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ABSTRACT:

Previous papers 1), 2) on the octopole experliments treated

the various loss mechanisms in the octopole device as in-
dependent of each other. In addition to diffusion across

the magnetlic field the loss flux along B to the supports

of the ring conductors generating the field is important.

In this paper these two loss mechanisms are taken into
account simultaneously. Smearing out the loss flux along B
around the machine we get a simple differential equation

for this loss, which is solved numerically together with

a diffusion equation. Postulating FICK's law describing

the diffusion we approximate the measured density profile

by varying the diffusion coefficient. The best approximating
coefficient is between resistive and Bohm diffusion but
tends more to Bohm diffusion. Owing to the large ion gyro-
radii in the inner part of the machine we consider ion-ion
collisions, too. The diffusion equation obtained from this
mechanism describes the measured profile very well, but does
not lead to a unique relation between the adjusted flux

from the particle source and the peak particle density for
the operating regime.




In a paper presented at the Culham Conference, 1965,
D. ECKHARTT et al.l)
obtained in the WENDELSTEIN stellarator and in a toroidal

octopole device. In both devices the confinement of a 1ow—/3

reported on diffusion measurements

caesium plasma was investigated under conditions such that
the plasma could be considered as quiescent and in thermal
equilibrium. For the stellarator the measured density pro-
file was compared with a theoretical profile calculated from
FICK's law taking into account the losses due to recombil-
nation on the ceramic tube supporting the plasma source,
whereas for the octopole device only rough estimates of the
plasma losses were given. In this paper similar calculations
to those for the stellarator are made for the octopole
device in order to decide whether or not purely resistive

diffusion can explain the measured density proflle.

A schematic drawing of the field pattern in the octopole
device 1s shown 1n Fig. 1, which i1s to be imagined as com-
pleted by rotational symmetry around the axis s = O and

by mirror symmetry around the plane z = 0. Four ring-shaped
conductors carrying currents in the same direction generate
this purely meridional field B, . Current and cooling water
are fed to each ring conductor through one support; another
two supporting rods keep the ring in position. In the ex-
periment a small azimuthal magnetic field:BL is superimposed,
but it is neglected in our calculations. The critical field
line Y. encloses a flute-stable volume, where Vp-V§ %C- >0
The caesium plasma 1s produced by contact ionization on a
plece of tantalum metal (15 mm in diam.) located in the

plane zZ = 0O on the separatrix Yo (at radial distance § = 41.2 cm),
where B _ = 0. There is another separatrix Vo on both
sides of the plane of symmetry. These separatrices dilvide
half a meridional plane in four parts I, II, III, IV (see
Fig. 1). The field lines in I encircle all four ring con-
ductors, those in IV encircle the pair of ring conductors




above the plane z = 0, whereas in II and III the field lines

encircle only one ring conductor.

In a previous report 2) D. ECKHARTT et al. compared various

loss mechanisms in the octopole device:

a.) Particle diffusion to the outer walls and to the
surfaces of the inner ring conductors.

b.) Volume recombination

c.) Losses due to recombination on the hot Ta-plate and

its supports

d.) Losses due to collisions with neutral atoms including

charge transfer

e.) Losses due to recombination on the supports of the

ring conductors.

Treating these particle losses as independent of each other
they concluded that a) and e) are the main loss mechanlsms,
compared with which b), c¢), d) are negligible in the operating
regime of the experiment. The purpose of this paper 1s to

take into account a) and e) simultaneously.

In order to do this some more or less obvious simplificatlons
are made. First we postulate that the temperature of the
plasma be uniform and isotropic. We define a magnetic surface
in this device by the rotation of a magnetlic field 1line
around the z-axis and we assume the magnetic surface gene-
rated by the separatrix Yo as a surface-source around the
machine. This assumption 1is justified by the fact that the
Ta-plate 1is located on V, and the plasma spreads in the
azimuthal and meridional directions with thermal velocity




Ver, (5 x 101I cm/sec; also in the azimuthal direction
because of the srall azimuthal field B, ) and with drift
velocity v, , which 1is not much smaller than v, ; this is
because in a large part of the device the curvature radii
of the field lines are only a few times the gyroradii of
the caesium ions. Later, in Chapter A, we shall smear out
the recombination on the supports over the whole volume of
the device. Topether with the above assumption this leads
to the conservation of rotational symmetry. If 1lnertia terms
are neglected, there can in ecuilibrium be no pressure gra-
dient along the magnetic lines, and so the magnetic sur-
faces are surfaces of equal density.
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A. Loss flux to the supports of the ring conductors.

As mentioned ahove, each ring conductor is supported by
three rods. Thus each magnetic surface 1s intersected

by several supports, the number depending on the field
zone (I, II, III, IV) to which the considered surface be-
longs. Let us enumerate the supports by the indexJN . We
calculate the particle loss flux to these supports in the

2) and 3)

same way as done in by using.a simplified single
particle picture instead of solving the diffusion problem
near the supports. The mean free path for ion-electron
collisions
13

ln’.a = tu_ -vm., = ﬂﬁﬁ_—— Em
(for Cs with Eth= 0,2 eV) 1is large compared with all linear
dimensions of the mzchine in the density range of interest
(nn:-109 cm-3). Thus with a recombination probability 1
the particle loss on the supports is simply the thermal ion
flux to them. Thls flux in a shell between the magnetic

surface 1r1 and Y; is

i A = — Lv,nz) b AT

h 1is the particle density on W, ,M£S§H is the infinitesimal
distance of Y2 from %, at the spot of the support number m ,
k%n is the effective width of this support in the azimuthal
direction. The supporting tubes are of rectangular cross
section with the linear dimension dﬂ in the azimuthal
direction and QL parallel to the magnetic field. If the
gyroradius of the ions T,

g

is smaller than ., , wWe assume that the surface of the

support is reached by all particles, whose guiding centres
lie inside a magnetic flux tube of width equal to the breadth
o, of the support plus one radius of gyration on either

,H
side. If the gyroradius 1is larger than aq, we take for the

at the support under consideration




(2)

(3)

(4)

(5)

effective width bﬂ half the circumference of the support

b, = min { dh " }

- A+ 27,

In order to get from (1) a differential equation for the
particle flux ¢ we have to replace A§,. by A x, where

x is the coordinate along an arbitrary but fixed line normal
to the -surfaces. We denote the radial distance from

the axis of the machine by s and all quantities along

the special coordinate x by a lower index O. Then from

VB =01t follows that

Bo S. clx = Bs L{j

B, S ,dg are the guantities as defined above at an arbitrary

point on the same magnetic surface where B,, S, , cdx are taken.

From (1) and (3) we get the differential equation (re-
placing ¢ ,n, by ¢ and n )
d$ = — Pwxyn

d x

A . 3 b
Po = 3 Boo SN Ve ) B
7 P

For the zone I x 1s chosen in the plane Z = 0 from the
separatrix yg to the axis s= 0, i.e. x = -s. The dependence
of P on s is shown in Fig. 2, the measured density profile
is given, too. The experiments were made for three different
field strengths, but the density profile was given in 1)
only for the lowest field, our results for which are reported
in this paper. In these three cases the geometric pattern

of the field lines is the same, but the field strength

Bmax at a fixed point near the inner ring conductor is in




the different cases (which we characterize by the factor « ):
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P 1s different for these three cases only because of the
appearance of the gyroradii in (2). P grows very strongly

as s decreases, because the ratio B°/Bp grows by a factor

of ten from s = 40 em to s = 26.5 cm. This is the reason

why for the measured density profile the loss flux to the
supports 1is only half the loss flux resulting when taking
h= const =7 x 108 em > from s = 40 to s = %31, as shown
in Fig. 3. The s-dependence of ¢ 1in Fig. 3 is obtained

by integrating eq. (4) assuming in = const for the lower curve
in Fig. 3 and the measured density profile for the upper
curve. In both cases the boundary value on the separatrix VYe
for the flux to the walls is taken as ¢WG =2 x 10%° sec™?

for « = 0.1.

Choosing this boundary value 1s a major difficulty in cal-
culating the density profile. This 1s because, although the
complete flux 410 from the plasma source was measured, no
information exists on what portion ¢No of this flux dif-
fused to the wall and what portion ¢;o diffused to the

ring conductors. Moreover, the density profile for the inner
zones II, III, IV was not measured. Therefore, in principle,
two methods of approximating the measured density profile

In I exist . Filrstly, we postulate a fixed diffusion co-
efficient (e.g. D,, ) and try to find the flux ¢Wo
which can be driven from V. to the wall by the assumed

3

diffusion mechanism (taking into account the loss flux to
the supports). For resistive diffusion this is done in

section B1. Secondly, we estimate the loss flux in the innner



zones 410 and ask what diffusion mechanism leads to the
best approximation of the measured density profile if we
take the flux to the wall fixed as ¢ = 4> - ¢Tc =

Weo oo

In order to get an estimate for 4%0 we have to consider the
gyroradil in the inner zones of the separatrix Y . For
a mean point in zone III ( 2 = 15.5; § = 58.0) the gyro-

radius is

wheras the breadth cy of the zone (see Fig. 1)is 1 cm.
Therefore, if there had not been an electrostatic sheath
on the ring conductors the confinement time would have
been of the order of the period of gyration

-6
@ =%x3x]0 Sec (for =Z = 15.5; & = 58.0)

In 2) the experimentally considered confinement time was

estimated by T = ”°)¢<¥” with N, being the peak value of
the measured density and V the plasma volume given as

Vz 1.25 x 105 cm3

With h, = 7 x 108 em™2, T = 248 =z 10%%sec
it follows that
-2
T = 3.4 x 10 “sec

e)(r;

This leads to the assumption that an electric sheath exists




on the ring conductors and the electrons govern the diffusion
across the magnetic field lines. Assuming a constant particle
flux perpendicular to the magnetic field in the zone III and
a decrease of the particle density from its peak value h,

on the separatrix to n = 0 on the ring conductors, we get
from the diffusion equation (10) an estimate for the particle
flux driven by resistive diffusion from the surface source

to the ring conductor 2

n. 7 n
_ '_""E’-T _ Z X 0— X 2
o T / 2

(For the definition of Q see section B) A mean value Q
of Q for the zone II as well as for zone IITI is

6 . -T

Q =5 x 10 cm sec

Thus the particle flux across the magnetic field to all

four ring conductors is less than

¢ = B x 3012 gee™t

-

and ¢ﬂ is negligible relative to #; . Choosing

N = const = n, 1in the whole inner region of Yo > We
get a maximum flux‘¢l,max B
by integrating (4) along a straight line z = 15.5 with P

a mean value of P in II, III, and IV.

to the supports in this region

T wax ='ﬁ% (26.7 - 26.3) = 5.3 x 1072 sec™?
q%hm« = Ti (58.0 - 57.3) = 8.4 x 1013 secl
= ) _ 13 -1
e }L n, (58.2 58.0) = 4.5 x 10 sec
) cﬁ- Wiax =2 (CPWMLJ * q)mmux-*- qDl__\-',’wm )= 3.6 x 101” Sec_i




Resistive diffusion

(7)

(8)

(9)

If we denote the diffusion coefficient by I%t , the particle
Flux P through a magnetic surface is given by

¢ = —Zvrj{’DRHZM/Sc'/f

Using Gaussian units and expressing th in eV we can write
the diffusion coefficient

b, 3 BZ e
with
-5 Uy, _ -4
A o jls el « =t & R o J e
e — 7
Ve, 4
for bn/\ ~ 10. C,, is a dimensionless factor intro-

duced for approximating the diffusion coefficlent best. For
CR_ = 1 the coefficient for classical diffusion follows.
The integral in (7) has to be taken along the closed line
of force by which the considered magnetic surface is ge-
nerated, and V,n 1s the component of Vn perpendicular

to this surface. We introduce Y as a coordinate in this
direction at an arbitrary point on the considered field
line and x as the same coordinate at a fixed point characte-
rized by the index O and given by the intersection of the
field line with the integration path for our differential
equations (For part I the straight line =z = 0). The mag-
netic surfaces are surfaces of constant density. This means
that

A

E,,



(10)

£11)

- 10 -

And because of (3) it follows that

2

b= =20 Acn (Fn) 3= § =—dt

B g B

(=3

From these equations together with

n. (Vn), = —;j % ?

we obtain the differential equation (rewriting ¥~ instead
of n, )

C—(mz = —x Qu) ¢

Qm:%/}-%&dﬂ]“

where B is the reference field for « = 1. A drawing of
Q(x) for zone I (along Z = Q) with Crt = 1 is given in
Fig. 4. Q decreases very strongly from s = 26.5 to 40.0,
because B 2~ 3.3 k[ for S = 26.5 and B = 0.124&[" for
s = 40.0, whereas § %%; b 14 only grows by a factor 2
from 26.5 to 40.0. At first we assume C. =1, i.e.
purely classical diffusion and vary the boundary value 4@0
for 43 at s = 40.0 integrating the equations (4) and (10)
for X = 0.1 and choosing the boundary value for h as

the measured value ¥V, = 7 x 108 cm_3. The result is shown
in Fig. 5. For ¢,, = 1.5 x 1O15 sec_l (the measured total
flux from the source was 4; = 2.6 x 1015) the density

gradient ought to be much greater than that measured in
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order to drive the flux by resistive diffusion to the walls.
Even for ‘?WQ = 2 x 101u the calculated profile is much
narrower than the measured one. Therefore purely resistive
diffusion could explain the measured density profile only

if there were a good reason for assuming a loss flux of

more than 90 percent of 4;0 inside the separatrix VY, .

Thus we now calculate the factor <:ﬁ by which jlt must

be multiplied to approximate the measured density profile,
¢@° belng taken as fixed. According to the estimates given
in section A we choose

¢ =2 x 1012 sec™? for o = 0.1
wo

For n, = 7 x 108 cm"3 the results are given in Fig. 6a. The

breadth of the profile i1s approximately that measured for
C, = 28. For this profile the flux 4ﬁv to the wall is
given, too. It is 80 - 90 percent of ¢w° . In order to in-
vestigate the influence of a variation of Wk, on the factor
C,. we need, we made the same calculations for lwer values
of N, . For o = 0.1 such values of N, were not really
measured, but let us make the hypothesls that the probes
would have detected a density too high by, say, a factor 2.
As may be seen from Figs. 6b and 6c the breadth of the
density profile depends strongly on the cholice of h, .

For Ny = 3.5 x 107 cm™> we need C,. Z 100 and for

N, =1 x 107 cm'_3 the proflle 1s much too narrow even

for C, = 100. This dependence is obvious because eq. (10)
is quadratic in N . The results are condled together with
those for Bohm diffusion in Table 1.
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N, [cm_B]_ ¢;0 [ sec™ 1) D, ¢; [jsechlj
28 « D, 1.78 x 10%°
T % 1o8 2 x 1015 15
__1-_ w: ) 1-70 x 10
30 B
2 100 « D 1.9 x 107
3.5 x 100 > x 101° "
el x D 1.85 x 10
15 3
=2 100 % D g
1 x 108 2 x 10%° | "
_l X:D 1.96 x 10
M £

Table 1

Bohm diffusion

As for resistive diffusion we start with ea. (7). But
now the diffusion coefficient is given by

B 3

D = JAR_ C
B
with
/%B = 6.25 x 10° x E ( Es An eV)
Again CB is a dimensionless factor for varying the diffusion

coefficient. Going on in the same way as for resistive dif-
fusion we get for Bohm diffusion the differential equation




(13)

(1)

w N =

B X [ = 777
Rix) = / \ﬁgxg c{fj/
2r Ay Cy |

For zone I a drawing of R(x) wilth C,= 1 1is given in Fig. 7.

Again the strong dependence on s is caused by that of B. For
the integration of egs. (13) and (4) we take the boundary
value for ¢ as fixed:

For n, =7 x 108 cm_3 the results are given in Fig. 9a.

Pure Bohm diffusion ( C, = 1) is much too fast and leads
to a density profile of almost constant density from
s = 40 to s = 31. The measured diffusion 1is about a factor
of 30 slower than Bohm diffusion. But for the hypothetical
peak density h, = 3.5 x 107 em™> we need only C5 = %ﬁ for
approximating the experimentally detected profile and for

N, =1 x 140 em ™2 only CB = %— is necessary. Therefore
if the measured density happens to be a factor of only
2 higher than it really is, the diffusion is much nearer
to Bohm diffusion than to resistive diffusion, as may be

seen from Table 1.
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. Diffusion due to Like Particle Collisions

Considering the density profiles calculated above one sees
that FICK's law does not lead to a density plateau as de-
tected by the measurements. Therefore one supposes a higher
order differential equation describing the diffusion me-
chanism. Moreover, in the region of this plateau the gyro-
radii are large compared with the scale length of the den-
+) as well as
ROSENBLUTH and LONGMIRE5) stated that diffusion due to ion-

ion collisions is no longer negligible compared with

sity gradient. About ten years ago SIMON

diffusion due to electron-ion collisions, if the gyroradii
are large. SIMON gave the particle flux due to ion-ion
collisions as

.= 2 B V(270

4L

Ti:-

time. If we assume equal mean free paths for ion-ion and

is the gyroradius of the ions, T .. the ion-ion collision

ion-electron collisions and if we introduce § as the characte-
ristic length of the density gradient, the ratio of the par-
ticle flux across the magnetic field due to ion-ion collisions
and the flux due to ion-electron collisions is given by

A
z z

G| = R ()

-

Thus ¢1£ might be important particularly in the case of
heavy ions like caesium.

Combining resistive diffusion and diffusion due to 1like
particle collisions we obtain the flux perpendicular to
the magnetic field
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(15) P = —zﬁ}Dn(zh)sLJe + 27 jE:DL.c-([Z%lZ?q)sdf

Again the integrals are to be taken along a closed magnetic
field line, D. is given in (8), ;¢ 1is defined by

A

g D, = A, .%"
_ 3 _A Veo W ¢ \* Vi, m, ¢ | 3 [ e
) A = T:“m( — ) _Arc( e L)T(w‘c

In the second integral on the right-hand side of (15) we
handle the differentiation in a similar manner to that
above for the first integral. We recall that § was a co-
ordinate perpendicular to the considered magnetic surface
at an arbitrary point of the field line but that x was the
same coordinate in the intersection point of the field line
and the integration path for the differential equations.
Then we have

— dn dx
‘ih o x oaf

and from (3)

(18) de —— B
dg B s,

= ___ ('{ 3!-'/1 C?{‘-’ - L‘M D{z)(

(19a) Vﬂ_“ T dx? ( ol ) T Ax 5>
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3. v 3 g 2 _ 13
ao0) 7 = du ( d") + 3 -"1'2 ii f;(; - (“‘(:’ ;!(;3

p)
—
Ll

We can easily transform the first term on the right-hand
side of (19a) and (19b) using (18). The other terms we

shall neglect. This is because 3% describes the ratio

of the distance of two infinitesimally neighbouring magnetic
surfaces, if we measure this distance oncqzalong the co-
ordinate x and once along f’ . Therefore 3?% represents

the chanre of this ratio going along the coordinate §

from one surface to a neighbouring one. From Fig. 1 it

is obvious that this change is not important. Thus from
(16), (18), (19) we get for the last term on the right-hand

side of (15)

- 2 . ) Cz C( ‘
D (VLT )sdt =~ A, w? _ﬂ_{_(bj’{f;zm)}é&(d;)gc/f

_ ot d A d A L st g
=N \ﬂ(ﬂolx:h> B 5 ﬁ) R ol

For the flux $ it follows that

FAN[dn> [ S _ 2 2-"L/Z
(T) z—(B‘_s‘, ))_Z{_ki é—lﬂ X s> ”(7?/ " M)§ ‘/(j

T is defined by

, I - -2
Tix)y = %—( "”") (%

If we assume _ "
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only the well known Q appears. Thus we get the differential
equation

2 £ ~7 0/ 2z & ;
(20) 2n(;‘{;£-0%1h) - Ty Zn® = « Ty Quo ¢

For section I T(x) is given in Fig. 8. Like Q(x) it grows
strongly for diminishing s. Therefore for s near s = 40 cm
the density profile is expected to be nearly exponential,
because the first term on the right-hand side of (20) vanishes
for an exponential density profile. Equation (20) was in-
tegrated along the straight line z = O together with eq. (4).

But then we had a free choice of two more boundary values,

namely n' and n" . According to the density measurements
n' was postulated to be zero at s = 39.5 cm, whereas
varying n" we obtained a set of curves and chose that

curve which best approximates the measured density profile.
The results are shwon in Fig. 10. The most surprising result
is less obvious from Fig. 10: If we calculate the best

14 1

approximating profile for 4;0 = & x 10 sec © instead

of 9, = 2 X 1015 sec-l, the resulting curve 1is unchanged
in terms of the calculating accuracy except for the density
value for s = 31.0, This very insensitive dependence on ¢L°
is due to the very small factor d‘?"C) by which ‘?

is multiplied in (20). The behaviour of the calculated pro-
file 1s governed by the homogeneous part of (20) in the
operating regime of the experiment. Thus equation (20)

does not lead to a unique relation between the peak particle
density W, and the particle flux from the source 4&
Experimentally such a relation was found. For this reason
we do not believe that the diffusion in the octopole de-
vice is governed by like particle collisions, although this
diffusion mechanism best approximates the measured density
profile.
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Conclusions

Summarizing our results we must state that the measurements
made hitherto do not prov{te a definite answer to the question
of the diffusion mechanism. In particular, measurements
relating to the inner part of the separatrix yg are missing.
But if we assume, as was Jjustified in section A, that the
only loss flux inside W is along the magnetic lines of
force to the supports and the flux perpendicular to B to
the ring conductors is negligible, the measured density
profile allows two interpretations. Either FICK's law
governs the diffusion and the diffusion coefficlent is bet-
ween pure resistive and pure Bohm Diffusion but tends more
to Bohm diffusion, or diffusion due to ion-ion collisions
is partly responsible for the particle flux perpendicular
to B and the diffusion is purely classical. But the latter
alternative does not lead to a unique relation between

the peak particle density and the adjusted flux ¢L\ from
the particle source. The loss flux along B to the supports
of the ring conductors is not so important as estimated by
ECKHARTT et al. . According to our calculations this flux
outside Y, 1s only about 10% of #L_ and for the whole
machine less than 25% of $_ . The rest flux is driven

to the walls.
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