei (yellow dots) at different sites of a rotating crystal (green rectangle).



(see Supplementary Information):
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A rotor with a radius of 5 mm and rotation frequency of 70
kHz, previously used in the so-called nuclear lighthouse effect
[2], allows for an angular velocity 0;¢. =~ 185 degree/s, yield-
ing distinct deflection angles with the need of only 7.,, > 10
ns. As demonstrated in Table [l many nuclear transitions,
e.g., °"Fe and %7Zn, are suitable for that purpose. Remark-
ably, some transitions with 7.,, > 0.31 s may even allow
¢. = 90 degrees and deliver an unmistakable signature of rel-
ativistic deflections. We emphasize that the key parameter for
the present effect is the coherence time of an interacting tran-
sition with photons. Coherence times of few milliseconds, 1
s and 40 s have been proposed or experimentally achieved in
systems of 229Th:CaF, [23], diamond nitrogen-vacancy cen-
ter [26] and Pr3*:Y,SiO5 [27], respectively. These quantum
memories together with recent diamond silicon-vacancy cen-

ter [28] deserve attention and may be suitable for our scheme
at different energy scales. Moreover, a semiclassical analysis
shows that the deflection angle can be enhanced by a factor of
optical depth (see Supplementary Information), and so using
an optically dense crystal may result in larger deflections.

In conclusion, we have put forward a scheme to probe ef-
fects of gravity and special relativity on a compact millimeter
scale via x-ray quantum optics. The underlying effect pre-
sented here may also generically occur on different space and
time scales. For example, bending superadiance may also hap-
pen on an astronomical scale in a gravitational field superim-
posed by interstellar dust and gas clouds. In contrast to grav-
itational lensing [29], deflected superradiance would cause a
time-dependent distortion of images of astronomical objects.
This may provide a novel way for exploring light-matter in-
teractions with the theory of relativity on a large scale. We
thank C. H. Keitel, A. Péllfy, Z. Harman, E. Yakaboylu, S. M.
Cavaletto, C. O’Brien, K. Heeg, M. Girttner, T. Babinec, P.
Hemmer and A. Svidzinsky for valuable discussions.
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TABLE I: Symbol table.

Symbol Explanation

lg)  ground state of a particle
le¢)  the fth particle is in its excited state
|0)  vacuum state
|1)z one photon Fock state of mode @
|E)  collective excitation state
|1)  collective polariton state
t time in the lab frame
w  transition angular frequency in the rest frame of a particle
w transition angular frequency in the lab frame
vz photon angular frequency c|E |
7y position vector of the /th particle
ko  wave vector of an incident single photon
©  azimuth angle of the cylindrical coordinates

ko kol
ks  wave vector of the remitted superradiant single photon
€  unit vector that is parallel to ko

€1 unit vector that is perpendicular to ko
photon creation operator for some specific k
photon annihilation operator for some specific k

gi  particle-field coupling rate for some k mode photon
¢ speed of light

Gi_ raising operator for particle at position 7;
o’ lowering operator for particle at position 7

h  reduced Planck constant

R radius of a rotor

A rotating angular frequency of a rotor

0  polar angle of the earth spherical coordinates

¢ azimuth angle of the earth spherical coordinates
rg  Earth radius, 6371 km

rs  Schwarzschild radius
F Schwarzschild function
G gravitational constant, 6.67384x 10~ "' m3 kg~ s ™2
M mass of a gravitational source, for the Earth Mgy = 5.97219 x 10*'kg
Q Vw’ - el
Bt) Vu'-¢
P(t) [, B(t)dt
A(t) time derivative of Zeeman field gradient
¢(t) deflection angle of the remitted superradiant single photon
¢g(t) deflection angle of the remitted superradiant single photon in gravity
¢c(t) deflection angle of the remitted superradiant single photon in a rotating crystal
un  particle’s magnetic dipole moment
Q, Rabi-frequency of probe field
@  particle number density in a crystal
L crystal length
o on-resonance cross section of the considered transition
d  transition dipole moment

The central purpose of this supplemental material is to show the deflection of scattered photons off an ensemble of particles
caused by the Earth’s gravity or by an inhomogeneous time dilation of special relativity. As illustrated in Fig. 1 and Fig. 2, a
train of single photons impinges on the target to initially create the collective excitation state expressed by Eq. (SI). A series
of scattered single photons will then follow the coherent decay of the exciton and be registered by a position-sensitive detector.
Let’s begin with the description of our system. The collective excitation state of /N particles in the cylindrical coordinate can be



written as [S1HSS]
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where |g)|es) denotes that only the (th particle at position 7y, = (ry, z¢) is excited and all remaining N — 1 particles stay in

the ground state. Furthermore, IZO is the wave vector of the incident resonant photon and coefficient Dy(¢,7) is caused by the
7p-dependent and nonuniform environment. The complete collective polariton state is

1 o\ ko7
) =G @ > Ba(t)[1)a+ —= Y De(t, 7)™ ™ |g) eg) @ [0), (S2)
@ VN 7
with the initial condition
Bi(0) =0, De(0) =1, ko = koZ, (S3)

where |G) denotes all particles are in the ground state. Moreover, |1); and |0) denote the one photon Fock state of wave vector
4 and the vacuum state, respectively. The combined photon-particle system can be described by the Schrodinger equation

i~
) =~ Hlw), (34)
where the Hamiltonian is

H=hY vialag+ 0y [w+ A, 2z, 0] le)es| + b g5 [eik%ia,; +e " Tiglat] (S5)
K J gk

Here, base on the experimental result given by R. V. Pound and G. A. Rebka [S6], and also another one given by H. J. Hay et al.
[S7]], the effect of relativistic time dilation can be treated as an additional energy shift

A7, t) = a+ [Qey + B(t)ey] - 7, (S6)

where the parameters « and () are determined by gravity and the inhomogeneous speed assumed to be perpendicular to EO
(see sections |I| and [T, respectively). Additionally, a dynamical Stark or Zeeman shift term (3(t)e|| - 7’; is applied [S8] along the

direction of Eo to fulfill the energy-momentum conservation (see section . Moreover, (€, é\H) is the unit vector (perpendicular,
parallel) to EO, and € is parallel to the direction of gravity or that of rotor’s radius in what follows. Also, k and vy are the wave
vector and the angular frequency, respectively, of the interacting photon. (7 ,7.) are the particle (raising, lowering) operators
at position 7, and (a;%, ay) are the photon (creation, annihilation) operators for a specific £. |1); and |0) denote the one photon

Fock state of wave vector k and the vacuum state, respectively, and g;; is the particle-field coupling rate. Furthermore, the energy
of each particle’s ground state and that of excited state are assumed to be zero and fw, respectively. In what follows, we derive
the form of «, ) and the required S3(t).

I. A FIXED SAMPLE IN THE EARTH’S GRAVITY

In general relativity, the time at infinity is related to the proper time by the line element of the Schwarzschild metric [S9LS10].
We use the Schwarzschild metric of a black hole here, because it is identical with the metric of the earth outside of the earth and
has a simple analytic form. The line element of the Schwarzschild metric is

Adt” = AF(r)dt* — F(r)~'dr? — r?d6® — r®sin® 6dy? (S7)
where F'(r) is the Schwarzschild function

Firy=1-", (S8)

r

with the Schwarzschild radius of the black hole event horizon

(89)



and the gravitational constant G and the mass M. M can either be the mass of a black hole or, as in our case, the mass of the
earth. At fixed radius r the proper time ¢’ and the time ¢ at infinity are related by

dt’ = \/F(r)dt. (S10)

Since the transition frequencies are inversely proportional to the infinitesimal time element one gets

F( )+ Ts T¢
r -
L 2’/"E\/F(’I“E) TE

W =wVF(r)~w

+0(r})] - (S11)

One can then define two parameters

a=uw [mfl} , (S12a)

N wr
Q=Vu' e, :

23 F)

The time, with respect to which the system is described within this ansatz is the time at the asymptotic flat space-time, infinitely
far away from the earth at which F'(r) = 1. The parameter « accounts for the additional phase aquired by the superradiant
crystal’s finite radial position rg at earth surface, wereas the parameter () accounts for an additional height dependent phase
change caused by gravity within the crystal.

(S12b)

II. A ROTATING SAMPLE

A solid state sample is attached on a rotor with a rotating angular frequency /A and a radius R. According to time dilation in

special relativity:
AR+7)]°
W = wyf1- []
&

AR\? AR (n 2
w 1() (R)QO{(%” : (S13)

where A is the angular frequency of the used rotor, ¢ is the speed of light, R is the radius of the used rotor and R + 1, is radial
position of ¢th particle. w and w’ are the particle’s transition angular frequencies in the rest frame of each particle and the lab
frame, respectively. One could identify
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A2 2
o = w[,/l_ St (S14a)
C
2
Q= ve -1 BAw (S14b)
C 1_/‘252

Within the ansatz of this rotating system, the reference time is that of the non-rotating lab. The parameter « introduces a time-
dependent phase caused by special relativity of the rotating sample at radius R. The parameter () accounts for the additional
time-dilation, caused by the different velocity which each nucleus with distance R + r; has.

III. DEFLECTION OF INTERACTING PHOTONS

To investigate the dynamics of our system, the Weisskopf-Wigner theory [SL1] with 9;|¢)) = —%ﬁ [1) is used [S3,[S11]. We
obtain the equation of motion for B and D:

VN Ik

1 ey
G) @D 1)adBa = —i{ |G)® Y [VavaBs + —=I|G) ® Zg~el(’“0_k)'”D4|1>E , (S15)
@ i 0,k



1 iko -7, . kg7 LU-T
N > e*o T g)e) 0y Dy = —i f Ze FoTt | g)leg) [w + A(7, )] Dy + Zgu 9)lej)Ba ¢ - (S16)
4

Since 7 (1]1)7 = dma and (eqleg) = Oap, substitute Bz = bze~™a' and D, = ne_i[“t+f(f A(Fe)dr] jneo Eq. li and
Eq. (SI6). The total state vector becomes

Y@ balt)e™ " IDa f Z “wteilfo =i AT g)le,) @ o), (817)
With the assumptions of 7, < R and constant A, Eq. @@,@ become

G)® Zb emivat |1 4 T § mitwrartgilfo-Qie i B ] o1 ) 0 [0), (S18)
VN 4

Let EA( t)=Qte, + fo 7)dre|, and then one could get

7 . TP o
o by = — ﬁez(ugfwfa)t el(kﬁo*kAfu)'Tg
VN ; -
= it (2m)° gge! Ve [ko —Fa(t) - 71] 7 (S19)
atn = —iv/N Zg_’e ko k:A(t) ] T —1(1/ —w—a)th. (S20)

In Eq. (ST9), the atomic summation (for large number density as in a solid-state sample)

e N N .
S eilRs=) 7 e’ (ks - a’) (S21)
¢
is used, where V' is the volume of the sample. Also, from Eq. (SI9), we obtain
N . t - S
ba(t) = —ig 2m)? ga / gilva—w=a)T g3 [ko —Ea(T) - a’} (T)dT. (S22)
0

On substituting Eq. (S22) into Eq. (S20) and replacing the summation over « by an integral

) 2 )
Y2 | wdu, [ dO | du, (S23)
3
= (2m)” Jo 0 —0

where v is the photon volume, we obtain

3
_(2m) NZ 2 o i[Fo—Fa(t) =] 7 y—i(va—w—a)t

aﬂ? = vV . s e
t . — —
x / eilva—w—a)T 53 [ko —Fka(t) — a} 0(T)dT
0
20N 2 —i(vg—w—a)t ! i(vg, —w—a)T
= T e ; e (v ) n(T)dT. (524)
Here
ks(t) = ko —kal(t)
= [ko — P(t)]e) —tQeL (S25)
is the time dependent direction of scattered single photons, and P(t) fo 7)dr. Furthermore, the time dependent deflection
angle ¢(t) is
tQ
t) =tan ! [ ——— ). S26
o) =t (ko—P<t>> 520

For ko > Qt, one get the following formula for a small deflection angle

H(t) ~ tan~! (Et) . (527)

0



IV. ENERGY MOMENTUM CONSERVATION

Without the longitudinal action of P(t), the detuning ¢|kg(t)] — w = ¢v/ k2 + Q22 — w will exceed the finite linewidth of
each considered transition. Therefore the coherent remission may stop at some instant in time. To make coherent remission
always happen during the coherence time of some considered system, one could apply a time dependent longitudinally gradient
perturbation, e.g., Stark or Zeeman fields, along the incident kB -direction. Under the energy momentum conservation Vig = Vi
ie.,

Viko— PP + Q28 = ko, (S28)

one could find the required P ()

P(t) = ko — \/ k2 — Q2t2, (S29)

and the 5(t) = 0, P(t) is

2
t
B(t) = \/kQQW (830)
2
Also, the deflection angle becomes
_ tQ
Furthermore,
2
t
B(t) =~ % (S32)

for small angle deflection, i.e., kg > Qt.
In what follows, we present an example of using a rotating 229Th:CaFy target. On substituting A = 27 x 70 kHz, R = 5 mm
[S2] and ¢ = 3 x 10% m/s, o and Q become

2
a f% (QR) — 2,69 x 10~ 1, (S33)
C
Q = —537x 107w, (S34)

Considering 2?°Th:CaF, with w = 1.1564 x 10'6 Hz and coherence time 7., = 1 ms, the transverse wave number Q) X Teop, =
62147 and the deflection angle is tan~! (Q,TT’) — 3.2 x 1073 rad. However, vg — w = ¢|QTeonér +koés| —w = 1.5 x 108

Hz, which is larger than the ?2°Th isomeric transition linewidth I of 0.1 kHz in a CaF, crystal, and the deflection angle of

3.2 x 1073 rad would not be observed. To make the bending superradiance appear, we apply an additional magnetic gradient
= 2
field — Atz, along the kq-direction such that an extra quantum phase evolution fg B(r)dr = %

will decrease wave number in the longitudinal direction:

, caused by Zeeman shift,

fn At?
ke = ko — . $35
0 o7 (S35)
Here 42 = 2.538 x 107 Hz/T is the magnetic dipole moment of *Th. Considering Eq. (S32)
Q*t*  pun At
P(t) ~ = S36
(t) o TR (S36)
we get the following formula of A:
hQ? T
A= Q7 o510 (——). (S37)
ko fin S-m



V. PHOTON COUNTS ON THE POSITION SENSITIVE DETECTOR
A. For a narrow band excitation

To get the behavior of photon count on the position sensitive detector, one has to solve Eq. (S24), Let

t
w0 = [ elmmem ),
0
o) = !5 ye),
2x(t) =i (I/ES —w-—a+ t&tuES) ei(wss —w—a)tn(t) n ei(u,;s —w—oz)tatn(t)
=1 <I/ES —w—a+ taty,;s> Oex(t) + ei(w:s _w_a)tam(t),

and substitute Eq. (S24) and Eq. (S39) into Eq. (S40), we get

) 20N
P x(t) —i (I/ES —w—a+ taty,gs) Oex(t) + v g%sx(t) =0.

By making v = V since a single photon is absorbed by the whole ensemble and using

Es 2
QQ _ 2 _ S 0
ks hEOV €9’
and the energy momentum conservation
VES = I/E0 = w,

which results in 0; Vi = 0. The equation of motion of x then reads
02X (t) +iadyx(t) + NQ*x(t) = 0,

and initial conditions according to Eq. (S3] [S38] [S39)

x(0) =0,
Oex(t)t=0 = 1.
We get
) 2e7i5t o Va2 + 4NQ2t
= in ,
X Va? +4NQ? 2
—jetst . VaZ +4NQ2 iog Va2 +4NQ?2
n(t) = sin t]+e2fcos| ——t ],
Va? +4NQ? 2 2
N L -
bz(t) = —i\/% (27T)3gg/ et 53 [ks(T) - ’di| n(T)dT.
0

Here 63 {ES(T) — 12'} does not make any time constrain on 7)(7T"), but on . Therefore Eq. (S49) becomes

\/N ! —tx
b (®) =~ @) ag, [ e Tmyr,

Furthermore, for o < 2v/N€) we get

(S38)

(S39)

(S40)

(S41)

(S42)

(S43)

(S44)

(S45)
(S46)

(S47)

(S48)

(S49)

(S50)

(S51)



by () = — \/%Qe—i%t sin (\/ﬁm) : (S52)

where kg (t) = [ko — P(t)] € — tQe. . Count numbers behavior is

r(t) = R+ g + Dtan (¢.(t)), (S53)
o) = At (S54)
I(t) o sin? (\/NQt) (S55)

i.e., at each (r, ©) on the detector the count number I(#) is proportional to sin’ (\/ﬁ Qt). Here R, h, D and A are the rotor

radius, target height, distance between a target and a detector and rotating angular frequency of a rotor.
However, if the ensemble volume V is finite such that the atomic summation becomes [S5]]

$ i) sin (|ES — K W) YV cos (uzs — K W) s56)
e - = = = - = = s
|ks — k|3 |ks — k|?

I(t) turns into [S5]

. 2 3c \S/V 1
o [ (VNQt) exp (—3t) for L> Lo (857)
23 d
exp (_MQ for L« 1

Also, according to Eq. (S56) there is a finite divergence angle A¢ of a remitted photon

T
Ap = ——. (S58)
T v
Therefore together with the relativistic photon deflection, there will be a diffraction drag caused by the finite size effect on the
detector. However, A¢ would be negligible in hard x-ray region whose wavelength is shorter than 10~'° m and much smaller
than any size of an used sample.

B. For a broadband excitation

In above calculation, we demonstrate so-called cooperative spontaneous emission [S3]] following the decay of the state | F)
excited by a single color photon of |1>k~0 . Once the bandwidth of the incident photon is much larger than the linewidth of
the interacting transition (this is the typical case for nuclear coherent scattering of x-ray [S2]), the dispersion of the pulse
propagation must be considered. To deal with such case for the perturbation region, in the field of nuclear coherent scattering
[S2] a semiclassical approach, namely Optical-Bloch equation [S11], is typically used

r . i
O¢pa1 = — <2 + ZA) p21 + §Qp~ (859)

Here py; = C1Cf for a state vector of a two-level particle |¢)) = Cy(¢)|1) + C2(t)|2). By making 9;p21 = 0, one could get the

steady solution of Eq. (S59)

_2AQ,
T2 4+ 4A2

orQ,

Tl Az

(S60)

P21
The field susceptibility is [[S12]

_ pld?
Xp = hGQQpp21’

(S61)

where p, d and € are particle density, transition dipole moment and vacuum permittivity, respectively. By substituting the so
called on-resonance cross section
4rr|d]?
o= ,
hGo A

(S62)



into x,, we get

ol
Xp = 2konp21’

ol A n i
T kg \I'244A2  T244A2)°

and the index of refraction n, = /1 + x, = n, +in;,.

p

1. Deflection angle

(S63)

(S64)

To calculate the deflection angle, we invoke the well-known geometrical optics differential equation in vector form [S12,[S13]]

a4 [n ()X | = on,

ds

where ds = \/dr® + dz2 and T = (r, z). The explicit form of Eq. (S65) is

d dr on!
— {n’ (r,z)dJ = a—rpeb

d , dz B 371;%
ds [“)d} =5
where

ny,(r,z) = 1+M<A>,

2ko \I'2 + 4A2
% _ pol Q (I'? —4A?) _ poQ
or 2ko (2 44A2)% kol

Also, for a small deflection ds = dz [S12], and so from Eq. (S66)) one could obtain

/ dr poQ L

> d
np(r,z)dz Tl Jo z
Q
= ——polL.
kol 7

If n;, ~ 1, Eq. || becomes [S12|, [ST3]]

dr Q
= — = Li
tan ¢ o po kol

where the maximum deflection angle is

¢ =tan"! <P0LI€OQF> .

(S65)

(S66)

(S67)

(S68)

(S69)

(S70)

(S71)

(S72)

(S73)

This confirms Eq. (S27) when an optical depth poL = 1 and t = 1/T, i.e., the maximum deflection angle within the coherence
time of the interacting transition in an optical thin medium. On the other hand, Eq. shows that an optical thick medium

will enhance the coherent deflection mechanism [S12, S13]].

2. Count behavior on a position-sensitive detector

To calculate the photon count behavior of nuclear coherent scattering, one can solve Eq. (S59) together with the wave equation

[S11,1S141I1S15]]

1 .
E@Qp + 0,0 = inpoa1,

(S74)



where 0; ~ 0, for a small deflection [S12]], and n = Lg”. Moreover, since the pulse duration of the incident x-ray is much
shorter than the lifetime of the nuclear excited state, the following boundary and initial conditions of €, (¢, z) can be used
[S14,[S15]

Q,(t,0) = 0(t), (S75)
Q,(0,2) = 0. (S76)

The solution of ©,,(¢, z) for Eq. (S59]S74) is [S14.[S15]

[ns(t.2)
Jy [2 szzt] )
ns(t, z)—b—— 45t (S77)
4 /778(2t-,Z)t

where ¢(t, z) = tan~ (pazgt) and J; is the Bessel function of first king of first order. Furthermore, s(t, z) is the length of

Q,(t,2) = 3(t) -

the deflected x-ray trajectory at longitudinal position z in a crystal and reads

s(t,z) = /Zsec ,2)] d7,

/ \/14- paz t) dz,

2
z Q ko L1 Q

/14 — + sinh — 7

5 <pcrz ko t> 20001 sin <pcrz ko t (S78)

The photon count count registered by a detector is I(¢) o |, (t, L)|* at a deflection angle ¢(¢, ).

VI. MINIMUM LENGTH SCALE FOR GRAVITATIONAL DEFLECTIONS

For finding out the minimum length scale for gravitational deflection of superradiance, one could invoke Eq. (S58) and
¢g(Teon) > A, i.e., the maximum deflection angle is larger than the divergence in deflection measurements. By constraining

A¢ = ¢g(Teon)/10 and using Eq. (S58), one could get

W _ 107 . S79
k0¢g (Tcoh) ( )

Considering 19 Ag with ¢, (7con) = 1.1 x 10~* degree and ko = 4.46 x 10'! m~!, the minimum length scale v/V = 3.7 x 10~°
m.

VII. COMPARISON OF LIGHT DEFLECTION WITH RADIAL MOTION OF A PARTICLE IN CURVED SPACE-TIME OF
GENERAL RELATIVITY

The light deflection angle of free propagating particles with the speed of light can be computed by making use of the solution

i 3GM 1
w="2% U E (1 + > cos 2<p> (S80)

b 2c2h? 3

of the inverse radius w = 1/r [S16]. In this solution, the coordinates are implicitly choosen, such that the particle comes
from ¢ = 0 and goes to ¢ =~ w. If the second term in (S80) of the gravitational perturbation was zero, the particle would
come exactly from ¢ = 0 go exactly to ¢ = 7, but a non-vanishing gravitational potential yields a slight deviation, from
which the gravitational deflection is computed (see reference [S16]). However, we are interested in the radial acceleration of the
particle, when it is passing by the gravitational center and is nearest to it. In this case, the propagation direction of the particle
is perpendicular to the radius vector, which happens at the point, at which ¢ = 7 /2. The radial acceleration is given by the
doubled time-derivative of the radius r and can be related to the solution of u by
0 01 1

Tl i S8ty

.02 0 1. 2 .5 1.
F=on"=7 (—u) = —u" — —i. (S81b)
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The first and second time-derivative of u evaluate as

1 M
o= %u = Spcose %gbsin 20, (S82a)
1 M
i = gu =3 (—¢%sing + @eosp) — G%ZE (27 cos 2 + @sin 2¢p) . (S82b)
C

1 is zero at the angle ¢ = /2 and therewith 7 is zero too. For an evaluation of i, the first and second time-derivatives of ¢ have
to be computed. The angular velocity ¢ of the particle is implied by the line element and with 7 = 0 and the property that
light is a null geodesic (dt> = 0) one obtains the condition

0= (1 - %) Adt? — r2dg? . (S83)
Dividing by dt yields
s C i (S84)
r r
The angular acceleration
c r c(1 s\ 7
v r2 T Tt T (2 r > r2" (585)

vanishes at ¢ = /2, because of 7 = 0. In summary we have

o== (S86a)
2
c T
” x = —4/1——= S86b
Plo—z = . (S86b)
gb|¢=% =0 (S86¢)
Inserting this into » and it’s derivatives yields
1 GMg
u|tp*£ = g W’ (8873)
1l|(p:1 =0, (S87b)
2
' GMEg .5
u|¢_ﬂ =5 + 2 252 (S87¢)
Thus the radius and it’s derivatives turn into
1 GMg
Mp—g = (b T 32 ) ’ (S88a)
Hs@=% =0, (S88b)
-2
. %) GMg .
lo-g = -’ (b +2 2h2 ¢2> : (S88¢c)

With equation we have derived an expression for the radial acceleration at ¢ = 7 /2 without applying any approximations.
We now introduce approximations, to compare our result with Newtonian physics and with our light deflection equation (4).
Since the influence by gravity is assumed to be a small perturbation, b turns into 1/u (see Eq. (10.10) of [S16]]), and since u is
the inverse radius, we have

1
—mbxrg (S89)
U

at earth surface. Furthermore, at earth the radius, the fraction 7, /7 is 1.3 x 10~? and with the approximation

(1 - %) ~1, (S90)
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the angular velocity ¢ of equation (S86b) turns into

O~ —. (S91)
TE
Finally, the radial acceleration (S88c) simplifies to
2 GM
CENI bk (S92)
rE ’I“E

The first term ¢?/rg is a relict which originates from the usage of spherical coordinates. If one considers the four vector
parameterization of a particle with speed of light (ct, —ct,rg,0) in flat, cartesian space-time, with corresponding spherical

coordinates
r— /r%—FcQtQ (S93a)

g=" (S93b)
2
t
o+ T = ton! (C> | (3930)
2 rE
The doubled time-derivative of the radius at time ¢t = 0 (ie. at ¢ = 7/2)
92 242 2
7; — 072 _c (S94)
ot |,_, TR, TE

yields exactly the first term of Eq. (S92), emphasizing that it is only an artefact of straight lines in spherical coordinates.

Eq. (S92) demonstates, that light is deflected twice as much as one would expect it from a classical massive particle in Newtonian
theory. This discrepancy in light deflection is known as the first experimentally verified prediction of Einstein’s theory of general
relativity [S16]. According to this radial acceleration a freely propagating photon acquires the velocity change

M
G 2 AL (S95)
e

2

towards the earth radial direction after some infinitesimal time At. We compare this with the gravitational deflection formula (4)
in the main text. The inverse tangent can be approximated linearly tan~' x ~ z for small  and together with the approximation
(S90) the expression reads

M
¢ EAt. (S96)

6o(80) ~ 75
If the four vector (¢, —c,0,0)7 of light propagating in z-direction is rotated by this infinitesimal deflection angle ¢,(At) in
r-direction, the factor c in the denominator lifts away and we obtain a velocity change, which is by a factor of 2 smaller as in
equation (S93).
Therefore, we conclude that the superradiant light, which is stored as coherent excitation in the crystal does not acquire the
same acceleration as freely propagating light in a gravitational field. Instead, we conclude that the superradiant light is deflected
like a classical massive particle in Newtons theory.

VIII. COMPARISON OF SPECIAL-RELATIVISTIC SUPERRADIANT DEFLECTION WITH NUCLEAR LIGHTHOUSE
EFFECT

The essential difference between our rotating setup and the nuclear lighthouse effect is illustrated in Fig.[ST] The direction of
the centrifugal acceleration and the ko of incident x-rays are perpendicular (parallel) to each other in our rotating crystal setup
(the nuclear lighthouse setup). Therefore, the centrifugal acceleration will not deflect photons in nuclear lighthouse effect, but
the x-ray wave vector changes due to the mechanical motion of the nuclear crystal (like rotating a laser pointer along an axis
perpendicular to its cavity axis). On the other hand, in our case, if one takes only the crystal’s mechanical motion into account
without any influence of special relativity, the registered superradiant photons will only form a ring on a detector. The illustrated
spiral pattern on a image plate is only possible when the action of special-relativistic time dilation is considered. This gives the
major difference between our special-relativistic superradiant deflection and the nuclear lighthouse effect.
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FIG. S1: Comparison of the superradiant deflection setup with nuclear lighthouse setup. The direction of the centrifugal acceleration is parallel
(perpendicular) to the wave vector Eo of the incident x-rays in (a) the nuclear lighthouse scheme [(b) the special-relativistic superradiant
deflection setup]. The blue thin (red thick) arrows illustrate the wave vectors of x-rays (centrifugal acceleration). The light green rectangles
depict snapshots of the rotating nuclear crystal attached on the surface of the rotor.

IX. POSSIBLE IMPLEMENTATION ISSUES

In x-ray scattering experiments, one could use so-called Bose-Hart geometry to achieve sub-urad angular resolution for ultra
small angle x-ray scattering (USAXS) [S17]. For using a rotating crystal, the wobble of a used rotor and the deformation of the
crystal may affect the measurement of photon deflection. To discuss the wobble problem, we have checked the experimental
data from nuclear lighthouse effect, see, e.g., Fig. 6.6 of Ref. [S2]]. The trajectory of the registered photons on the image plate
shows a straight line with a resolution of at least 10~ rad, and so the wobble of a used rotor might be negligible comparing
to some of our calculated deflection angles. As for the crystal deformation, we have also checked the experimental results of
the original nuclear lighthouse paper [S18]. A nearly perfect mapping from a time spectrum to an angular spectrum (see Fig.
4 of [S18]) suggests that a possible deformation of crystal causes no additional deflection of x-rays. Even if one assumes that
the rotation of the crystal excites different photon modes, one could still perform a nuclear x-ray scattering experiment after all
phonon excitations decayed, where the lifetime of phonons is typically much shorter than 1 second..

X. SUMMARY

e The time dependent deflection of superradiant emission caused by special and general relativity: this effect can be revealed
by an inspection of the collective state

\ﬁ Z R (7| g e,). (897)

The collective excitation is excited by one photon absorption with the wave vector k?), and emits a photon later in the
direction of ks(t) = [ko — P(t)] e — tQeL, where Q is induced by an inhomogeneous speed in a rotating system or by
the Earth’s gravity.

e According to Eq. (S73)), the relativistic deflection may be enhanced when using an optically thick crystal [ST].

e Collective oscillation: in free space the spontaneous decay behavior of a single excited particle can be derived from the
Weisskopf-Wigner theory. With the same theory a large number of particles in the collective excitation state results in
the collective oscillation described by Eq. (S31] [S52). The oscillation can be understood as the emitted photon being



13

re-absorbed and re-emitted in the ensemble [S3], i.e., multiple scattering. For a broadband excitation, the dispersion or
multiple scattering [S15] results in the Bessel function Eq. (S77) behavior.

e Here, we summarize useful formulas in Table

TABLE II: Summary of useful formulas.

Symbol Explanation In gravity In a rotating crystal

N 2

Q v /. é : wrg 1 RA“w
2rg, J1- 1= c? A2 R2

5} 1 :

c

B) Vuw'-¢ Arikot ko R2 A%t
2r3 (rg—rs) 4+7E(CT7212rE) (02—A2R2)\/C2_A2R2A(1;A2t2)
s ce —
A(t) time derivative of Zeeman field gradient __Erihko Dk RPA%
4I—Ln7":]33 (re—rs) pn (c2—A2R?)
crgt
7‘2E 1— s 5
: -1 E -1 RA%t
d)(t) deflection angle tan W tan [W]
2
it 3 (rs—rg)
. — M — 2
¢(t) small deflection angle for ko > Qt tan™! | —GMEL__ tan™! | BATL
er2 172%‘1\41; /c2_ A2R2
Zrp
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