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Abstract

A method for the analytical treatment of the toroidal plasma electron dielectric
permeability tensor is developed.

Simple expressions for some limiting cases are obtained.

Electron Landau and TTMP absorption of the fast waves in tokamaks are
discussed in terms of ,nonlocality” effects, including the effect of trapped and
untrapped particles bounce resonances. Additional dissipation of the fast

waves in tokamaks is founded in a comparison with cylindrical model Landau
damping.

*) Permanent address:

Institute of Physics and Technology, Sukhumi-14, Georgia

Die nachstebende Arbeit wurde im Rabmen desVertrages zwischen dem
Max-Planck-Institut fiir Plasmaphysik und der Europdischen Atomgemeinschafl iiber die
Zusammenarbeit auf dem Gebiete der Plasmaphysik durchgefiibrt.



INTRODUCTION.

The fast wave (FW) is widely used for ion-cyclotron
resonance heating of large tokamak plasmas (see [1-2]).

Besides, it also be used for current drive in tokamaks [2-4]
via absorption of travelling FW due to electron Landau or TTMP
damping. In principle, this current can replace the Ohmic
current in a tokamak, as also envisaged for the ITER project [5].

For current drive analysis one needs to solve the set of
Vlasov- Maxwell equations in toroidal geometry including the
specific effect of electron’s periodic motion in a tokamak.

Now the computation of this problem is formidable task. As a
preliminary step it needs to evaluate the electron part of the
permeability tensor.

In the simplest approach that ignores drift motion across
the magnetic surfaces and assumes that toroidicity parameter & =
r/R « 1, Grishanov and Nekrasov [6] have derived the toroidal
plasma dielectric permeability tensor using a boundary value
analysis. Puri [7-8) has calculated Landau damping using the
Landau pole integration. Some analytic results are obtained
earlier [9-11].

Here we prolong analytic treatment of the toroidal plasma
dielectric permeability tensor along the lines of Ref.[6] and
suggest analytical methods for evaluation of this tensor. These

methods are based on transformations with Jacobi functions.

TOROIDAL PLASMAS PERMEABILITY TENSOR EVALUATION
Here we use the simplest axisymmetric tokamak plasma model.
The magnetic surfaces are considered circular and concentric.

This model is reasonable for tokamaks with low pressure B « 1



and small toroidicity parameter (¢ = r/R « 1). For this model it
is possible to use a quasitoroidal coordinate system with
X = (R°+ r cose) cosf, Y = - (R°+ r cose) sin{, Z = r siné,

and the same type of a stationary magnetic field as in [6]

(o) (o) _ (o) _ - =
B .°= 0, Bg = hy B_R,/ps B, = thoRo/h, Q rhc/Rohe 1/R K.

Further neoclassic conditions for the tokamak will be

assumed with Veit €/2 VTe/RQ and small collisions will be taken

into account by formal transformation of the wave frequency to

Q-+ w+ ivef that means tT-approximation for a collision operator

st ¥ =v 1.
We begin a finding the solution of linearized Vlasov’s
kinetic equation for perturbations of an electron distribution

o~

function F + f by RF fields of the waves f ~ Er exp i(n¢-Qt).

,6,¢
It will be assumed that frequency of the wave is much less then
electron-cyclotron frequency (Q « wc), Larmor radius Py= Vf/wc
and thickness of banana trajectories are assumed to be small.
After expansion in Fourier series over angle o in velocity
space (Vl, o, V) 5 o -Zflexp ile, Vlasov’s equation will be [6]:

nQ sQ .
“l+ecoseé = k_v /VQ;A/(1+ccose); L3)

(s)
afo/ae

(s)p(s)_ g(s), ,(5)
+ Ay Ey = By F A

However, unlike Ref. [6] we take into account first order drift

corrections to the stationary local Maxwell distribution

v 4&8F
sin o (where F, = o ——H), and perturbation function

Fo= Fy + F b wc ar

M b

f = fo + f_ coso + fb sin o (where f _ = £+ f-l’ £y = £,- f—l)'

Using Eq.(6) of Ref.[6] we obtain equations for fo’ fr’ fb

after equating coefficients with the same o-harmonics :
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Here indices 1,2,3 means coordinate system connected with
magnetic field lines (1=r - radial, 2=b -binormal, 3=l -parallel).

Substituting Eq.(2b) and (2c) to each other and omitting second

order drift and toroidicity terms and exchanging variables as

P v, = / A
6 =8; A= [— ] [1 + € cose]; v,=syY¥l - . —————, s= %1, we obtain:
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After substitution of Egs.(3b) and (3c) in (2a) and
exchanging variable with 6'= 6 and A, one obtains the simplified

drift kinetic equation with another right side then in Ref. [6]:
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Method of solution of this equation is based on using the
Jacobi elliptic functions [12,13] with separate treatment [15]

for untrapped (u) and trapped particles (t).

1. Untrapped electrons distribution function evaluation.

After exchanging distribution function f3= fgz)exp i[nQ(e -

/2
€ sin @) + € agu) T dn sin®n /- xzsinzn]' B(U)— své/c = k F
o

expanding RF field in Fourier series over 8, and introducing the

new variable (for the untrapped electrons):



v = |dn//_ x2sin®n’ 8/,= am w; g =2V1-k“sin 8/,: K =T+ e- A

Eg. (4) reduces to:

af 2e _[E} k2(1+e)-2¢ oF
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Here sn w, cn v, am v and dn v are Jacobi functions, and E(w,k)]
is the incomplete elliptic integral of second type [13-14].

An electron distribution function for untrapped electrons is
periodic over 6 with 2m period then one must be periodic over w
with 2K period. K is the elliptic integral of first type [12-13].

To find solutions of Eq.(5) that are periodic over w we divide
111%

am w = am w + g and  E(w,k) = w E/K + Z(v) into periodic and
nonperiodic parts, then the equation for the periodic part
- 14 K -F

"’S_ S 3 - (U) ] =

fu = fu exp { 1[nQ moE + € Ss 14 [ X Kz]]} is:
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where Kz = {nQ - s £ o [1 - e[l - ———2]]/V£: } xf= 2e/(1+c).

v k 2

After Fourier expansion of the right hand side of Eq. (6)

with respect to w are obtained:

BFH 1 %4
o= exp(ilm E);
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The periodic solutions of this equation expanded in Fourier

1%
s =S - b 1 . - 5
series over v ( fu = Z fus exp 1[1 m K] ) are:
2 2
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Finally, upon back substitution into f the complete solution

ou
of Eq.(4) is:
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where Az - {nQ - § — [1 - e[— = ———2]]/V§: }; and phase

is given by:

= il . Z(v, k)
E,M(1 - m)g - (m + 2nQ) am w + 2c nQ(sn w)(cn w)] + SS;U) .
K

Untrapped electron RF current induced by RF electric fields

has the form:

-] 1-¢€
ne A
~(u) _ 3 (u) - .
(1+ e€cos@) Jr’b =3 l v dv dA Z fr,b,s T-Atecose °
@ 1-¢
=u _ 3
(1 + ccose)33 =mn el v dv l dA ; Sfus (10)

It is convenient to carry out dissipated power analysis for
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and A? = 5x I de exp iEu = AT which is apparent after exchange
n

of variable 6 = 2 am wv.
For comparison with cylindrical permeability tensor we

introduce toroidal tensor-operator:

(11)
= ~pm = ~pm .
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Further we simplify expressions for AT and BT using [13-14]

1
3 I=(1~- Kz) /4]

g-series of Jacobi functions[q= a+2a5+15a9+.., o=

2 14(1-x2) 1/a
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KK T 1- qan 1 2K T (1+q ) K




2n ° gq v _ 2 T %
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dnw = 3%+ 2 Z cos[n n E]' —; = |1+ 2 Z q ;5 (12)
1 1

Taking into account only first two terms of this series

(g « 1) after Fourier expansion of exponent factor we obtain:

K
%4

AT = 2—22 ‘[de» [1 + 4q cos [n E]] ; I,(By) exp 2i [n ; (m+g-1 )] -

4

;[Jl_mcsm) N OV S IS) | PR — 71 n(Bp):

e n2 en (u)
where Bm = 4gim + DQ(I - :2;2] - -2:2 88 (13])

_ w
Simplified form of the coefficients is: el =—7 B )5
1 12K1mm

Using this coefficients, we find components of tensor (11):

2 o
4 V2 e w 2 s
P P ludu e ¥ '[— s T i (14)
€33 a kv nl/2 Z (1+4_) Iy -p “1-m
oT
2 1 2 2
4 g w 2 dk J K™= K
- ki O 3 2
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Q k n 1;s K, Ko WK (1+As)

It’s possible to carry out integrations of Eq.(14) in two

cases: a) for small Bm« 1, and b) large Bm’ ds



A. For a small B case (Jl-le- Bmp .

After exchanging variable u = vk, the integration over k gives:

w32 e we ° viay 1 22 dk? S 5
z——-P '[——J'e" — ; z%= 0°/2¢ek vE; (15)
€33u Q kaT n1/2 o (V - Z ) 2 m T

and integration with v is reduced to Dispersion Function W(z):

cggu—spm[ﬁ_g‘] [W(Koz)' “ow(Z)]; ¥(z)ma= 1/ nzu(z) = IV" z(v—z)‘
(15a)

+ =

2
w K
L o 2, .22 m
31(U)Em pm WCJK—H{W(KOZ)- 3 - K [1+ (1-k )K Z] \I’(Z)}[}(l L];

Ccalculations for a binormal component of RF untrapped electron

current may be carried out in the same manner. Then we obtain:

2
0 w ad ‘/8—— 5 V‘T 6 <> >
-72(u) “ani pm{ n_wp-!\; _[Ne[ 8 T]_ E?' 3 TZ Lr 1}}]}' (15b)

1
5
c'e °F

VT a ® (t-nz)vdvvu tv?
——— I dt I exp(- —3—] - it’s Table Integral [13]
x o (IR T Q/VZe)

Damping of the waves with the phase velocity Vph = n/km» 2 Ve Vo

due to the untrapped electrons coincides with that for the cy-
lindrical plasma model. Landau damping for waves with the small

phase velocity Vph « V2e ¥ in tokamaks is reduced by the factor
zz=vgh/2:vg, and TTMP damping (due to the binormal components of

electrical fields) is reduced more strongly, by the factor 24/2.

10



For fast waves this fact does not matter in this case
because dissipation power is defined by the parallel component

of the electric field [11]:

2
k, v.. dE »>
E3 € 5 6. ar ¢ Eb’ and P ch Jj (Ep) /2 =

“mm “mm = mm 2 mm 2
{{ Im €,, + 2Re €, Im 831/833) |ET| + Im c33|E?] };

[ Im Egg + 2Re E?T Im Egl/bgg] |ET|2 & 0.

The same kind attenuation of Landau damping on untrapped
electrons for waves with the small phase velocity as analyzed
numerically in Ref. [7] and theoretical Eqg. (15) are in a good
agreement with numerical and theoretical estimations [10-11].

Here we note that for m + nQ « 1 one needs to take into
account g corrections in A? and BT because the main dissipatian
may be on high harmonics m + 1 [14,16].

B. For the large B case (|m + nQ| =1 » 1).

In this case it is possible to use Debye asymptotic

2_ .2

o ¥

approximation for Bessel functions of large argument [x2= B

Bm & xz(m + nQ)/4] in Eq.(14):

I (Bp) - v2/nx cos[x - 1 arc tg(x/1) - n/4].

Exchanging summation with 1 in Eq.(14) with integration over 1
(where x%> 0) and neglecting the fast oscillating terms with x

we obtain an estimation of the tensor:

11




2 © B 1 2
it 42 e w 4 dl dk® _.2,2
€55 —FB/Z I v- dv ‘[ — e (16)
Q ROVT m © '3m[(l+ m + nQ)v- v¢] kg x

2

_ o2 2 2
Where u = v k, Ve = Q°/4 ¢ kg vy .

Further we will analyze the situation when Landau damping is

going down (Vph> V2 VT) and take into account additional damping

connected with bounce resonances on untrapped electrons when

2

1 xi (m+ nQ)2/4 . Then omitting factor exp-(xv)z, integrating

(16) over k and by Landau pole method over v we obtain:

1 2
dk 22 Vu 2.2
11= I — e XoV [Q(vVl—xl) - Q(vii-xl)] for ngle;
K, & vi§+xl

/S
I 2.2
_ -k v — . L2 : = 3 sq 3 .
Il-F K§+x1 e o &(v1 xi), KoSXqi ®(x) is probability integral.

Integration over 1s1s1, (lo=|m + nQ|/2) gives us the result:

m 22 £ w2 2 2 2
R .
Im e, 172 Vo where 7 & 1 +[2 + cvph/VT]VT/vph' (17)
9} kaT 118

with enhancement in wave dissipation by factor 7.
This enhancement factor will be more if we take into account

the Bm dependence of € v, Q/(wb v) [16]. When Q » kv, it is
possible to integrate (14) by Laplace method over k and with Bm

2 V2 € Vo Q/(wbv), followed by Landau pole method integration:

12



23 e wd © vidv 2y2 2
- p =

mm u
€35 [ 3 ——— ™" ) 4[enxs))
42 Q kaT nl/z o lgs (v - szm) Lm0
5 2 2
2 W u.exp(-u,) 2 m +nQ w
L N sy N, | IR
Qk, vp o5 m+ 1 2 1kovTxf2‘

This formula was computed for different € = 0.0 + 0.3, u,= 2 +9

and results are presented in Fig.1 (Vph/VT=3.3, e= 0.25, 7= 10).
From Eg. (17) and Fig.l1l it is possible to conclude that the
damping of waves with phase velocities more then thermal (Vph >
> V2 VT) due to the untrapped electron bounce oscillations
increases with toroidicity factor £ and this damping in tokamaks
exceeds the Landau factor exp[-(vph/VT)zj for the cylindrical
plasma model if €Q/w, > 1. Width of these resonances |V/Vph— 1|
in velocity space increases as & nQ/2. These results are in a
good agreement with numerical calculation [8] and greatly differ

from those of Refs. [10-11]. Similar conclusions are valid for

electron TTMP damping.

2. Trapped electrons distribution function evaluation.

Trapped electrons distribution function analysis will be

conducted in the same way as for the untrapped particles.

1
After expanding I7ecose’ v1+ ecosé in Taylor series over g,

exchanging distribution function fi = fgi)exp i[nQ (6 - € sin 6)

K Q

/2 '
o2 — —_— .
+ € 8 To dn sin®n /’&_ nzsinzn]' § = s 2/¢ ~ Ro’

13




and expanding RF field in Fourier series over 6 we introduce the

new angle ® for the trapped electrons:

sin® _ 2 2€ 1
e/2 arcsin[ ]; cos6/2 d6/2 = k cos8 d8; k"= 7 p =T -
K
a?t 5 > 2e E? 1 - Ezng V. aFH -
28 VK -sin”6- i (1 )ft Hk =" cos8- ;;;—E—; [kmeT] yv= expl_
%m o c
After transformation to Jacobi variables:
(19)

de/——z-—zev
v = dn/’ﬁ_ xzsinzn; ® = am v; 7= = V1-K sin O : 5w Idv cn v’ ;

Eg. (4) becomes:

so0- 18 K (1-e/2)f5=

ars -, 2ek _[ Ej 1 - k%2 \m ] OF
ow t Hk
m

. 14
8
={2 x[(m+nQ)Idv’cn w’ - enQ (sn w)(cn v)] + € Es[w- E(V,E)]}.

L

We separate out nonperiodical part from this phase and

-—
-~

exchange function fi = f: exp i[zE e 8 w(1- E/K) ].

If an electron distribution function fi is periodic for
trapped electrons over 6 with 4m period, it must be periodic
over w with 4K period. Expanding right hand side of Eq. (19) in

Fourier series over w we obtain:

- _2 2
. 4ex K o 1 - k% o am | 8Fy exp(.tlnw/ZK)
£ Z [——3 I O B ik xE™ ]]

(o]

= a —
vk _M v “1s = ls *'m _
s,m,1 ol At)

14



3 4K v’ 5
where a <= 7% J dv’ (cn w)exp[ [ = - Izg )]; K = 2e/(1+c); (20)
-4K

4K

3 w’ 2sK 1 K-E

m _ » . [=m . . S = é - = o

P1s~ 2x ,[ S e"p[l ["'t 17x ]] b =V°/¢ mrko[l c[z -2 ]]
-4K

After returning to trapped electrons distribution function

exp-i ts M [nQ (é - € sin &) - K € asw(l- E/K) +

dn 31n n /'6_ n s;n n] it is possible to express

trapped electron RF current induced by RF electric fields as:

© 1+ecose A
(t) = (s) I
(1+ €cos8) J l dA Z fr,b,t

1-A+ecose *

© l+ecose
(1 + ecose)j ("= n el v3dv [ dA ); 2£(%), (21)

Oscillation current for one Fourier harmonic p will be:
[(l+ ccose)33t] = 2ce [ de I 14 dvI ——3 ; sfgi)exp[- ipe]; (22)

Exchanging order of integration over 6 and k in (22) we obtain:

P _
J3t = Zmi

5/2 l u du e

o 1 = .=
Q 16V2 cKw _u? k dk E? i
1 - AS

Q k V m som, 1
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1 - szz aF. arcsink
i T R g ]
ls m 17 |8v

v
de exp i{ln £

hg)

Finally, exchanging variable 6 with w as in Eq. (19) this current

-arcsink

tall|

SK w
= o c

will be:

Q ( 32v2 t:sz “ —u? t Kk E3 n
jB. = s udu e p == Ay =
3t 4ni Q k V n5/2 1 ls| v ls

o s,m,1
-2 2
1 - K7k aF
o . m > 2 M
—2 o7 [k ET] |5t (23)
28K _ K W 1s sl ]av }
o
. ; 2K v~
a,s = 7% I dv’ (cnv’ ) exp 1[1n ¥~ 5S¢ - P amw ].
-2K

Let us simplify formulas (23) taking into account symmetry

s s . R L i m
of coefficients a_j;g = (-1) a;q; b-ls (- 1) b

0 (R o r
P —Pp =3 = P m (4)_ m .2 2 "
b T {328 o2 E: Ion dk al[Eg a; T; o b, [kmeT]]},
l1=1,m o C
and in the same way: (24a)
2 1
Q sz vae a 15nv 1
B =3 {a —F s l Nexzdx {Z r pPoP [k E"] +
Qn” wN_ or 16Kw Q +iv
c'e m
® VT TEG)
o Z [z';' all 'rg"")- ——— o] [k E]] ”, (24b)
1=1,m 2“0“ “e
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© n 2
vidv exp(-v~/2)
(") = VT2 l :
-& mk vplv - 2QKRVZ /VE
It is clear that formulas (24) are more convenient for
analysis than the corresponding formulas of Ref. [6].
Coefficients a?, and bT may be simplified using g-series of

Jacobi functions (12), and taking into account only first two

terms we obtain:

nvqg sm g
m“ m —_— - — - .
a® Pr® [31-1+ J1+417 ¥V € Kv uk [J1-1 Tyen® 53 J1+3]]'
o
m\ 2
g, =3,8); B=Va [B(m + nQ) - 2¢ nQ[E] ]. (25)

t t
I,(By) J1(B)

V3E W 1
gPm — P E: J dEz[l o+ zxz[l o in;XIW(xl) ;
o (m + nQ)(p + nQ)

=
33t 1
ko VT 1

2
® 2 e Vav 0

where iV/; X W(x) = l - —_— X,
-% VU x(v-Xx)

|lko|VTVE

The wave damping due to the trapped electrons is essential in
those cases, when the damping due to the untrapped particles is
small (Vph< VT). Here we write down only imaginary part of the
trapped electrons contribution to the transverse components of

the permeability tensor, with the real part varying as = Vae:

Ve w2 8 - ET
pm ~pm _ P __ = = t t, |3
Im[ebl E] + e53 Eg] — ar{Ne E: [ £ dk J)(8p) 1 (Bp) |E
ce l,m
]2 - y
k ] [———] exp ; w,= ve/2 kK v (26)
kfwce[ - 1wy lewi d b o T

The damping due to the trapped electrons is strongest for
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short waves, when the number of the bounce resonances is of the
order of the double parallel wavenumber l= 2(m+nQ). In this case
the damping on the bounce resonances is more effective than
Landau damping on the untrapped particles, and its full value is
~ 2/m of Landau damping for the cylindrical model. In these con-
ditions, the absorption, normalized on one trapped particle, is
much greater (= I/VEE)’ than for the cylindrical plasma model.
If the wave frequency is less than the bounce-frequency Q2 s
s W (for instance, for global Alfven waves induced by
toroidicity) the dissipation of these waves will be very small,

and essentially collisionel ( see Eq. (24Db)).

CONCLUSTION

1. Simple expressions for the electron part of toroidal
dielectric tensor was obtained. These expressions may be useful
for the fast waves RF electron heating and current drive
analysis by ray-tracing theory or for the computation of two-
dimensional Maxwell equations in tokamaks.

2. The fast waves with phase velocity greater than thermal
velocity (Vph > VT), dissipate stronger than Landau damping in
cylindrical model because of the untrapped electron bounce-

resonance dissipation.
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Fig.1l Dependence of parallel component of toroidal dielectric
permiability tensor normalised on cylindrical one vrs parallel

component of wave vector k,RQ =m + nQ for € = 0. and 0.25; u,= 8.
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