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ION WAVES IN AN INHCMCGENEOUS PLASMA

N. D'Angelo

Introduction

B B

Low-frequency oscillations (10 to 30 kc/sec) have been ob-
served (1)

by surface ionization of neutral atoms on a hot tungsten
plate. The oscillations were interpreted ) as low-frequency

in cesium and potassium thermal plasmas, produced

ion waves propagating azimuthally in the plasma column, per-
pendicularly to both the magnetic lines and the existing
density gradients. The phase velocity of the waves has the
same magnitude of the ion (or electron) macroscopic velocity,
associated with the diamagnetic current, which must flow in
the azimuthal direction for the plasma to be confined.

The calculations of ref. (2) considered only waves with a
propagation vector exactly perpendicular to the magnetic
lines. Furthermore, the effect of ion or electron drifts
along the magnetic lines was not included.

In the present paper we extend those calculations to waves
propagating at an arbitrary angle to the direction of the
magnetic field Eo which, again, is perpendicular to the
density gradient existing in the plasma. The effect of ion
and electron drifts along the magnetic lines is also con-
sidered.

Theory

We shall use the Boltzmann moment equations for the ions and
the electrons and make use of a Cartesian geometry. The uni-
form and constant magnetic field B  is in the direction of

the positive z axis. For the zero-order density distribution
of ions and electrons we shall assume no(x) B Eo e_AX, with .

EO and A constant. We shall consider waves of frequency small
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enough that charge quasi-neutrality is preserved and neglect
throughout Foisson's equation. The B of the plasma (ratio of
material to magnetic pressure) is assumed to be so small that
the approximation of a uniform and time-constant magnetic
field can be made.

Ne shall consider first the equations for the ions and then
obtain those for the electrons simply by changing the sign
of the electric charge and the value of the mass.

The basic equations are:

5% +V . (n vi) =10
(1)
0V,
nm = +nm vUv, +21-Vh+ qnVy-qny, xB=0O.
For the zero-order, steady state solution, one obtains:
D,V Vs + Yo3°VB, = O
5 \%:l aq (@)
0 s -
Y01 V¥ * o . ¥ E;‘Zﬂ)"abi Yoi X2 =0
g ey aB,
where Gy = EGT, Dy = and z is the unit vector in the

positive z direction. We shall also call ¥ and § the unit

vectors in the positive x and y directions, respectively. For

the zero-order ion macroscopic velocity we write Koi=/uix+niy+§iz
and assume that /ui, MNyo and gi are constant. Furthermore, the
zero-order electric field is taken equal to zero everywhere.

The zero-order egs. (2) give:

7o, =0

2
R MO N

(3)

|
O

Eq. (31) means that there is no ion macroscopic velocity in
the direction of the density gradient. Eq. (52) states that,
in the absence of any zero-order electric field, the ion pres-
sure is entirely balanced by the ion diamagnetic current. For
the first-order quantities (perturbation) we assume:




-Ax ei(K_Ly+K,, z - wt)

Tll =2 Ill e

_ i(K y+K,z - ot) —
Liy = Y51 (%)
‘f)l _ ‘?1 ei(KLyi-K,, 2z - wt)

with n, and §l constant. K, and K, are the (real) components
of the propagation vector in the y and z directions, respect-
ively. For v  we shall write Vi1 = Vi1 X ¢ Vilg T + 7V

=il
with vllx’ vlly

~ ilz 2,
and Viie constant.

Inserting (4) into the first-order linearized equations ob-
tained from (1), and making use of (3), one obtains four equa-
tions in five unknown, nl, 91, vllx’ vlly and v1lz By elim-
inating the three components of the velocity, one is finally
reduced, with some algebra, to

2
K (.K cro .
Ko 6 =i e Bl iy e e o
i ab @, 1 w2 TQE
| ci "
i (5)
K, LK 23 w
2 2 i e g g 1
+ |EKycs + (A - I) ) Y., =0
i O i -f? 8 8 :
E E a _
Whereni=m—Klni—K“"§i,}’=—_—,andwil.—. 2"P]_'
n m,cS
o ; g |
By defining ' 2.
K, Nk, c
G- E e - pny Y ©
ci £,
ci
one obtains from eq. (5):
2D 2w Ay
(A7 -N5) » + A 9, =0 . (7)

A similar equation holds for the electrons. With o = Te/Ti’ it
is iel = - Yo $il' Therefore, one finally arrives at a system
of two equations in two unknown, 29, $il'




- 5 -

2 2 A2 = R
(Ai -_Qi) ¥ Ai Vi1 = 0
2 2, 1l ,2 (2
(AG, =A)w 4 5 A5 Fgred :
The dispersion relation is obtained by setting equal to zero
the determinant of the coefficients:
2 2 2
RPN o ' 92
Ae -Qe =& 2

In the following we shall consider only the case o = 1 (Ti=Te)
and take qi = - ﬁe' It is convenient to use dimensionless quan-
tities and measure frequencies in terms of (AN lengths in
terms of the ion gyroradius 044 and velocities in terms of Cye

We shall set:

= <« .,
= wI‘/ C

i
XoT LJi/uci
o, = K, ¢.
i 1S5 (10)
&y, = Kn gi
N =N Qs
P.= %3/c;
The dispersion relation (9) becomes:
N (N, ~$5) + N."(N_ =¥2) = ¢ (11)
e i gi i e ge
with ‘
fi = (x + A= aup) + iy
ge = (x -0 N+ aup) + iy
(12)
_ o, F.
N. = CX.% 4 (A— fx.l {_) _LE
. : 1*§?
i
N 20 (Nra,F Ly Ztie
i O(,n)r—- + "-Ee ? ]_..Ee T
e 2
; Y
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Eq. (11) has been solved numerically for a number of cases.
The results are given in Figs. 1 to 23.

The quantity x = GE/QC is plotted versus o, , both for o

i
positive and negative. For y = O, the solution is given as

a full curve. For complex conjugate solutions the result is
plotted as a dotted line and the values of y indicated at a

few points.

Only two values of'y(yf= 1.8 - 10> and ¢ = 2.3 - 105) have
been considered, corresponding to hydrogen and cesium plasma,
respectively. As a check on the numerical calculations, the
case /N = 0 (homogeneous plasma) has also been included. It
will be noticed (Fig. 1) that one recovers the electrostatic

(3)

gating along the magnetic lines. Forlq-# O and «, = O one

cyclotron oscillations and the ordinary ion waves propa-
recovers the two types of waves considered in ref. (2), with
dispersion relation x = - af[Xand X = uhxml (Figs. 4 and 5).
Another root also appears (Fig. 4) which corresponds to fre-
quencies quite below those of the wave with x = - mfﬂL For

the case of thermal cesium plasmas, this has frequencies below
1 kc/sec, if |aL| < ~1.

It is also interesting to note that, for «, = O (propa%ation
with
X ~ - um/\exists for o, € O (wave moving "with the ions"). How-

exactly perpendicular to the magnetic lines) the wave

ever, if o, # O, also a wave with x = awf\and «, > C can exist
(wave moving "with the electrons").

Examination of Figs. 1 to 23 will make clear a number of other
interesting points, particularly when ion and electron drifts
along the magnetic lines are included (p # 0). Figs. 1, 2, and
3 are for the case of a homogeneous plasma.

From Fig. 4 to Fig. 11 no drift of ions and electrons along

the magnetic lines is assumed (p = C). The effect of increasing
04, from zero (exact perpendicular propagation) to &, = 10_3 is
apparent.

In Figs. 12 to 2% the value of p is increased from a minimum
value p = lO-5 to a meximum value p = 1CC. Information is ob-
tained as to the effect of ion and electron drifts along the
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magnetic lines. Cne must keep in mind, however, that the Boltz-
mann moment equations are not likely to give very reliable
results in those cases in which the interaction between a wave

and particles travelling near the phase velocity is of prim-
ary importance.

I wish to thank Mr. A. Jelic for performing the
numerical calculations.
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