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Abstract

This report discusses the difference between c.w. and pulse
small signal gain or loss measurements. The spectrum of the
gain or loss medium must be compared to the spectrum of the
probe signal. First we discuss the formulation of the problem
and apply the results to a Gaussian pulse propagating through
a single line Lorentzian gain or loss medium. Second, we cal-
culate the pulse energy gain or loss for the six overlapping
lines of the iodine spectrum.




In practice, the small signal gain or absorption coefficient

is often measured using a pulse as a probe signal. If the
spectral width of the pulse is not sufficiently narrow com-
pared to the linewidth of the transition, the measured gain
or absorption coefficient represents a certain overlap bet-
ween the two spectra.

In this note, we analyze this situation for a Gaussian pulse
in a gain or loss medium characterized by a single Lorentzian
line and by the complete 6 overlapping linesiodine spectrum.

A) Theory

The mathematical description of these considerations is quite
simple, although there are some subleties which are easily over-
looked. Consider a medium described by a complex gain coefficient
for the electric field

9e) = §al) 1 &)

where 3& and gﬁ are the real and imaginary part respectively.
31(}’) is the real gain, amﬂgf(x}is related to the index

of refraction. To satisfy causality, gg and 3,‘ are related

through the Kramers-Kronig dispersion relations. Next, consider

an electric field pulse given by
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where T = ( t - z/c) 1is the retarded time. If such a pulse
propagated through a distance L in a medium characterized by
the above complex gain, the exit pulse is

1 (3209 778: (WL ;23T
é(’?‘,[) IJ £, (v) e e od 7 (3)
=i




and the observed intensity is
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The total exit energy / crn2 becomes
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The step from 5b to 5c¢c follows from Parseval's theorem /1/.
We note that the intensity I ( T , L) depends on both the
gain and the index of refraction, but the energy only on the
gain. In general, a gain measurement based on comparing the
peaks of the incident and exit intensity will not be the same
as comparing the corresponding energies. The exit intensity
temporal pulse shape may be quite different from the entrance
pulse shape because of the dispersion in g()»). Only if Z;(?)
has a narrow spectrum compared to that of g(93/) will the exit
pulse be a scaled entrance pulse, and the intensity gain be the
energy gain. If this is not the case, the dispersion in the
gain usually broadens a pulse, the dispersion in the loss may
shorten it.

For gain or absorption coefficient measurements with short
pulses, the resolution of the detection system is often in-
sufficient to follow the temporal behavior of the intensity,
and an integrated energy is measured. In this case Eg. 5c des=-

cribes the energy gain.
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B) Energy Gain or Loss in a Two Level System

1. Gain

A simple example for which we can demonstrate these effects
is a two level system, characterized by a Lorentzian line.
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where 9 is the line centre intensity or energy small signal
gain coefficient AV, the full width at 1/2 max. and )/ the
frequency relative to line centre.

Hence, we take

29, = G,

For the incident pulse we take a normalized Gaussian, on line
centre, such that
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where AJ$ is the full width 1/e of the spectrum of the pulse,
related through
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to the temporal width of the Gaussian pulse. The small signal

energy gain from Eg. 5c¢ now becomes
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Fig. 1 shows the spectra of the components which enter into
this calculation. All spectra are normalized to unity. The
dashed curve shows a Gaussian with zl?% = 4 GHz (fwl/e ), the
other two a Lorentzian of 4 GHz (fwl/2) and the exponential
of the Lorentzian with a gL = 6, showing the effect of gain
narrowing.

We note that a change of variables lets us write Eq. 8 in the
simple form y 2
z
=X SL i 2 SL
A+ R
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where R = A%%/452? . Fig. 2 shows a plot of the small signal
gain, normalized to exp(gL), as a function of the bandwidth
ratio R for various values of gL. This is obtained by numeri-
cally integrating Eg. 9. As expected for large R we obtain the
full small signal gain. For R % 1, we observe considerable re-
duction in the gain, particularly for large gL values, where
gain narrowing is greater. Besides the obvious inequality in

Eq. 9, another useful estimate can be derived. One can easily
show that
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A comparison of the numerical integration and the above in-
equality for the case gL = 6 is shown on Fig. 3. We note that
the estimate is quite good in the chosen range.
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2. Absorption

The only change we have to make to study the two level
Lorentzian absorber is to replace the g with.a, where a
is the absorption coefficient, and we get the pulse energy

transmission 9 EZ
17 X —al
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As a function of the linewidth ratio R, T(R) satisfies
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Fig. 4 shows a plot of 1/ T(R) normalized to 1/ exp(=-aL).

On such a plot, the full small signal absorption (R —><2)
approaches unity. From Fig. 4 we note that the bandwidth limi-

tations for the absorber are even more severe than for the am-
plifier.

One can also derive some inequalities for the transmission
T(R), but they do not seem as useful as the ones for the gain
medium. Similarly to Eq. 10, we now have
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provided aL/R2 < 1, otherwise the integral diverges. Similar-

ly one has .
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The two inequalities, compared to the numerical integration,
are indicated on Fig. 5 with aL = 6.




C) Application to Iodine Amplifier and Absorber

2 2
To apply the previous results to the iodine P1/2 P3/2

transition, one must medify the calculation to take into account
the multiline nature, due to the hyperfine structure of that
transition. This does not change anything in principle, but as
we shall see, because of the line spacings, the results are no
longer functions of R = A);/; /AV_E alone.

We characterize the iodine gain or absorption spectral line
shape by a superposition of 6 Lorentzian lines, each with the
same pressure broadened line width. The lineshape is normalized
to unity at the centre of the 3-4 transition, which is approxi-
mately at the maximum of the spectra. The analytic expression

for this normalized spectral shape is

(14)

where the sum goes over the 6 transitions at frequencies Qf '

with statistical weight 94 and transition rate A These para-

i.
meters are listed below /27
Line Spacing (GHz) A(sec-l) 94
2 -3 - 14.86 2.4 5/12
2 - 2 - 12.89 3.0 5/12
2 -1 - 12.15 2.3 5/12
3 -4 0 5.0 7/12
3 -3 + 4,22 2.1 7/12
3 -2 + 6.19 .6 7/12




Figs. 6 - 8 show the normalized spectral shapes F(y) (solid
curves) for three values of the single line linewidth A% =
.5,4 and 20 GHz (fwl/2). Also shown (d%§E§SJ for each case is
the normalized gain narrowed spectrum &€ /4?L for a gain-
length product gL = 6. For‘Ajé = .5 GHz, the 6 lines are still
resolvable, for 4 GHz two groups are resolved, and at 20 GHz

one observes complete overlap.

The small signal energy gain or loss is now computed by numeri-
cally integrating

. ~/_22j2 (gL o —al)F(»)
Y . g et o
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From the form of F ()/) we note that the result is no longer a
function of R =A)E'A5}j_, alone. Fig. 9 shows the pulse gain in
iodine for a single transition linewidth of 4 GHz (fwl/2) as a
function of R for various values of gL. Again, the curves are
normalized to exp(gL). Fig. 10 shows the same calculation for
the pulse transmission in an absorber for a single transition
linewidth of A?ﬁ- = 1 GHz (fwl/2).

The choice of 4 GHz for the amplifier and 1 GHz for the absorber

is based on the approximate operating conditions of the Garching
iodine amplifiers and saturable absorbers.

The numerical integrations and plots were performed on a HP 9820A
calculator and plotter, and are easily extended to other

operating conditions.

In conclusion, this note should serve as a useful guide in
comparing small signal measurements made with pulses and the

limiting c.w. values.
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Fig. 2 Small signal pulse energy gain in a single line

amplifier as a function of the linewidth ratio for
various values of the small signal gain.
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Fig. 3 Comparison of numerical integration and the

inequality given in Eq. 10
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Fig. 4 Small signal pulse energy transmission through a
single line absorber as a function of the linewidth

ratio for various values of the small signal loss
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Fig. 5 Comparison of the integration and the inequalities
given in Egs. 13a and 13b
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Small signal pulse energy gain with the iodine spectrum
as a function of the linewidth ratio for various values
of the small signal gain
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Fig. 10 Small signal pulse energy transmission with the
iodine spectrum as a function of the linewidth
ratio for various values of the small signal loss.
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