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We present an operational procedure to transform global symmetries into local symmetries at the level of
individual quantum states, as opposed to typical gauging prescriptions for Hamiltonians or Lagrangians.
We then construct a compatible gauging map for operators, which preserves locality and reproduces the
minimal coupling scheme for simple operators. By combining this construction with the formalism of
projected entangled-pair states (PEPS), we can show that an injective PEPS for the matter fields is gauged
into a G-injective PEPS for the combined gauge-matter system, which potentially has topological order.
We derive the corresponding parent Hamiltonian, which is a frustration-free gauge-theory Hamiltonian
closely related to the Kogut-Susskind Hamiltonian at zero coupling constant. We can then introduce gauge
dynamics at finite values of the coupling constant by applying a local filtering operation. This scheme
results in a low-parameter family of gauge-invariant states of which we can accurately probe the phase
diagram, as we illustrate by studying a Z, gauge theory with Higgs matter.
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The fascinating subject of gauge theories is omnipresent
throughout many-body physics. The gauge principle,
which states that the fundamental interactions of nature
originate from gauging global symmetries of the free
theory, is one of the cornerstones of the standard model,
but quantized gauge fields also emerge as effective degrees
of freedom in several models for strongly correlated
condensed matter, alongside other effective interactions.
Historically, the concept of gauging, i.e., transforming a
global symmetry into a local symmetry, is based on a
Lagrangian or Hamiltonian description of the system where
operators of the original (matter) theory are transformed
into gauged operators using the “minimal coupling rule,”
which is not always unambiguous [1]. Indeed, while there
is a unique way to ungauge a theory (by setting the gauge
fields and gauge coupling constant equal to zero), the
reverse process is not unique as new degrees of freedom are
introduced and the Hilbert space is enlarged.

The concept of gauging is, however, not strictly tied to
any specific dynamics of the matter fields. This manuscript
therefore explores how to gauge global symmetries at the
level of individual quantum many-body states, independent
of any prescribed Hamiltonian or Lagrangian. We thereto
consider the Hilbert space H™ of a quantum many-body
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system living on the vertices of a graph (the matter) and
which has a a global action of a group G defined. We then
introduce other degrees of freedom (the gauge field) by
enlarging the Hilbert space to H(¢) and define a map G:
H(™ — H©@™ that explicitly transforms every matter state
ly) that is invariant under the global action of G to a
corresponding gauge-matter state |¥) = Gly) that is
invariant under local symmetry actions of G. Only there-
after do we introduce an associated gauging map G for
operators O, such that GOly) = G[O|G|y) and local
matter operators are mapped to local gauge-matter oper-
ators. This map reproduces the well-known result for
simple operators such as hopping interactions or correlation
functions but also produces unambiguous, operationally
defined results for more complex operators involving, e.g.,
plaquette interactions for the matter fields.

To this date, the most accurate description of the strongly
coupled, nonperturbative behavior of quantum gauge the-
ories comes from Monte Carlo sampling of the path integral
corresponding to Wilson’s lattice-gauge-theory formulation
[2]. The Hamiltonian formulation of Wilson’s lattice gauge
theory, originally developed by Kogut and Susskind [3]
(but see also Refs. [4-6]), has been investigated in the
context of approximate wave-function Ansdtze [7-10]
and is receiving a renewed interest in the context of cold-
atom simulators [11-14] and tensor-network approaches
[15-23]. The representation of quantum many-body states
as tensor networks [24,25] originates from White’s suc-
cessful density-matrix renormalization group [26] and is
now well established in the context of one-dimensional
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FIG. 1.
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(a) Definition of the graph A with vertices v and oriented edges e. (b) Construction of the PEPS |w(A)) from tensors A,

associated with the vertices v and with virtual bonds along the edges e and physical indices depicted as arrows pointing out of the center
of every tensor. (c) Symmetry of a PEPS tensor to ensure global symmetry of the state |y(A)) under the group action U,,. (d) Definition
of the tensor X, used in the construction of the projector P onto the gauge-invariant subspace. (e) Result of acting with the tensor X, on
the physical input state | 1), which is the only case we need throughout this manuscript. (f) PEPS |¥(B)) with vertex tensors B, and edge
tensors B, obtained from acting with P on |y(A)) ®, |1),. (g) Symmetry property of the tensor X,.

quantum chains. However, recent results for the tensor-
network description of higher-dimensional quantum
systems [27] (including fermions [28-32]), quantum chem-
istry models [33-35], and even quantum field theories
[36,37] look equally promising. In addition, the theoretical
underpinning of tensor-network states in terms of the area
law of entanglement entropy [38,39] makes them suitable
for theoretical results as profound as the complete classi-
fication of gapped quantum phases [40,41]. The unifying
theme in these studies does indeed correspond to a shift in
focus from a Hamiltonian or Lagrangian description of the
system toward a description in terms of the universal
properties of the quantum (ground) state itself.

Following some early results [15,16], the application of
tensor-network states to systems with gauge symmetry has
recently seen a revived interest. Aside from some extremely
accurate results for the Schwinger model [18-20], there
have been first explorations with two-dimensional pure
gauge theory [17] and theoretical formulations of classes
of tensor-network states with explicit gauge invariance
[21-23,42]. In this manuscript, we also combine our
gauging construction with the formalism of projected
entangled-pair states [27] (PEPS). We prove that an
injective PEPS [43] with global symmetry G is gauged
into a G-injective PEPS [44] (and refer to the Supplemental
Material for a summary of these concepts [45]), which
reestablishes the close relation between deconfinement and
topological order in the case of discrete groups [46,47]
or compact groups broken down to discrete subgroups
[48-50]. We explicitly derive a parent Hamiltonian of
the gauged PEPS, which resembles the Kogut-Susskind
Hamiltonian at zero coupling. We discuss a well-known
approach for introducing gauge dynamics at nonzero
coupling constant and apply this prescription to obtain a
low-parameter family of gauge-invariant tensor-network
states that allows for accurate computation of expectation
values. We use this strategy to study the phase diagram of a
Z, gauge theory with Higgs matter.

Throughout this manuscript, we consider a lattice or,
more generally, a graph A with quantum degrees of
freedom living on the vertices v, to which we henceforth
refer as the matter fields. With every vertex v € A, there is
an associated Hilbert space H,, such that the total quantum
state of the matter fields lives in the Hilbert space

I]-I]E\m> = ®,er H,. We furthermore decorate A with oriented
edges e as in Fig. 1(a). With a slight abuse of notation, we
denote the edges in A as e € A, where the only difference
with the vertices v € A is in the chosen character. For every
vertex v, we denote E; as the set of outgoing edges and E;,
as the set of incoming edges. Correspondingly, we define
v,+ as that vertex for which e € E, such that edge e points
from v, to v,_.

We start from a quantum many-body state [y) € H"™ for
the matter fields, which is invariant under the global action
Ux(9) = ®,en U,(g) of elements ¢ in a finite or compact
symmetry group G, ie., Uy(g)|lw) = |yw). Here, U,(g)
corresponds to a unitary representation of G on the local
Hilbert space H, of site ». In order to transform this state
into a new state that is invariant under a local action of G,
we introduce new degrees of freedom, the gauge fields. We
thereto define on every edge e of the graph A a new
physical Hilbert space H, = C[G] [51], spanned by the
“position" basis {|g) } ,eg- The left and right group actions
of G on H, are given by

L(h)lg), = |hg)e.  R.(M)lg)e = lgh™").. (1)

We denote the total gauge-field Hilbert space as I]-I]kq) =
®.cr H, and the combined gauge-matter Hilbert space as

I]-I]Efm = l]-ﬂff’) ® I]-I]E\m). A local gauge transformation with
group element g on vertex v corresponds to the unitary
operator U, (g) ®,ez: Ro(s) ®ver: Lo(g). Group averag-
ing using the Haar measure [52] can then be used to build a
local projector P, onto the invariant subspace, i.e., the
states satisfying “Gauss law" at vertex v,

011024-2



GAUGING QUANTUM STATES: FROM GLOBAL TO LOCAL ...

PHYS. REV. X 5, 011024 (2015)

m:/@b<>®R<>®u@J 2)

e€Ef ek,

Note that [P,, P,/] = 0 thanks to [L,(g), R.(h)] = 0, so that
the projector onto the gauge-invariant subspace of a region
I"is defined as Pr = [[,erP,- In particular, P = P, is the

projector onto the gauge-invariant subspace of I]-I](g ),

corresponding to the physical Hilbert space I]-I](phyg)
With these ingredients, we now present our prescnption
for gauging quantum states. It is given by the linear map G:

I]-I]X") - l]-l]gxphy *) that acts on states |y) € I]-I]E\m) as Gly) =
Ply) ®, |1),. We thus construct the direct product of the
original state |y) for the matter field with a state for the
gauge field which is a product state of |1), on every edge e
corresponding to the identity element g = 1 of the group.
The result is then projected into the gauge-invariant sub-

(phys)

space H " by P. We can explicitly evaluate G and find

Gly) = /@ygmww%%g 3)

veA

From this definition, it is clear that GU(g) = G, since a
global transformation ¢, — g,g will not appear in the
configuration of gauge fields on the edges, if every edge
is connecting two vertices v,, and v,_. One can, in fact,
check that G'G = [ dgU (g) is the projector onto the trivial

representation of the global symmetry group G in I]-I]E\'"). This
identity implies that initial states |y) that transform under a
nontrivial representation of the global symmetry G are
annihilated by the gauging process G, which is the math-
ematical equivalent of the well-known fact that one cannot
have a total net charge in a gauge theory on a closed
surface [53].

We now look for an associated operator map G for
gauging an arbitrary matter operator O, in such a way that
G(Olw)) = G[O]Glw). Since G'Gly) = |y), where |) is
assumed to be invariant under the global symmetry action,
one could define G[O] = GOG'. However, for an operator
O with nontrivial support on a compact region I', the
resulting gauged operator GOG' would have nontrivial
support on the whole lattice; i.e., it would no longer be
locally supported. We therefore want to construct a differ-
ent gauging map Gr- that maps local matter operator to local
gauge-matter operators. For any I' C A containing both
vertices v, of all of its edges, but not necessarily all edges
of its vertices, we first introduce the operator map Pr:

I]_([I-I](Fg‘m)) - I]_([I-I](Fg‘m)) as
/ 1149. HU (9] [Le(92,) gvﬁ)]
vel’ vell eel’
+
XO{HU g [ [Le(9.. ) gyﬁ)} :
vel’ eel’

Note that Pr-[O]P, = P,Pr[O] for any v € A, so that Pr
produces gauge-invariant operators, even though it does not
include an explicit projector onto the gauge-invariant
subspace; i.e., it does not necessarily annihilate states that
are not gauge invariant. In particular, Pr[1] = 1. We can
then also define the gauging map

" 0= Prlo @ |1),(1],].

eel’

Gr: LH™) - LMY
One can check that G-[O] acts diagonally on the gauge
degrees of freedom, in such a way that

6:(0) @ 1) = @I1). ® [ dsUr(9)OUr (o)
eel’ eel’

Combining this property with P,Gr[O] = Gr[O]P, for any
v € A, it is easy to show that this map indeed satisfies
GOly)=Gr|O]G|y) for symmetric operators ([O,Ur(g)] =
0,Vge€ G), where the support of the gauged operator Gi-[O]
is equivalent to the support of the original matter operator
(but, of course, also contains the gauge degrees of freedom
on the edges e € I'). In addition, this identity allows us
to show easily that G is invertible onto the space of
symmetric operators using the expected prescription

ry)[r[0] @ [1).(1].] = /ngr(g)OUr(g)"‘ =0,

where 7r(, is a partial trace over the gauge degrees of
freedom living at the edges e € T".

The current gauging procedure generates a gauged state
|U) = Gly) at a zero value of the gauge coupling constant;
i.e., the gauge degrees of freedom are frozen so that there are
no magnetic fluxes and the gauged theory produces equiv-
alent expectation values as the original theory. To introduce
gauge dynamics for nonzero values of the coupling constant,
we could manually add the electric energy term to the
Hamiltonian. However, since we are working at the level of
quantum states, we follow a different approach. Instead, we
apply the well-known local filtering operation [55-57]

= []exp <—552) | ), (4)

eeA

with &, the electric field operator on edge e. Itis now easy to
check that the “ungauging" process (set # = 0 and project
the gauge fields on the links e in G|y) onto |1),) results in
[ dgU,(9)lw) = |y), where the last equality only holds if
the starting state were invariant under the symmetry action.

It turns out that this gauging procedure is very natural in
the framework of PEPS. Let us hereto introduce the PEPS
lw(A)) using tensors A, associated with every vertex
v € A. These tensors act as a multilinear map from virtual
vector spaces V, associated with the incoming edges e €
E, to the virtual vectors spaces V, associated with the
outgoing edges ¢’ € E; and the physical Hilbert space H,.
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We identify V, with CP¢, with D, the bond dimension on
edge e. By choosing a canonical basis in all vector spaces,
we can write

A, = A,) y .o (5
L ‘Y{a%}( w519 B lae) @ (Bl (5)

The physical state |w(A)) is obtained by contracting the
corresponding kets and bras of all virtual spaces. This
construction is illustrated in Fig. 1(b). We now assume that
the PEPS tensors A, satisfy the generic property of
injectivity [43], meaning that the there exists a finite region
I' C A such that the map from virtual boundary Vyr =

®.cor V, to physical bulk I]-I]I(-m) = ®,er H, is injective.
This property guarantees that the PEPS is “well behaved,”
e.g., that it is the unique ground state of a local parent
Hamiltonian. If an injective PEPS |y(A)) is invariant under
the global action U, (g) for g € G, then it was proven in
Ref. [58] that there must exist (projective) representations
V, of G on the virtual spaces V, such that A, acts as an
intertwiner

Av[ ® Ve’(g)] = Uv(g)[ ® Ve(g)]AU' (6)

IO eeE:r

A slightly different form of this equation is presented in
Fig. 1(c). While the representations V, are not required to
be unitary, we can, in principle, perform a “gauge”
transformation [59] on the PEPS tensors to transform
any finite-dimensional representation to a unitary repre-
sentation if G is a compact group.

The projector onto the gauge-invariant subspace of

I]-I]E\g’m) also has a simple tensor-network description by

introducing virtual spaces V,” = C[G] on every edge e and
contracting all virtual bonds of vertex tensors X,:
Hv ®e€E; \/e/ - Hb ®eeEf? \/e/ given by

x,= [d0.9) @ 190 ® (G ()

e'eE eck)
as sketched in Fig 1(d), and edge tensors X,: H, ® V,” —
H, ® V,/ given by

X, = / dg-dg,Lo(9)R.(g,) ® l9)(g:].  (8)

For the case of continuous groups, the virtual dimensions of
this tensor network are infinite and this representation is not
amenable to numerical computations. Similar constructions
of P appeared in the context of spin networks [60] and
recently in the context of tensor networks [21,22], where it
was also discussed how to compress the bond dimension to
finite values.

Applying this gauging procedure G to the symmetric

PEPS |y(A)) € H!", whose tensors A satisfy Eq. (6),

results in a new PEPS with virtual spaces given by
W, =V, ® V,. Indeed, we can write the new state
Gly(A)) as a PEPS |U(B)) sketched in Fig. 1(g) with
vertex tensors

B, = / dgUs (A, ® 19)s ® (dl.  (9)
e’eE:r e€E;

and edge tensors given by

B, - / dg.dg_lg-g7") ® 1p, ® lg_).(g.],.  (10)

where the first ket corresponds to the physical state, the
second factor to the action on V,, and the last factor to the
action on the V.. Using the intertwining property of A, in
Eq. (6) or Fig. 1(c) and the symmetry property of X,
sketched in Fig. 1(g), one can check that

(@ Volg™) ® Rulg™ B 8 V.(g) ® Ri(g)] = By,

e'eES

where all factors act on the virtual level W, =V, ® V.. In
particular, R),(g) corresponds to the right group action of G
on the virtual space V,. We similarly have that

V(g™ ® R.(g7")]B.[V.(9) ® R.(g)] = B,.

These two equations imply that the resulting PEPS cannot
be injective, but below we prove it to be G injective [44]
instead. This property means that the map from virtual
boundary to physical bulk is only invertible up to the action
of group G—whose representation on W, =V,  V,/ is
here given by V, ® R,—and is intricately related to
topological order. More specifically, for a discrete group
G, the property of G injectivity allows for the presence of
anyonic excitations, although they could, of course, be
confined or condensed, depending on the matter inter-
actions and the gauge coupling constant. We refer to the
Supplemental Material for additional details [45].

For the proof, we consider a region I on which the PEPS
tensors act as an injective map. The range of this map is

denoted as A C I]-I]I(-m> with dim A = dim Vy and corre-

sponds to the support of the reduced density matrix of
lw(A))inT. Let {|¢;),i = 1,...,dim A} be an orthonormal
basis for this subspace, where every |¢;) is obtained from a
unique state |¢;) € Vor on the virtual boundary. A
frustration-free parent Hamiltonian can be constructed from
terms hl(-m) =1—>l¢:;){¢;|, i.e., the projector onto the
orthogonal complement of A. The symmetry under G
follows from the fact Ur(g)|¢;) gives rise to a boundary
vector Vyr|g;), where Vg is the tensor product
representation of the different V, representations on the
virtual boundary Vgr. Since the boundary vectors |g?;])
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form a complete basis for the virtual boundary space
Vor, we can write Vor|¢;) = > ;u;(g)|¢;) and thus

Ur(9)léi) = >_;u;i(9)|#;), where u(g) has to be a unitary

representation. Consequently, h(rm)

symmetry action.

For the gauged PEPS with tensors B, we choose I" such
that it excludes the physical spaces of the gauge fields on
the edges e € OI'. We denote by I'° the set of vertices in the
interior of I, i.e., those vertices for which all edges and
neighboring vertices are also contained in I". The vertices in
the set AT' = I'\I'® are on the (inside) boundary and have

one edge e € OI' [61]. If we now define the state |‘i)i,{g,,}) =
|¢1) ® |gﬂg)e on the boundary WE)F :®BEE)F \/e ® \//e’
where every edge e has a one-to-one correspondence with

a vertex v, € AT, the resulting state in the bulk I]-ﬂlgq’m) is

given by

|(I)i.{g,,}>: HUD<gL) ® Re(gv) ® Le(gv)

is invariant under the

vEAT ¢'€E; NI e€E,; NI’
< [[Prld) @]1),.
Jere eel’

One can show that (®; (, 1|®y ¢, 1) = Oif thereisno g € G
such that {g,’} = {g,9}, because the edges along the
boundary, between two vertices in AI', allow us to resolve
the elements g, up to the global transformation g, — g,g.
Having resolved g, up to a factor g, the edges connecting
AT to I'” will act as a rough boundary, so that the inner
product of the edge degrees of freedom will force all
interior gauge transformations in ket and bra to be equal up
to the global transformation g, resulting in

<(I>i,{g,,}|<bi’,{g1,g}> = <¢i|UF(g)‘¢i’>
= u; #(9).

Hence, the preimage of every bulk state [®; ;, 1) is the set of
states

{ ® Velg) ® R(9)|®igy). VgeEGl,

in line with the concept of G injectivity [44]. Even though
the set of {|®;,1). Vi,Vg, € G, Vv € AT’} is overcom-
plete, we can still check that

h(rgqm) =1- Z/ H dgv‘q)is{gv}><(pi-{yl}|

veAl’

is a projector that annihilates the PEPS |¥(B)). Let us now
try to rewrite this parent Hamiltonian using the operator
gauging map Gr. Note that

Z/ H dgu|®i 19,3 (Pigg,3| # Gr {Z|¢z><¢z|]

veEAD

since the left-hand side contains two independent integra-
tions for every interior vertex v € I'°. Instead, we find 1 —

h9™ = Ge[1 = B[ ,er- P, so that A\%™ contains an
explicit energy penalty for all non-gauge-invariant states.

Since the physical Hilbert space ﬂ-ﬂ(rp ") of a gauge theory is

restricted to gauge-invariant states satisfying the Gauss-law
constraint on every vertex, we can safely omit this addi-
tional factor and instead write

ne" = Gl + (L= Pe[@I1) 1) (1)
We can recognize the first term as the gauged-matter
Hamiltonian, whereas the second term is a pure gauge term.
One can verify that it acts as a projector giving an energy
penalty 1 to states with nonzero magnetic flux through any
plaquette contained in I', which has to contain at least a
single plaquette for the injectivity construction. Hence, for a
single plaquette p, we can then write the second term as

1_/ Hdge|ge>e<ge|e)((reg) (ng>, (12)

e€dp

with y(*)(g) = 6(g — 1) the character of the regular rep-
resentation, where the product in its argument is ordered in
the way the edges e appear along the boundary dp of the
plaquette p, and all edges are assumed to be oriented
similarly. This term corresponds exactly to the magnetic
term of the quantum double models [46]. The typical
magnetic term from the Kogut-Susskind lattice gauge
Hamiltonian would replace 78 with Rey"), with [ the
fundamental representation in the case of a Lie group G, but
has the same ground-state subspace. Indeed, one can check
that throughout our gauging construction, by initializing the
gauge fields in the |1) configuration, we are effectively
working at zero coupling constant for the gauge field and the
magnetic energy term is automatically minimized.

Finally, the filtering operation in Eq. (4) can be applied to
the PEPS without increasing the bond dimension or
changing the G-injectivity property. If H@™ is a frus-
tration-free Hamiltonian with terms 49" that annihilate
the ground state, then the filtered PEPS is the ground state
of a parent Hamiltonian built of terms

— h?g’m) +ﬁ253 + -

eel’

B2 bl h(pg’m) P12 e

where the terms in the ellipses can be expected to become
irrelevant under renormalization for small g, as they
correspond to higher-dimensional operators in the con-
tinuum theory.

We now apply this gauging procedure for quantum states
and operators to a number of examples. Consider as a first
consistency check a nearest-neighbor pair of vertices I' =
{v_, v, } with corresponding edge ¢ = (v_, v ). Let O' be
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a vector of operators such that U(g)0'U(g)" = ¢/(g)0/
with ¢ some unitary representation of G. Consider

0 =30, 0. We obtain Gr[0] =;,0) &L 0O},
where ®/F is given by

ik — / dgd*(9)lg) (g

i.e., it is the operator that extracts the (j, k) element of the
representation ¢. We thus recover the minimal coupling
rule for, e.g., a hopping term. This example trivially
generalizes to the case where I' contains a path between
two distant vertices, as would be the case for a correlation
function. The map Gr then creates a gauge-invariant
correlation function by inserting a Wilson line along the
path. The choice of path will be irrelevant as long as the
state is an exact ground state of the plaquette operators, i.e.,
as long as there are no fluxes created by, e.g., a finite value
of the gauge coupling constant. For more complex matter
Hamiltonians with, for example, plaquette interactions, one
can check that our prescription exactly reproduces the
gauging construction used in Ref. [62] to establish the
relation between symmetry-protected topological order
[63] and the twisted quantum double models [64]. In
Ref. [65], the corresponding effect is investigated at the
level of the PEPS, which, after applying the gauging
prescription here developed, acquires the property of
twisted G injectivity [66] or an even more general notion
of injectivity in terms of matrix product operators [67].

As a more elaborate example, we now consider the phase
diagram of a gauge theory with Higgs matter, i.e., scalar
bosonic matter transforming nontrivially under the gauge
group, for the specific case of G =2, ={1,—1} in
(2 + 1) dimensions. Using a basis |1),| — 1) for both H,
and H,, we have L,(—1) =R,(—1) =17" and we also
choose to have U,(—1) = ¢*, with ¢* and 7* the Pauli
operators for matter and gauge fields, respectively. We start
from the ground state of the Ising model

H,:Z /}Zl—ayjeage+

"
at f#, = 0, i.e., the state |y,) = [[,|+),. Instead of turning
on a finite f, in the Hamiltonian, we again resort to
applying a filtering operation Hee(/}l/ )% The result-
ing state [y, ) is a PEPS with bond dimension two and
parent Hamiltonian [68]

m) _ Z( )Y

where E, = E;UE, . H™ in the equation above matches
the Ising Hamiltonian H; at lowest order in f,. We now
apply the gauging procedure |Wy ;) = Gl ) and switch
on an electric field £ = (1 — 7¥)/2 with coupling constant
P, using local filtering, to obtain the state

Z 2

:H (B:/4) r’pr H|1 (/%) GMIHHH

with P, = (1 + o3[ [ g, 7¢)/2- This state can be written as
a PEPS with bond dimension four. However, we can easily
“disentangle" the matter fields by applying a controlled-
NOT (CNOT) gate with the matter field as control and the
gauge field as target for every pair of (v,e € E,). Since
all these gates commute, the latter constitutes a finite-
depth quantum circuit that transforms the Gauss law
(P,—1)|¥)=0 into (P,—1)|¥)=0, with P, =(1407)/2
and |\il> the transformed state. Hence, gauge invariance in
this transformed frame requires all matter fields to be in the
|+), state so that we are left with unconstrained degrees of
freedom on the edges. Applying the CNOT transformation to
|Wy_p,) results in the state

He Bo/4)7% oo/ 4T

with |Wrc) the toric code ground state [46] for the edge
degrees of freedom. This mapping is equivalent to the
well-known correspondence between the normal Z, gauge
theory with matter, whose phase diagram was first con-
sidered by Fradkin and Shenker [69], and the toric code
Hamiltonian with magnetic fields

Hy p = Hic—h» & —hY 1t (13)

1Ws.5,)

|‘i’/3:/3 >®|+>

as studied in Refs. [70-72]. Note that the definition of the
state |\i/ﬂz.ﬁx> depends on the order of applying the filtering
in 7¢ and in 7*. Since the motivation for these filtering
operations comes from the lowest order in /3, at which level
they do commute, we can also opt for a more symmetric
definition
TPt /4
|‘I’/} /1> He(ﬁ perel )|‘I’TC> ? |+ -

e

The PEPS representation of |¥rc) has bond dimension two
[68], which is not increased by the local filtering. We can
probe the phase diagram on this Z, gauge theory as

function of g = (B..p,) by studying the ground-state
fidelities in Figs. 2 and 3. Fidelities are computed as
described in Ref. [73]. The fidelities illustrate that our
Ansatz qualitatively reproduces the phase diagram of H),
and describes the same gapped phases in weak- and strong-
coupling limits. There is the deconfined phase with
topological order around # = 0 and the trivial Higgs phase
and confined phase, which are connected by a local unitary
spin rotation at ||| — oo, where [Wy ;) is just a product
state of eigenvectors of f§.7° + f,7° corresponding to the
largest eigenvalue. The critical behavior, however, is not
exactly reproduced. It is known, for example, that the
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0.0
0.0 05 1.0 15 20 25 3.0
B.

FIG. 2. Trace of the metric g(f) with § = (5., ), as obtained
from the fidelity [(Ws| Uy, 55)| = exp(—N&p” g(B)p), where N is
the (infinite) number of sites, as defined in Ref. [80]. An analytic
expression for g along the coordinate axes (f, = 0 or , = 0) was
obtained in Ref. [§1]. The red lines in the right panel indicate the
slices studied in Figs. 3 and 4.

topological phase transition from the deconfined to the
trivial phase along the coordinate axis f, =0 (and by
¥<>7% duality also along the coordinate axis f,) is in the
2D Ising universality class [57,74], whereas the corre-
sponding phase transition of H, ;, is in the 3D Ising
universality class. Also, we obtain a second-order phase
transition along the duality line #, = f, that does not seem
to vanish until ||f|| = oo, even though the singularities in
the fidelity (Figs. 2 and 3) and expectation values (Fig. 4)

2.5

2.5-42
-
wv

@ _
z
=
o

B

. 0.0
00 05 10 15 20

800 =0

0.0 05 1.0 15 2.0 25
ﬁ(l) :2'5_[;(1)

very quickly become small. The corresponding transition of
H},_j_ is conjectured to be first order with a discontinuity in
the expectation values of the star and plaquette operator and
to end at a finite value of ||#]| [70-72]. In contrast, the state
|Wy. 5,) seems to have continuous expectation values but a
diverging derivative along a slice passing through the phase
transition at the duality line 8, = S, (Fig. 4). Note that one
could also use the state ¥y 4 ) or a slightly more general
class as a variational Ansatz for the actual Hamiltonian, as
was done for the case f, = 0 in Ref. [75], which quickly
led to accurate results. See also Ref. [76], where the state
|Wy.p.) at the limiting values [|f]| = 0 and ||f|| = co was
used as a variational Ansatz, as well as other Hamiltonian
studies using large coupling expansions [77,78]. A more
detailed analysis of our results for Z, and higher Z, groups
is presented elsewhere [79].

In conclusion, we have proposed an operational pro-
cedure for gauging global symmetries at the level of
individual quantum states. This procedure combines
naturally with the framework of PEPS. When gauging
an injective PEPS, we have shown how to obtain a
G-injective  PEPS and we have derived a parent
Hamiltonian, which automatically contains a projector
version of the Kogut-Susskind Hamiltonian for lattice
gauge theory at zero coupling constant. By introducing
gauge dynamics for nonzero values of the coupling con-
stant using a local filtering operation, this construction

3.0 1.00
_ 28 0.75
]
T 26
= 0.50
24
=

- 0.25

0.00

2.0
20 22 24 26 2.8 3.0
,6(1) :5.0—,6‘(1)

FIG. 3. Fidelity (per site) [(Ws) [Vg0))] I/N between any two ground states with parameters # along the three different slices indicated

in Fig. 2.

1.0 T T T
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00 05 1.0 15 20 25

L.or 11— ##rs
0.8f -- 7
06 — PP
' -- 7
0.4
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0'0 C L L L L ]
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FIG. 4. Expectation values of the relevant Hamiltonian terms, i.e., ¥ and z° on the edges, 7*7*7*7* around a vertex, and z°z°z°z* around

a plaquette, along the three different slices indicated in Fig. 2.
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results in a low-parameter family of PEPS for which the
phase diagram can accurately be probed, as we have
illustrated by studying the phase diagram of a Z, gauge
theory with Higgs matter. Tensor networks are indeed
promising candidates to avoid Feynman’s objections [82]
regarding non-Gaussian states that allow us to efficiently
compute expectation values [37]. Similar strategies are
perfectly feasible for studying gauge theories with fer-
mionic matter, using the framework of fermionic PEPS
[28-32], or even gauge theories (with or without matter) in
three spatial dimensions, since no variational optimization
is required.
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