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Abstract

Computations using the full hot-plasma dielectric tensor show
that the lower-hybrid characteristics depart significantly from the

e and Glagolevz. The discrepancy is traced

analytic results of Stix
to the neglect of the terms involving higher-order Bessel functions
while performing the summations for obtaining the components of the
dielectric tensor, leading to the breakdown of the analytical ap-
proaches in the neighbourhood of the resonance. For typical thermo-
nuclear parameters the damping term due to electron resistivity ’
dwarfs the contribution due to Landau damping. Unlike the conclu-
sions of Refs. 1 and 2, conversion of the lower-hybrid wave to ei-
ther the acoustic or the cyclotron-harmonic modes seems neither

plausible nor necessary for the purpose of energy absorption.

Boundary value solutions using stepped slab model show that
the penetration problem of the electromagnetic wave into the plasma
is not materially affected by the inclusion of finite temperature
effects. As the wave approaches the hybrid layer , the Poynting vec-
tor decreases with a corresponding increase in the energy transport
due to the particle motion. This energy is, in turn, deposited into
the plasma electrons through resistive absorption near the resonant
layer where the group velocity becomes considerably less than the
ion-thermal speed. The wave is efficiently absorbed even at the

plasma temperature of 108 °k when the ratio of collision frequency

to wave frequency, v /w~lo"7,
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ABSTRACT
Computations using the full hot-plasma dielectric tensor show
that the lower-hybrid characteristics depart significantly from the

1 and Glagolevz. The discrepancy is traced

analytic results of Stix
to the neglect of the terms involving higher-order Bessel functions
while performing the summations for obtaining the components of the
dielectric tensor, leading to the breakdown of the analytical ap-
proaches in the neighbourhood of the resonance. For typical thermc-
nuclear parameters the damping term due to electron resistivity
dwarfs the contribution due to Landau damping. Unlike the conclu-
ions of Refs. 1 and 2, conversion of the lower-hybrid wave to ei-
ther the acoustic or the cyclotron-harmonic modes seems neither

plausible nor necessary for the purpose of energy absorption.

Boundary value solutions using stepped slab model show that
the penetration problem of the electromagnetic wave into the plas-
ma is not materially affected by the inclusion of finite tempera-
ture effects. As the wave approaches the hybrid layer, the Poyating
vector decreases with a corresponding increase in the energy trans-
port due to the particle motion. This energy is, in turn, deposited
into the plasma electrons through resistive absorption near the
resonant layer where the group velocity becomes considerably less
than the ion-thermal speed. The wave is efficiently absorbed even

8 0K when the ratio of collision

frequency to wave frequency, V/uw ~ 1077,

at the plasma temperature of 10

THE DISPERSION CHARACTERISTICS

Ever since the derivation of the hot-plasma dielectric tensor
in an explicit form by Stepanov3 in 1958, it has been possible, in
principle, to compute the dispersion characteristics of linear
waves in magnetized, hot, homogeneous plasmas. Such an effort would
be rewarding for evaluating the possibility of radio-frequency
ignition of thermonuclear plasmas. It is a reflection on the com-
plexity of the undertaking that barring the cases of propagation

strictly parallel (Landau waves) and perpendicular (Bernstein modes)



to the static magnetic field BO, little accurate information of the

wave behaviour is available.

In this paper we study (with an accuracy exceeding one part
in a million) the finite temperature effects on the obliquely pro-
pagating shear (slow) and compressional (fast) cold-plasma modes
using the complete hot-plasma dielectric tensor. The plasma density
is allowed to have a gradient perpendicular to BO (see Fig. 1). The
scale of the gradient is left unspecified such that the "local" 4i -
electric tensor approximation is valid. Anticipating the boundary
conditions to be used in the next section, we shall employ the
Derfler—Omura4 dielectric tensor described in Egs. (5 - 20) of Ref.
5. Since in the derivation of the Derfler-Omura tensor, the total
plasma current is subdivided into the polarization and the magneti-
zation currents, the tangential magnetic field at a boundary is
continuous. In every other respect, this tensor is identical to thc
Stepanov tensor.

Electron resistivity contribution Ae to the dielectric tensor
€ is incorporated using the method described in Ref. 6,

Ae = 4 la vei/w;e) (e =1) + (e -1)

where 'Vei is the elictron—ion momentum transfer collision frequency
according to Spitzer (the values of Vei quoted in this paper arc
for the average density of 3 x lOlBCm_B). This method of obtaining
Le 1s admittedly crude. However, the dispersion curves are insensi-
tive to the precise value of Vei and the error introduced will not

alter the results in a significant manner.

Throughout this paper it is assumed that the ions (deuteriunm)
and the electrons possess a maxwellian velocity distributions of
equal temperatures. The static magnetic field BO and the gradient
of density are along the z and x-directions respectively. All field
quantities are assumed to possess space and time dependence exp i
(kxx + kzz - wt) with no variation in the y-directione. The dis-

opersion equation then takes the form

an + b nX2 + c =0 (1)



a = €yx /Mxx
b=n 2 (e u + € u_.)
z xx / zz zz /XX
2 2 2 2
T €xx zz (/uxx & /uxy) T Mxx /Mzz (e + exy)

c = ¢ u [n4 + 2 n2 (e u - € u
zz / 2z z z o xy / Xy xx / %xx)

2 2 2 2
+ (exx . exy) (/uXx + /uxy)]
n, = ¢ kx/m, n, =c kz/u while e and /u are defined in Ref. 5.

We shall restrict our attention to the roots of Eg. (1) identi-
fied as the shear (slow) and the compressional (fast) modes in the
cold-plasma limit. For finite values of n,, these cold-plasma modes
exhibit propagation on the low-density side of the lower-hybrid re-
sonance except near the plasma edge where evanescent or complex
waves might exist. On the high density side of the resonance, the
fast mode continues to propagate while the slow mode becomes evanes-
cent. Introduction of electron resistivity modifies this behaviour
somewhat and the resultant cold-plasma characteristics resemble the
curves of Fig.2b which are in fact obtained by solving Eq. (1) nu-
merically for the case Te =T, = 1l ev.

Observe that the slow mode is a backward wave (recognized by
the opposite signs of the real and imaginary parts of kx} which
transforms into a forward wave upon passing through the cutoff on
the high-density side of the resonance. For temperatures below 1l0eV,
the collisional effects dominate because the wavelength is much too
long ( \kx rci“"l) for the Larmor radius to play any prominent
role. Marked changes, however, are seen to occur at higher tempera-
tures (T 2, 100 eV) when the Larmor radius becomes comparable with
the wavelength. As might be expected the resonance is flattened and
broadened occuring somewhat in advance of the hybrid density. Simul-
taneously an increased reluctance on the part of the slow wave to
change its backward character is observed and beyond T ~/ 100 eV,
the cutoff disappears altogether resulting in a significantly al-
tered dispersion characteristic of Fig. 2e (T =1 keV). This trend
continues up to the thermonuclear ignition temperature of 10 keV
(Fig. 2£f) and ear the resonance, the hot-plasma effects have al-

tered the appearance of the curves beyond any recognition based on




the cold-plasma theory.

Before entering into discussion of possible physical effects we
make two observations pertinent to the problem of plasma heating
at the lower hybrid resonance. Note that since lkx rci]<¢l near the
plasma edge irrespective of the temperature, it is justified to
treat the problem of wave accessibility within the framework of the
cold-plasma theoryg. Also, even at thermonuclear temperatures
Im(ki) is large enough to allow complete absorption of the wave
energy within a few Larmor radii.

Near the hybrid resonance n. »>>»1, the dispersion characteri-
stics (Fig. 1) are dominated by the dielectric tensor component
€ x (since /uxx'v 1) as can be seen in Fig. 3. At low temperatures
Re - (solid curve) goes through zero at the hybrid layer (cross
on the density axis) while the collisions give rise to a small but
finite Im €ex* Py then acquires a finite imaginary part even ahead
of the hybrid layer. Unlike the cold-plasma dispersion, in a hot
plasma, Im n reacts back on € ex and the bootstrap effect causes
a large increase in their imaginary parts at the same time signi-
ficantly altering the real parts as well. This mathematical subtletyv
is mirrored in the physics as a reduction in the group velocity
(Fig. 4) well ahead of the hybrid layer.

This obliges one to include collisions as an important funda-
mental effect in the understanding of the lower-hybrid propagation
in a hot plasma. We shall presently see that the wave energy is
efficiently absorbed by collisions right up to the thermonuclear
temperatures. It is then not necessary to invoke additional dissi-
pative mechanisms i.e. wave conversion, parametric or non-linear
effects in order to obtain the necessary damping effects. The exist-
ing wave-conversion theoriesl'2 assume the reflection of the lower-
hybrid wave near the resonant layer and its subsequent transforma-
tion into the cyclotron and acoustic modes. Since the parent mecha-
nism of wave reflection might be missing altogether, the prospects

of wave-conversion are considerably diminished.

30OUNDARY VALUE SOLUTION

Central to the concept of boundary value problems in a hot

mlasma are



i) the notion of a boundary
and 1ii) the number and the nature of the boundary conditions.

It is apparent that if the wavelength we are dealing with is
much larger than the particle excursions (e.g. the cyclotron ra-
dius), a localization of the particle orbit would be justifiable.
This is, in fact, the cold-plasma assumption. In this case it would
be sufficient to treat the plasma in the local approximation at in-
tervals such that there is no significant alteration in either the
propagation vector or the components of the dielectric constant. A
more stringent condition would be to use the local approximation at
intervals much smaller than the local value of the wavelength. Note
that no stipulation is needed regarding the magnitude of the gra-
dient itself.

More complex considerations prevail when the wavelength begins
to approach the size of the particle orbits. The steepness of the
gradient must be restricted so that no appreciable change in the
parameters occurs for several Larmor radii for the validity of the
"local" approximation. How many? A look at the normal distribution
curve would show that in thermodynamical equilibrium no more than
0.1% of the particles would ever venture beyond two Larmor radii.
Considering that an alteration in the dielectric constant is, fur-
thermore, a differential effect, the gradient length exceeding two

Larmor radii would provide us with acceptable practical answers.

If we assume that the ion-cyclotron modes propagate only to
the right of the hybrid-layer, then for sufficiently large n, thera
are only two known propagating (except for a negligibly narrow
evanescent region) waves namely the slow and fast cold-plasma modes
between the plasma edge and the hybrid layer. It would suffice to
use the continuity of the E and H fields to solve the problem uni-
quely provided we assume for the present that there is no wave con-
version. The reasonableness of this assumption has already been
discussed in the last section.

The actual solution of the boundary value problem was carried
out using a stepped slab model with one hundred plasma slabs. Note
that once the physical assumptions are satisfied the computation
accuracy increases with the number of slabs. A unit incident TM

wave with n, = .2S% is partly reflected as a pair of TM and TE waves




while the rest is transmitted into the plasma as the slow and fast
modes. The fast mode propagates without much distinction whereas
the slow mode field increases as the hybrid layer is approached
(Fig. 5) when the dissipative effects dampen the wave. At the low
or high temperatures the collisional dissipation appears early, be-
fore the amplification has a chance to create very high electric
fields. Thereafter the two processes act simultaneously resulting
in a broad region of energy deposition. At intermediate tempera-
tures, on the other hand, the two processes are spatially exclusive
resulting in an enormous accumulation of the wave energy followed
by a very sudden decay. For plasma temperatures of thermonuclear
interest (1 - 10 keV), the electric field buildup for forseeable
energy fluxes is mild and any notion of non-linear effects can be
comfortably set aside. Fortunately, too, the energy absorption
occurs in a relatively wide region and, hence, hopefully diminished
possibilities of catastrophic effects of rf heating on the plasma
containment.

The last figure (Fig. 6) showing the spatial variation of the
Poynting vector implies either absorption or a transfer of a part
of the electromagnetic field energy to kinematic energy. This trans-
fer process occurs in the steep parts of these curves at higher
temperatures as has been confirmed by the separate and independent
calculation of the kinematic energy flux. An interesting feature is
the backstreaming and reconversion of this kinematic flux resulting
in the peculiar peaks (see Fig. 6f) in the Poynting vector plots
just before the rapid descent. At these peaks the Poynting vector
exceeds the power coupled into the plasma at the vacuum boundary.
We shall restrain the temptation to present the results of kine-
matic flux calculations due to their dubious validity in the pre-
sence of more than a single wave in the plasma. Observe that the
wave accessibility is not appreciably affected by the change in
plasma temperature. The problem of accessibility will be taken up in

much greater detail in a future communication.
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FIGURE CAPTIONS

Fig. 1
Fig. 2

Fig. 3
Fig. 4

Fig. 5

The geometry of the boundary value problem.

Real (solid curves) and imaginary (partially dashed curves)
parts of kx versus density for both the fast and slow wa-
ves as a function of temperature. The pair of curves for
the slow mode are readily recognized by the resonance cha-
racteristics near the lower-hybrid density (shown by a cross
on the density axis). The straight dashed lines in (d-f)
correspond to the location of the reciprocal ion-Larmor
radius ( lkx r.;| = 1). For all these curves n, = 0.99,

Wy /0 = 13.25 and B0 = 100 kG. (The abrupt vertical
crossings of the axis are due to the vertical scale being
campressed quadratically to facilitate the representation
near the axis).

€y VETrsus density.

Group velocity of the fast and the slow modes as a function
of density. The validity (Im k ¢« Re k) of the group velocity
concept is restricted to the region between the two top
arrows for the fast mode and the two bottom arrows for the
slow mode. For the slow mode this region does not exist for
the case T = .1 eV. The cross on the density axis is the
location of the lower-~hybrid density while on the vertical
axis represents the ion-thermal speed. The detail near the
axis is exaggerated by the cubic compression of the verti-
cal axis.

Electric field component Ex in the plasma as a function of
distance from the vacuum interface for the slow (solid cur-
ves) and the fast waves. The incident TM wave amplitude is
assumed to be 1 volt/cm. In Fig. 5c the electric field peaixs
reach up to + 43 and down to - 22 volts. The coupling of

the fast and the slow wave fields, when the imaginary part
of the complex-conjugate propagation region near the plasma
edge vanishes, is clearly visible. The more sharply pointed
peak in Fig. 5e results from the precise coincidence of ono
of the slabs at the location where Im kx is very nearly zero.
Both the total energy coupled, as well as the partial ener-
gies of the slow and the fast waves are insensitive to this
display of field coupling as is demonstrated by the scant
change in these quantities as the positions of the slabs are



Fig. 6

shuffled.

Poynting wvector component Px versus distance. The energy
remaining in the wave after the hybrid layer represents the
energy coupled into the fast wave. It is seen that over

70% of the total energy is coupled into the slow mode.
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