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Abstract

The boundary value problem of "grazing incidence"
coupling to the lower-hybrid resonance is studied under
idealized conditions. It is found that in addition to
the n, ~ 1 ( n, is the longitudinal refractive
index) mode, a significant fraction of the incident energy
is coupled to a slow wave, thereby greatly enhancing the
plasma penetration by the radio frequency wave. The slow
mode exists as an eigensolution of the waveguide formed
between the metallic wall and the reactive surface impedance
of the plasma. The slow wave is sufficiently retarded to
permit accessibility to the lower-hybrid resonance for any
foreseeable low-B experiment. The "grazing incidence"
approach thus combines the advantages of accessibility

as well as matching without having to construct any ex-

tensive structure within the machine walls.




I. INTRODUCTION

For optimum transmission of rf energy into a plasma, it is
desirable that n,, the refractive index in the direction of the
density gradient, be real everywhere between the plasma edge and
the resonant layer. For the case of the lower-hybrid resonance,
this is essentially true provided that the longitudinal refractive
index n, satisfies the requirement (STIX, 1962; PARKER, 1971;
GOLANT, 1971; GLAGOLEV, 1972; PESIC, 1972; PURI and TUTTER, 1973;

ARTICO and SPIGLER, 1974)

2 .
n;:2 L+ (upe/uce) (1)

or equivalently

Vx 2 mpe/{”ce (2)

where V = in  in vacuum. Since n_ > 1, the longitudinal phase
velocity is less than the light velocity in vacua and the waves

are referred to as slow or retarded waves.

An obvious means of obtaining the required longitudinal re-
tardation is to construct a Millman line (GOLANT, 1971) inside
the torus walls. This is technologically complicated in a thermo-
nuclear environment. Moreover, if the separation between the
plasma and the slow-wave structure exceeds a fraction of a wave-
length, the rf fields "stick" to the Millman line leading to pro-

blems of electrical breakdown and poor efficiency.




Another alternative variously called the "phased array"
(KARNEY, BERS and KULP, 1973; BERS and KARNEY, 1974) or a "grill"
(LALLIA, 1974) consists of a number of waveguides flush mounted
on the torus wall with phasing appropriate for producing the re-
quired retardation and are more sophisticated variants of PARKER’s
(1971) single flush-mounted waveguide used in the MIT Alcator.
This system suffers the drawback of possible mismatch as the
plasma parameters and position vary with attendant problems of
dynamic tuning at high power levels. Also doubt remains whether
such a configuration possesses slow-wave properties at all (TUTTER

and PURI, 1974).

Yet another approach exploits the fact that for typical
thermonuclear parameters ng = lo14 cm-3, Bo = 60 kG and (mpe/wce)2
~0.25, the accessibility condition (1) is not severely violated
if one launches "grazing incidence" (Fig.la) waves (nzﬂv 1) and
counts on the possibility of tunnelling through the thin evanescent
layer near the plasma edge specially in thermonuclear plasmas

where steep density profiles are predicted (PURI and TUTTER, 1973).

In this paper it would be shown that the credibility of the
"grazing incidence" coupling is further enhanced by its ability
to excite retarded waves capable of penetrating any foreseeable
low-8 plasma without having to construct additional slow-wave
structures. It is found that the reactive surface impedance of
the plasma successfully imitates the properties of a Millman
line without suffering the drawbacks of technical complexity or

poor efficiency.




II. NORMAL MODES OF THE PLASMA WAVEGUIDE

The geometry of Fig.la may be idealized to admit of analyti-
cal tractability without loss of essential physics. The cylindri-
cal geometry will be replaced by a slab model (Fig.1lb) and vari-

ations in the y-direction will be ignored.

The only plasma property entering the boundary value problem
is its surface impedance 0. Since 0 is dominantly reactive
(PURI and TUTTER, 1974) it is proper to characterize the plasma

by a surface reactance 0 = iX.

The final, relatively innocuous, simplification consists in
assuming that only the dominant mode is present in both the in-
cident and the reflected waves in the coupling waveguide. How-
ever, the complete set of modes of the plasma waveguide will be

retained.

Assuming an exp i (kxx + kzz-mt) dependence of the field

quantities, Maxwell’s equations in vacuum may be written as

kxH = -we_E (3)

and

w
"
=
I
€
~N
=
o
m

(4)

which combine to give

(5)



For the TM waves (in the subsequent analysis the time dependence

will be dropped),

A
H = Hy = HY ccs(kxx) exp i (kzz). (6)

From (3) and (6)

A

Ex = Hy kz/weo cos(kxx) exp i (kzz) (7)
A

E, = -HY 1kx/mco smn(kxx) exp i (kzz). (8)

The form (6) for Hy was selected in anticipation of the boundary
condition E, = o at x = o. The second boundary condition -EZ/HY =
0g = iX at x = b yields the dispersion relation

kx tan (kxb) = e X. (9)

In addition to an infinite number of real roots kxv , (9) possesses

an imaginary solution €= i kx given by
#tanh (2Db) = - w e¢_ X (1o)

provided that X < o, i.e. if the plasma presents a capacitive sur-
face impedance, which is indeed the case for the transverse magne-
tic (TM) waves. The actual value of the surface impedance normali-
zed with respect to the permittivity v] of free space is shown as

a function of n, (or vx) in Fig.2a which is reproduced from an




earlier publication (PURI and TUTTER, 1974). Although not shown
in this figure,the values of a‘s/r] for the case n < 1 are found
to be still dominantly capacitive with an approximate value of

4 Q.

Rewriting (5), (9), and (lo) in terms of the refractive in-

dices n, = kx/ko, W, = :i.nx = ?C/ko and n, = kz/ko we get
2 2"
n. + nz = 1 (11)
ni, tan (nx2n:b/x) =2 (12)
and
vV, tanh (Ve 2xb/2) = - X (13)

where X = x/r) . Since x»o for n, ~ 1 (nx--yo), one of the so-
lutions of (12) is

ni = 2 1/2nb. (14)

Since typically » ~ 4/377, choosing b ~ ) gives

ni ~ 0.002 (15)
n, ~v 0.999 (16)

This is in fact the so-called TEM mode observed in the plasma
parallel-plate waveguide treatment (PURI and TUTTER, 1973). The
value of M 4 x 10-2 corresponds roughly to an incidence angle

of 2.5 © where the most optimum coupling between the plasma and



the fast waves (nz < 1) is expected (PURI and TUTTER, 1973). For
% >0 and b = )1 the next higher root of (12) occurs for n_onv 1
so that nirv o and the wave is barely propagating. Choosing b
only slightly lower than ), this and all other solutions of (12)

will be henceforth assumed to be cut-off modes.

Hitherto we have considered only the real values of n which
for typical parameters sustain one propagating (ni > o) TEM-like
mode with n, ~ 1. There is yet another propagating mode for
imaginary n, given by (13). Since tanh ( v 2nb/%) is nearly

unity we get
V, &2 =% (17)

From Fig.2a (it is necessary to extrapolate the curves for this

estimate), this condition is satisfied for the TM excitation when

Y. ~ 3.5 (18)
corresponding to

n_ ~ 3.6, (19)

The above value of n, is sufficiently large to permit accessibility
to any foreseeable low-j3 plasma. Discovery of this slow mode
occuring naturally in the waveguide formed between the plasma and
the metallic walls of the machine is the principal contribution

of this paper. This finding frees us from the need to construct
mechanical structures inside the machine. The existence of such

slow waves might be suspected from the analogy of the reactive




surface impedance presented both by the plasma and the Millman
line. Such waves were inadvertently observed in our early studies
of the plasma parallel-plate waveguide (PURI and TUTTER, 1973),
although their potential importance escaped our notice at the time.
It may be verified from (11) - (13) that the product of phase and

group velocities Vph 2z c2 accordingly as n, s 1, unlike the

Vgr
case of a metallic waveguide in which such a product always equals

2.

The total field in the plasma waveguide may now be expressed

as a linear superposition of the eigenfunctions

<
i

1 cosh (¥x) exp i (kzlz) (20)

and

<
i

cos (kx x) exp i (kzvz ) PR 2 (21)

where the subscripts 1 and 2 will denote the two propagating modes,
namely the slow mode and the quasi TEM mode, respectively. All higher
modes corresponding to V > 2 will be assumed to be cut-off so-
lutions for the parameters under consideration. Further analysis

is facilitated by expressing the fields in terms of the normalized,

orthogonal functions ?V constructed from v, as follows:

\'p b
<V, V, = v, v." d 22)
Y Ev o ot v b 7 b 1 o (
and ©
fv V"‘1 *
S B LW AT (23)
C?v>2- A S oN ’ “Fv vV T V.. Ay q?h
7 <-Fv fv > n



ITII. THE BOUNDARY VALUE SOLUTION

The field components Ei and H; in the coupling waveguide may
be written as the sum of the incident and reflected fundamental

modes at z = o0 as

Ei = (Exi + Exr) cos (n/a x) (24)
and
H§ - 1/1] (Ep; - E,.) cos (n/a x) (25)

whereas in the plasma waveguide at z = o

[-.-]
P =
Ex Eo E1 av ?ov \25)
and
= 4
WY = Sn 7z o= v Fov (27)
"] V=4 zy

where 990;; =[qgv]z=o while a, is so adjusted that E0 = (Exi-l- Exr) .
Matching the tangential electric fields in the coupling and plasma

waveguides at z = o gives
-]

cos (Ix) = Z 2%, ¥, ° (28)
a V=1

Multiplying (28) by ? with subsequent integration from x = o
op

to x = b gives

a
R X
av =iE j/, q;v cos (ax) dx (29)
(o}
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Finally equating the Poynting flux in the two waveguides, we get

b
»
(30)

* [ 1 _.a -
/'ﬁ;:%%dx_fhl (Egi + Egp) (Eoi Eop) -

), one obtains from (30)
oo b *
wE 2 &2z ava:/;—\i—- g 9, dx. (31)
g i .
Since cut-off modes carry no net Poynt

(31) is required for the propagating (assumed to be only two in
The fractions of the total incident energy

= le/on and

ing flux the summation in

this case) modes only.
coupled to the slow and the quasi TEM waves, p_,

respectively, are given by

Py2 < Pzz/on'
& b 'hla»:a
b, =4l a X ] — 2o = (32)
r\21 b 1-[‘+(aca); 2 %bL + finh 29¢h
and
: 2
2o Abis Nae: & sa sinhXa  ko* s Koo A
3 P3
22 Y* ny, b Tt o4 (2ea) T (kna)l
where
, /2
n = [‘1 - (A/2b) J (34)
20
svn 2k la 2 . l\ Z}eb
Y= 1+« — 2247 £ 4ol ¢ SN 29Q (35)
! 2k, b 2. 2b
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Ol BCL)L K, b sink,, b coch b + 3¢b cos knb sinh 2¢b (36)

[(knb)ﬂ () |[23¢b + sinh sz]l

Ky, b sink b coshaeb + b cosk,,b sinh b (37)

(kb)Y + (3eb)”

»
1

Assuming that a = b = > and n,. = 3, one may obtain from (32)
to (36) that of the total incident energy about 6 % is coupled to

the slow wave and the bulk of the rest to the quasi TEM mode.

IV. DISCUSSION

Analysis similar to that of Section II but for TE excitation
reveals the existence of slow waves, too, provided that the plasma
presents an inductive surface impedance as was indeed found to be
the case in an earlier work (PURI and TUTTER, 1974) from which the
curves of Fig.2b are reproduced. The dispersion relation for the

slow wave in this case is given by

vx coth ( Vx 2n/B) = 1/% . (38)

Since coth( Vx 2n/B) ~ 1 and 7&_1 ~ 3.5, Vx once again has the

value 3.5 as was also the case for the TM excitation (18). By all




= 195

appearances, the plasma exhibits an uncanny propensity to be
penetrated by the rf energy by encouraging the existence of slow

waves both for the TM or TE excitation.

The fact that only about 6 % of the incident energy is
coupled to the slow waves need not be too discouraging. While
any energy coupled to the slow waves is quickly and irrevocably
admitted into the plasma, continuous generation of the slow-wave
component is to be foreseen by discontinuities, obstacles and
the wall curvature itself inevitably present under actual ex-
perimental conditions. Also in the more realistic case of three-
dimensional geometry the factor n in (32) and (33) effectively
becomes unity and considerably more efficient coupling to the
slow waves is possible by reducing a and b. This reduction

would in any case be necessary for the present generation
machines where often very little space is available between the

plasma surface and the torus walls.

Considerations very similar to the ones in this paper will
tend to enhance the performance of ™ loops (PURI and TUTTER, 1973)
which are at present being used in the Garching LIWEREX and the
Garching-Grenoble WEGA machines for coupling to the lower-hybrid

resonance.

The surface impedance values of Fig.2 were computed using
plasmas of relatively small dimensions. caution must be exercised

in projecting these results to plasmas of larger sizes. Such com-



= LT

putations are under way and we hope to present the results in
the future. Since Vx varies logarithmically with % , we expect
that the conclusions of this paper to be modified without being

fundamentally altered when plasmas of larger dimensions are used.
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FIGURE CAPTIONS

Fig. 1

Fig. 2

The realistic cylindrical geometry (a) and the

idealized slab model (b).

Real and imaginary parts of the normalized sur face
impedance a's/q as a function of n, (or »’x). The
parameters used in the computations are B = loo kG,
linear density profile with the lower-hybrid layer

0.8 cm away from the plasma edge, /v = 0.17,

Ype’ Yce
o0.35, 0.57, 0.88, and 1.46 for the curves numbered
1 to 5, respectively. Figures (a) and (b) are for

the two cases of ™ and TE excitations, respectively.
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