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Abstract

The role of azimuthal electric fields in toroidal

transport is considered. We give a consistent kinetic
theory for the collision dominated regime and compare
with a fluid calculation. The weakly collisional and

intermediate regimes are also discussed.




Enhancement of diffusion in toroidal systems over diffusion
in a cylindrical system may be caused either by electric

fields or gradients of the pressure tensor [1, 2]. In the

- . A
collision dominated regime 1{_ « | ( N\ mean free path,

L connection length) Pfirsch and Schliiter have shown that

an electric potential
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arises which is responsible for the enhanced diffusion \ 3].
In (1) €= "<\, Y. electron Larmor radius, ®= '3:[3 < |
Q-(“,é'%%‘\—‘ plasma radius, L = "%/ g and & is the small
azimuth in the usual toroidal coordinates v, §, }. Yet in

a number of papers,dealing with the kinetic theory of
transport,nonradial electric fields have been ignored. This
may be Jjustified in the low collision frequency regime, as
discussed below. However, as one approaches larger collision
frequencies, this treatment must be inconsistent, even if
it will give the correct result for the diffusion flux.

We wish to demonstrate this point by comparing the Pfirsch-
Schliter calculation with a consistent kinetic theory for

the collision dominated regime.

We assume the following ordering:
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The first inequality allows the neglect of plasma
rdatioqwgﬁé\dﬂ\due to radial electric fields ecbﬁ{TE ~ |\,
The second inequality makes the ExB drift due to the field
(1) comparable or larger than the toroidal drifts and the
last inequality ensures that the drift velocities are

small compared to free streaming along field lines’ve Ve\,,f‘
To lowest order in %ﬁi only motion along the magnetic
field lines is allowed. To this order the guiding center

distribution function -}(E‘}J‘h‘S) +) may be assumed

to have relaxed to a local Maxwellian

No
fo= Cm)all exnn (- E/T ) (3)

where N_ = Qgr) and T = T(r) are constant on the magnetic
surfaces, but the electric potential in E=mv\?,z_-\-p%‘rc¢,
JERS "‘Vf‘/z.a 3 is at this point arbitrary, CP‘ c‘;(r, 8)_

To first order in '“f©q we obtain

Owk3g §, + vy, B2 o <. §) (4)

where the drift velocity V4 is given by (neglecting
small contributions from nonpotential electric and

magnetic fields)

Z
\l\?' =MD

Iy = Yy *I(Va) - (T B*T b)*—%z(@v«vﬂb). (5)

+) The discussion applies to both electrons and singly ionized
ions of a fully ionized plasma. For brevity, the subscript

j = e,1 has been omitted on occasion. Weakly ionized plasmas

are considered in Appendix I.
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2w (S5), &, = -23B/w:’ c awvd
Ts 1s the unit vector along® . Note that the spatial
derivatives in (4) and (5) have to be taken at
constant € ,p . We further expand (4) in the small

parameter 7'“1/1_ L.

O = <(%5..57)
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To lowest order inz‘r /\__ we obtain a Maxwellian

distribution %’ = %‘— Sa with N ,Cr, &) to be determined

from (7) and (8). From (3) we find a density
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Quasineutrality to lowest order in _é‘-_-cx requires

Mo = Ngft) = Noy <) emp(= 55 Po ) gL- do )

The first order density becomes, including §.

i = vy (= oy b, = 51, )
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from which we may determine &, , assuming quasi-
neutrality. The flux of guiding centers across the

magnetic surface r = const 1s given by
F(= S%_g_ [\+ ‘e mS] V\Qr,g)udvgr.g)

which may using (5) and B=B.[(\x VIR *»S) be

written as

& d__g_. - - \"“1 \' D
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The flux due to §, becomes
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using (11)s
with (9), (15) and & ="(g<«\, Ecb\h—-j < (14) becomes
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where the bracket indicates an average over & .
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The expression (16) for the guilding center flux is equal

to the neoclassical flux obtained from the fluid

equations
S Q\x Ylaws) nawn g) U, v, §) (17)
: 2 e
where W, =~ \S;‘v‘[’%% B “‘—53 §-%-41 is the

radial drift velocity due to electric fields and pressure
gradients. The equality of the two fluxes follows also

from the more general relation{_5],
nVS = nv - < @
4 ->v 4 -.c>v cand QE;\\; E) (18)

between fluid drift flux (neglecting collisions) and

gulding center flux.

Integrating (8) over velocity space we obtain the
continuity equation for the guiding center flux
vy, = favvytor Yol . Writing the
parallel component asej(\nv‘ c)vz,gig the continuity

equation becomes

edq (“Y\ICB V.=} E : vd:\:-ejgdg lld.)vg o’j.-e.iq . (V\’_‘;-’J__ (7\1 (19)

The right hand side may be evaluated, using (5), and

results in the guiding center flux

'l




and the magnetic differential equation for *ﬁ

e
B Vouy == 255 (3% 98) Ve, - Ungyve)

Bl
where s - S (ex T §) .
The guiding center current Zej <“":,Yc_3>\.« has the

k)
perpendicular component 2y¢ = ?'-;—g—(‘fé%q B) which differs

from the diamagnetic current 2, = %,_ B ‘v‘-qu but has

the same divergence, c.f. (18). Therefore the same
magnetic differential equation for the longitudinal
current is obtained from the fluid equations and drift

kinetic theorys

B NV = ):_;3 (Ve xe].V¢

where 2 =< B 0= Pe TP

In the fluid theory the longitudinal current is related

to the driving electric fields and pressure gradients

by Ohm's law.

j“-‘!e‘“%“ ;E\‘g_@#[‘%%_;‘\_e\%%g']

If we neglect inertia (plasma rotation) viscosity and
longitudinal temperature gradients we find from the
longitudinal component of the equation of motion of
a fully ionized plasma that the longitudinal density

and pressure gradients vanish:

NuP =Yy Cerei) - TerT)er2n -0

(21)

(22)

(23)

(24)
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Thus the current =, and diffusion are indeed driven by
the electric field (1). The same conclusions can be
drawn from kinetic theory. Equ.(7) relates the current
to the driving force Aj. Taking the first moment of (7)
we obtain with (15),
—Ve, OA,y = Sa\vm-l\l“c.b‘é.gj (25)

For a fully ionized plasma we have
RQ'—R\'= Ay el Ry _ (26)

From (25), (26) and quasi-neutrality we conclude

: ; ; I,
A, = A, = A which with (15) also implies ~§g = O and
that A is just the azimuthal electric field. Equ.(7)
will then be recognized as the Spitzer Harm problem for
the electrical conductivity with the effective electric

-~
field E§‘=-G3F\ , resulting in a relation equivalent to (23)
_3\\" JE\‘@A (27)

Equ.(26) does not hold for a weakly ionized plasma in

which collisions between charged particles and neutrals
dominate. Generally we have then r%%?#\j , as shown in
Appendix I. The role of electric fields on transport in

a weakly ionized plasma has been analyzed by Kovrizhnykh [6].

We conclude that the calculations using fluid equations
and drift kinetic equations are rather similar and

result in the same electric field (1) and diffusion flux.
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where the classical flux (first term) has been added

to the guiding center flux.

Had we simply neglected azimuthal electric fields in the
kinetic equations, as is frequently done, then we would
still obtain the same diffusion flux. This may be seen
from (16), (22) and (27). The same conclusion can be
drawn from the energy principle which relates the neo-
classical diffusion to the dissipation by the longitu-
dinal current [ 1, %]. The nature of the driving force
for 73“ (electric fields or pressure gradients),

however, does not enter this relation.

If we neglect the azimuthal electric field then according
to (15) the driving force A must be interpreted as a
longitudinal pressure gradient. From Poisson's equation,
we find that the corresponding charge density pertur-
bation would result in an electric field which is even a
factor °‘1/J\; = ?%,‘ Q 2)135 \ bigger than (1), thus
showing the inconsistency of this approach for the
collision dominated plasma. The azimuthal electric field

is essential for the diffusion process in this case.




We now consider briefly the low collision frequency (panana)
regime _—;—1 « E}(—L . . The usual kinetic calculation 14
can easily be modified to include the azimuthal electric
field. In the velocity coordinates € , p, this field
enters the calculation only through the velocity

dependence of the collision frequency Y =39 (V) ,\;1='—i'—;‘ LE= “b)
and the parallel veloclty v‘}a%if—lg BQ(L._VIRW&}—Q Q:\
On performing the required S averages the velocity de-
pendence of ¥ produces corrections of order ¢ e‘b‘ ‘ ?__qul_ .
The effect on ¥, becomes important for fields E*ﬂ,Tc ;ﬁe\
Then the magnetic trapping is dominated by the electric
trapping and the toroidal drift is dominated by the E x B
drift. The case S® |, & has been considered by
Kovrizhnykh assuming that low frequency instabilities
produce azimuthal potential variations of that magnitude

L7 8]. The self consistent electric field due to

toroidal effects is,however,much smaller. The distribution

function is written as an expansion in r‘-/e)u and L/'m)\.

= S+ __S-?. _-Si- s 3(5 SRS '(Y\ ""5'(231" ' (29)

The non collisional term g 1s obtained from the solu-
bility condition for E* and is an odd function of

velocity. Thus we obtain the estimate L9:]

e\b\

C o (& ) ot EsY) (30)
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for the potential. It may be shown from the equation
for SQ that the estimate for the collisional contri-
bution to "bllTi: (first term) may be improved by the
small factorefor transiting particles and < 'l» ror

trapped particles.

Finally, consider the intermediate regime e « %T—;_-‘TL«\
in which trapped particles are collision dominated and
transiting particles are noncollisional. The toroidal
drifts must produce charge separations Of order B[\«
where A v 1s the radial particle excursion from the

magnetic surface. The electric field becomes thus

ed, AV v (31)
Te VS € Do

as may also be shown from the solution for fl , which

neglects azimuthal electric fields {10, 51. From a self

consistent calculation we expect that (31) is enhanced
by the factor 1/D where D 1is the dielectric constant
for a mode with W= (v By \‘V‘, v k& = Y
However D =1 unless a natural plasma mode is approached

L™ §
\1fl. For éﬂ:“\ electric fields may be neglected &12tl

Concluding, we find that azimuthal electric fields due
to toroidal effects play a significant role in diffusion
only as the collision dominated regime is approached.
Low frequency modes affect diffusion only for amplitudes
§E£L.~, & . We did not consider the effects of

Te ~
turbulence and high frequency electric fields.
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Appendix Transport in a weakly ionized plasma

Kovrizhniykh \6 ) has analyzed transport processes in a
weakly ionized plasma. For the collision dominated and
intermediate regime he has obtained expressions for

the particle=flux, energy flux and charge density which
all consist of two kinds of terms; terms which only
depend on toroidicity and terms which explicitely
depend on the azimuthal electric field. In the regime
of very low collision frequencies the azimuthal
electric field has been neglected. All expressions

depend also on the radial electric field.

The radial electric field has to be determined from the
condition of ambipolarity 2?.6 \-d = Q and the
azimuthal electric field i; obtained from the quasi-
neutrality condition fé €>\A5==§?~1J = 0 . The
charge densityqj consists, as mentioned above, of a
source term due to the toroidal drifts and a term pro-
portional to the potential qn . The proportionality
factor is essentially the partial dielectric constant
€; . Just as discussed in the main text above, the
azimuthal electric field may become large if for certain
rotation speeds a natural plasma mode 1s approached.

We can conclude that qualitatively speaking the effects
of the azimuthal electric field are similar for the

fully ionized and the weakly ionized plasma. Thus we

shall contend ourselves with a consideration of the
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collision dominated case and contrast our development
for the fully ionized plasma with a corresponding

calculation for the weakly ionized plasma.

As in Reference | 6 J we choose a model collision term
Cy= ¥y (5= F) (A1)

where Qb\n is the effective collision frequency of
species J with the neutrals and fM is a Maxwellian
distribution of the same density n as f.
Equ.(3)=(22) also hold for the electron and ion
components of a weakly ionized plasma. The essential
difference is that (26) no longer holds, i.e.

R, + Ry = =R, £ 0.

From (Al) we obtain

Ry ® =W, W5 (42)

assuming as in reference {,6 ) that 3 is independent

Jw
ERTIRL Y
of velocity. We can no longer conclude that A o= P‘\‘*lrfa

and E%%‘: O  as for the fully ionized plasma, but may

E)\ FBV\\
obtain a system of equations for 5%?1 5%
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From (15), (25) and (A2) we obtain

r 3 _\__%V'\\’ Lrbsbl
da"%\ -w’w‘*wﬁ_} (A3)
Y2 A
where 1_
J?) - YRy
ws, V3

The o, also have to satisfy equ.(21). In (A3) and (21)

we assume quasineutrality wawvig =~ W, and may then

; ¥
solve for n,, ® in terms of the pressure gradients ?5%*

\ : ]
. Taking the sum and difference of the « Y
/

the system of equations may be written as

29
e Pl TR0 LR Greneng Y30

and

2Lk o= o ] (e Ter R, T,) & 420, ~ o) 2 1LY,

Rwe\ Y5 B "’ag
as)
where
R. Do M- 2 = N o
= 3 23 Qe x2)-Vo, (46)

and %.v,«_c"’- :.7\&\/\\?\‘_\_15)_ Ve T ez_(&n? ‘-b)

—

(A7)
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Generally we will find that %_%\40 and A, # A;. From
(16) it follows that ambipolarity is not automatically
satisfied, as for the fully ionized plasma, but

determines the radial electric field. It is interesting

to note that (15), (16) and the conditions of quasi=-
neutrality and ambipolarity imply A: = A\Q and F%%‘)Qz 0
where the superscript ¢ indicates the cos § component.
For simplicity, in the above treatment, as for the fully

ionized plasma, we did not include inertia effects due

to plasma rotation.
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