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Abstract

Wave propagation in a parallel-plate metallic waveguide
partially filled with an inhomogeneous, anisotropic plasma
column is studied as an eigenvalue problem using the complete
cold-plasma dielectric tensor. Although the accessibility con-
dition is not met, the collisional energy absorption at the
lower-hybrid resonance greatly exceeds the resistive loss at
the waveguide walls resulting in a very high plasma heating
efficiency. The bulk of the wave energy dissipated goes into
heating the electrons. The heating continues to be effective
even for very low cillision frequencies encountered in thermo-
nuclear plasmas. Detailed numerical results for the heating
efficiency, energy flux into the plasma, energy density and
dissipation density in the plasma column as well as group
velocity are presented. Also the effects of density profile,

collision fregquency, and waveguide eigenmodes are discussed.



I. INTRODUCTION

An electromagnetic wave incident upon an inhomogeneous,
cold-plasma column gradually converts into a slow electro-
static wave. If the plasma density is high enough, the wave
eventually encounters a region of very high refractive index
and low group velocity in the vicinity of the lower-hybrid
resonance. As early as 1955, Budden predicted complete ab-
sorption of such waves at the singular turning point /I, 2/.
These effects have been extensively studied in ionospheric
propagation as well as for plasma heating in the laboratory
and the effectiveness of transferring rf energy into the plasma

at the lower-hybrid-resonance (LHR) is well established /3, 117.

The launching mechanisms hitherto considered are i)
electromagnetic waves approaching from infinity /To/, ii) ex-
citation with "Stix coil" /77 allowing an arbitrary choice of
kz, iii) coupling with a plasma capacitor /97 or iv) gap ex-
citation which couples most of the spectral energy in wave
numbers such that the refractive index n, > 1 thereby fulfilling

the accessibility condition /B87.

In this paper we extend the analysis to include the effect

of metallic walls with a finite conductivity Ly

. Apart from
the obvious interest of such a configuration, free from any
structure whatsoever, from the fusion standpoint, several

disturbing features in the lower-hybrid (LH) heating studies

are automatically obviated. The problem of selecting a particular



angle of incidence does not arise because kz, the propagation
constant in the magnetic field direction is uniquely spedified
in the eigenvalue solution. Similarly, the obscuring effects
of geometric resonances /7, lo/ are inherently absent. Also,
it is possible to calculate the heating efficiency by a direct
comparison of energy deposited in the plasma with the wall

dissipation.

The absorption mechanism considered is the momentum trans-
fer collisions between the electrons and ions using the Langevin
model 3. Departing from the usual practice of stepwise numerical
solution of the wave equation using coupled, linear differential
equations, we shall employ a stratified plasma model. This model
becomes exact as the number of slabs tends to infinity and the
thickness of each slab approaches zero. In practice, an
acceptable approximation is obtained by making each plasma

slab much thinner than the local value of the wavelength.

Beyond the inaccuracies inherent in the Langevin collision
model and the stratification of the plasma profile, the problem
can be treated exactly. For the four plasma waves occuring in
each slab, four boundary conditions exist requiring the con-

tinuity of the tangential electric and magnetic fields.

In Sec. II the general method of solution is outlined.
Section III treats in detail a representative case. In Sec. IV
the effects of varying the parameters is considered. Some of
the computational problems encountered are discussed in Sec. V.
The significance of the results and their comparison with the

existing theories is discussed in Sec. VI.



Unless otherwise specified, the units used are rationalized
MKS. All field quantities are assuméd to posses space and time
dependence exp i(kx x + kzz - wt) with no variation in the y-
direction. We choose w'to be reai, while kx and kz are allowed

to assume complex values.

II. THE METHOD OF SOLUTION

The parallel-plate plasma filled waveguide as well as
the electric field configuration (dashed lines) for a symmetric
propagating eigenmode are shown in Fig.la.The stratified
trapezoidal plasma density profile with S steps on each side
of the axis and consequently with a total of (25-1) plasma
slabs is shown in Fig.lb. The full cold plasma dielectric

tensor used in a plasma slab of uniform electron density n,
is p
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In conformity with the use of the Langevin equation, m,, in

the above equations is defined as

m, _m(— LV [w)

where m is the electron mass and 1Ei is the electron-ion
momentum transfer collision frequency according to Spitzer
/147. We shall often specify ) ; by the equivalent temperature
T. This would lead to a variable value of )éi across the in-
homogeneous plasma column. It should, however, be remembered
that apart from specifiying 1éi' T does not imply any departure

from the cold plasma theory.

Defining ’E_L = K, —ni, the dispersion relation may be written
as, -
p= _ K_LK_J_—- KX +'KH K_L e K-LK_L—. KX o K“ 1 + Kn (K}( - K’L )
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Corresponding to the four roots of this eguation, the fields

associated with the four waves in a given plasma slab are
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where the capped field gquantities denote the complex amplitudes,
and y]is the vacuum impedance (/uo/so)l/z. The indices f
(fast) ;hd s (slow) correspond to the smaller and the larger
roots of nxz, respectively. For each of the roots nx2 the two
waves associated with tnx are labeled plus and minus, res-
pectively, so that N, = =0, _. The slow wave is the quasi-

extraordinary mode which encounters the resonance at the LH

layer as K, —0. Depending upon the choice of symmetric or

£,8 _ = Ef,s

an antisymmetric waveguide mode Ex+ = e in the central

plasma slab so that there are only two instead of four un-

determined amplitudes in this slab.

In the vacuum region there exist two TE modes
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and two T™ modes
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where kx . the propagation constant in vacuum is given by
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Finally, the two outgoing waves in the metallic wall are
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and o is the wall conductivity. Care should be exercised

[}

in selecting the sign of € in order that the waves decay,
away from the waveguide axis, there being no sources at in-

finity.

Remembering that n, itself is unknown, one can readily
verify that the number of undetermined quantities (wave
amplitudes and nz) exactly equals the number of boundary
conditions (including the symmetry or asymmetry condition)
plus the additional available constraint for normalizing the

field amplitudes. The normalization used throughout this paper

is that the vacuum electric field component (Ex)z-o =1 Volt/cm

Just outside the vacuum plasma interface.

The resultant set of algebraic linear, transcendental
equations is solved using standard iteration techniques. In
general several solutions are found, each being an eigenmode
with the associated eigenvalue n,. Once n, is determined all

other quantities of interest can be readily calculated.



III. THE REPRESENTATIVE CASE

Table I summarizes the parameters used in the repre-
sentative case which will be studied in detail in this section.
The choice of waveguide dimensions, magnetic field and plasma
parameters is made so that several propagating modes can exist
simultaneously. Since the Langevin equation is an approximation,
the inclusion of collisions should not considerably alter the
dielectric co-efficient in order to maintain the credibility
of the results obtained. A very low collision rate, on the
other hand, produces too thin an absorption layer to allow
a satisfactory protrayal of the results by means of figures.

4 o

Hence, a compromise temperature of 3 x lo K corresponding

to an average relative collision frequency <ivéi>'/” ::10'2

is selected. The number of plasma slabs has to be restricted

to 199 by considerations of the computer capacity. In order
that the slab model be an accurate representation of a smoothly
varying profile, it is necessary that the total phase change

Ag = \kz Ax| << 2r in each of the slabs. By choosing the
plasma-profile width g = 1 cm it is possible to keep

Agd/2x < 1/30 and, as we shall see later, leads to an acceptable

accuracy of the results.

We proceed to present the detailed results obtained for

the prarmeters listed in Table I.
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a) HEATING EFFICIENCY AND ABSORPTION LENGTH

In Table II the eigenvalues n, for five propagating
eigenmodes of the waveguide are given. The absorption length

defined by

-1
A= [Im(k,)]

abs

is typically of the order of several meters. The power dissi-
pation density in the plasma is given by the divergence of

the Poynting vector
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where the asterik denotes complex conjugation. Both the

heating efficiency

- d
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and average power dissipation in the plasma

ac
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at z = o are also given in Table II.

It is seen that both <Pdiss> and r] are higher for the
eigenmodes with smaller value of n,. In the remainder of

this section we shall confine our attention to the mode
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with the largest value of the refractive index n, with the
tacit knowledge that still more favourable results may be

expected with other modes.

b) THE ELECTRIC FIELD

As the hybrid-resonance is approached, the wavelength
of the slow wave decreases while its amplitude increases and
E, reaches a maximum value of over 3oo times the vacuum electric
field (Fig.2). The peculiar distortion in the curves is due
to the cubic compression of the vertical scale. At the same
time, the wave becomes progressively electrostatic with an

ever decreasing angle between the propagation vector and the

electric field (Fig.3).

The fast wave, on the contrary, remains oblivious of

the catastrophic events occuring at the hybrid layer.

c) DISSIPATION AND ENERGY DENSITIES

Dissipation (shown in Fig.4 as a function of position)

per unit volume of the plasma is givén by

: ¥
-V L (EXH )

i)

A
2

?di
3 -
~ : . & g 4.8 _
—_._L_.[E {kj(H.zF-qHz+>+kX(Hz‘ Hz+)}
T2 L7t |



35 -
+H*5Lk§(E;'Ef)*kj(Eyst;—)}

{k (E —EZ+ +ky (Ep™ £S5 )
+ E, SLK (HyrHy)*k (Hye = HV)}
v (ky—kZ)(ExHy —Ey Hx )]

where the field quantities without a superscript denote total

fis
+

dissipation occurs in a very narrow region. Over 9o % of the

field due to all the four waves and k;s k . As expected,

energy is absorbed in a width no greater than 4/lo of a milli-

meter, thus underlining the local character of LH-heating.

The energy density of the plasma may be written as

2
f=rlGE S WKE + e ]
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/Ll H
+(Kl fwKy)E, |+ (He +H +Hz)
where H2 = H- H* , and K~i ='2i3', etc., By expressing K as

a sum of vacuum, electron and ion components, it is possible

to calculate the energy density associated with each of the
particle species. Both € and the ratio of ion to the total
energy density Ei/f'are shown in Fig.5. Contrary to exiectations,
ions carry only half of the wave energy even at the resonance.
This curious phenomenon is due to the subtle but important
effect of the small longitudinal electric field E, which due

to the large value of the parallel component of the dielectric
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tensor Kll for the electrons, imparts them an energy density
comparable to the ion energy derived from the much larger

transverse electric fields.

d) GROUP VELOCITY AND ENERGY PENETRATION TIME

From the dispersion relation, one obtains by partial

differentation, the group velocities
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The ratio of group velocity to the light velocity in
vacuuﬁ is plotted as a function of position in Fig.6. Sur-
prisingly enough, not only vgx but also vgz for the slow
wave become much smaller than the light velocity near the

LH resonance.

In Fig.7 the actual propagation of an energy pulse
(travelling at the group velocity of the slow wave) from
- the plasma boundary to the hybrid layer is shown as a function
of elapsed time. The time (25 /usec in this case) that the
energy pulse requires to travel to the absorption region from
the vacuum (where the energy source will be actually located
in an experiment) is a measure of the interval necessary for
establishing steady-state conditions and for observing
heating effects in the blasma. We shall refer to this

characteristic interval as the penetration time Tben‘
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IV. VARYING THE PARAMETERS

In this section we study the effect of changing the
density profile, rf frequency and collision frequency on

the heating efficiency and average energy dissipation.

a) THE DENSITY PROFILE

Fig.B8 shows the average power dissipation density and
the heating efficiency as the profile width "g" is changed
from 0.5 cm to 3.5 cm. The dip at g = 2 cm is presumably
because the LHR, where most of the absorption occurs, lies
at the field minima (A in Fig.la) of the eigenmode for this

particular choice of g.

Instead of linear, the plasma density profile was made

in turn flat topped sinuscidal

R N it Rl VAL

m ax

and flat topped parabolic

. X -

respectively, where X, is a reference axis. There was a

slight increase in the power dissipation in the former case

and a similar decrease in the latter. Neither of these changes
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are significant, however, and we may safely assume that the
LH heating is rather insensitive to the precise delineation

of the density profile.

Changing the plasma column width "2a" as well as intro-
ducing a thin plasma in the vacuum region does not much alter

the results either.

b) RF FREQUENCY

Fig.9 shows (P

LTIy and q as a function of the applied

frequency. A bump reminiscent of the dip in the previous
section (IVa) occurs when the LHR lies at the field maxima
(B in Fig.la) of the eigenmode. The observations of this and
the previous section, however, are not to be confused with
"geometrical resonances" /7 }) lo/ occuring when the plasma

column is not contained inside a waveguide.

¢) COLLISION FREQUENCY

As the collision frequency is lowered (or T increased)

E

7 pass through a maximum and then decrease

both r] and 4Pdiss

monotonically (Fig.lo). It is a matter of some surprise that
even for <}gi>-/m as low as 10-7 there is appreciable

collisional energy absorption at the LHR.
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Predictably enough the absorption layer gets thinner
while the maximum value attained by E becomes larger. The
time required for the energy pulse to arrive at the hybrid

layer from the vacuum region also increases.

In a sense, the results reported for high temperatures
becomé academic because it would be difficult, in practice,
to produce low enough electric fields in the vacuum region
so as to fulfill the requirements of a linearized treatment

in the vicinity of the resonance.

V. COMPUTATIONAL PROBLEMS AND CHECKS ON ACCURACY

a) COMPUTATIONAL PROBLEMS

In the neighbourhood of the resonance ]Im(kxs)l 7
and quantities like exp|i (kxsxﬂ create computer overflow
problems. This difficulty can be circumvented by transforming |
the axis x = o to the hybrid layer during the computational

phase. s

In order to have the maximum accuracy with the given
number of plasma slabs, it is desirable that the phase change
in each slab of width Ax

el = Ik A
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be approximately equal. Initially the slab thicknesses are
roughly assigned and g = Z |ag] and n, are computed. In the
final computation new slab widths Ax = g/S lkxsl are assigned,
taking care that the maximum plasma density in the center of

the column remains unchanged.

b) CHECKS ON ACCURACY OF COMPUTATIONS

Following checks on computation accuracy were found to

be true with an accuracy of better than one part in a thousand.

i) Continuity of the Poynting Vector - Since the tangential

electric and magnetic fields are continuous across the boundary,
*
the normal component, 1/2 (Esz - Ez H;* ) of the Poynting

vector must also be continuous across each boundary.

ii) Continuity of Electric Displacement and Magnetic

Induction - The continuity of the tangential components of

the electric and magnetic fields automatically imply that

Dx = 60<K.LEX __.LKX E)’)

and
B, :/‘4, fx

be continuous at each boundary.
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iii) Equality of Dissipation Density with the Divergence

of the Poynting Vector - By far the most stringent test in-

volves establishing in each plasma slab the equality of di-
vergence of the Poynting vector (see Sec. IVec and Fig.4) with

the rate of change of energy density given by

c) ACCURACY OF THE STRATIFIED PLASMA MODEL

Convinced that the computations by themselves introduce
no considerable error, we are in the position to test the
accuracy of the slab model itself. To this effect the com-
putations of Sec. III were repeated with 67, 51, 34 and 26
slabs, respectively. While there is no noticeable change in
the heating efficiency q , the maximum departure in the

value of /P 7 from the mean is 30 %. Therefore, the re-

diss

sults may be considered accurate within a factor of two for

<Pdiss7 and exact for 7 .
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VI. DISCUSSION AND CONCLUSIONS

In the representative case (Sec. III), the average

6 watt/'cm3 for a vacuum

dissipation in the plasma is 2.8 x lo
field of 1 volt/cm just outside the plasma boundary. For an
acceptable vacuum field of 3000 volt/cm, <Pdiss> = 25 watt/cm3
which is adequate for the fusion requirements. The maximum

field in the plasma then corresponds to lo6 volt/cm which,

of course, is absurd considering the linearized treatment.

It is found that considerable absorption at the LHR can
take place even at high temperatures (T = lo8 °K, <};i2/b3 =
10_7).

The problem expected from the non-fulfilment of the
accessibility condition n, 7 2 is conspicuous by its absence.
Ibis discounts the apprehension that for the LH heating to
make sense it is essential that the accessibility condition

be satisfied /B/ (see footnote 4).

It is found (Sec.IIIc) that even at the hybrid layer,
the ions carry only half of the wave energy belying the ex-
pectations that the LH resonance could impart energy to the
ions preferentially. A still closer examination of the
@llisional energy absorption would show that the ratio of
the energy absorbed by the ions and the electrons is
/ Ei m / Ee M . Thus in the present case (Ei = Ee), almost
98 % of the dissipation is accounted for by eiectron heating

while only 2 % of the energy goes into heating the ions. At



- 2] =

fusion parameters, however, ions would get heated by collisions
with electrons. Also direct ion heating by collisionless
cyclotron-harmonic absorption (specially in the presence of

magnetic field gradients in a torus) is not to be ruled out.

Perhaps the most important conclusion to be drawn from
this work is that rf energy can by readily coupled and
efficiently absorbed even in the presence of weak absorption

mechanisms.
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FOOTNOTES

1 Even before this work was undertaken Derfler, realising
that in a fusion plasma the characteristic rf wavelengths
would become comparable to the radial plasma dimensions,
had proposed the construcfion of slow wave structures in-
side the vacuum vessel with a view to obtain large kz in
order to create the necessary conditions for collisionless
Landau damping /12/. The idea to treat the LH heating as
an eigenvalue problem inside a waveguide is due to the

present authors, however.

2 An exhaustive discussion of plasma filled waveguides is

to be found in Ref. 13,

3 - The Langevin collision model is identical to the collision
tensor in the hydromagnetic equations given in Ref.2,

p.252.

4 Lack of accessibility into the plasma results in almost
complete reflection (say 90 %) of the wave energy incident
on the plasma surface from the vacuum region. However,
precisely due to the same effect in reverse, the lo %
energy entering the plasma is trapped inside the plasma.
One can readily verify that after a few reflections between
the plasma boundary and the metallic wall, a large portion
of the original wave energy has entered the plasma until

an equilibrium is established between the energy fluxes
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leaving and entering the plasma. Given a better possibility
of dissipation in the plasma as compared to the metallic
wall, it stands to reason that a high heating efficiency

is obtained. The eigenvalue solution, however, does not
directly expose the role of the accessibility condition

and the results quoted in this paper are valid only in

the absence of transients.
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Table 1

Plasma-column half-width "a" 10 cm
Waveguide half-width "b" 20 cm
Plasma-profile width "g" 1 em
Magnetic field “Bo" 100 kG
lon-cyclotron frequency “fcfl .76x108Hz
RF frequency "f" .76x109Hz
Plc:sm? density at Te li?wer 2'7)(]013‘:"1-3
~hybrid resonance an

. . n n ]3 "3
Maximum plasma density "n 3.5%10 “cm

max

Temperature "T" 3x]04 i
and the corresponding relative 10-2
collision frequency, ¢ Ve L)/w
Gas used Deuterium
Wall material Stainless steel
Number of plasma slabs 199

The parameters used in the representative case

studied in Sec. III.
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Table 11
Mode n k o X b <Pd'|ss>“ N
= % em P5em | watt cm %
1.4i0.005 | 0.16+0.0008 | 1500 | 2.8x10°¢ | 99.8
Symmetric | 0.8+0.04 0.13+i0.006 170 | 3.3x102 | 99.9
0.5+i0.03 0.08+i0.004 250 14.0 99.9
Anti- 0.99+i0.004 0.16+i0.0007 1400 2_3x10m6 99.7
Symmetric
0.75+i0.02 0.12+i0.004 300 0.12 99.9

Eigenvalues n
power dissipation and heating efficiency for the

five propagating eigenmodes for the parameters

of Table I.

(kz), absorption length, average
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