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Abstract

For axisymmetric diffusive equilibria a condition is derived by means
of a generalized Ohm's law. It relates some effective outward
particle flux to the toroidal current density. An approximate

version of it requires that the corresponding effective diffusion
velocity Vg must not exceed the poloidal magnetic diffusion velocity
V,- The simple version of Ohm's law as used in transport calculations

only applies if Vi<<V . A preliminary discussion is performed for
D m

the case of anomalous diffusion due to trapped particle instabilities.
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Abstract

For axisymmetric diffusive equilibria a condition is derived by means of a
generalized Ohm's law. It relates some effective outward particle flux to
the toroidal current density. An approximate version of it requires that
the corresponding effective diffusion velocity VE must not exceed the
poloidal magnetic diffusion velocity Vm. The simple version of Ohm's law
as used in transport calculations only applies if VB(&.Vm. A preliminary
discussion is performed for the case of anomalous diffusion due to trapped

particle instabilities.

Introduction

The plasma physical data underlying current tokamak reactor studies are
largely based on transport calculations. In this context the particle and

heat balance equations are considered together with Maxwell's equations and

Ohm's law, which is used in the form /1/, /2/

(1) Er = 7) Jp, where j; is the toroidal current density and Ey the
toroidal electric field (In these preliminary considerations we confine our-
selves to the usual cylinder approximation, B<X1 and assume 7),= 7%),= 77 1

With Maxwell's equations one obtains the equation for the poloidal field

Equation (2) describes the skin penetration of Bp with the magnetic

diffusion velocity Vm ~ c2'?7/4UL. (Here L is some characteristic length of




the order of a).

In other applications Ohm's law is assumed to be of the form

— — =
(3) ?T= ") Jr— % VX B . Its toroidal component
4) F =7 ;ir - _g_ V4. & BP results in the equation

2
(5) %_?_P.___ _}%_. 5?;(’)7—:—%(}— BP))—I- %(VDBP) for Bp'

In eq. (5) we have used the fact thatvr, the velocity normal to the magnet-
ic surface, is the diffusion velocity VD' The second term on the right "

side of eq. (5) describes the freezing of the poloidal field.

A rough order of magnitude estimate of eq. (5) shows that stationarity

requires that

(6) nggvm.

Condition (6), which is a consequence of the Vax B term in Ohm's law,

means that Bp must penetrate faster than it is carried out by the diffusing
plasma to achieve a stationary state.

With the formal relation Vm B g Vc’ where chv-czﬂy p/B2 L is the
classical diffusion velocity, eq. (6) can be transformed into a beta ‘)
limiting condition

Ve
(7) BL 2 VB Y

The importance of eq. (6) and (7) is that, in accordance with current
diffusion formulae, one has me»'VD for small-size tokamaks, but Vm<< VD
for reactor-size tokamaks, indicating that egs. (6) and (7) would impose
drastic restrictions on large tokamaks with anomalous diffusion if Ohm's
law were of the form of eq. (4) /3/.

Generally Ohm's law is essentially the force balance equation for the
electrons. It contains, besides the V x B term, others such as pressure

gradient and pressure anisotropy terms and it is not at all clear when,




if at all, the simple version given by eq. (1) is a reasonable
approximation.

This problem is studied here for arbitrary axisymmetric hydrogen-Tike
plasmas by considering the equations of motion for electrons and ions to-
gether with Maxwell's equations. We derive a general form of Ohm's law
which generalizes eq. (4) as well as a condition for stationary diffusive
equilibria which generalizes condition (6). This discussion is largely

based on ref. /3/.

Basic equations

The equations of motion for the two-particle species of a hydrogen-like

plasma read /4/

(8) 5 (m* nV‘)+V5"+an+ niVexB=
(9) %(m"n_\/-)") +V?—m F- —f_-nV‘X B =-

where S’ s the stress tensor and R is the electron ion momentum ex-
change .due to collisions. Equations (8) and (9) comprise the turbulent

case. Denoting the usual ensemble average by ~~and decomposing each quantity
into f=f +& f, where § f is the fluctuating part, the averages of eqs. (8)
and (9) read

(10)—(m )+V ﬁl—/;? +Vﬁ +\7P‘+e%§
+%n7"xg’+ esnsE+ & s(n VG)xgE’:[_{’

W 2 (mn )+ (mi AP+ VT TP e AE
_g_rTﬁ‘xﬁBT _e5nSE- g—m=—~

Here we have introduced the generalized pressure tensors ﬁfc+ﬂ p

=5‘5’5—-m%h’ﬁ"fcv?«.;where [T is the anisotropic part and f’ ¢ the

isotropic part. The second terms in egs. (10) and (11) are small and will




be neglected. As to Maxwell's equations, only their averaged form is re-

~ ~ =1

The plasma under consideration is in equilibrium. Hence the force balance
equation must be satisfied. It is the sum of egs. (10) and (11), the time

derivatives being neglected. We confine ourselves to cases where the terms

Ca—d

=

2 7xB

equation has its familar form

P— TN

and V7?;(P==F€+Pjare the dominant ones so that the force balance

~ - =
{15) € V}OZ j’x B and the equilibrium configuration is determined
as usual. Since we consider axisymmetric configurations, the average mag-

netic field can then be expressed by

a6) Br=§(NV¥=By & . 1) §;p=75"><\7'?’=§p‘a"
defining the rectangular coordinates ¥, €, ¢, where 2IT¥ is the average
poloidal magnetic flux, £ the distance in the poloidal direction, and ‘f the
large azimuth. Eﬁf and EB are unit vectors in the respective directions.

- _’ - L] -
Since @p= R 7¥, where R is the distance from the axis of symmetry, we have

(18) R~ §¢=;f(w).

Equilibrium conditions and Ohm's Taw for the toroidal direction

In what follows we shall chiefly consider eqs. (10) and (15). For the Tight
electrons the inertial term in eq. (10) is small compared with the momentum
exchange term and can be neglected.
Multiplying the ¥ component of eq. (10) by R, we now obtain the rate equat-
jon for the angular momentum density in the direction of the axis of
symmetry: g . ~

= 2 (T P2)LR.2 ‘@/")@__ea_f
(19) O=BPa_q_/(7Tt((yR )+ Berye (mP Belt 3¢ UW"'QL{JP

g [

+eRFEEg+ZRNVE Bp+eRENSEy +ERE(NVE)-5Br—RRy




Applying the operator( > jdv dé BP - to eq.(19), we get

@) 0=CBp 2 (g, R+ eRAEY+-ET%,
+ e(RWEE¢>+%<R§m Vi£) §Br)—(RRyY,

N —

~ 277

where F(yi }dfk 4 Vt;f is the average electron flux through a
magnetic surface. The first term in eq.(20) is a force due to toroidal
momentum transfer perpendicular to the magnetic surface. It is small com-
pared with the momentum exchange term if the momentum transfer in the
W direction is essentially determined by the diffusion velocity and will
be neglected.

To get from eq. (20) an equation of the type of an Ohm's law, ﬁ’must be
specified. In this paper we confine ourselves to cases where at least

approximately

(21) R= ﬁ_;_"‘ en 7, %

Equation (21) states that the average parallel electron ion momentum ex-
change due to collisions is essentially of a frictional nature. (Non-
frictional contributions will be omitted here for convenience ).A

previous paper treats the assumption that the total electron ion momentum
exchange including that due to turbulent fields should be of the frictional

type /3/. Eliminating ﬁ:, and 3; between eqs. (15), (20) and (21), we get
(22) (Rﬁ€¢>=<ﬁ”’7\;’R?¢>—% F'(,,—<Rsn5£¢>
—— = ~
- LR §(NVE)§BpY +{ R, B’;.gf,’) 1 (RR.¢)

which can be considered as one form of Ohm's law in the toroidal direction.

Further information can be obtained by considering one more component of
eq.(10). By multiplying eq.(10) by ?and applying oparation - > we get,
together with eq.(21),

o (BT +eABE>+e(BinsEy- AT 7L
_eclA 7, %R§¢>




|

6

Elimination of 3-‘." between eqs (22) and eq.(15) gives

<RHE¢{> (”"%R ?P>"'_'Ft/ —<RS”¢SE?>

_ AR S Vi) 58P)-c<Rm7,, é‘f W>+7-<RRW>,

3 B
From B =f(¥ )7 ¥ and the polmda] component of eq.(13) it follows that
(25) jp—ﬂ )( Vyxr [7‘1"- .7c B Hence one gets _
B RB

(26) <"7n —B_ jp> <77nn B ><07”nR BW"> ("7,,’7 ? %)
We now confine ourse]ves to stationary situations so that
(27) [/ x E = - %’— aB =0 . From eq.(27) it follows that 0
(28) E 277 R q’ = [745 ,» Where Va is the external voltage and J

the self-consistent average potential. Eliminating ’er by means eq.(26) bet-

ween eqs.(23) and (24), we get with eq.(28) an expression for r'tV

s 0y A

+ ——(RRMF) ~ e gy B
¢t 3§ [<LAR "8 ~(LARB) Eof;{ﬁ’;/&ﬁ%}}

~ {7,
<”nRB> :S' = ~
+ s 12 BT - <”BVJ>}

—t, ————— D ARBeY /B
L C(RETED —(RENVEI 5B+ SIS EBInsE) g

The relation between r‘ty as given by eq.(29) and the usual expressions for
diffusion is as follows: In the stable case the terms in the last row vanish.
In addition it holds that ﬁ'_l_':— cnz’r)J_ 7:1 » and hence it follows that
%(R RU,):—(:’%T(%H Rz%> » which is the classical contribut-
ion in this geometry. The terms in the third and fourth rows describe neo-
classical effects including pressure anisotropy and self-consistent E-field

contributions. In the case of a turbulent plasma, anomalous contributions

may result from the terms in the last row and from anomalous modifications



€:2
of, for instance ,'l

J,?

Eliminating f1 between eqs.(29) and (22), again using eq.(28), now

results in

Va ;5 Bey (RARBe)_ ey 2T,
(30) 2 L RED G ED (P 7, RFe) y

with the abbrev1at1on

(31) ﬁ:}: 2ap <”7"”R =->
A~ ﬁl!ﬁRB->
B (iR Bl - RS s

M

D‘q

l
°’|

<™
—

c M"}{ BTy —(Fi B UES+(Bsn se)}

Equation (30) can be considered as one more form of the toroidal component
of Ohm's law (but restricted to the stationary case). In the limit case
discussed in the introduction eq.(30) obviously reduces to eq.(4) but with
the effective diffusion velocity V Fq;/jalt/ ol R n occurring in-
stead of the real diffusion velocity and with 47" instead of #7. Further-

more, it is easy to see from the left side of eq.(30) that

A— - g ~J(
32) C{ T A RI¢>—["y Z O nust always be valid /3/, which
is a necessary condition for a plasma under consideration to be in a
stationary diffusive equilibrium. With the toroidal component of eq.(13)

an order of magnitude estimate, if applied to eq.(32), gives

~ Lo — P z
(33) VESV"“, where Vn: ~ T C/&”L is the poloidal magnetic diffusion
velocity. By analogy with the introduction we get from eq.(33) the equival-
ent conditign
(338) B & VV(': where \7:;"" ZCZF%J‘/EZ'L
~ D 3
is the classical diffusion velocity, but computed with 2 77, instead of

7J, . Obviously condition (32) is the generalization of eqs.(6) and (7).




We now return to the questions that were raised in the introduction.
First we note that the simple form (1) of Ohm's law only applies when the
system is far from the Timit set by condition (32), (33) or (34). These
are related to the usual bootstrap condition. Indeed, in the stable case,
when all terms which contain fluctuating quantities disappear, one con-
cludes from eqs. (29) and (31) and the above remarks about -%—(R ﬁu»
in the stable case that Vb==fV5 is valid. Thus, confining attention to,
for instance, the banana regime, where l:b'p"' l‘-/:,quS/z, it follows from
eq.(34) that

2,3, Y2 ‘D
(35) [3,{;”/9’ A2  or Bp <A :
which is the well-known bootstrap condition within a numerical factor of
the order of unity.

We are chiefly interested in the question whether any anomalous
enhancement of fzfenhances fi; too, thus leading to sharper restrictions
than in the stable case owing to relation (32). The following general
statements can be made:

Since ﬁi is no longer contained in fi; , any anomaly of ﬁi ,» though

it may enhance f; , does not affect fi; and hence the relation (32). By

analogy it is concluded that magnetic field fluctuations have no direct .»
impact on fﬁ; and the relation (32).

To draw further conclusions, one must refer to the specific instability
underlying the diffusion mechanism. We shall do this briefly for trapped
particle instabilities, which are responsible for the predominant diffusion
in usual Tow-beta tokamak reactors.

These instabilities can be considered as purely electrostatic so that
$8=0 and § ?= - VS¢ » where 505 is the fluctuating part of the electric
potential. For these modes it typically holds that
(36) f<y/1<1_<<‘7 , where K, and K; are the parallel and perpendicular

wave vector components. It is rather obvious that the instabilities under



P

consideration should not significantly modify TT% and 7}, . Hence, con-
=13
sidering eq.(31), it follows that any anomalous enhancement of’?r would result

from the term containing density and electric field fluctuations. With the

approximation of eq.(35) it holds that et s

N S E. ar n (SExB)
(31) < KRSNSEyy =~ [ ote gl Re 6N v

B?
which is the average electron flux due to the ExB drift caused by the field

fluctuations. It is this contribution which is given by usual diffusion

formulae. Owing to eq.(35) one has, furthermore,

(7%, A B?) Ky
In conclusion, since the dominant term ¢ L R § N §Ey > appears

in eq.(29) but not in eq.(31), one has i:iy » f;;; , indicating

that there will be no such dramatic consequence as in the case fir"fﬁf 1375
Unfortunately, the 1imit set by eq.(32) in the case of a stable plasma is
rather low. Hence even a moderate enhancement of fi; in the unstable case
would be very unfavourable. This is not ruled out by the rough considerat-

jon above, and this point requires further discussion.
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