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ABSTRACT: Magnetohydrostatic equilibria are considered
whose lines of force are interchangeable. The energy change
is computed which follows from the interchange of a pair of
flux tubes. The separation between the members of the pair
and the flux of either tube are kept unspecified. Necessary
conditions for stability against interchanges over finite
distances are derived and expressed by p,q ::f'dllB , and
I: =(1lp)j'8 dl. In the case of infinitesimal interchanges,
a necessary and sufficient condition can be derived and
considerably simplified by using the equilibrium ccndition

dl =-qdp . This stability condition is shown to be equi-
valent to the simultaneous stabllity against interchange at
constant volume and at constant flux.




1) We consider a magnetohydrostatic configuration which per-

mits the interchange of magnetic lines of force of finite
length. The lines of force may end in an insulating end
plate which Iintersects the lines of force perpendicularly
and takes up the gas pressure. We neglect the effects pro-
duced beyond the end plates by the interchange. Alternatively,
the lines of force may be closed upon themselves. Finally,
the configuration may possess a periodicity along the
magnetic field; we then consider a single interval. In all
cases, each line of force has a defined length, and we may
define for each of them the integrals

1
= [dl/B d 1:=—= B dl . 1
q:=[ an uof (1)

(dl = line element along B ; B =1B1 ). We may associate
with a line of force a flux tube of the (infinitesimal)
flux ¢ and the (infinitesimal) cross section A which are
related by

(2)

A, of course, varies in general along any given field line
while )

0¢/0l =0 similar to dp/al =0, (3)

By these definitions we may ascribe to a flux tube a certain
(Infinitesimal) volume

V:=jAdl=¢q. ()

The most general interchange of lines of force can be thought
of as being composed of the superposition of interchanges of
pairs of infinitesimal flux tubes of (in general) different

flux and (in general) finite separation. Considering one such
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pair, we denote these tubes in their original positions

py the indices 1 and 2 respectively. In the interchange
tube 1 takes the original

hetore alver position of 2; in this position
its physical state will be de-

noted by index 1 and a prime.

1 2! Tn the same interchange tube 2

Fig. 1 takes the original position of
Notation for the inter- 1 and will then be denoted by
change (cross sections 2 and a prime. Given the geo-
through the infinitesimal

flux tubes) metry of the flux tubes, there

is a unique way in which matter
must be distributed along the field lines after the inter-
change such that the pressure is constant along each field
line. We assume that this condition obtains. If we further
assume that the matter behaves adiabatically during the

interchange, then the conservation of entropy yields

131\\";Y =py'V,'Y; -pz‘V.L;Y:'p,‘,"'V.‘,"'Y

(5)
(Vy = Vp's Vy = Vi)
while the conservation of flux leads to
Oy = &' ; Oy = &' . (6)

This allows us to relate the values of the integrals of
eq. (1) before and after the interchange with the ratio VIV,
as the only parameter

q":--:—q‘;-‘l-'-Z (7)
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%) The energy contained in the flux tube 1 is:

p
W, = - jB,zA,dl1+f;[-_‘—1A1dli

2u,
- L Py
=5 o, I, + i v, ol
LYy Y

2 q Y-1

With the aid of eqs. (5), (7) and (8) the energy after the
interchange can be expressed by the unprimed quantities

1 L S T R
2 q,? ? v, ' y-1 (V;) Vo » (10)

W, =

This, together with the obvious relations for W, and Wz',
allows us to express the energy difference between the
state after and before interchange

AW:= (W, =W,) + (W, - W,) (11)

by quantities of the original configuration and the para-
meters V,, V, . To do this in as concise a form as possible
we introduce the following notation:

a,:=q,7%; by=q,- 1, ; 1==2 (12)

and for any quantity X which may bear the indices 1 and 2:

6x:=x2-x,;x=12—(x1+x2). (13)

This then gives our fundamental relation:

AW

-%5 (aV?) - 6(bVv-")

1 2 (1)
Y . -Y

”qfﬁﬁ(PV ) - 6(VETT)

1 (a6vi+ 6a-VZ) - (B6V-'+ 6b- V)
. (15)

_§L1(5av*+ SpVY) -6V'-Y,
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4) A necessary condition for stability is that there exists
no pair of interchangeable field lines that with any
choice of V,/V, AW becomes negative. If we consider a
specific pair (1,2) and choose V,/V, to take in succession
the following values:

Vo _ ,92y- P2y-+

—_—t = [ L H - —t 'Y‘] 16

FE(g) i) i (BE) (16)
then the four 6 -terms in eq. (15) become successively zero,
such that only one product of & -terms remains. Thereby

four necessary conditions of stability result:

o

(a) 6 “DQ'YIZ) -6 (afly-112) <

1A
o

(b) 6(pbY) . 6 (b'-Y)

(17)
(c) 6(ap-2/v) - 6(bp'y) =0

1A
o

(a) 6a - 6b

all of which must be fulfilled simultaneously. The first two
of these special interchanges leave the magnetic energy un-
changed ( (a) on both field lines individually, (b) by
exactly interchanging it), and the two remaining ones leave
the thermal energy constant. Inspection of eq. (17) shows
that only three of these conditions are independent. Using
y > 1 and the definition a = q~%(and recalling that b=q-I )

we may reformulate eq. (17) as:

P2\ Qb
Q,=2qy i by=2by ; (—= )= max { — , —
2 1 2 1 (p1) {q2 bz}
or all inequality signs inverted must hold for all pairs (18)

(1,2) as necessary condition for stability.

The third condition is certainly fulfilled if p, =p,. If,
however, p,<p, , then I,>1, (as shall be proved) and
b,/b,<q,/q, o that in all cases the third condition may

be replaced by i
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-6 -

P,4d,' = pyq,". (19)

Without further knowledge about the relation between the
quantities b, p, q, it does not follow that no value V,/V,
exists which renders AW negative, even if the conditions
(18) are satisfied.

The question of the sufficiency of the criteria for stabi-
lity against interchanges can, however, be answered if
cnly interchanges between neighbouring lines of force are
considered.

We restrict our attention to such values of V,/V, , that

6V/V=: egis a small quantity into powers of which we may
expand the right hand side of eq. (15)
AW/V =  €°(-1/2 6a 6b)

+ €' (-G6b +1/2bba+6p)

+ €2 (ab + yp)

+ €2 (-1/4 6a 6b)

+ €3 (-1/43G6b +1/4bb6a + ﬂ%—'—uﬁp) L50)
+ €4(1/4 TD + Mﬂi‘z”—‘lﬁ)

+ €4 (-1/16 6a 6b)

Consistent with our later application, we now assume that

all & are small quantities of the same order as € ("infi-
nitesimal interchange"). Then the first three lines of the
right hand side of eq. (20) are of the same order (namely €2),
the next three lines are of order €4, and so on. We retain
only the first three lines, replace 6§ by d to indicate the
assumption of smallness, and omit the bar. This shortened
expression for AW has as function of € just one minimum
which corresponds to the most unstable possible infinitesi-
mal interchange:
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dw :

o= 'T =
Min (AW / V) | .
1 1 (~adb +1/2bda + dp)? (21)
- da db - —
2 4 ab + yp

f'or stability

This condition is not only necessary but also sufficient

for stability against infinitesimal interchanges if ful-
filled for all infinitesimally separated pairs of field

lines. A surprising simplification is possible if we use
the fact that the state before the interchange was one

of magneto-hydrostatic equilibrium.

To derive an equilibrium
=P; condition, we consider
two neighbouring field
lines 1 and 2 on the iso-
bars p, and Pp, . On
these, we take line ele-
ments cut out by two neigh-

bouring orthogonals to B .

Fig. 2 The two line elements dl,

Notation for equilibrium
condition

and dl, (separated by the
distance ds ) define a

surface element. In its plane we evaluate the equilibrium

condition

i

m curl B x B = grad p as (22)

M dl - ds G e ds (23)
Multiplication by dl-ds/B yields

T (Bidly-Bydly) = L . (py-py) . (o)

Integration along the lines of force is then possible and

results in
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= B =
dl = -q dp. (25)

Since eq. (25) has to hold for all pairs of neighbouring
field lines I, q, p must be functions of each other. These
need not be single-valued though;for instance, if there

exist two disconnected isobaric surfaces to the same pressure,
then I may have different values on each of them. Except

for such situations our previous assertion (in deriving

eq. (19)) follows directly.

Using (25) in eq. (21) yields

dw = —9" _ db - d(q'p) (26)
b+vyq?p

with the ensuing criterion:

db-d(q¥p) = 0 for stability (b=q-1) . (27)

The advantage gained by using the equilibrium condition
goes far beyond the gain in formal simplicity. Since q'p
is a function of b, we need only know the sign of the
slope

d(q¥p)/db (28)

of that function of one variable for all values of b

occuring (if it is not single-valued, then on all branches

of 1t) to determine whether or not the equilibrium is stable
against infinitesimal exchanges. If we had not had information
on the equilibrium we would have had to apply (21) on the
whole infinitesimal neighbourhood of each line of force se-
parately.

We obtaln a useful transformation of condition (27) by intro-
ducing q as independent variable:
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dql  dq'p
dq dq .
y -2 »dp 2 dp =)
= q""%(-q aq +1) - (q 36 +Yq)

[ = 0 for stability ].

Since both I and yq are non-negative, one of the brackets
at most can be negative. For stability both have, therefore,
to be positive, giving the equivalent criteria:

dq - dql
both =0 for stability (30)
dq - dq¥p
-YP=4q ok =1 for stability (31)
dq q ’
Yqp = q a—% I | for stability (32)

The first line of (30) and the right hand inequalities of

(31) and (32) correspond to the interchange of flux tubes

of equal volume, the other inequalities to the interchange

of flux tubes of equal flux. We therefore find that stabi-

lity under these two simple exchanges is not only necessary

but also sufficient for stability under all infinitesimal
interchanges+). Furthermore, it is evident that the attainment

of the condition in the small (particularly in the form of

the criterion (30)) is sufficient for the fulfilment of the

necessary conditions (18) and (19) in the large, as long as ;
the functions q, b, p are uniquely related. |

The author wishes to express his thanks for many helpful
discussions to Dr. K.U. v. Hagenow.

+) That this should be so, was suggested by Dr. v. Hagenow.
He also drew my attention to the fact, that a condition
equivalent to eg. (31) has been derived from the general
energy principle by B.B. Kadomtsev (in Plasma Physics,
ed. Leontovich, Pergamon 1960).
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