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Abstract:

A set of hydrodynamic equations is derived for an arbitrary
anisotropic plasma allowing for COULOMB collisions among
plasma particles. Using a generalized expansion in HERMITE
polynomials for the distribution functions of plasma consti-
tuents (as described in Oraevskii et al. (1968) the collision
integrals occuring in the hydrodynamic equations are cal-
culated. Explicit results for the coefficients of ion-
viscosity and heat conductivity of ions and electrons are

derived.

1. INTRODUCTION

As is well known, plasma in a magnetic field often behaves as

an anisotropic medium. The anisotropy may occur in two respects:
1) The velocity distribution of the plasma equilibrium is iso-
tropic, f.i. Maxwellian, only small deviations from this equi-
librium, due to transport effects are anisotropic (cf. f.i.
BRAGINSKII, (1965) and HERDAN et al., (1960)).

2) Already the "equilibrium" distribution is anisotropic, f.1.

bi-Maxwellian with different temperatures parallel and perpen-

dicular to the magnetic field.
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It is the transport behaviour of an anisotropic plasma in this
latter sense which will be investigated in the followilng.

Anisotropic plasmas of this kind may be found in space or may
be obtained in laboratory by cyclotron heating, particle injection,
or in the fast rising magnetic field of a magnetic shock wave (fast
relative to the relaxation time of the anisotropy).

Hydrodynamic equations for a collisionless anisotropic plasma,
neglecting transport phenomena, were first given by CHEW et al.
(1956). Since then, a number of authors (KENNEL et al., 1966; MAC
MAHON, 1965; FRIEMAN et al., 1966; BOWERS et al., 1968; ESPEDAL,
1969) have investigated the transport hehaviour of an anisotropic
plasma in the collisioniess limit (assuming weak inhomogeneities
on the length scale of the Larmor radius).

It is the purpose of this paper to derive a closed set of hy-
drodynamic equations for an anisotropic plasma taking care of
transport properties and including the effect of collisions. In
order to do this, we make use of an expansion of the distribution

function which was described in ORAEVSKI et al. (1968).

Let be
i cyclotron frequency of species s
1JS collision frequency
r; gyration radius
AS mean free path
to macroscopic time scale of the plasma
L macroscopic length scale

Then, besides the conditions of the collisionless case

1 rS
: FERE: S D |
S L
We “o b

we will also assume
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In the following section we rewrite the hydrodynamic equations

of ORAEVS&?% ?ﬁ§68), including the collision terms and state the
assumptions for calculating them. In Sect. 3 we give the results
of calculating the collision integrals and finally in Sect. 4 in

a simplified version for the case of only two species of colliding
particles with very different masses (electrons and ions) we de-
rive explicit expressions for ion-viscosity and electron- and ion-
heat fluxes.

2. HYDRODYNAMIC EQUATIONS FOR AN ANISOTROPIC

PLASMA ALLOWING FOR COLLISIONS

We assume a plasma composed of charged particles only that collide

owing to their Coulomb interaction. Let be

ms, qs the mass and the charge of a particle of the species s ,
Ys’ n® the mass density and particle density,
P the hydrodynamic velocity,
pf the thermal energy perpendicular to the magnetic field,
% pﬁ the thermal energy parallel to the magnetic field
piB the components of the pressure tensor:
S ¥ DT o, =P 4TS
Pyg = P gt Py gt “up T xB T M8
’Iia the components of the viscosity tensor
ESL,ES” the two heat flux vectors corresponding to the two

thermal energies pf and pﬁ

w, = = cyclotron frequency
m
sr
Iy
Jsg ) the collision integrals due to colli-

15T sions with particles of species T
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hm the components of unity vector in the direction
of the magnetic field,
Eu the components of the electric field
S
d 3 s 9
St the operator 3T + V& 7;; 0

Introducing the tensor components

—

LaE = ha hB
= 5« T
48 x8 = 48
( 1 if J,B,y is an even permutation of 1,2,3
txﬁy =9¢-1 if «,8,y is an odd permutation of 1,2,3
' 0 if at least two indices are equal.

the plasma may be described by the hydrodynamic equations

S =5
(2 1) 3t 5 ﬁ; (Su V-X) 0
S.,S
a7v ,) S +] —
x ¢ s s| Q4 s |78, 1 sTr
(2.2) 35 + p V| —— E, + W vexhi| |= 2 15
y at 2%y B g S & c L JJ( X
S_S S
a®pf WS - g . }
(2.3) = i %, | Py Tyt 2P ng +IL3X Nyl
? si Sl 2 sl ) 1 — d% —
Y, Sw t Sk Paogx; Pe t S« B kg Pyt 2xe 3T«

1 sr
- 2 ;Jo(B N




4) dspﬁ BVf i S ~ _—S —
{2« i ng | Py My * 3p, vg t 2T, LW +
AJ S S 2 1 3 _ar _d'_s.‘-
* ’.§xa.\ Sy - 284 hg f?xﬁ hy - 254 hy ?xB hﬁ %8 IT “aB
I T -
= L Jx8 ‘us -
< . Wy Wi 3v._‘;’ o
- w, hg ( .J(Xéwﬁ} 4 5'[3 SILJ‘Y) + p'!(r—__x Lrn + ----,;xb L\Si- 2 ——x5 L}’5' )+
‘ Wy v vy I S ~
(2.5) + ID_L(T—X5 né[3 + ——-—-3}[6 nM- T——xé ny{; nm]’}) + (Pn - b dt “«83

*p
1 s s S .S S S J
(2.6) -5 (P(XB P}’f) e P‘XX PBé + PBX Pus) 7}; nBX
pS
1 . sr i~ sr
= Zr [2 Lagy gy - e (Tag + 24p) IBJ ‘

(pST ) ]pﬁ } S ["su "J
P, Lf33+ pJ_ - T_ ] 35 ( &y + no()f) w, [ ST 'x h
S S S 2
(2.7) - (Pgg Py + PW P% + PBX Biz o g By
S 1
e sr Py sr|
= 5 [LABX By T o5 (3Thg *+ nyg) Ip | .




The upper (Roman) indices characterize the particle species, the
lower (Greek) the components of a vector or tensor. The summation
convention for equal component indices is applied, but not for

species indices.

Iir’ J;E, and Li’gT are moments of the collision term of the
Boltzmann equation. Putting M5 for Iir, Jjg or Ligy and de-
/ \ ST e '
[ )

noting the collision term by \™7%)coll these collisional moments

are defined by

r | sr
(2.8) T - [ aS(v)[2L ) v
\ "7, colld
S S : , Sy
where a”(v) stands for v, (va- V&)(VB - VE), and (v, - Vo ){vg -

s s :
VB)(VZ - VX) respectively.

The rate of change of the distribution function f due to COULOMB
collisions of particles s with particles r 1s given in the

LANDAU form (see f.i. TRUBNIKOV, 1965),

of ' _ ) .sr
where _ .
3 ! -» 7 e = d |
(2.10) 45 = ASF (30, 1253 20y | £5W) 2r5(v) |
& / xB | T 2V S 2V, |
2 2
aS q
(2.11) pAST - 2g@in AST —Eﬂgi
m
1 1
(2.12) Wa = g 5 _?3 g, &g

1n ASY is the Coulomb logarithm,

_
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s _r
sr 3 D m- m 1
2.13) N o=
( ,qS qr‘l mS ¥ mr BSI“

with 85T as given by Eq. (2.15) and D 1is the Debye length:

(2.14) D% = 4 e® ng (f% 4 ﬁ;) (q1 =2e, ng =2 ne).

We have assumed here that ln/\sr does not change very much if

T 1is varied from T, to T,

g 1s the relative velocity of two colliding particles,

Bk = Vy - Vgs B8 = VYey 8x-

Equations (2.5 — 2.7) are rewritten for the special case of
straight magnetic field lines in Sect.4, Egs. (4.3 - 4.12).

et al.
As was shown in ORAEVSKII (1968), the set of Eqs. ( 2.1 - 2.7)

corresponds to a generalization of GRAD's expansion of the distri-
bution function f° in a series of HERMITE polynomials and trun-
cation after the third-order polynomial. In order to write down
the distribution function, we introduce

S S S S S S
(2-15) Bf = m /TJ_: B” = m /T“, Wy = V, = V?

Assuming at each space point a Cartesian coordinate system with

x3 parallel to the local magnetic field we have

s
B
S (= S = L - s2 . s2 S-S _S S
W) = f06v8 1 + Egg [@L Ttll(w1 W ) + 2B W W, +
S S;-S .S s 5
(2.16) + 28”w5(E13w1 +’E23w2)} +

s N5 21°3% 73

' 1
1 s2. . .s2 s2 |1,8,.81..5 ,SL_8S l.s.81l 5
+ = | (wi%+w5") 87 [EBL(S Wo+S ) + =B S2TwWs |+

QS 1
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1 .82 .82 S Sii s .sii_s 1.s.sl sf _
t Wy B ] BT (Sl Wy+S5 w2) + 3B“ 3 V3 |
s2 Si. S sl s S .5 _SL_5S
- BL (S1 Wl o+ 82 wg) BB S3 W} -

In calculating the collision integrals ( 2.5 ) we assume that

the relative velocity

[4)]

A sr r
(2.17) df)( = dd “VO(

=

should be small relative to the reduced thermal velocity

1 1 1 1
2.18 o\ = 4 21 3« |1 4 L
( ) d, < V 3S + o ST | —s * T

L LT L BJI 3i|

, we will retain only

<k

and, in forming the product fr(G') £5¢

terms which are linear in 4, @ or S.

3. CALCULATION OF THE MOMENTS OF THE COLLISION INTEGRAL

In this section we give the results of calculating the collisional
moments I, J, L on the right-hand side of the hydrodynamic &=gs.
(2.2 - 2.7 ).

Let us first introduce a collision frequency appropriate to

an anisotrocopic plasma:

1 1 ST , 5.2 , 1.2 Sr .sr -~ .sr
(=5 + =) n°n” (a%)° (q7)° nA™ 8" 75

R m

|

IH

c

sSTr '\l
i

(3.1) Y -

)

0n

_—_



(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

{3-T

-1
(lF + ig) is the reduced mass of the colliding particles ,
m m

5 r S r

Bsr BJ. B.L Bsr B” Bll
L s v ° = s r

B__L+B.L B”‘f'B”

sr

1/87" and 1/8%

represent the sum of the squares of the ther-
mal velocities of species s and r perpendicular and parallel

to the magnetic field respectively.

The anisotropy of the distribution functions of the colliding
particles is described by the ratio of these velocity squares:
sr sr ,. Sr
o = B /B, .

By definition, we have

y = y oo
$I‘

We further introduce for convenience the mass ratio

and the ratio of squared thermal velocities

S S
- By S BYy
bl = =% Pi = wm_x-
Bf-i'f?)_L [3“ + B”

r

which are functions of as only and are given in Table 1 for

different values of K, L, M.
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a) Momentum Transfer by Collisional Friction

For the collision moment of the first order

3
Isr - S /djv - 3; . ST

lid J A VﬁJB
we get
S
sr sr .. Sr .S Sr _ ST ST oS4 EL_SPL
Iy = -2v {EﬂzooY d, + 2(2K55, KS00) 8L (s] oF 1 )
(>.8) s o
sTr s sr sr S||_ 9__ I’l}}-.
+ (2 Koo - Kgoo) 8), (S1 ?P SH
and
S
sr ‘SI" ) sr X Srr.S sr _ sr sr S_L_ C,I’J.
13 = -2y ) 2Kggo X ¢ d5 + 2(2K202 Koog) B, (sj Yr S )
(3.9) 5
SEy2 . BE .SF sr Sr o5l 9 rl
+ o (S Kooy - Koop) 8y (S5 - % o B;
Using Eq. (3.4) we find
(%.10) 57 = 1%, 15° = o,

as demanded by momentum conservation.

We get Igr from Ifr by replacing the index 1 by 2 in Eq.(3.8). #
Egs. (3.8), (3.9) together with Eq. (2.2) show, as is well known
from the transport theory of isotropic plasmas, that an electric

field gives rise not only to a current d but also to a heat

flux S , and so does the temperature gradient (Egs. 3.20 - 3.31
grid (2.6)s (2:7) )=

b) Collisional Heating and Temperature Relaxation
The collision moments of second order are defined by
sr _ s/ 3 s sy J .sr
IS =¥ @y (v - VE) (vg - VE) 7 iy

s
In particular, the change of pi and p, due to collisions are

given by

—_
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) s) 1 Z sr i S_ sr . gST)
5t P =3 J 52 Iy + I
(Bt 1 sl 2 o= xB "xB 2 s
and
) s) S sr 5‘ sr
p = 2 J = /2 J
(S? L coll r xB B r 53
where
1,.sr sr 4£sysr "2 kST (Tr Ts) mt (X kST _gSr ] N
30001 + Jpp) = I 200t "L 7T1) * Trs Poo27"200
(3:11) i
sr .r f sr 2 sr |
+ T DL 4 Kogo © +a3) + (2 K37, - K300) 8F7 [ a;87* +
S =
s.s_ 9° /ST ST 1 psr Sl
+ d,857- 5 (dls1 + d282 )J + (077 K55, - 5 K5y ) 8 Ldls +
S
sh_ 9~ gril ol
+ d,S;5 - oF (a,8;"+ )J}
s SP r -
sr _ 8¢ vy sr sr B m Sr _ .Sr
I3 = 7w — 5 & Kooz (Tw = Ti) + —35 (Kzp0 Kooa)J =
m + m B"
2

sr ) i i sr sr S
(3.12) + 8y by [a Kgop §° d5 + (2 K202 - Kop) By" (d,S

si_
3
s
rL 1 sr .sr 1 .sr , ,Sr ,sr gSh_ ril J
d383 )+ ( 5% Kooy -3 Koog) %~ 8 (d %F d5S4 )|

[
O
%

The first term of Egs. (3.11) and (3.12) describes temperature

relaxation between different species, the second term with

K - KEOO describes the relaxation of anisotropy. These terms

002
have already been derived by KOGAN (1961) and LEHNER (1967). The

L and d-S describe Ohmic heating:

-2by 137 d,

terms with d
5T
(333

chm -

500+ 753 Donw = = bL(LTely + 17d,)
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The rate of change of thermal energy of species s Dby collisions

with particles r 1is given by

2 s 1 s 1 sr sr
(3.13) sg (PL+5pP) = 5 (J]) + I35 +J33),

The rate of change of the total amount of thermal energy of all

species is

. —
(%.14) e 7 e = - %— DA Vel o
ST ' s,r

as demanded by energy conservation.

c) Momentum Transport by Viscosity

We now turn to Eq. (2.5) which describes the rate of change of

the viscosity tensor ﬂj.For the collision terms on the right hand we get

5
I = -8yST w? ((Eb T+u") Kopo + BhKog :]+
\

12 12 L 220 200
&y -
T (2bT+F) K5 - brKoh ]
* or 2‘_ 1+ ) K3o0 - B Ka00

ar =
Replacing T.,, by ‘lil,;, in Eq. (2.15) we get an equation for
1 sr
5 (7] - 952).




- 13 -

x3 ‘a3 > (o[ +by+ K0 +
5.16) s -
r sr, . r .r I, sr
+ _Ef? T3 t 20 (by +Dy+p ) K0,
Eq. (3.16) holds for d= 1 or 2.

d) Thermal Energy Transport

Finally, we have to calculate the collision integrals LST

rate of change of the two heat fluxes §Sl

S

5T = -ms/rdjv (v. - Vf)(vB -V

aBX x

Without further assumptions, the formulas for L

long; we give them elsewhere

- b”K

2 (v,

<8y
( CHODURA and POHL, to be published).

Ss..8Sr sr, s,.Sr
Koo *+at bJ_Kooz] i

r. . .sr

Sr' ) &
200 ~X% P KOOZJ}

%8 y for the

and 55" of Egs. (2.6) and(2.7),

2

S ST
- Vy) j;; 35 .

will be very

In this section we write them down for a two-component plasma only con-

sisting of ions with charge number

indices i1 and e .

We further assume

T
e i
Then we have “ee = xie = :KEi
and therefore Kie = Kei Ko
LMN LMN LMN °
For brevity we put
ii i ee e ii
X = X » A = X » KLW =
i e

Z and electrons,

indicated by

ee _ €
LMN s

LMN ’
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1 /8 _sTr ) 29" gr r T\ ,ST , o Ty,ST gy
{sr\b111*b221) " ST by dJL(?t‘ —6b} JBoop * <€ R202
- " o Py IS r, ST
+(30y -1 -¢ )Kpp0 —E P‘-:voe}
S r, r , T, T,ST r o O 0
+'b¢¢{4bLkH 'BbL)“i?O +84 0 K555 +4p (1= 2bi>5202
_ s g T 2 e e r|,Sr
+2L1V\L~L) —bl(TQ +5p ) +5t‘;}1{220
/ N Ty ST
+ (1-b7) (903 -3 -2 K5~ 27T ST
- —d ¢ 200 +2t*l\b'*~_‘])t{0l,52 }
S
7 aviT, £ T\yST T (ST _ 1 ST
+ 91" 1 =1 Q(’ibj- E )K42O + Stj (Klol Kzlg_)
+ (2 +5pT 1801 )Kon,
A 4lB ] T
T I 5 r r,ST
+ (90, -2 -2p7 Ky - [ K50 §
ST .8h{, Sr. T r T\,ST r,sr
+ oST 53405 ol [ (07 -30)K55, + 8 Kooy |
/ sl fenl . TygST r, ST Y _Sr,STr |
v (1-00) [ (30-p")K550 - wKgop + 28 K504 ]
+2b] (307 -pT K5, + L(wabf)oﬁrizer-obf)- zefbﬂ Koo
9s
st o~ThiT (j ST/, T_ Ty ST T, ST 1 r,sr
+ m o 9y b+ {a E”DL“E Kooo -8 Koo, * 3¢ Xoo4

g i I\, ST r r.\..ST r ST
+ 200" -3b)K550 +(30p =1 W K00 ~ B P02

T _3 srbr Ksr '
o Pi)%202

+QL&ST(1+Er) +i




= 5 g

5 i
1 sr ST £ BrYr Brol axPy oFro . o Pi]80 r Br: T.8F
Sr(L119+L223 e d35L2c\ (u (by-2b)) bJ_(bi+2b“)lK202 +2pTe b Koo,

RY S

r r r.,. Sr "sSr,r,,.r
+ b“(QpL-B )K2OO +‘f bL(bl -1) 'E‘b ] 002 }
Si ST SI‘ Ir SI‘ r
4 5 {aa -bF (b +2b)) +u (2b] 4D} )] 250 + 4g7a STOIKST
r r sSr ;
+ (1-o5)[ (40 -2 - IKSSo ~pTKSE, +(4p -8B )KSE,
+2[o®Tb] (40T +4bT -3) -2x5TT 4 RT (405T0F ~248
sSr
1 =1+ )b“)] S0
sr{ sr r Y..Sr
e \(1b)(2b1)K002— 304] }
98 sr r r._sr sr
e §-5 3‘% (bf +2b% ) +pT (20 -bI)]KSS, - 4pte b”K204
SI‘ r 3ar r r sr
+ b [4(8 -2b0 )K55 +2p e TKSE, +(4pf-pT)KST
(3.19)

sr. T r r r sSr
+ 2« o (1 —4b] -4bi-4pT) + @F(oST+1)0] | K5,

+ ["‘Sr L - bu} 002}

. 8T ~8W2, sr.2 r,,.r r r,r.,sr
+ o SS{%(M ) [[E (b“—2b¢) -b (b +2b y]K2O4 +h bHKOOGJ

+ sr r r 1 i sTr
o™ [0} (o +4p7’-2) +p" (20]-2b7+1)] K3F,

+ x5 {1 o>Tbl (b7 =1) +u” (1-2D; )l

5 004

+(1-07) (b= SpTIKSE 4 [+ e (1-07) -p" (1-p)] K5,

S .
+ Z—r i sg"{%(xsr)z[{%r(ebf-bﬁ) +bi(b +2b“)J 204 -a Ty KS&

sr Bjie X 5P b ( r ) .
+ {2\% (b =by) b (b +4b" K302 +5y (b= 387500

0 1) ], ¢ e, |




- 16 -
_ 1 _ g5 g r . T,Sr rySTr TR o SN o T v ST
5T U331 = TsT d112b.*\01.n002 +4p K22O) 2b, (b +2b; +2p)1{202
t v P’J_ B
] .y r \
—|—== b (1-b]) +2pTb; J |
i:\nr I “ E 200 j
T 8T A . I v 7 8 ' r i &
+'Sw{“H oTkS5, + 2(br (or=1)/°T + ap”(1-207)] K55,
+ 2bf[iuf+4bf-2+2gr)xggg - (2by+abl+4p" K5,
ST
+ (1= DL)KO02
l]- T, - . . ,)‘,
a0 (=8« 2 (b -] K
S ‘"'S S r 5 P PrSr
+ L sTE) _gpTutkST. 4+ 2[bT(1-bT) /5T +8n bi [R5
gr 1 l C "+7420 L i € Sl17220
ST . r .. T r\, ST . r,Sr
+ 2b“L\o +2blﬂl€ 550 —k0”+iDL+2E )m202 +QLKOOZ]
4.,/ _2 ez T ~TSI'
o, 2u" b7 K50,
(3.20)
Sr oSWf. sSr.r /.T r T\, 8T T 4\ ST T\ Ty,ST
+ o7 ST {ax b“[f\oh+2bl+28 K0 \pL—?)K004J -4 b K55,

sr r.r.Ssr 1 il D o sr r r ST
+ 8a®TyToTKET, + [5(1—b”)(5b“—2)/¢ -p (1-bL)]K200

B i PP P T b ST r 8T
+ Lbhfobn+ubL—5) -4b, +2p (3o, + & (1_bL) *2{)K202
+ (=h; )kio -2)X 009 }

S
4 57 L Sf'{za = r['b v2pl+2p™) K37, -blEST +apTol (K55, -2 TK35,)

gr 204 004 220 222
+‘bﬁ(?—bbf—6bf) +2Er(asrpf *5b ) 252

200 £002

= A P T L r.r]..sr r IyST
+Lr---—n (3b,-1) - oL]n , +3b) b }
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S -
8T = % Tl T_1\gBT _o, 8T, ST
333 ° per d3ibnﬁql 1KgGe -2+*ToyKgg, ]

£, STTKST  _opTEST 7
’ tl |_ b “202 ‘:bukgoojg

ST r r.,Sr sT
{? [8p7K35, -207K35, +biK

004]

r.sr
¢ (1-b7) [8TK3L, -2pTK55, +307Ko0,

v 20f (30} -3 -0 PTIKGG, |

S

8r Sr
+ ET(BKSS, —2K500) + (3by-1)Kq,

C 20 3 T, |

04 1006

+ oST SsH%\é(&Sr) bn[QE K2 _oTKST J

3 U3

+ asftge (1_4b )K202 + ﬂb (10b _7)K 0047
s
b O [ 0685, e |

s -
sr §_ gIh o7 D BT
5 83'bu{ [anOO6 20"K56, |

ST r,STr 1 i
+ & [49 Kooo 3(1- 10D, )KOO4

5y r _ 1ypsr
(3% - 2)K302 8 K500 }
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The equations for the Lﬁ%? become much more simply in the case of

equal particles (s=r). We introduce

s Sy2 S S 1l s S S
(3.22) YU o= ()T (Kooy - K5po) + 547 (K5pg - Kgop)
s S s S s
(3.23) 0% = MKy - 2K50n - Kaoo + Koop
Then the collision integrals are of the following form:
1 Ss _ oSi,S s [ s S .S
(5.24) -L:_;-S_é Lj;"ul = Iy 9’5 - Sl {_W + 6« K202J
1 ss SLyS sh _ s
.2 ——— L-J = = S7 : - S5
(3.25) 12 ¢S5 332 3 g >
1 SS . SS _ oSl_s sL [ s s :
{3:26) 558 (Tintlaey) = Spy - 8 |95+ 3K220J ;
1 SS ,.SS R -1 sl [ s S S5 |
(3.27) 5 (L)15*Lpns) = Ssy° - 557 4% + 124 KEOEJ,

4. TRANSPORT COEFFICIENTS FOR AN ELECTRON-ION PLASMA

We are now in a position to get explicit expressions for the

transport coefficients of an anisotropic plasma,

electrical and heat conductivity.
Eqs. (2.6, 3.15, 3.16) forT° and
for s°* and s°' and insert S into
Bape (2:2)s

cumbersome task because equations

Even in the case of an

i.e. for viscosity,
For this purpose we have to solve
(2.7, 2.8) and (3.20 -~ 3.31)

the conductivity term 1° of

Egs.

electron-ion plasma this is a

for different species are coupled

by collisions and equations for different components are coupled by

the magnetic field.

Fortunately,

small relative to ion viscosity

in all practical cases electron viscosity will be
(cf. BRAGINSKII,

1965) ;
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Beyond this, in the lon-viscosity moments Jie,terms with the electron

ei i
viscosity ©€ are weighted by a small factor ZTT pe or E;T
14 v

thus can be neglected. We therefore give only expressions for the ion

p° and

viscosity here.

Heat conduction parallel to the magnetic field in general will pre-

ferentially be carried out by electrons while in directions perpendi-
cular to the field ions may be dominant. We therefore give expressions
for the heat fluxes of them both. When calculating the ion-heat fluxes

Si contribution from Se and d drop out. When calculating electron-

heat fluxes Se contributions by Si to moments Lei and Iei are

e
neglected being multiplied by a factor %T :

S
Finally, by inserting the results for SEL anda s in the friction
moment Iei we get the electrical conductivity of the anisotropic
plasma.
Let us first rewrite Egs. (2.5) to {2.7) for a straight mag-

netic field with xj-axis of the cartesian coordinate system parallel

to the field lines.

In this case we have
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We also put kll =K', d = Zl - Ee in the following.
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a) TIon Viscosity

Solving Eqs. ( 4.3 - 4.6, 3.15, 3.16) for T we get for the ion vis-

sity
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For a =Db = 0 we come back to the collision-less limit of part 1.
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b) Electron- and Ion Heat Conductivity

Solution of Eqs.(4.7-%4.12) and (3.20-3.31) for st and S" may be put

in the following general form:
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where \7“——- h(h.V) and V_L= V- V). s stands for e or i. The index s

was omitted in the abbreviations a to e and in a%- These abbrevia-

tions mean the following:

Electrons: s = e ; « stands for ue, KLMN for KLMN
W, = - &2
¢ e
ee e ei ; 1. o
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¢ and  are defined in Egs. (%.18) and (3.19).

In the case of a strong magnetic field, i.e. for O% >» V  the

results of Egs. (4.15) and (4.16) are obviously simplified.

If a species r happens to be isotropic, i.e. Tf = Tﬂ , only

one heat flux s’ is attributed to this species, given by

- = -

8 pE™ 4 gF"
(4.18) %sf - o5 = s{L

1 .r 1 _rl rl

= = = S = .

5 54 Y o3 = Sy

This definition for S is equivalent with




5. SPECIAL CASE: ANISOTROPIC IONS AND ISOTROPIC ELECTRONS

There is a special interest in a situation where in a
two-component plasma only the ions are anisotropic whereas
the electrons, due to their higher collision rate, are

nearly isotropic.

: ee _ el _ _
In this case KLMN = KLMN KLMN (a = 1) of table 1.

Thus the friction force becomes

- ei _ el 4 e 2 e e 5 o wif o e
(5.1) IQ—Q\) (3?da+5ESa)‘uaﬁvcx W

eviating from page 3 we define the viscosity tensor of

the electrons Jre in this case by

e
e _ _e e —e  _
(5.2) paﬁ_pgaB+Jla3, I aa 0
(while in the anisotropic case Ji ap "ap = 0 andj-aB t-aﬁ = @

separately) .

The change of the isotropic part of the pressure tensor

e

P is now given (for straight field lines) by
e e e
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]'GB for a # B is given by (4.13) and (4.14) , replacing

GJl by -w€ and putting a = b = %é'v et
c c
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Ion viscosity is given by (4.13) and (4.14) with KZoo = Kooz 3
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Finally the heat-flux for the electrons may be derived:

e

e e B Fal., ;
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The ion-heat flux is given by (4.15) and (4.16) with

e o e _ _2
Kooo & Kooz © 3

In the absence of a temperature gradient there still exists

a heat flux Se due to the current d. This heat-flux tends

——

to reduce the friction force Ie;

field, as can be seen from (5.1l). On the other hand, for

parallel to the magnetic

strong magnetic fields (u:i éb\oee, pY} el) SJ? = 0 and no

ei

reduction of IJ_ occurs. Thus, under this conditions, the
resistivity
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6. SOME DETAILS ABOUT CALCULATING THE INTEGRALS

Inserting eq.(2.10) into (2.8) we have by partial integration

4 5
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Because g occurs in the integrand, we introduce g and h instead

d o

of v and v' as integration variables. Defining
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In the coordinate system used in eq.(2.16) we have
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Assuming (2.18) we expand the last term of ea.(6.3) as follows:

( exp (857 (4 W12)J 1+ 8573
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Note, that (6.5) strongly fails only in regions, where the inte-
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We insert (6.3), (6.4), (6.5) and similar expressions for the
other components into (2.16). Using (6.3) to replacef?;?‘ by
. —> )

2,h we neglect d in (6.3) and get

£9(v) £5(v') = (2r)™2 n®n® afal|B5s
: Va8, 2 .2 lase. 2 I 882 o 2 sr, 2 |

ST sTr Sr
X {1+ B3Td g, + B7Tdye, + BYTdses
S
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11 2 ‘
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(6.6) 2?
m
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e i (mf) [\n1— qu1)2 = [l quZ)QJ oo jf
2p

The points stand for the terms containing the other T-compo-
nents and the heat flux components. Second-order-terms, like
W2,dn3,ﬂ35,.. are neglected; (6.6) represnts an expansion up
to terms which are small in first order.

In forming the expression for M5 by introducing (6.3) into
(6.2) and inserting in (6.1) only terms linear in aiﬂ'or S
are retained. An exception was made for the calculation of

J, +d and J

1 22 )
to retain JOULE-heating and to fulfill energy conservation.

where we had to include all terms in U in order

Also the collision integrals J11'J22 and J‘xB , ®¥3, would
contain second-order-terms with d+S and d4d°; but these terms
would enter the energy equation (2.3) and (2.4) only in the
term 1r§£ and these corrections are small by a factor L

ox Ly
(L=macroscopic length scale, see introduction) as compared

to the JOULE heating terms.
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We may write MSF as a sum of integrals of the type

A K L M N -

T =L5d3h g h% hg hy g} &y &3 & 3
2
1

2 1 2 1aSTy 2 2 1a8T_2
+h5) - Exislth = EP’J. (g1+€2) - Ersu 55}

1,J,K,L,M,N being integers = O

A
I vanishes, if at least one of the numbers I,J,X,L,M,N is odd.

/’\
I diverges if I=J=K=L=M=N=0; but this case cannot occur due to

eq. (6.2)

1£f1,J,K,L,M,N are even, we have

-5/2 .
T =72 (2m) 85T |[pST (I-1)11 (3-1)1t (K-1)tt Kpyy

L+M 14N
- I+d - 1+K =l == 13 oni™ 2
sT 2 gr - 1psT < =B
% (31 ) (p}‘ old 2¥n
with (K=1)11 = 1*3%5%x7% | *(K-1)

(=1)1!

e calculate the KL

1

MN introducing spherical coordinates in the
L

u,u,u, space.

Using the rzlations

Kmy - Ky
Kgon = Kooy
Keon = 2Kaon

we may reduce all K. .o with L + M + N < 6 to the K. v given in
table I.

—
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Tab. 1 KLMN(DL) as defined in Eq. (3.7) as function of
X = -1

LMN | Ky Ky for X<l
200 | x? -1+ (14X) ¢ (X)] -;- - % X
002 x‘le[l-ap(x)] —%—-%x
220 x‘gé I:}+X+ (1+X)(x-5)cp(x)] T%'T%B‘X
202 | x?3 [-3 + (3+0) ¢ (X)] % - % X
00 4 x'2[2+ﬁi-3ap(x)] %—--f'{:x
y20 | x7? 315 [-15 - 4x + 3X° + (15+9X-3X°+3%” ) (X)) "1"(%‘5 (3-X)
222 | X2 4 [15+ %+ (-15 - 6x + X%) ¢ (X)] —1—%5 (1-X)
204 | x23 [13-&+ 05+ 3x)<f>(x)] o5 (3-5%)
006 x'j—é- [8*"12)(‘ (ng)e -IBQ(X)] %-%x

atan (V—f).

1
VX
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Tab. 2 Moments of Distribution Function
s 3 5

Q fa £5(v) a’v |
1 n® particle density

lg Vg VE hydrodynamic velocity

n B-component

1 m° 2 S

< 7 W % 1 averaged kinetic energy of

n - ' .

a particle; WBZVB-VB

S
m 2, 2 S
7 (W) Py
components of pressure tensor
m> wg pﬁ taken in a coordinate sy-
system with x3 parallel
mS w,w s (1 # k) to the magnetic field
ik ik
S
m 2 2 S
7 (wi-w3) 11
s 2 S
m-Wo Wg SB heat flux vector, B-component
i e sl
S W Wg SB 1z x3 is parallel to the
magnetic field, we have
S sl
m- W, W S 2 2.2 2 2
n g B W= Wy W, and W, = w3
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Table 3 Symbols Used in this Paper

We give here for each symbol used in this paper the number of

the equation defining the symbol. If the defining equation

does not have a number,

which means,

a few lines

we write,

for example,

a after (4.14)

that the equation defining a is situated one or

after eq.(4.14).

AST (2.11) It before (2.1)
s sr
a”(v) after (2.8) e before (3.8)
A
a after (4.14) I after (6.4)
a,,8a, after (4.16) J:E before (3.11)
b,,b, after (4.16) kST (3.7)
s .8 .Tr
oL O Py i el el
b after (4.14) E_ ,E after (4.16)
B magnetic field Liﬁz (5:17)
&y 58, after (4.16) ms,ns before (2.1)
D (2.14) MST (2.8)
2,
dm,dfr (2.17) Nyp before (2,1)
d, ,dy (2.18) p> ,p; before (2.1)
= s PR, s
a, = {0, o, v3-v§| q before (2.1)
5? = {Vi—Ve' Vi—Ve' O} T,S species index
-1 1 1°? IR R ’
S1 oSV heat flux
e e, after (4.16) S¢ 5%  pefore (2.1)
By elecgric field Tf ,Tﬁ temperature
(2.8
~> ] Uy g (2 72)
f?l,ffi after (4.16)
Vy particle velocity
£5(w) (2.16) 2
v before (2.1)
£5 (w) after (2.16)
2 w® (2.15)
g after (2.14) / ion charge
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Table 3 (continuation)

Greek symbols

oy By%
D‘e

c‘SI'

S o8 T

sr ,STr
BJ. ’BII

component index
after (4.42)

(3.3)
(2.15)

£ 3:2)

1 for «=8
0 " oxB

before (2.1)
(2.13)
(5:5)
(3.1)

S
T‘-uB

viscosity,
before (2.1)

mass density
before (2.15

electric conduct.
before (5.8)

before (2.1)

(3.23)
(3.22)

before (2.1)
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