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ABSTRACT

The magnetic flux of a semi-infinite circular current sheet
(ideal solenoid) can be described with the "general complete
elliptic integral".From the expression for the magnetic flux
of an ideal solenoid,formulas for the axlial forces and mutual
inductances between two ideal solenoids in coaxial geometry
can be derived.Thick-walled solenoids are computed by dividing
each solenoid into a number of current sheets and adding the
contributions of each individual current sheet accordine to

a "composite Gaussian quadrature" formula.

A program has been written in ALGOL and FORTRAN at the "Institut
fuer Plasmaphysik'" in Garching (near Munich) for computing

all inductances and axial forces for an arbitrary number of
thick coaxial coils.The only input data which are needed for
the calculation are the geometrical dimensions of the coil
system, the current densities,the winding densities and the
number of abszissas.The accuracy of the results depends on the
number of abszissas.
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INTRODUCTION

The computer program (FORTRAN,I1BM 360/91) described here was
developed to calculate the self-inductances of iron-free thick
coils with circular-cylindrical geometry and the mutual in -
ductances and the forces acting within linear coaxial coil
systems.The present form of the program is restricted to coils
with windings of rectangular cross-sections.The current density
and winding density must he homogeneous for a given coil.However,
the program can easily be extended to compute coils of arbitrary
cross-sectional areas and coils with current density and winding
density depending on the radlus.

The program was developed to meet the needs of '"fusion technology!
Hieh magnetic fields in large volumes are generally created with
iron-free coils.The multiturn circular-cylindrical coil is the
crucial component of all "fusion machines" and of many coil
configurations for detailed investigations on plasmas.Our program
was written for such coils.The axial forces must be known in
order to design the supporting structure of the coil system,
After the matrix of the partial inductances has been computed,
the total inductance ( energy) ,which depends on the electrical
connection of the individual coils,can be determined,

Besides, the program may prove to be useful for many other ap-
plications.Single coils and coil systems without ferromagnetics
have long been used in electrical engineering and physics.For
example, to calculate the short=-circuit forces of large trans-
formers, the transformer windings can be regarded as iron-free
coils.Therefore in the literature on the subject a great number
of approximate formulas,tables and diagrams are available for
computing inductances and forces.(see ref. 5 and 6 as well as
handbooks of electrical engineering ).However,even with these
tools it is generally very hard to get any results.The formulas
have an uncertain range of applicability.In addition,one often
exceeds the range of the diagrams and the tables.All these
disadvantages are avoided by using a digital computer.
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MATHEMATI CAL FORMULATION

The magnetic flux of a semi-infinite solenoid Cb (s).

To simplify the following , an expression is given for the
magnetic flux of a semi=infinite solenoid.A circular-cylindrical
current sheet with the left end (or right end) extending to
infinity is called a semi-infinite solenoid.(denoted by S In

the following)
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The magnetic flux of S as well as the axial force and the
mutual inductance between two coaxial solenoids can be described
by the "general complete elliptic integral:

/2
D cof Chaepp, &, b) = S(( a cos’p + batu'y )dy
o

wa"«(-o- 194%.4?) Coatp + a.M:“_a.‘f

The parameter p is called c'z.The following special forms of
equation (1) are needed:

el (ke ,1144) =K
ek (ke 1,81)=(K-E)/R*

UL (e 01) = (W=K)/(1-¢")

.. . L. 7 . »




K,E, o are named the ''complete elliptic integrals'' of the 1st,
2nd and 3nd kinds.

The parameters kc,k,c' result from the geometrical quantitlies
in Fig.l:

k2 = L a R/rl2 vees..module of the elliptic integrals
kc2 =1 - k2 vesesssscomplementary module
c'? = (a-R)2 / (a+R)2..only of Iinterest for the

computation of T, or of a linear combination,
K,E andT; otherwise p=c'2=1 in equation
(1).

It is decisive that the Bartky transformation leads to recursion
formulas which allow fast numerical computation of the quantities
K, E and in particular, T and the linear combinations of M

and K and of @ and E without extinction (see R. Bulirsch in (4):
Bartky transformation, recursion formulas, ALGOL procedure).

It may be mentioned that it is now possible to compute exactly
@P(s) as well as B!(s) and Bp(s) by using K,E andT .

The magnetic flux of the semi-infinite solenoid is given by

(3) d(s) = gmo‘sgs(ﬂ'a‘/'i- +905) 1f R>a

P(S)=smag (T4 + ¢(8) if £<a

with ¢!(s) in (Vs), when writing g in (A/em).

The magnetic flux of a solenoid with finite length L js easily
derived as the difference of the §(s) of two semi-finite solenoids
with the same radius and current density,but with the end of

one of the solenoids located at 8 = 0 and that of the other

at & =-L (see Fig. 1).

The‘f(s) in the system of equations (3) is given by:

() ?(5)=9*%-(C"c_u(/&c,c",o,ﬂ)-cd(»kc,ﬂ,fm))

Similar expressions for¢(s) and §(s) can be found in the
publication of J. V. Jones. In this paper, Jones derives formulas
for the mutual inductance between a circular-cylindrical helix
and a coaxial circular filament. N. B. Alexander and A. C,.
Downing published a table for §(s) as well as for B,(s) and
BR(S). However, they used a time consuming procedureé (numerical
integration) (see (7)).




The axial force between a couple of coaxial solenoids F (31,82)

The axial force results from the difference between two magnetic
fluxes (mutual inductances): one which Is originated by S

and which penetrates the left end-flilament of S, and another
which is originated by S, and which penetrates %he right end=
filament of 52 (see Fig. 2).

The following is a generally valid theorem:
The axial forces of a coaxial svystem can be determined by

computing the difference of mutual inductances of the next
simpler system,

This can easily be shown (see (5), p. 94; also Jones in (1)).

Fig. 2
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Consequently one can write

¢
(5) F(Susa,):% 3’54 9'52. Z(__,U”" LP\..(S")
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it 0 (s) = _%Ta?_&- (c"“-’w (Jo.cmc“l 0‘.")"‘1("‘%,1103"))

am

and with gs tcurrent densities (A/cm).

1’852
Instead of the coordinates of the field point (R,€) one uses

a, and "5¥,"S,_, s By. In particu]ar, (‘F:.(§}) - %(S,) stands
for the flux of i through the left end=fiTament o 82.

Axial force F (C1'C2) between two thick coils

The force between thick-walled colls is obtained by numerical
integration over the radial dimension of the windings.
Physically,this means a replacement of the thick coils by many
circular-cylindrical current sheets. For numerical integration
the intervals of integration (R,,R_) are divided into M/2 and
N/2 subintervals respectively, Lnd2each of these subintervals
is integrated according to Gauss with 2 abscissas.

Abscissas for coil 1: (;I.‘,F,i = R’{4+ /'\,4L/\'_‘:/I/'f3_'+ 29%)
h,=(Ra,-%;,)/M
/P = 014.2'!3 P CM/2—1)

q=61,2,3---(N2—-1)

t *
a-ﬁ . ai" 11 I
) Pupa= Sm 1 («Cﬁ" c'u('&'c"“r?s"l'Cﬁq'ot")"m(fuwpqﬂooﬂ))

(6a)

Abscissas for coil 2: a

1m P4

For a fixed triplet of numbers (m, p, g) four combinations

for (a_e a_)result in 4¥mmp, a. The same holds for the parameters
of thePsysfem of equations (2).

. 4 ‘m%'-’l £-1
o F (C,\, C,)= 208 I & LA'&J:ZU ZZL{W."’:“]
WY Pme o

with F(C,”C,L) A [VAsIcm'_]'&-(l g, omd %,,Lu[A/wf}




Mutual inductances and self-inductances of thick coils.

Expressions very much like equation (7) can be derived for the
mutual inductance of thick-walled coils.From L(S ,SZD,L(C ool

is obtained by numericalintegration over the radlai?thickhes?d

of the coils C, and C_.The self-inductance of a thick-walled

coil is computéd as tRe mutual Inductance of two colncident coils.

The mutual inductance L(S ’SZ) between two coaxial cylindrical
current sheets is given b} (similar notation:see ref. 2)

4 L(S“IS’_)=21T . (:-1)“5* F(.S“lls‘l-) X

A0

WsiWss M= sa* %52
i} + -L"—fi(a a, 7, (2 Chey 1) -0 )0 (ke )

WeqoWgo :winding densities (number of turns/cm)

Numerical integration analogous the method for F(C Cz)results in:

1'
For the second term of equation (8) :

ot 2_
Yo = % % T q[wc (kcw'qpnn)-r(&mmz)al(Iu”m;l,9;1)]

Y M M
’2‘419»‘_" Z(-’l)“ Z 2 Ym, 9

Wm=A4 r=0 q-n&
For the first term of equation (8):

s a.r' G.! _ 2 2
m, P9 T“‘ﬁﬂ [m(‘u’ﬂwﬁﬂloﬂ) Cﬁq w(‘h%,ﬂ,”] Clplqj 0"', 4)]

4 s 21 -1
W
'F*\,?."‘ Z("‘ 1) 8, - ; "O‘”’tf’ﬂ
M= P=l gqué
Mutual inductance between two thick-walled coils:

3407

(9) L (C,"Cz) = A, b Wi Wi («C,,.,_+3fm)

L(C,,C.) in Vs/A = Henry

1772

wl,wzzwinding densities (number of turns/cmz)

hl,hz: see equations (6a).




DIRECTIONS FOR THE USE OF THE PROGRAM

All coils of a given configuration may have different dimensions,
current densities and winding densities. Therefore, the
dimensions of every coil:

outer radius RA,

inner radius RI,

length of coil L
have to be fed into the computer.

In addition, the dimension for D,

which represents the distance from the center of the coil
on the axis of rotation to the arbitrarely chosen origin of
the coordinates, has to be entered into the program

(RA, RI, L, D in cm).

For computation of the forces the

current density (A/cmz)
has to be known. _
The computation of the inductances requires the

winding density (number of turns/cmz).

For coils which are excited in opposite directions, the

forces and inductances turn out with the correct sign provided
current density and winding density are read in with their
correct signs.

For every coil one has to provide an even number of

abscissas N
for the numerical integration.

For example: For N = I abscissas,the coil is replaced by four
circular-cylindrical current sheets. However, the sheets are

not equally spaced and the contribution of each sheet has to

be multiplied by a weight factor according to a composite
quadrature formula. (Gaussian two point formula pro subinterval).
Increasing N (M) usually improves the accuracy of the results.

Finally, the
total number of coils

is read in.
Two steering parameters

provide that only the forces or the inductances or bhoth
are printed.




EXAMPLE OF COMPUTATION

The procedure above described may be applied to determine some of
the relevant data of a coil configuration planned for the
''Superconducting Quadrupol W YI'' in Division TI of the
"'"Institut fuer Plasmaphysik'' in Garching (near Muenchen).
(Status April 1970).

Figure 3 represents the coil system (scale a2 1:4). In order
to compute the inductances and forces it is assumed that the
total system is composed of 11 single coils. The field of
the quadrupole is produced by coils 7, 8.and 9. The outside
coils 1, 2, 3, 4, 5 and 6 are needed to compress the field
into a finite volume. Coils 10 and 11 are for compensating
the weights of coils 7, 8 and 9. The coils 7, 8 and 9 will
be built of superconducting material, and the remaining coil
system will be constructed of watercooled copper coils

(see F. Rau, reference (8)).

The calculations were made on the IBM 360/91 of the IPP,
Garching. The computation time was approximately 1 minute.
Input data as well as results are printed by the IBM 1741
Communications Terminal as demonstrated in Table I.

Remarks on the results

If coils 10 and 11 are neglected, the coil system becomes
symmetrical with regard to the plane z=0 (see Fig.(3)).
Among the coils 1-6 there are 3 couples of coils (1+2, 3+44,
5+46) with equal dimensions, current densities and winding
densities. Consequently, the absolute values of forces and
inductances for these couples should he identical. Actually,
the corresponding values for the forces are accurate within 3
digits,_ those.for the inductivities within 2 digits (see
underlined values, Table 1) However, the degree of accuracy
might easily be improved by choosing a greater number of
abscissas.
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TABLE 1

BERECHNUNG DER AXIALKRKFTEF(TT,T), AUSGEUEBT VON SPULE TT AUF SPULE

WECHSEL~- U.SELBSTINDUKTIVITAETEN L(TT,T)

PROGRAMM FUER HERRN POEHLCHEN
PROGRAMMIERT VON HANNELORE MUELLER

Lo ~IO Ul WMo

| il
o

G IN A/CM=*=*2

=0z 15651
~0.1563E
“0=1565E
«0.1563E
201563 E
=0<15b63E
029150E
0.9150E
0.9020E
=0 1565E
-0.1563E

D IN CH

0.1610E
-0.1610E
0.1610E
-0.1610E
0.1180E
-0.1180E
0.0

0.0

0.0
=0;1850E
-0, 1850E

0k
0k
O
0L
On
04
Oh
04
Ok
oL
(1R 1

02

02
02
02
02

02
02

RA IN CM

0.5464LE
N, 3LBLE
0.6224E
0.b224E
0.7505E
0.7505E
0.2759E
0.3380E
J.c2L0E
0.346LE
0.6224LE

M

02
02
02
02
02
02
02
02
02
02
02

24
20

22
26
22
24
20
24

22

24

*

WDG.

RI IN

N.23404E
N.234L4LE
0.5G96E
0.5696E
N.6865E
N.6865E
0:2635UE
0.2760E
0.5760GE
Z234LE
+5B9G6E

o o

=0,1563E
-N,1563E
=0 .,1563E
=w1563E
-0 1563E
-0 1563F
N.9150E
09150E
nN.9120E
=0, 156 3E
“fly 150 5E

CM

0?2
0?2
02
02
02
02
02
02
02
02
02

DICHTE/QCH

01
01
01
N1
C1
01
02
02
02
01
01

L IN CH

0.4000E
N.40NNE
0.4000E
0.4000L
0.4200E
0.LEPNE
0.2200GF
0.6600NE
0.40L00LC
0.8000E
0.8000E

CALCULATION OF THE AXIAL FORCESF(TT,T),EXERTED ON COIL T
INDUCTANCES AND SELF-IMNDUCTANCES L(TT,T).

FROM

i

COIL TT, MUTUAL

N1
N1
N1
01
01
01

0l
01
00
no




..1]..

—
—
—

FOTT,T) IN KP

2.8424E 02
0.0
1.0890E 02
2.7934E 01
1.0954E 02

-2.9398E 02

-4, 6960E 03

~6.2522E 02
4.9383E 01
2.086LE 01

-1.0894E 02
0.0

-1.0956E 02

-2.7932E 01
2.9417E 02
L, 6I8LE 03
6.2528E 02
6.5869E 02
4.6166E 00
2.0325E 02
3.3029E 02
3.2899E 02

-3.2288E 01

-6.7055E 02

-2,7176E 03
7.0357E 01
3.6811E 01

-3.2898E 02

-3.3033E 02
3.2284E 01
6.7054E 02
2.7173E 03

TABIE |

=
Ol vouvmeswrolecwonEwr

[a———
— o

= =

L.6179E 00
4.8929E 02
7.94L71E 02
-2.0653E 01
-4,2169E 02
-3.0021E C3
10 2.2012E 01
11 €.0829E 01
7 2.0653E 01
8 L.2169E 02
6 _ _ _ 9 __ ___3.0022 03
10 R.554L1E 0C
11 8.8881E 01

8 n.o

9 n.0
10 L .249LE 01
-6.8393E 00
9 1.8268E~02
10 -7.786LE 02
11 -1.4047E 02
10 -1.3141E 02
11 -4.8312E 02

11 0.0

—
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—
—

W R =

-—

1d =

L(TT,T) IN VS/A

. OLO3E=D3
L8R 2E-0k FRRLE i
.3232E-04
.3585E-01
LLL76E-0U
. 50L3E=0b
.8097E-03
. 075LE=02

-—

N OO E W

=

.0L91E-0k
.1890E-05
.0L76E-03
.3579E-04
.3317E-04
.5045E-04
.LS71E-0L
-4.8106E-03
-7.978€E-02

T.5000E-02

- 0 =
.

oo~

—

7.3517E-04
1.4622E-0k
2.8136E-03

Sl oujllo~NO VT E WRN = O W~ oW,

e

6.7070E-0h
2.2568E-03
1.2319E=03
-1.9480E=-03
-3,706%E-02
-6.7736E=-02
8,1987E-05
1.2476E=-04
2.8125E-03

—

Mo e U MU UNE e s o fro oo oo RO R = HE = R R e e
=

HOWOXMNOHOWLODNOOTUVMFHFOWOoONOWVMERFRFOODOO~NOWUM

=

12321 E=05
2:2563E=D5
-1.9475E-03
=3 1051E=012
-6.7719E-02
1.4551E-04
5.0709E-0kL
7. L1338E-03
2.6011E-03
-2,5119E=D3
-4,.7862E-02
=1lal237E=01
1.2L52E-04
2.3114E-Ch
Tl IBE=03
=2+5118E~-03
=l TAS2E=02
=1.12354E~01
1.6E88E-0H
4.3296E-Dh
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DWOD WO NNNNN

- 13 -

LCTT,T) IN VS/A

8.2839E-02
7.2983E-01
1.2851E-01
-8.30L7E-04
-3.723RE-04L
1.3372E 01
2.4900E 00
-1.3833E-02
-7.0823E-03
9.4727E 00
-6.8544E-03
-1.2313E-02
1,7873E=-04
2.9174E-05
1.2625E-04

TARLE
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