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ABSTRACT:

Theoretical worlk deone at Garching on plasma heating by
hirh freauency electromarnetic fields is reported. Three
subjects are covered:

1. A time-dependent calculation of plasma density and
electron kinetic temperature in an ECR-produced, mirror-
confined plasma.

2. A relativistic, single-particle analysis of the maximum
ECR energy in a mirror confieruration.

3. Theoretical study of cyclotron waves propagating in a

hot plasma cylinder (solution of the Vlasov equation).



1 Density and Xinetic Temperature of Electrons in an

ECR-Produced, Mirror-Confined Plasma.

(by K. Wdhler and H.K. Wimmel)

The non-stationary high frequency heating of the electrons
of a partially ionized hydrogen plasma in a mirror confi-
puration 1s considered. The following simplifying assump-
tions are made:

a) The total number of ions plus neutral atoms is assumed
constant iIn time, and the plasma and neutral densities

are taken as spatially uniform within the total volume.

b) The electromagnetic power absorbed by the plasma is’
supposed to be zero for't<0 and equal to a given
parameter P for t> O.

¢) The electrons are assumed to be monoenerpgetic.

The particle and enerpgy balance are described by the
).

following equations+
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+)Due to an oversipht the factor 1n eqs. (1), (2), (W)

is not taken into account iIn thé numerical results reported.
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Combining (1) and (2) gives:

$e = T - #(e ) <meom,

which may be used instead of (2).

Here s/ and < are the electron density and energy, "M, is
twice the density of H2 molecules, \UQ is the ionization
energy for molecular hydrogen, <ﬁ$;\)e:> i1s the ionization
coefficient for ionization of H2 by electrons of temperature
€ 5, (, is the mean scattering loss time for electrons:

3/2
't'_ﬁ:gi //1’1,
with

[ = Sx o' (A+8aR) e sec” (V)77

The equations assume that the particle balance is deter-
mined by volume ionization of H2 versus electron-electron
scattering into the loss cone. With each electron one atomic
lon is lost, and half a neutral hydrogen molecule appears

as a result of instant wall recombination. Volume recombi-

nation 1s neglected.

The energy equation takes into account hipgh frequency
heating, energy loss by ionization, and energy loss by the
scattering of electrons into the loss cone. LEnergy trans-
fer to the lons 1is neglected.

The above equations were solved numerically for a hydrogen
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plasma with the initial values m = A0 N, N= 40" cw p

¢ = A3 eV, and for power densities P/V from 0.2 to
6.0 kW/liter. From the numerical solutions new solutions
may be constructed by the scalilng

to ot , N=oN, PV = PV,
M/Nﬁam/N, e g,

provided the assumptions made remain valid.

The main results are the followinp (Figs. 1 - 6):

For power densities below -~ 0.25 kW/liter the density

and temperature reach stationary values after about 0.2 msec.
The asymptotic electron energy stays below,100 eV, the de-

gree of ionization below~r0.9.

Above this critical power density total ionization 1s
approached after about 0.3 msec, and after that most of the
pover goes into heating. The electron enerpgy then increases

linearly with time according to

g < Pt /NV.
With N = 1012 em™ and P/V = 1 kW/liter this pgives € a 6 keV
after 1 msec. After the transient time the neutral density
is given by the equilibrium condition

Mm, & 2/T <81%> .
If a relative concentration of neutrals below M,/N = 2 x 10_3
is desired (see below), this will be accomplished for ener-
ples € 2 4.8 keV.



¢) There 1s a hirh energy peak during the initial low density
heating phase. The hipgher the nower density is chosen, the
longer is the duration of this initial period.

This calculation of ECR heating was carried out in 1964/65
in connection with an experimental project proposed by

F. BOESCHOTEN [1] . In the experiment a combination of icn
and electron cyclotron resonance heating was to be used in
order to obtain the following plasma parameters:

- -2
Tty el 1012 cm B,CTL ~ L keV, confinement time tf’5 x 10 “sec.

Other plasma parameters follow from theyveauirement that

the plasma state be not perturbed by processes of charge
exchange, electron scattering into the loss cone, or enerry
equipartition by ion-electron collisions durine the confine-
ment time after turning off the electromagnetic power. Thus
for the mean time of charre exchangse to be longer than T}
the condition m, £ 2 x 109 en™2 or N,/N < 2 x 1077 must

be satisfied. In order for the mean electron-electron scat-
tering loss time T, to be longer than fc the condition

rPe E; 6 keV must hold. (A mirror ratio of R = 3 was used.)
Finally, for the eauipartition time T  to be longer than

tc it should hold that‘T;3> 125 eV, which is a less strin-

sent condition than that prececding.

Comparison with the results of the heating calculation

shows the followinpg. Steady state operation of IECR heating
would give at best m,/N2 0.1 and rTL < 100 eV. The re-

3 anad rn_;; 6 eV
can be obtained by dynamical operation only. The power densi-

quired plasma parameters of Mm,/N £ 2 x 10

ty necessary for reachinpg an electron temperature of 7;226 eV
in 1 msec is P/V ;; 1kW/1liter,
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2, Relativistic Estimate of the Maximum ECR Energy in a

Mirror Configuration.

(by H.K. Wimmel and K. W8hler)

Experiments by DANDL et al. [2] have shown that an FECR
plasma in a mirror confipguration may consist of electron
components of quite different enerpgy. In the experiment [2]
there exists a colder component of about 100 eV and a hotter
component of about 100 to 200 keV. The power densitf%in

this experiment was 0.1 klW/liter, the electron density

M, = 5 X 1011 cm—3, the magnetic field in the mirror mid-
plane B 4p = 2 X 103 F‘, and the mirror ratio R = 3.

The aim of this investigation is to show that in a simple
resonance heating model there exists a maximum particle
energy beyond which no more electron cyclotron resonance
occurs 1n the mirror field. One may go further and interpret
this maximum resonance enerpgy as a virtual energy limit
beyond which only a small percentage of electrons can be
accelerated. This maximum energy 1s estimated with simpli-
fylng assumptions, and the estimate is compared with the
results of the 0Oak Ridge experiment [2] . The comparison

is made on the assumption that the low energy peak (100 eV)
1s determined by collision processes as well, while the high
enerpgy peak (100 - 200 keV) results mainly from single
particle interaction with the mirror field and the electro-
magnetic wave. Thus our single particle analysis is con-
cerned with the high energy component.

*

The freaquency of the applied microwaves was 10.6 Ge/sec.
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The resonance heatinpg model assumes that stochastic heating
of particles takes place only if and when there is reso-
nance or near-resonance between the applied electromagnetic
field and the pyro-motion of the narticles. The particles
are described by their kinetic enerpgy and mapnetic moment,
and 1t 1s assumed that the loss cone is empty of particles.
The calculation 1s relativistic and takes into account the
relativistic mass increase and the relativistic Doppler ef-
fect due to the motion parallel to the magnetic field linecs.
One sinple fleld line is considered. The problem is preatly
simplified by makinp one further approximation. Ve shall
assume that the Doppler shift i1s that of a vacuum electro-
magnetic wave, i.e. the phase velocity is equated to c.
This approximation is certainly realistic for very low den-
sity plasmas. But even for hirher densities the error com-

mitted will be comparatively small for those particles which,

due to the Doppler effect, have their rescnance points in
replons where the index of refraction does not deviate much
from 1. In the laboratory system the relativistic resonance
condition 1is then '
2l

{“V/"_@)'Z ,

M C

(A)(/l—~ ﬁnr Coéeﬂ,) =

Here is the applied frequency, B¢1s the magnetic field

L
Z
at the resonance points, m is the rest mass, 3 = v/c
.+ 1is the component of £ parallel to B, and 0, = g
(B, k), both at resonance. By introducing the auantity

B = Anctq/e one may transform (1) into

B. = &, (Af(;“ cos 0,) /M—ﬁz.



(2)

(1!!)

(3)
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The mirror condition for a particle at a location of mapr-
netic fleld strength B is given, also in the relativistic
case, by the familiar inequality:

FI < (4- E/BM&.)ﬁZ,

because the magnetic moment 1is M= fm\i/Z B (4-4%). [SJ :

In the followinp we choose k ] B, e.g. cos e =+ 1.
Eauation (1') then becomes

B, ~ B, (A *1gl)/Vi-g" .

The resonance fields 'Bf_ must lie in the interval

B ] *g B ~= g B Ay L

Mg 1,

Because of (2), B¢ must satisfy two additional inequalities,
namely

B, (/I—F?V/I—-BT/EM,M)/V/PI:‘[; < B, <

< B[4+ -8 bur) ST B

The problem is now to find, for given values of Bmin’ Bnax’
B, . the ranpge of values of‘ﬁ (or of the kinetic energy)
for which values of Br exlst that satisfy the four inecuali-

ties (3) and (4), and eauation (1'').
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Setting aside for the moment eq. (3), eqs. (1'') and (1)
are equlvalent to the following two inequalities to be
satisfied simultaneously:

(5) Okél ~+ ,@(% +c 20
and
(6) ofp - Af +c <o,

with the definitions

() o = A = B /Buu -+ (B./B.)

2

I

@) & 21/7!— B /%mwx

oy c = A ~- (&-/Btu)l ;

One has >0, Q?o,am OL‘fC:/f'*'Q}/q . Re-
sonance 1s altopgether impossible if the common discriminant
of (5) and (6) is negative, i.e. for B-Yac < O ., This
excludes B{ Bmw < B:, . Hence we now consider only

(10) B, & V& Bansy 2 - Biap 1
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Elementary analysis shows that (5) and (6) are equivalent
to

s;a,n(c)-(@ - Vm)/.?a < ﬁ < (ﬂ +Vﬁ;c-)/2a.

The smallest lower limit possible for ﬁ is ﬁw»h:: o ;

this is realized for <=0 , i.e. for R, =K, , inde-

pendently of Bmin’ qux, B,, - Further analysis shows
that the maximum upper limit of @ for given values of
Bmin’<?max’ B, ) occurs for B = max(B, , Bogyds I
Buan £ Bw £ B .., then f&uwy occurs for ¢ = O

and has the form:

Bruiny = A= BBz J (o — Bu 2 B,

|

The corresponding kinetic energy is then:

\/JMM = QMCI(BNH\,J(/BW */'{).

If, on the other hand, B, < By then for B, — O one
has wmax—“% © , while there exists a low energy repion

0w < wmin for which no resonance is possible.

In the resonance heating model which we use, one further
assumption enters which may limit the sipnificance of our
results. It has been assumed - tacitly so far - that the
high frequency electromagnetic wave fills the complete
volume of the mirror field. This may now not be true due
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to strong absorption or to evanescenge, e.g. for a cyclo-
tron wave in the spatial region where Jl-( (N . In this
case, only those values of Br are availlable which occur

in that spatial reslion where the wave propapgates, and re-
sonance wlll occur in a smaller energy interval of the
form

/

O < \A],m,:,,,, é_ \/\f :< l’\/ < L\//moax/

Wiay

where wmax 1s given by (13).
So far we have considered k |l B. To conclude we consider
also the case of k.l B. This case is analytically much
simpler because no longitudinal Doppler effect is involved.
Therefore it may suffice to 1list the main results. The
resonance fileld i1s now given by

If Bmini‘: B(_‘J é Bmax’ then resonance occurs for energies
0 < Wi é Mncl'(BMM/E’M "/1).

Thus the maximum enerpy 1s one half that given in eq. (13).
If 8, & Bmax’
then resonance occurs for energles

& (Bun By -A) € W € et (Buwi /B =),

no resonance occurs at all, and if Bw < Bmin’
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Yhen the wave proparates only through part of the plasma

volume then Bmax and Bm must be replaced by the extremal

in
values of B in that part of the volume.

We may compare the estimate of eq. (16) with the results

of the Oak Ridpe experiment [ 2] . The applied heating
frequency there corresponds to B, = 3.8 x 10-j r‘. Equation
(16) then gives W _x = 290 keV, while the energy of the

hot electrons 1n the experiment is, as mentioned, 100 to

200 keV. In view of the approximations made in our energy

estimate, the agreement appears to be reasonable.

Cyclotron Waves of Axlal Symmetry in a Hot Plasma Cylinder.

(by H. Grawe [M] )

A hot plasma infinitely extended in one direction (z-coor-
dinate) and bounded in the two other dimensions by a cylindri-
cal surface of circular cross sectlion is considered. There
exlsts a stationary magnetic field go parallel to the
z-axls. The unperturbed distribution function and Eo are
assumed uniform in the cylinder, except for a thin surface
layer. The gyroradll are assumed small compared with the
diameter of the cylinder. The linear Vlasov ecquation and
simplified boundary conditions are applied in order to
derive a dispersion relation for waves of axlal symmetry.
This linear analysis of wave propagation in a cylindrical
plasma may be useful for numerical computations of ICR

or ECR heating even when the magnetic field or the plasma
is slightly inhomogeneous.
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The linear Vlasov eauation 1is solved for an infinite, ho-
moreneous plasma by the method of characteristics. From
this solution the electric current density can be derived.
It has the followinpg integral form:

jat) = [k, (e E() s+
+‘Y£iz(ftfﬁ)' E(:U &i’ e—ihij

where the tensor kernels 51 and K, depend on the equili-

brium parameters of the plasma and where an exponential

(1)

time dependence of the perturbation has been assumed.
Combinatlon with Maxwell's equations yilelds a system of
integro-differential equations. However, for axisymmetric
waves of the form

E(f.l.t) — Q‘LQQ? et {Es J:t (ﬂ‘ig) es ¥

4—€T TA(QLQ)ET * gB:R(%F)E?})

where J; and I1are Bessel functions, it can be shown that
b lnd

(2)

E, and 4, are related algebraically by a dielectric matrix
f';/uv( s and Vv = S, T,z ), e.g.:

;A T Bl = Z g, (kk W E, .

This case 1s considered in the following. The dielectric
matrix 1is calculated for distribution functions of the form

w L) = glu) - A(w).



The resultinp expression for (E€,,) is very similar to that
obtained for plane waves with x = &¢ i Qy= 03 €his ia
shown in the following scheme:

A T ‘

S €)(;( ixn . Txe
P | ey« Sl © e
Z | - A gy ‘*’ii?y Caz
E;uy

Similar to the case of planc waves an algebraic system of
N

equations follows for the Ea“ , viz.:
By Z Lyw E.=0
with
[
2 ! ;
SSS = M—Q_ I S’ST ESZ +1’h“_’n}
N T
© (L,) = | o
- €
7 E?S a ETT i ‘ f=
L] | ' 5
Cas - amm, | g%f | €22 T Ny
2 2
where /n? = ﬂgc/&o ) /H__L = ’%J_C/cd / /]/Ll = 411_ +’H.?_ ¢

The dispersion relation, which would hold for the axisymmectric

waves considered, but in an infinite plasma (without bounda-
ries), has the form

(M det (Luy) = 0 ;
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it is 1dentical with that valid for plane wvaves, if -%

is identified with % of the plane wave case with -@H O.

This identity 1s plausible since it has alrecady been de-
monstrated for a cold plasma by HOOKE and ROTIIMAN [5]

The dielectric matrix for waves in a hot plasma cylinder

was derived earlier by other authors, but with more restrictive
conditions. Thus CHANDRASEKHAR et al. [ assume (05 << 00;;
and W << dq ( « denotes the plasma components)

while SIMON and THOMPSON [7] assume (0% << U . In the
present derivation it has merely been assumed that M, l > A
and ﬁ'uwm <27 ET. << om, e , i.e. Vlasov approxi-
mation and absence of quantum and relativistic effects.

No condition was imposed on the frequency of the waves in

the present derivation.

Equation (7) is not the complete dispersion relation be-
cause it does not take into account any boundary conditions
for the waves. In order to formulate the boundary conditions
one must define the exterior of the plasma cylinder. GRAVWE
takes the following example: The plasma cylinder extends
radially from s = o to s=+5, ; then there is a vacuum

layer between S =S, and s =-S° , and at 5=:S; there

is a metallic surface of infinite conductivity.

To simplify the analysis the dielectric matrix (€,, ) is now
expanded 1n powers of ,& Q s where &, are the gyro-

radii of the particles. It turns out that to lowest order

in al o Eq. (7) has penerally three solutions Eﬂv (ﬁ hd )
(v=4,2,3 ) for fixed values of .& and & . lMNow the partial
solution in the plasma cylinder region is characterized on

the one hand by six independent field amplitudes ff p and

Ezw' ( ET'_ 1 by normalization), which all are functiona




(8)

L9
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of QLV , k , and @ and follow from Eq. (5), and on

the other hand by three amplitudes AV (v = 1,2,3). That
partial solution in the vacuum region which satisfies

the boundary conditions at the metallic surface (S :-Ei )
is characterized by only two amplitudes Av (v = 4,5). In
order to determine the 149 , five linearly independent,
linear boundary conditions are reauired at the surface of
the plasma ( s = s, ). The well-known jump conditions
following from Maxwell's eauations and from the first mo-
ments of the Vlasov equation, as derived, for instance, by
CHANDRASEKHAR, KAUFMAN , and WATSON [8J , are used as
boundary. conditions. They may be written thus:

S
Z QMHAM = 0 /‘ I = /fg}
Mm=A
the a,, being functions of ﬁ and tv . The final dispersion
relation then reads

dot (%h) e 1)

In general this can only be solved numerically. In the
special case of the "magnetosonic repime" (where only first
order terms in w/J/l, and /ﬁz_a: are taken into account)
known results are reproduced analytically.

In conclusion, I shall mention only brilefly two further
results obtained by GRAWE [4] , [ 9] .

Firstly, sinpgle particles are considered in a static mirror
field B with a superimposed transversal wave ( :% I _50 \
E 1 B, ). A simple resonance heating model is considered,

—
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1.e. the acceleration of particles i1s only calculated for
near-resonance conditions. It is also assuméd that the
effective limitation of the resonance periods by the variation
of the phase relation between the wave and the particles

is brought about by the inhomogeneity of B alone. For [/ >,
where L 1s the characteristic length of inhomoveneity of

go parallel to Eo’ it is shown that the power absorption

per unit volume and unit time is independent of the inhomo-
meneity of B, The reason for this is that on the one hand

a single particle will be in resonance for a shorter time

when the 1nhomopeneity is stronprer, but on the other hand

more particles will then come into resonance per unit volume
and time.

Secondly, a numerical computation of axisvmmetric electro-
magnetic wave propagation in a cold electron plasma cylinder
enclosed by a metallic surface was made [9] for electron
cyclotron waves ( w < tﬂe ). There exist several modes, with
different polarization properties. All modes possess a non-
neplipible longitudinal component of the electric field

that can become very larme compared with the transversal
components. This 1s in contrast to the purely transversal
polarization which is assumed in other investigations on
ECR heating. The ratio of E;_ to El_ increases with in-
creasing plasma density and for v —> an . In Figs. 7 to
10 four examples of radial field distributions are shown.
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LIST OF FIGURES

Figs. (1) to (6) : Electron density and temperature

versus time for N = 1072 em™ and
power densities from 0.2 to 6.0 kW/liter.

Initial values : M = 10_2N; £ = 13 eV,

Figs. (7) to (10) : Radial electric field distribution
of an electron cyclotron wave propa-

gating in a cold plasma cylinder sur-
rounded by a metalliec wal;ffor

Cd}}/(,ul = 05 aud 0.9 W o = 4.2.
The plasma radius is chosen S, = 20 cm.
Normalization: Ee =1 for = 0.
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