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ABSTRACT: In a Q-machine with end plates heated to a uniform
temperature there must exist a radial electric field propor-
tional to the gradient of the particle density, thus being a
consequence of a deviation from the equilibrium case. This
radial component of the electric field has an influence on the
velocity distribution of the ions and leads -for a certain
range of particle densities- to increased loss rates of ions.
The calculations have been performed under the assumption of
an electron sheath on the end plate and by taking into account

the centrifugal forces acting on the ions.




Although the "equilibrium model™" 1) seems to be a good descrip-
tion for a collision dominated plasma in a (Q-machine, there
remain still a few experimental observations not in agreement
with this model; p.e., the mean ion energy perpendicular to

the direction of the magnetic field (measured by the Doppler-
broadening of a resonance line in a barium plasma) seems to
exceed considerably the temperature of the end plates as far as
the mean particle density is low enough (<K1011cm‘3) 2), and
the origin of a factor of about 25 discrepancy in the deter-
mination of the mean particle density by means of Langmuir
single probes or using the method of resonance scattering

of light 5) is also not yet known.

For a low density, electron rich plasma which can no longer

be assumed to be collision dominated it has already been

4)

shown that the existence of both resistive diffusion and

end plate diffusion or the presence of a probe within the
plasma lead to a large deviation from the equilibrium situation
and, consequently, to a highly disturbt velocity distribution
of the ions and to a large increase of the particle loss rate
as well.

The purpose of the present report is to ir-estigate the influence
of a radially directed electric field on plasma conditions,

and wether or not the above mentioned discrepancies could be
related to the presence of such an electric field. This will

be done by considering the influence of a radial electric

field on particle energy and by taking the ion inertia into
account. For his case of interest, v. Goeler ) has already

pointed out that the increase of resistive diffusion due to

these effects might be neglected in the Q-machine.




In the following calculations a Q-machine of rotational

symmetry and of mirror symmetry about its middle plane is
considered. The magnetic field is homogeneous and parallel

to the axis of rotation of the device +). The two endplates

are located in a distance of ilo from the middle plane and
heated to equal and uniformly distributed temperature. Throughout
the whole calculations an electron sheath is assumed to be
present on the end plates because this is the case of interest
for good ion confinement.

Under these conditions a radially directed electric field

exists within the plasma 7) %)

E:———Vn (1)

provided that the work function is constant on the endplates.

The equations for the two fluid model read
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where the electron inertia has been neglected due to the small
electron mass and the approximate equality of ion and electron
velocity for Ex B- motions. FPurthermore, the inertia of any

macroscopic motion in radial direction will be neglected since

these motions should be slow enough. Therefore, the only

+) By these assumptions we go around all the difficulties en-
countered in systems with inclined end plates. 5) 6)
§) Use will be made of the relation

kT = eUth




non vanishing term of the ion inertia is given by
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In eqs. (8) and (9) the electron contribution to the macroscopic

velocity has been neglected since it is of negligible influence

in the problem under consideration.

Eq.(9) has the solution

V. =—£;—£(1—v1+—"—4-*“—vr§j)
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where the minus sign had to be taken since vi? =a0sfox V}g = Q.
By combining eqs.(1) and (10) it can be seen that V,.&is
usually negative in a Q-machine, i.e. both forces, enk., and
-V}pi, are pointed outward, in the same direction as the centri-

fugal forces. For this case Vrg and thus also v,, have an upper

limit for which the outward directed forces can Ztill be com-
pensated by the Lorentz force. If any larger electric field is
applied the plasma becomes unstable due to the rapidly growing
centrifugal forces.

If the electric field forces and the centrifugal forces are
directed opposite to each other eq.(12) has a solution for each
value of Er‘ In this case vi? becomes proportional to Vﬁ;'and
the centrifugal forces can be balanced by the electric field
forces. One should not forget, however, that now the electrons
play the role of the ions in determining the upper limit of the
electric field by their inertia but, certainly, this limit for
Er is much higher in magnitude than the one put by the ions in

the first case.

For Er>-0 the maximum stable ion velocity

1

Ivirmax]= praw.y (13)

is obtained for

-~ 1
Vebnax = “IrwciB (14)

Introducing eqs.(13) and (14) into eq.(9) shows that the system

becomes unstable when the electric field plus the pressure

forces become smaller than the centrifugal forces.




In order to get an impression about the importance of eq.(14)

an example will be given. Therefore rewriting eq.(14)
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where z is the ion charge, A the atomic weight of the ions and
B the magnetic field strength measured in Vsec/cmz. Roriz=1,

A=133-(€8)y-r=1cm-and B=73 KGauss = 3-107° Vsec/cm“2

1 vV
Br-enVrPy $ 16 55 (17)
Eq.(16) shows that the critical value for the static radial
forces depends only on ion mass, position and the magnitude
of the magnetic field but it does not depend on parameters

such as the temperature or the mean particle density.

The next step is to evaluate the mean energy of the particles
in presence of a radial electric field. This will be done under
the assumption that all particles are generated on the end
plate and have, when leaving the end plate, a velocity distri-
bution according to the plate temperature. By passing the
sheath the particles enter the region with a non vanishing
radial electric field and will thus gain energy according to
“their radius of gyration. It is well known from rotating
plasmas that in such a case half of the energy gained in an
Ex B- field is put into plasma rotation and half into the
gyro-motion of the particles. The velocity of these particles

is described by
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where vpL is the perpendicular component of the initial par-
ticle velocity and x the initial phase of the motion. Eq.(18)
describes the ion motion in the single particle picture and
shall be used only to determine the gain of energy of the ions
by their motion into an Ex B- field. If the collision time is
long compared to the time the particle needs to pass the sheath
the pressure gradient does not enter into eq.(18). But the
velocity determined by egq.(18) is the velocity of the individual
particles, i.e. the first term represents the motion of the
centers of gyration which, in general, is different from the

macroscopic velocity of the ions, and the second term represents

m, V.
the gyro-motion. Thus the term ?} —%—_5? is the centrifugal

force due to the motion of the centersof gyration and not the

centrifugal force due to the macroscopic motion of the ions.

The mean particle energy is obtained by taking the average over

the distribution function of the second term of eq.(18)
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where vf is measured in a system moving with the velocity of

the centers of gyration.

It might be somewhat surprising that in those regions where

a radial density gradient exists the mean particle energy in
a Q-machine is larger than the temperature of the end plate,

due to the non vanishing radial electric field. But it should




be kept in mind that the existence of a radially directed

mass flow due to resistive and end plate diffusion -so small

it might be- causes a deviation from the equilibrium situation;
and it is just this process which -in connection with the
distribution of the particle sources- determines the distribution
of particle density and thus also of potential (according to
eq.(1)) within the plasma which in turn is responsible for

the increase of the mean particle energy. One sees immediately
that a vanishing radial mass flow leads to an equilibrium
situation since it requires a vanishing gradient of particle
density and thus also a vanishing radial component of the
electric field.

The picture would, perhaps, become more clear if one puts
himself into a coordinate system rotating with the Ex B- velocity
of the plasma. In this particular system 17 vanishes. But now
the end plates have to be assumed to be rotating with the same
frequency as the ions before but in opposite direction. That
means that all particles generated on the surface of the end
plates have a net momentum due to the rotation of the plates
superimposed to their thermal momentum. This situation is
similar to the ones encountered in injection machines. Again
the effect disappears for vanishing V}n.

There is more evidence for the existing deviation from an
equilibrium situation. If one assumes the plasma to be in
equilibrium there would be detailed balance of all individual
processes. Considering volume ionization and recombination

and assuming the neutrals to have plate temperature, one sees
that an ion generated by volume ionization must gain energy
from the radial electric field according to its final radius

of gyration, i.e. all ions generated this way populate the




high energy part of the distribution function. The recombination
probability, however, is determined by the electron energy +)
and thus equal for all ions. This is a contradiction to the
assumption of detailed balance which again disappears for
vanishing V}n. Also this example can be visualized in a rotating
frame. In this case the neutral gas has to be assumed to rotate
with respect to the ions. Therefore, the momentum has to be
conserved for any individual ionizing process. This can be done
only in the gyro-motion since the frame has been selected just
this way. Again the rotation of the neutral gas vanishes for
vanishing V}n.

Therefore, the ion pressure, P; perpendicular to B is ob-

tained by multiplying eq.(19) by the mean particle density, n

m. r B 2
B il/=r 1 A2 o} 0
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P B S 1 x
Py, =nz(5) (1+rwci 5 )+ enlyy (24)

+) The electrons gain practically no energy from the radial

electric field due to their small radius of gyration.
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In egs.(24) and (25) it has been assumed that the energy gained
by the ions from the radial electric field will not distribute
itself among the three degrees of freedom. This is the case
only if the mean time for like particle collisions is longer
than the mean life time of the ions, i.e. for a range of
particle densities for which the mean free path for like
particle collisions is comparablé with or longer than the
distance between the two end plates, as shown in ref.4). For
these conditions an equivalent mean particle energy, eU ,

can be defined by the equation

T 2
1784 r 1 A2
Uy =2 "é‘[“%"*mci Viy] * Uin (26)

Simultaneously, the centrifugal forces and the increase of
pressure represent increasing forces in radial direction which
have to be balanced by an increase in the azimutal current
density which in turn causes an increase in the particle loss
flux in radial direction as seen by combiring eqs.(5) and (7).
But this loss flux is a consequence of the finite resistivity
of the plasma, i.e. a consequence of collisions between ions
and electrons and these collision times are often longer than
the 1ife time of the ions within.the plasma. Thus, for the
following treatment it is necessary to consider three families
of ions:

(1) Ions with a life time shorter than the like particle
collision time. These ions will have a mean perpendicular

energy according to eqg.(26).
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(2) Ions with a life time longer than the like particle
collision time but shorter than the ion electron collision
time. These ions will randomize the energy gained within the

electric field and therefore have a mean energy, eUE

1 m E

. 2
e AT 1 A2
Up =3 3 [ B-+rcbi v J o Uy (27)

(3) Ions with a life time longer than the ion electron collision
time. These ions will loose their excess energy gained in the
electric field by frequent collisions with electrons which

carry the excess energy back to the end plates. This family of
ions will therefore have plate temperature.

In the considerations a collision of an ion with one of the end
plates and a following reionization has to be treated as a new
generation of this ion.

That most of the ions present within the plasma belong to

family (1) will be found in low density plasmas such as treated
in ref.4). Family (2) will be encountered to be mostly populated
in an intermediate range of densities and family (3) is found

in high density plasmas. The criterion for family (2) to be

mostly populated is

ri. <€ e < T. (28)

where tfl is the time of flight for an ion over the distance
of the two end plates. It should be noted that the collisions
have an effect only on the mean particle energy but they have
no direct effect on plasma rotation (only via a change of the

profile of particle density).
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Since radial particle diffusion needs several ion electron
collision times for the particle to get lost whereas the
particle energy approaches the plate temperature with a time
constant of approximately one ion electron collision time one
has to conclude that the preponderance of family (1) or (2)
within the plasma is limited to such cases for which the loss
rate of ions is determined by end plate recombination and

end plate diffusion. This does not mean that relatively small
particle losses due to resistive diffusion will not have a
large influence on the ion velocity distribution and thus on
the loss rate parallel to the magnetic field.

For the following calculations it is usefull to replace eq.(25)

by
p;, = n[eUth + a %—i (%)2(14--1-‘—% FBE)_.{ (29)
where
1 for family (1)
a=4% " " (2 (30)
o v v (3

Furthermore, using eq.(1) and defining an e-folding length, A,

for the mean particle density by

1 1
. V}n R (31)
yields+)
U
B
E, = s (32)

+) It is clear that U, in eq.(32) has not to be modified since
the radial electrig field is determined by the variation of
the sheath voltage over the plate which in turn has to provide
electron balance according to the distribution of the particle
density within the plasma, and the electrons can be assumed
to have plate temperature.
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and defining the velocity w by

U
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Wis @53)
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As seen by combining egs.(33) and (37) w/vi is identical with

W 1 (
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The radial flux of particles due to resistive diffusion is now

calculated by using egs.(7),(5),(36) and (38)
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where Vra is given by
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v2 is obtained by using eqs.(10) and (12) under the additional

1y

assumption
Vré| 1
% <<7i- rwci (42)

(which is a somewhat stronger assumption than (22))

vZ. ~ 4wl (1426 - 2AV¢) (43)

Y

Thus one obtains for

en U
¢r= 27————{”& AV +2

Cl

(1+2e—2tha)} (44)

The first term in eq.(44) is the usual expression for resistive
diffusion in a plasma with a temperature equal to plate tempe-
rature. The resistivity, s entering into eq.(44) has to be
taken according to the electron temperature which -under the
conditions discussed here- is practically identical with plate
temperature.

To give an impression about the influence of the radial electric
field present in the Q-machine on resistive diffusion, the
e-folding length, A, will be assumed to be equal to the ion
radius of gyration. All derivatives of A will thus be put to
zero. Such a profile of particle density is not too far from

experimental observations. For this case the quantity

u
W = th _

9 %ei




Y 1T

Then one obtains for

_ _a S5
é (l-?i) =cq (14 2 qr) (46)
V.e(A=¢;) =0 (47)
and thus for
2
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The terngﬁ on the right hand side of eq.(48) is the one dis-
cussed in ref. 1) and as seen also from this analysis it can
be neglected when calculating the flux of diffusing particles
provided that the magnetic field is sufficiently large.
It should be checked at this point if the estimation l=:gi is
compatible with the assumption (42) which reads in the new
variables
a w
8w[1 e (1T 2\71,,1)_1« ra (49)
and thus 8w K ra; (50)
: w ) : 3
even in case Y. being of the order of unity. For l-‘gi
(50) reduces to
g 31 « 1 CASSE) (51)
r i

Based on eq.(36) a mean ion energy, eUE for the motion per-

9
pendicular to B can be defined (for a::% this energy is identical
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with the mean random energy)

;
E = en Pil (52)
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Here the assumption A= ¢. yields for Un
10 d IO, W | N W (B 23) (54)
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The next step is to calculate the loss flux of ions, ¢LE’ to

the two end plates. It can %e seen immediately that the radial
electric field has no influence on this flux for particles
belonging to family (1) or (3). In the first case this is due

to the complete decoupling of the motion parallel and perpen-
dicular to B; whereas in the second case the ion excess energy
was assumed to be carried back to the end plates by frequent
collisioné between ions and electrons. The following calculation
is thus restricted to family (2) only. Therefore, "a" will be
replaced by 2/3 and & by &, which is identical with ¢ for a = 2/3
but O for a = 0. The case a = 1 is subject to ref. 4) as far

as effects are concerned related to the velocity distribution

of the ions parallel to B. It should be noted, however, that

the upper limit of the particle density for which the calculations
of ref. 4) are still applicable is increased by the existent
radial electric field due to the increase of the like particle
collision time.

€, is obtained from eq.(39) by putting a=2/3

1 w W
52 =i, 392 (1+2 gzg;) (55)
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Then the loss flux of particles to the end plates is determined

by U
U

s 1

_ i ! T+ 2F
CPLE = ('I—g’“)‘[?mrW V1+262 e~ th 2 (56)
where again use is made of the assumption of an electron sheath
existing on the end plates (US<LO!). Denoting by ¢L the loss
flux when omitting the effect of the radial electric field

one gets for the relative increase of the loss rate (see fig.1)
US 2 &2
U 14—262

Orp .

HET = (14—&2) e th

(57)

Remembering that the sheath voltage is determined by the electron

balance condition

US

Uth ¥ (e A

e = - 2—V1'F'J_;—{ (58)
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Q
=

(59)

where Vo is the most probable velocity of the electrons which
have a temperature equal to plate temperature and jR is the
electron emission saturation current density. Thus, C is only
a function of plate temperature as long as the work function
is constant. Introducing eq.(59) into eq.(56) yields

1+6€

1 2

2
v, . 1+ 2¢ 1T+ 28
brp = O-Pyr 1+ > n 2 (60)
N 1-2€6, 2(1-¢,)
%(1-.3‘)%}-(1+é2) c °n 2 (61)

which gives a deviation from the n2—law which would be obtained

under equilibrium conditions.
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Finally, the effect of end plate diffusion ) shall be con-
sidered. The radial loss flux of ions due to this process is
given by

Us 1

2
B T - L e L PR
¢eE "B T A1, n\1+2¢& e (62)

WVhere 95 is the ion radius of gyration just in front of the
end plates, i.e. for a mean ion energy egal to plate temperature,
21o is the distance between the two end plates and g'the
surface ionization coefficient. A comparison between eqs.(62)
and (56) yields immediately
2.
é g AU T IR S (63)
eE ST 2 1o 2

which means that the loss flux to the endplates is increased by
the same amount as the radial flux due to end plate diffusion.
Therefore, the profile of particle density is unaffected by
the magnitude of the radial electric field provided that
resistive diffusion is neglegibly small compared to end plate
diffusion.
Again, to give an impression about the magnitude of this effect

A will be replaced by S5 thus

€, =t (1 2iL) (64)
e U, 1+ 29&/r
) [} . U, Tr20./r
LE _ YeE _ 1 23 th i
ik sail AR AR ] (65)

An example is given in fig.1 for r=10 2
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The total loss rate of ions is obtained by summing up the

individual contributions and by integrating over the plasma

surface
Vo 7 1-26, 2(1-¢&,)
‘Po '—'277'{(1—3*) VTF_‘!I"(1+£2) C n ar' +
)
1 Z%? g%;ﬂdf(14,£2) C1- 2¢, n2(1— £,) i 128,
+ 4rl M 1+ &,-AV ¢ e
e o [ 2-,r2+2r%i(1+2e2-21\7r5221}

where eqs.(61), (63) and (44) have been used.

In order to find the range of particle density for which this
picture is applicable numbers will be put into condition (28).

Making use of the relation

I'lli T
tie 5 E_e- ii (67)
yields for (28)
_Js
U m.
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T;<Ty e <viﬁ; Ui (68)
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thus
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Therefore, the left hand side of condition (68) results in a

lower limit for the mean particle density

o : . Db sabils
U2 (1+ 36+ ¢ -T2
n> 2.8.1012 b ..o . WR e (73)

1o

for an estimation assuming €, to be given by eq.(64) with r=109;
€=¢€, = 0.20 (74)

and taking typical values for Uth==0.2 Vs t A= 155+ and lo==4O cm

yields

U U

S S
-0.71 7= ~0.71 =

m
5107 e Wicn <15:10%¢¢

b, Si
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e

(75)

which covers the range of density mostly subject to investigation

(US<<0 for an electron sheath!).
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Conclusions

The outward directed flux of particles due to resistive and

end plate diffusion leads to non vanishing pressure gradients
perpendicular to the magnetic field and thus to a deviation

from the equilibrium situation (for which, by definition, no
macroscopic motions are allowed to exist). As a consequence

of this effect an electric field must build up itself in order
to provide balance of electrons on the surface of the end plates.
For the assumptions made in this report, i.e. uniform temperature
and work function on the plates, magnitude and sign of this
electric field are such that the diamagnetic currents are

7), thereby providing a rotation

completely carried by the ions
of the plasma.

Purthermore, both the radial electric field and the centrifugal
forces acting on the individual ions represent an energy

source from which the particles can gain energy in excess to
their thermal energy which they possess just when leaving the

end plates. The gain of energy is proportional to the radius

of gyration and is thus essential only for the ions.

As shown in fig.1 there is also a remarkable increase in end
plate diffusion and end plate recombination as a result of

this radial electric field provided that the mean particle
density falls in a certain range. The increase of resistive
diffusion, however, is -for typical experimental parameters-—

less than by a factor of 2.

At the beginning of this report it was said that the "equilibrium
model" seems to be a good description of a collision dominated
plasma in the Q-machine. From the results of this report it

must be concludet that "collision dominated" has to be referred
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to ion electron collisions rather than to like particle collisions
in order to provide equal mean energy for ions and electrons
which then will be equal to plate temperature.

With respect to the two experimental observations mentioned at
the beginning of this report it has to be stated, however, that
the gain in energy for the ions is of the order of 2&2 and
therefore by far not sufficient to explain these experimental
results. On the other hand, the increase in particle loss rates
found in this report has not been subject to these experimental
investigations.

Therefore it shall be checked whether the assumption of a
reasonable temperature variation over the plates would influence
the radial electric field so much that it could be accounted

for these experimental observations. That shall be done along
the lines of ref.7.

Since the plate surface is a surface of equipotential the radial
electric field within the plasma is determined by the sheath

voltage alone
E. =~ V}Us (76)
Utilizing eq.(58) and replacing Jg by

b L

U

Jiyi - IO UGy esat 1R (77)
where
Cqp = 2.3°1028 oxi Caag W (78)
it follows
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and
SUS aus
By = -5 Y - 5 VUi (80)
th
U nv
PR o 5 il Wek .Hale
R th
For an estimation Uiy can be put to 0.2 V in the logarithmic
term of eq.(81). This yields for E.
EN__.___UthVn+ 48.1. = 2.3 1o n| V.U (82)
R 47T : ; €10 r°th

If the plate temperature is decreasing towards the edge of the
plate the two contributions to Er are of opposite sign and the
second term is for non of the devices known large enough to be
responsible for the experimental observations. That means that
also a temperature variation across the plate surface must be
excludet as the reason for the experimental findings of largely
increased ion energies.

It should be noted, finally, that the increased loss rates of
ions as well as the increase of the mean ion energy can be
avoided by compensating the influence of the density distribution
on the radial electric field by a suitably chosen distribution

of the plate temperature, i.e. by satisfying the local condition

nv U .
a we - th
[2 ke 2To:u2. ]VrUth = +:2 -5 Vot (83)
R th
but such an adjustment might be difficult especially, since it

depends on the particle density itself and its distribution.
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Figure Captions

fig.1 Relative increase of mean particle energy, Ug (eq.(53)),
of resistive diffusion, ¢rE (eq.(48)), of the loss
rates to the end plates, ¢LE’ and end plate diffusion,
¢eE (eq.(65)) vs. the ratio of sheath voltage, Ug, to
the thermal voltage, U, , for a= 2/3 e ¢; and r=10g¢..

figa Relative increase of the same quantities as shown in

fig.1 vs. the ratio of the ion radius of gyration to

the radius under consideration for a=2/3, Az.?i and

Ug/Ugp =-5-
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