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ABSTRACT

The exhaust of chemical lasers could be used as a
source of working fluid and energy for a gasdynamical ex-
pansion laser. Mclecules such as HF may yield partial
vibrational inversions of AN/N ﬂflo-j for nozzles with
small throat area and large divergence angle. The maximum
inversions are calculated and plotted for the P branch lines
with rotational quantum numbers J = (1) - (10) of the
molecules HF, CH, OH, 0D, HCl, CN, CO, NO as function
of the vibrational and rotational temperature. The appli-
cation of these calculations to the flow through Laval
nozzles is illustrated with examples. Additional benefit
of this scheme is drawn from the fact that the waste mole-
cules of the chemical laser may have an elevated vibratio-
nal temperature, so that the inversion in the flow may be
produced and improved by combined chemical and gasdynamical

pumping.




1. INTRODUCTION

Molecular lasers operating on vibrational rotational
transitions require either a complete or a partial vibratio-
nal inversion.1 In the first case the number of particles
in the upper vibrational state nv(u) is larger than the
number nv(l) in the lower vibrational state. In the second
case inversion is only present for certain transitions, so
that nv,J(u) > nv,J(l) while there is no inversion for other
lines of the same and other bands, and in particular
nv(u)‘g nv(l). Such partial population inversion is found
in molecular gases with high vibrational temperature ’I‘v
and low rotational temperature Tr' The principle is easily
understood in the extreme case T ,—>0 and T, > 0. In this
case the molecules in all vibrational states have the ro-
tational gquantum number J=0 so that the lower state for the

P(1) lines (with J=0 — J=1) is completely empty.

A difference in vibrational and rotational tempera-
tures 1s established during the passage of a molecular gas
through a supersonic (Laval) nozzle. In such a flow the
translational temperature is known to decay, lowering the
rotational temperature due to the good coupling between the
translational and rotational degrees of freedom. The vi-
brational temperature, however, stays nearly constant. This
selective cooling of the rotational temperature can in
principle be used either to create a vibrational rotational
population inversion starting from hot gases in thermal
equilibrium or to improve inversions that had been produced

by other means, for instance by chemical reactions.
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Chemical CW lasers have been operated so far with
efficiencies of up to 15 %2 converting the chemical energy
into laser radiation. The rest of the reaction energy heats
the molecules so that an intense flow of hot waste material
- more or less equilibrated by the laser emission and

collisions - issues continuously from such lasers.

The question therefore arises whether one could recover
an additional fraction of the initially invested energy from
a laser pumped by selective cooling in a Laval nozzle which
is fed from the exhaust of a chemical laser. One could en-
visage to construct a chemical-gasdynamical laser as
indicated in Fig. 1. However, before embarking on such a pro-
ject one must know the magnitude of the gasdynamical pumping
effect for molecules formed in chemical lasers. For that
reason we have calculated the inversions and amplifications
for P-branch transitions of diatomic molecules which are
already used or are likely candidates for chemical lasers.
The results are interpreted for a model nozzle.3 They are,
however, given in such a general form that they can be applied
to any other molecular system with different rotational and

vibrational temperature.

2. MODEL ASSUMPTIONS

A molecular gas can store energy in the form of random
translational (kinetic) motion, rotation, vibration, elec-
tronic excitation, dissociation, and ionization. Each of

these modes or degrees of freedom may be characterized by



a temperature Tt’Tr’Tv""’ which all agree if the gas is in
local thermal equilibrium. If the system is temporarily dis-
turbed, by extracting some energy out of any one of these

modes, 1t will take some time and require a number of Z gas-

kinetic collisions until a new equilibrium is attained.

Equilibrium is reached quickly within rotation and translation

by themselves, since Zr ~ Zt =1 - lo.L‘L Energy exchange

between these two degrees of freedom is also very rapid,

with Zt-r = lo - loo collisions.4 Equilibration between
translation and vibration, however, takes much longer.
Numbers of Z = 1o2 - lo7 are quoted.4 Thus vibrational

t-v
energy can be isolated from rotation and translation for

some time. If, for instance, a molecular gas is expanded in
a Laval nozzle, the translational and rotational temperature
are rapidly lowered while the vibration maintaines the high
initial temperature of the inlet for quite some time. This
behaviour is illustrated in Fig. 2, which shows the trans-

lational temperature calculated with standard nozzle theory

for the throat area A* = 1 cm2 and the opening angle d = 150.

Since the temperature reduction depends sensitively on the

adiabatic exponent, two curves for x'= 1.2 and 1.4 are given.
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3. EXCITATION AND POPULATION INVERSION

The magnitude of the inversion which may be found in
such a flow can be calculated as function of Tv and Tr' For
simplicity we assume Tr=Tt=f(x) where x is the distance from

the throat (Fig. 2), and further T,=T =const.

The population of the J-th rotational level (rotational
energy F(J)) within the v-th vibrational state (vibrational

energy G(v)) is given by (1).5

Nyg = Navgg e |- h‘“(gfg - %@)] (1)

N is the total number of molecules, Qv and QJ are the vi-
brational and rotational partition functions and gJ=2J+l is
the statistical weight of the level. The partition functions

are approximated as usual.

Qu= 1+) exp-526()
vs=1 (2)
(33 - kT;
hC‘Be

The vibrational and rotational energies can be given as

G(U) = ((.-_Jcb' - Xe wevz) oW,V

(3)
F(3) = BeJ(I+1)

where Be’ u@,xe are spectroscopic constants.5 We assume that
the temperatures Tv and ’I‘r are defined independently and are
not equal. Minimum requirement for laser emission is generally

that a vibrational rotational population inversion exists.

fvvg pﬁﬂJ’ )
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B, = AN.UJ Byy > 0 (4)
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The prime refers to the lower state, thus for P-branch

BXer
is the Einstein coefficient for induced emission. Entering

transitions (AJ = +1 in emission) v'=v-1, J'=J+1,

expression (1) into (4) the relative inversion for P-branch

lines is obtained.

4’/\\/}"5 =Qv1@; [up—T\i(c‘,(v)ww)-nf-f(ch-z)ﬁ(ﬂ*”)} (5)

We assume now that the potential laser emission occurs at the
line center and the line is Doppler broadened. The optical
gain at the line center is formed by multiplying AN with the
line shape function S(v ), the average photon energy hy and
the time 1/c¢ a photon travels through the active laser medium.

The gain coefficient & is thus

% = ANyg B, Sh)hy L. (6)

A positive inversion requires that the bracket in (5) is positive

which means that

¢ AR pfgeq) L (7)

This relation was first stated by J.C. Polanyi.6

For a given molecule Be/a% is a constant, so that the
temperature reduction T necessary to reach the threshold of
inversion depends linearly on the rotational gquantum number J.

Inversion is positive below the threshold line T, = 2(J+1)Beﬂpe,

€
given in Fig. 3 for several molecules. Of course only the

ordinates of integer numbers J have physical meaning.
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Fig. 3 Temperature ratios below which partial population

inversion for P-branch transitions is possible. T0

vibrational temperatur. = maximal rotational

Ts i
temperature. The abszissal;?ves the rotational
quantum number of the lower level. For instance:
Population inversion of the Hlo) line of HF is ob-
tained if T _ /T ., £o0.1. This is obtained in a
Laval nozzle at a position where the Mach number
has reached M = 5.3 (with 3‘= 3sd)a
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The second ordinate scale x of Fig. 3 relates the tempe-
rature reduction T with the distance in the model nozzle.
However, the temperature decrease in any supersonic nozzle
is unequivocally related to the local Mach number, indepen-
dently of the particular shape of the nozzle.7 This general
relation between temperature reduction and Mach number is in-
dicated by the third ordinate scale. For instance, a Mach
number of M = 5.3 (at ¥y = 1.4) is required to obtain inver-

sion for the P(lo) transition of CH, HF or OH.

4. INVERSION AND AMPLIFICATION

The population inversions were calculated with equations
(5) and (6) using the IBM 360/91 of this Institute for a number
of molecules. Some details of the results are discussed for the

HF molecule as an example.

Figure l4a gives the relative inversion AN/N defined by
equation (lo) as function of the rotational temperature Trot
for several lines of the P-branch. The vibrational quantum
number of the upper state is 1 and an initial temperature of
TO = 5000 °k is used. The corresponding amplification at the
line center according to (11) is given in Fig. 4b. Higher
vibrational quantum numbers do not yield significantly higher
amplification. This can be seen from Fig. 4c, which gives
for v = 1,2,3 and different initial temperatures, for the

P(2) lines.
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Fig. 4a Relative population inversion of P-branch lines
(ribrational quantum number of the upper state v = 1)
as function of the rotational temperature Ty,

T = vibrational temperature, P = rotational quantum

o
number of the lower state.
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The inversion is largest for small J values, but re-
quires very low rotational temperatures to be effective
(Fig. 4a). For each line the inversion reaches a maximum
(A.N/N)max at a temperature T__. ., which is generally close
to the limiting temperature Tlim at which the inversion

vanishes.

With knowledge of the general structure of the inversion
curves as displayed in Figs. 4, a quick survey of the partial
inversion of a molecule is possible, if the maximum inversion
(zSN/N)max, the corresponding temperature T . - and the limi-
ting temperature Tlim are known for each line. One only needs
to distinguish different rotational quantum numbers since
different vibrational levels have all a similar run (Fig. 4c).
The important information about the inversion can therefore be
given in a diagram which shows (AN/N)max as function of T ___
with To and the rotational quantum numbers J as parameters,

Fig. 4d. The additional information about T,, ~is already con-

m
tained in Fig. 3. Again, in both these diagrams only the

abscisses belonging to integer J values have a physical mea-
ning. Figure 44 shows, that the maximum inversion can reach

a high value of (AN/N) > 0.1 at low temperatures T. It

max
drops quickly with increasing J and T.

The highest inversion would be established by this
mechanism in H2 and D2, since these molecules have the
largest value of Be/aye. Thus H2 is considered here to show
the limitations of the principle although it naturally does

not give vibrational rotational emission. Figure 5 is a cross
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Fig. 7 Maximum inversion as function of the rotational (Tmax)
and the vibrational temperature T, for P-branch lines
of CH. Parameter is the rotational gquantum number of the

lower state.
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plot of an inversion diagram A N/N for hydrogen (similar to
Fig. 4a) with the temperature profile of Fig. 2 using the
unfavourable ¥ = 1.2 curve. For different initial tempera-
tures To the inversion becomes positive at the same position
in the nozzle, but the maximum inversion is of course higher

for the larger starting temperature.

Figures 6, 7, and 8 give the maximum inversions for
OH, CH and HCl, which have relatively high inversions due to
large values of the ratio Be/w e" Figure 9 summarizes the same
data for the molecules CO, CN and NO, these three have all
similarly small ratios Be/'u.‘e and the maximum inversions fall
all within the crosshatched regions. Partial population in-
version in these molecules is only obtained if the rotational

femperature is kept very low.

5. REACTION PRODUCTS

We have assumed until now, that the starting stagnation
temperature is identical for rotation and vibration Tovao=Tro'
however this may not necessarily be so. In many chemical re-
actions a large fraction of the heat of reaction goes into
vibrational excitation of the products. Even in cases where
a total vibrational inversion exists immediately after the
reaction, fast energy transfer processes may lead quickly to
equilibrium of the vibrational energy distribution. This
situation of partial relaxation then implies a rather high
vibrational temperature. For example, Foster and Kimbel found
'I‘v = 25 ooo0 °k for CO molecules8 generated in the reaction

of oxygen and carbon disulfide and Cool and Stevens did a

whole series of hydrogen halide chemical laser experiments
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with chemically formed partial inversions.9 Under such con-
ditions rotational cooling in an expansion nozzle can either
improve the existing partial inversion or create the 1lnversion
1E Tr is too high initially to permit lasing. Of course, a
similar improvement is obtained by adding cold nonreacting
gases to the reaction mixture or by increasing the inversion
by selective energy transfer to other gases. The latter prin-
ciple has been applied in CO lo and 002 11. For the above
mentioned example of carbon monoXide the inversion as function
of Tr is displayed in Fig. 10. We assumed TV = 25000 °K and
an inlet rotational temperature of Tro = boo °K. With such

a working fluid partial inversion can be reached after only

a few cm of travel in the standard nozzle,

6. NOZZLE DIMENSIONS

The detailed calculations of the population inversion
have shown that rather drastic temperature reductions or high
Mach numbers are required to reach significant inversions. The
Mach number increases if the area ratio A/A*' in the nozzle
grows. At a fixed distance this ratio may be raised by en-

larging the angle § or by reducing the throat area.

In the limit é ——9900 the gas expands into a half
space. The related temperature drop may now be obtained from
the adiabatic relation T.@Ll=const, where V is a half sphere
volume centered on the axis of the exit cross section. If the
gas expands freely into the half space, the temperature will
decay as

/1 = (/v )21
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Suppose 2= Erg =1 cm2 the temperature has dropped below

T = 5.10—2 at a distance of r = 7 cm (using |- = 1.4) or

r = 7o cm for ¥ = 1.2. This temperature reduction suffices to
reach the inversion threshold of the P(5) line of the HF mole-
cule.

In order to decrease the temperature even faster, one
can reduce the cross section A™ and compensate the loss in
area by the use of many holes. Suppose the reaction area exit
is split up into loo small holes of o.ol em® each (instead of
one hole of 1 cmg), then the temperature drop of T = T/T0 =
= 5.10-2 would be obtained at r = 0.7 cm or 7.0 cm for y = 1.4
or 1.2 respectively. The many small holes can further be
arranged in a row (Fig. 11), so that the laser cavity can have
a small cross section. In order to prevent ablation of the
wall material, the small holes would have to be cooled ex-
ternally. Such cooling would have a convenient side effect,
since it would help to reduce the translational temperature and
thereby increase the partial population inversion above the
gasdynamically expected value. For the example considered
above, with the temperature reduction to the value T = 02105y
the P(6) transition of the HF molecule would have an inversion
of AN/N = 2.1072 for a starting temperature T,o = 5000 °k and

AN/N = 5.10_4 for T = 3000 O,

7. EFFICIENCY

The energy emitted per second at one laser frequency

has the upper limit

P = £ AN by N



= 95 e

where N is the particle flow rate through the laser cavity,

asumed to include the whole cross section of the flow. If the

working gas 1s heated by an external energy source, the power
P€= Nm CP-,_O

has to be supplied continuously. The efficiency of the laser at

this single wavelength is then
1o = (AN/N) hy [mc,Ts

where cp is the specific heat. Typical numbers for the HF laser

AN/N = 10™2, hv 0.5 eV, m = 3.2 10”27 g, ¢, = 3.6 160 eve/a®

and TO = 5ooo °K. Hence the efficiency for the emission of one
quantum per excited molecule is ., = 7.10_4.

If the working gas is heated by a chemical reaction, as

proposed, the chemical efficiency would be
> — Vv
N~ 3 (AN/N) by [mg

where q is the heat of reaction. Taking again the HF molecule

12 as formed in the reaction F+H2, a chemical
efficiency of 1, = 3.10'4 could be expected. s and ¥, 8&re

with 34 Kcal/mole

the efficiencies for the emission of one single quantum hy
per excited molecule. Considering that inversion is obtained
simultaneously for many transitions and that further cas-
cading through different vibrational levels may occur, multi-

line efficiencies in the range o.1 to 1 % may be obtained.

In conclusion we believe that additional gasdynamical
pumping is possible with the exhaust of chemical lasers, and
that the laser power recovered from the otherwise useless
waste may even be a substantial fraction of the total laser
power in such a compound chemical-gasdynamical laser. It hence

seems worth trying to construct a tandem laser as suggested

in Fig. 1.

wre
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