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1. Introduction

In this paper, we determine the low-energy limit of the five-point closed-string amplitudes
among massless type IIA and type IIB states using the pure spinor (PS) formalism [1,2].
The precise elaboration of overall coefficients confirms the predictions [3,4] based on the
non-perturbative S-duality of the type IIB effective action [5]. This complements previous
S-duality analyses of the five-point amplitudes at one-loop [6] as well as the four-point
amplitudes at two- [7,8] and three-loops [9].

S-duality constrains curvature couplings of the schematic form D?*R™ (and their
supersymmetric completions) to depend on the scalar fields through modular invariant
functions and thereby relates different loop orders in perturbation theory. The subsequent
two-loop analysis probes the moduli-dependent coefficient of the D*R* and D? R® interac-
tions which was identified as the non-holomorphic Eisenstein series Es /o in ten dimensions
[3,4]. Tts perturbative terms relate the tree-level and two-loop contributions of the corre-
sponding graviton amplitudes and their R-symmetry conserving superpartners.

Likewise, R-symmetry violating closed-string amplitudes at different loop-orders (in-
volving, for instance, four gravitons and one dilaton) are interlocked by modular forms [10].
Given that R-symmetry violating four-point amplitudes vanish, the five-point amplitudes
in this work furnish the simplest perturbative fingerprints of their modular properties.
Specifically, the tree-level and two-loop results at the a’-order under discussion are ex-
pected to orginate from a certain modular derivative of Ejs /5.

We verify the expected ratios by explicit computation at the five-point level, i.e. by
extracting the type IIB components involving five gravitons as well as four gravitons and
one dilaton from the supersymmetric two-loop low-energy limit. This is the first perturba-
tive check at genus two for the S-duality properties of the five-point interaction D?R® and
its R-symmetry violating counterparts.

Since the main objective of this work requires precise control over normalizations,
section 2 contains a detailed account on the conventions used (closely following [8,9]). In
sections 3 and 4, well-known amplitudes at tree-level and one-loop are recomputed using
the conventions of section 2 — not only to review their end result but also to verify the
reliability of the PS setup in keeping track of their overall normalizations. The novel result
on the two-loop five-point amplitude is derived in section 5. Finally, section 6 is devoted

to the S-duality analysis of the above results and is suitable for self-contained reading.
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2. Review of conventions

In this section the conventions used in the rest of the paper are presented. They closely

follow the conventions used in [8,9] but deviations were taken when deemed appropriate.

2.1. World-sheet fields

The world-sheet action for the left-moving sector in the non-minimal pure spinor formalism
is [2]

1 _ _ _ _ _
S = S /dzz (020, + &' Padf® — &/ W, ON* — "W ON, + &' s%Ory) | (2.1)
T
where m = 0,1...,9 and o« = 1,...,16 are the vector and spinorial indices of the ten-

dimensional Lorentz group, and o’ denotes the inverse string tension. In addition, A% and

Ao are bosonic pure spinors and r, is a constrained fermionic variable,
M™A) =0, (M™A) =0, (M™r)=0. (2.2)

The Green—Schwarz constraint d,(z) and the supersymmetric momentum I1"(z) are de-
fined by

1 1 1
do(2) = P — J(yme)aaxm — 4—()/('ym9)a(9’ym89), " (z) = 0z™ + 5(97m39> , (2.3)

while the BRST charge and the energy-momentum tensor,
1 _
Q= %(Ao‘da +W%r,), T(z)= —a&nmaxm — P00 + W, N + WA, — 80T, (2.4)

are related by {Q,b(z)} = T'(z), with the following expression for the b-ghost [2]

_ 1 _ _ _ _
b= 5N + 0% [20™ (M d) — Ny (Ay™700) — J5(A00) — (A5?0)] (2.5)
(va”pr) Oé, O/ (Tfymnpr) N (X’yquT)NmanT
+ T — (dYmnpd) + 24N 11, | — — 2P LN (™M @) NP — —
192002 |5 (@) T3 ey T 8O

2.2. Scalar Green function and OPFEs

The regularized scalar Green function G(z, w) is written in terms of the prime form E(z, w)

and the global holomorphic one-forms w;(z) as [11]

Gz, w) = —%/ln‘E(z,w)}z to'r S (Im / ") (Im Q)7 (Im / W) (2.6)

I,J=1
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and satisfies

2 _
—0:0:G(z,w) = =276 (z —w) + 7 Y wi(2)(ImQ)} @, (2) (2.7)
I,J=1
g
a I5G(z,w) =206 (z —w) — 7 Y wr(2)(ImQ); /@, (W),
I,J=1

where €1 is the genus-g period matrix to be defined in section 2.5. Furthermore,

2 0

n(zi,zj) = nij = —Ja—%G(zi,zj). (2.8)
The genus-g OPEs are [12,13]
2™ (2,Z) zp(w,w) ~ §,"'G(z,w), Ppa(2) 0% (w) ~ 65n(z,w),

do(2)ds (w) ~ _gygﬁnmw,w), do(2) f (2(w), 0(w)) ~ Do fn(z,w),

/
Ao ()T (W) ~ 40007 n(zw), ™) f(@(w), 6(w)) ~ — k™ fn(zw),
(2.9)
where D, = aea %('yme)akm is the supersymmetric derivative and f(z,6) represents a
generic superfield.
It follows from (2.9) and (2.3) that
—n Oé’ 9
L (" (@) ~ S (27r5<2> 1Y wr(z)(Im Q) o, (@ )) (2.10)
1,J=1
Left- and right-movers can be kept separated in the evaluation of the amplitude by ex-
panding TI"™(z) = II"(2) + >29_, IPw;(z) and computing the holomorphic square with

/

i, = —%nm"w (Im Q)7 (2.11)
Using this prescription, contributions containing a single II7* or ﬁ;n vanish.

2.3. SYM superfields and massless vertex operators

The closed-string massless vertex operators are related to the holomorphic square of the
open string vertex operators

/

/
V = \A(2,0), U=086%A,(x,0) + ™A, (z,0) + %daWO‘(x, 0) + %NmnFm”(x, 9),
(2.12)



where A, (x,0), A" (z,0), W*(z,0) and F""(x,0) are the super-Yang-Mills (SYM) super-

fields in ten dimensions. Their equations of motion [14]

1
— (7™ o Frm (2.13)

D, Fp = 2k[m(7n]W)a7 DaWB = 4

are solved by the #-expansions in [15] involving gluon polarization vectors and gaugino

wave functions. More precisely, the closed-string vertex operators are given by
V()?=V(0)V (@), |URP=U0)0U®@0) ™, (2.14)

where V(6) and U(#) are defined from (2.12) by stripping off the plane-wave factor, e.g.
U(z) = U(#)e**. Furthermore, each massless vertex is normalized with a coefficient x (see
e.g. [7]) so the n-point amplitude prescription contains an overall factor of k. As shown
in appendix A, unitarity relates it to the other string parameters (such as the coupling

2)\) : 2,2\

_ 2
constant e via k“e =7/a".

2.4. Integration on pure spinor space

The zero-mode measures for the non-minimal pure spinor variables in a genus-g surface

have length dimension zero and are given by [§]

[AN] Ta,. o5 = Cx €ay...ongAAYC .. ANYE [dw] = ey Tay...as€ " Cdwayg . . . dwa,,
[AN T = ex e 218500, .. . d Aoy [dW] Ty, ..an = Ciz€a...as AW . . . AW
[dr] = Cr Tal"'a5€a1.”a1687cﬂx@ .. ~8g16 [dsl] = Cs Tal...a5€a1.“a1685 8216
[dO] = cq d*%0 [dd'] = cqd*®d’
(2.15)
The normalizations are [§]
_ —11
o= (D) ()= (BY T s
2/ 11'\4r2 2/ 115! 9
- (ﬁ)@ (Ls Ay )“/2 - (z) 2OV oy
A 2/ 11!\ 4r2 v 2/ 11! (2m)1t (2.16)
O E T Co <ﬁ’>2—<2ﬂ>“/2ff—l a0
2/ 115144, * 7 \2) 2611151 (AN)3 Y
o/ \A7 27 \16/2 Wi
«=(3)(%) o= (%) (ampor2 z200s,



where 4, = [ d?zv/h denotes the area of the genus-g Riemann surface with metric h,

1
Zy= g>1

7 /det(2Im Q) -

and R is an arbitrary parameter capturing the freedom to normalize the string tree-level

(2.17)

amplitudes®. As discussed in [8], the final expressions for multiloop amplitudes are inde-
pendent of the area A,. The tensors T, . o, and T appearing in (2.15) are totally

antisymmetric due to the pure spinor constraint (2.2),

Toyasasasas = (A" )ay (M) as (AMP)as (Ymnp) asas » (2.18)

Talozzozsou;ozs — (X,ym)al (X,yn)az (X,yp>oz3 (7mnp)a4a5
and satisfy T - T = 5! 26(A\)3.
One can show using the results of [16] that the integration over an arbitrary number

of pure spinors A* and Xﬁ is given by

_ 3 — _ _ 11
/ [dAN][dN]e™ OV (AR A - A R, - R, = (Ag) LE+m+n) o,

o 302400 B (219)

where T35 are the y-matrix traceless tensors discussed in [9]. From Taral = 1it

follows that [8]

s (ANIT(8 4 n)
n,—(A\) _ (29 —\2 T 7Y
/ [dAN][AN(AN)"e (%) ST (2.20)
For an arbitrary superfield M (X, )\, 6,r) we define [8]
- - OG0
(MO X010 = [ NN s MO K0 (221

and therefore the pure spinor measure (AY"0)(Ay*0)(Ay0)(07,5:0) = (A36°) is mapped to

R /27N\9/2/a/\2 T'(8 4 p)

— o7

() = Noa V0N Noo =25 () (5) =0 @2
and the identity factor LPOS» = 1 keeps track of the normalization convention [1]

(M70)(Xr"0) (AY'0) (077500)) = P. (2.23)

1 In previous works [8,9] the choice R = v/2/(2'°7) was made to match the tree-level con-
ventions of [7]. In this work we deviate from that motivation and the choice (2.24) will lead to

tree-level amplitudes (3.4) with unit overall coefficient.
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The choice P = 2880 is convenient in view of the factorization properties of pure spinor su-
perspace kinematic factors and has been observed in [17] to imply tree-level normalizations

compatible with RNS computations. Unless otherwise noted we use,

7T5

R? = 55 P=12880. (2.24)

2.4.1. Abbreviations and (anti-)symmetrization combinatorics

The (anti)symmetrization over n indices includes a factor of 1/n!, the generalized Kronecker

delta is 5! 5" = 5[;:1,_.5;:] and satisfies 0%1¢n = (%) where d = 10 (d = 16) for

vector (spmor) indices. The integration over 6 is given by [ d'0 6 ...f%6 = e¥1--@16 and
XNV By By = 11!5!6%1:::%2.

Partitions of d, zero-modes are denoted by (p1,p2,...,pg)d, signaling the presence
of p; factors of d for I = 1,2,...,g. Accordingly, contributions from the b-ghost will be

labeled by their partition of d, zero-modes as B]'*"" where the vector indices take

(P1,P2;--- pg)’
into account that those contributions need not be Lorentz scalars. Furthermore, we define

(e-T-d)y= e, ,.db ---dl (Ard’d”) = y™Pr)(d Ymnpd”) (2.25)

‘a5 P Q16 )
mim my _ I (GTdI) my...My
D(li+z§1,11+pz, 5114pg) :/H[dd] 115! B(pi,pz ..... pg) (2.26)
I=1

2.4.2. Frequent zero-mode integrals

Some integrals which are frequently used in the next sections are summarized here,

/[ddf](e T-d")dl db dl dl d_ = 11'5!cqTu,anasasas (2.27)

a1 T X3z 04 Qs

/ dd')(c - T-d'yd! d!_dl (dy™"Pd) = 1115196 cg (Ao, (™) ers AP

(e axe T Rare %
g I
I I~ (w'w ) —(dls I) a_’)4g ) 6 T- d ‘
’/Hdw J[dw'][ds"] e <2 (2) 169229222 11:[1 (11!5!)

To prove the third integral one uses [16,8]

d _(dI ry _ 29 (271‘)119/2211 (€~T~dI)
/H ° (2) RQQGQ(M)BQE T

g
il e~ (w'w') _ (AN s
/H [dw'] e )_WZQ . (2.28)
I=1
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2.5. Riemann surfaces and moduli space

A holomorphic field with conformal weight one in a genus-g Riemann surface ¥ can be
expanded in a basis of holomorphic one-forms as ¢(z) = ¢(z) + S wi(2)¢!, and ¢! are

the zero-modes of ¢(z). If {as,b;} are the generators of the Hy(X,,Z) = Z?9 homology

group, the holomorphic one-forms can be chosen such that for I, J =1,2,...,¢g
/ WJ(Z)dZ:(sjj, /WJ(Z)dZ:Q]J, /dzzwIwJ:2ImQU, (229)
ar bI

where Q7 is the symmetric period matrix with g(g+1)/2 complex degrees of freedom and

d*z = idz A dzZ = 2 dRe(z)dIm(z) [11]. We also define

/z = /Hd%, Ay = wr(z)wr(z) = wi(zi)wa(z5) — wi(z))wa(2:) - (2.30)
n =1

The moduli space M, is defined as the space of inequivalent complex structures 7; on the
Riemann surface of genus g and has complex dimension 3g — 3, for g > 1. For genus two
and three, the dimension of the moduli space is the same as the dimension of the period
matrices (3g —3 = g(g + 1)/2 for g = 2,3) and the amplitudes can be parameterized by

the period matrix instead of the moduli coordinates; more explicitly for genus two [11],

0801 08212 0Q290

2
€i1inis =
57—2'1 57'1'2 57'1'3

_/ d*Q, (2.31)
Fa

where d?7 = H;’i}g d*rj, &*Q = [[]<; d*Qqy and F; denotes the fundamental domain of

Sp(2g,Z)]Z;y. To avoid cluttering, the domains M, and F, will be henceforth omitted.

o0
/d2wa(y)wJ(y),ui(y): 5{‘], / d*r
Ti M

2

The Sp(2g, Z)-invariant measure for the genus-g moduli space and its volume are [18]?

d*Q I [ 2k
dipg = ——— dig =2 —TI'(k . 2.32
9= (det Tm Q)o+1 / Ha kI:[l (ﬂf ( ><2’“) (2.32)
In particular,
2 473 2676

2 The definition of d*Q2 here is 29¢971/2 bigger than in the original formula of [18].
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2.6. The amplitude prescription

The multiloop n-point closed-string amplitude prescription was given in [2]
2
M) = 51 k" /d2 / N<1> (b, 1) VEO)U?(2g) - - -Un(zn>>>} , (2.34)

393

M(g) Sgr" (29— 2)>‘/ H d>r / ’ N(g)(b,uj)Ul(Zl)"'Un(zn)>>

2
‘ , g=>2.

The symmetry factors for the one- and two-loop amplitudes are S; = 1/2 [19,20] and
Sy = 1/2 [21]. Furthermore, S, = 1 for® g > 2. The b-ghost insertion is

1 .
(b, py) = o /dzyb(y)uj(y), j=1,...,3g-3, (2.35)

where p; denotes the Beltrami differential for the modulus parameter 7;, and N (9) is the
BRST regulator [2]

g
N = exp ( )+ Z IdI)D (2.36)

=1
The bracket ((...)) in (2.34) denotes the path integral which integrates out the non-zero

modes through OPEs and additionally contains the zero-mode integration measure

g

(.)= / [d6][dr] [dA][dN H [dd"[ds"][dw")[dw] .. (2.37)

After the integration over [dd!][ds!][dw’][dw"] has been performed, the remaining variables
)\Q,Xg, 6% and r, have conformal weight zero and therefore are the same ones which need
to be integrated in the prescription of the tree-level amplitudes. Using the Theorem 1
from [9] all correlators at this stage of the computation reduce to pure spinor superspace
expressions whose component expansions can be straightforwardly computed?® [23,24] from
the #-expansions in [15]. In particular, the last correlator to evaluate is a combination of

the zero-mode integration of tree-level pure spinor variables (2.22) and =™ [8]

2
K- xﬂ 10510 o/\"12°R?* (T(8+p)
NG, g><H € = (2m) "6 (k) (5) —=p3 o 79 (2.38)

3 We thank Edward Witten for emphasizing this point to us.

4 Note that r, variables are converted to D, derivatives using ree " = D e ("9 [22].

10



where §'°(k) = 6'°(>, k™) and 7% is the n-particle Koba-Nielsen factor
1'1(%9) = eXpP (Z SijGij>, Sij = k : k’j . (239)
i<j

Some products which appear in later sections are

J j '\—1
N2, <H 7Ty — (27)10810 (1) (%) 79 (2.40)
I\ —1 1

N(2279)<H ek:j-acj> — (2m) 1610 (k) (%) s 79

kI xﬂ 10510 a\7t 1 (9)
N(0:9)<He 27T) 0 (k) <§) 283452 7,7

Given the above conventions in (2.47), the length dimension [...] of the closed-string n-
point amplitude is independent of the genus; [Mflg)] = n(2 + [K]). Since [k] = —2 (see
appendix A) the amplitudes are dimensionless. Furthermore, in most of the calculations
below overall minus signs will not be rigorously tracked.

For four-point amplitudes it is convenient to use the following shorthand notation for

symmetric polynomials in Mandelstam invariants (2.39)

/

a’\k
oL = (5) (shy + sha +s%,). (2.41)
2.7. Multiparticle fields
The five-point amplitudes at genus g = 1,2 discussed in this work reconcile zero-mode
saturation with one OPE among the vertex operators of both left- and right-movers. The

systematics of OPEs has been studied using multiparticle fields in [25], starting with:

/

V(o1 Uaea) = L2275 (&) [Vie + Q(...)] (2.42)
Z921 2
_ 7273 o2 '\ raga m o, (Y 0, o mn
+01,2(...) - (2.43)

The suppressed BRST-exact terms in (2.42) and worldsheet derivatives in (2.43) drop out

from the subsequent computations. The two-particle superfields of interest in this work are
1
Ay = -3 [AG (K" - A2) + AL (7" W?)o — (1 45 2)]
1
Wiy = Z(Vm”WQ)O‘Fﬁm + W (k- AY) = (14 2) (2.44)
Fpm= Frn(k? - AY) + Fm FMP 4 kW) — (1 2)
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with a similar definition for A7, and
‘/12 = )\aAcllz N QV12 = 812V1‘/2 . (245)

Generalizations to p > 3 particles, in particular the Vi3, mentioned in the context of
tree amplitudes, can be found in [25]. In a notation where A, B, C, ... denote multiparticle

labels such as A = 12...p, the simplest class of one-loop kinematic factors are given by

(MY Wa) A WB)FE" + (C ++ A, B)] . (2.46)

Wl =

TaBc =

They were firstly studied in the context of multiparticle open-string amplitudes at one-loop
[26] and identified as box-numerators in one-loop amplitudes of ten-dimensional SYM [27].
2.8. Length dimensions

For convenience, the length dimensions of various fields and constants used throughout

this work are summarized here,

@]=2, " =1 =1 W =2 [GEw)]=2 =0 (24
0 A %5 = et Aaral = —3, (@1 =[] = 7] =0,
AZr) =2y A =1, W)= 1 —p FT = b,

V()] =U()]=1, [A™M1,2,...,n)]=n—4, [OK)]=10, [MI]=0.

3. Tree-level closed-string amplitudes

In this section the tree-level amplitudes involving n = 3,4, 5 closed-string states are re-
viewed and recomputed using the normalization conventions of section 2. This ensures
that the S-duality discussion of section 6 uses amplitudes computed with a uniform set of

conventions (which differ from [8,9]). For earlier references, see [28,29,30,31].

3.1. The amplitude prescription

The prescription to compute the n-point tree-level amplitude in the PS formalism is [2],

Méo) = /{ne_2>‘/ ]j d222|<<N(0)‘/1(0>U2(2’2> - Un—2(zn—2>vn—1(1>vn(oo>>>|27 (31)

12



where N(© = =GN0 i the zero-mode regulator at genus zero. As explained below
(2.36), ({...)) denotes the path integral which reduces to the integration over the zero-
modes of tree-level variables after the non-zero modes are integrated out through OPEs.

The pure spinor computation of the n-point tree-level correlator can be found in [32],

(KO (22, ., 2p—2)) = (Vi(21)U2(22) - - - Un—2(2n-2) Vi1 (20—1) Viu(2n))) (3.2)
O/ n—3 = <V12 ) Vn—l n—2 p—l—an)
= —_— LA +P2,...,’I’L—2,
(2) z_:l (212223 - 2p—1,p)(Zn—1,n—2 " * - Zpt2,p41) ( )

where P(2,...,n — 2) instructs to sum over all permutations of 2,...,n — 2. The Md&bius
symmetry of the genus-zero worldsheet has been fixed by setting {z1, z,—1, 2, } = {0, 1, 00}.
The correlator (3.2) was later identified as a superposition of SYM tree amplitudes [32]
(see [33] for their pure spinor superspace representation),
(O a2y = (2] 22 <3ﬁ + Sﬁ) <3ﬁ bt Sm—z) (3.3)
2 z212 \ 213 223 212 21,n—2
x AYM(1,2,....n—1,n) +P(2,...,n—2) .

The multiparticle superfields Vi2 and Via., in (3.2) are defined in (2.45) and [25], respec-
tively. Therefore, the prescription (3.1) yields,

n

M7(LO) — /{ne—Q)\/ Hd2 ]C(O) 22,,. y R — 2 (3 0)‘ <H > (34)
j=1
a'\—1 n—2
= @50 (5) wre [ ] a2 PI
=2

where we used (2. 22) and (2.40). Note that the Koba-Nielsen factor (2.39) simplifies to

70 = [Tie; 251~ o'sij at genus zero.

3.2. The three-point amplitude

Using the formula (3.4) and taking Iéo) = 1 into account, the three-point amplitude can

be written down immediately
MO = (27)10610 (k) (%/)_236—2%;0) , (3.5)
where K = [(ViVaV3) |2 = |AYM(1, 2, 3)|2 and (note [K\"] = —2)
(ViVaVs) = (e' - €*) (K - ) + e, (X2 x3) + cye(1, 2,3) . (3.6)

The component expressions are derived from the #-expansions of [15] and involve transverse

polarization vectors e’ of the gluon as well as chiral spinor wave functions ; of the gluino.

13



3.3. The four-point amplitude

Similarly, using the formula (3.4) the four-point amplitude becomes

IN—1
M = @) () e [ dloc OGP (37)
where the correlator is [32] (see also [34])
a/\1 (V12 V3V, ViVaa V.
(KO (22)) = (Vi(2)Uaea)Va () Va(ea))) = (5[ V20Vl TAVaWl) g
212 Z32
=(—)—A 1,2,3,4
(2)212 <, 73, ),
and we used the following representation for the color-ordered tree-level SYM amplitude,
1 1
ATN(1,2,3,4) = —(ViaV3Va) + —(ViVas Vi) - (3.9)
512 523
Furthermore, using the explicit form Iio) = |2|7¥'512|1 — 2| ~'%23 of the Koba Nielsen
factor at {z1, 23, 24} = {0, 1, 00}, the integral in (3.7) boils down to [7]
I —als -4 NEAY
d* 222, Zq (1 —29)” 2%8(1 —Z3)” 2% = 2ms5 <§> By (3.10)
with
T(—% 512)0(— % 513)T(— % 514) 3 2
By = 2 2 2 = = £ 203+ (o0 + =Clog5+--- . (3.11
0 T+ Cora)T(1 + Lo DL+ Ls1a) 03 Cs + (502 3C3 3 (3.11)
Hence, the four-point amplitude (3.7) is given by
\3
Mio) = (27)19610 (k) (%) rre™ A QWICELO)BQ, (3.12)
where (note [ICELO)] = —8)
ICELO) = [512803 A7 M(1,2,3,4)|? = |523(Vi2 V3 Vi) + s12(Vi Vas Vi) 2. (3.13)

3.3.1. The low-energy limit
From BO = (2/0&’)3/(812813814> -+ .. and AYM(I, 2, 3,4) = <‘/12‘/3V21>/812 + <V1‘/23V21>/823

the kinematic factor in the amplitude (3.12) becomes

X AYM(1.2.3 )12 |[(ViaVaV) 2 (Ve VaVa) 2 [(VasViVa) |2
_(%) K§0)80:—|812323 ( IZ _ [VeVsVa)l” | [(ValaVa)[ | [(VasVaVa)

512513514 512 513 S23
(3.14)

where we used (V12V3Vy) + (VasVi Vi) + (Va1 Vo Vy) = 0 [35]. Therefore the low-energy limit
of (3.12) is given by

2 2 2
4,-22 o |(Vi2V3Vy)| n |(V31Va V)| N |(VasV1 V)|

S12 513 523

M = (27)1951(k)x
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3.4. The five-point amplitude

According to the formula (3.4), the five-point amplitude is given by
M = (2m)1060 (k) () woe / Hdzm KOG, za)PT”,  (3.16)
where
(KK (22, 23)) = (ViUa(22)Us(23)VaVs)) (3.17)
N2 (V123V, Vi ViaVas Vs V1 V3o Vs
(g) [( 123 V4 5>+< 12V43 5>+( 1Va32Vs)
2
@'\2 512834 vt
—] —=—A 1,2,3,4 2 .
(5) 2212345 + 20 )

After inserting (3.17) into (3.16), the o’-expansion of the resulting integrals can be obtained
through the KLT procedure [29] and arranged in the form [36]

+ (2 ¢ 3)
212223 212743 243232

/
M = (2m)10610 (k) () K762 (2m) 2K (3.18)
/\3 /

KO = AT, Sy [1 +2C5 (%) Ms + 2 (0‘ ) M; + 2¢2 ( ) M2+ O(a’")] - Ays (3.19)

where 121"52 and A5 are two-component vectors of SYM tree-amplitudes

ds = (Ao (12,3,5,4) _ [ AYM(1,2,3,4,5)
A54 = <AYM(1’ 3, 2, 5, 4) ) A45 = AYM(]., 3’ 2, 4’ 5) ) (320)

and Sy denotes the momentum kernel [37], a convenient basis choice for the Mandelstam
invariants in the KLT relations [29]

o= (Slonro s Y -

$12513 s13(S12 + 523)
The 2 x 2 matrices Ma, ;1 introduced in [36] describe the momentum dependence of the

a’-corrections and should not be confused with the amplitudes MT(Lg ). Their entries are

degree 2n + 1 polynomials in Mandelstam invariants, e.g. (see also [30,38])

Mo = <m11 m12) mig = —S13524(51 + S2 + S3 + S4 + S5) (3.22)

ma1  M22 mi1 = 83[—81(81 + 2s9 + 83) + 8384 + Si] + 8185(81 + 85)

with me; = m12‘2(_>3 and mos = m11‘2<_>3 as well as s; = s;,41 subject to s5 = s15.
Higher-order analogues such as M5 relevant for the comparison with the two-loop five-
point amplitude are available for download at the website [39]. The overall coefficient of
the five-point amplitude (3.18) will be verified by factorization at the lowest order in o’ in

the appendix A.
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4. One-loop closed-string amplitudes

In this section the overall coefficients of the four- and five-point one-loop amplitudes are
computed using the conventions of section 2, ensuring that the S-duality analysis of sec-
tion 6 is unaffected by different conventions in the literature. Although the coefficient of the
five-point amplitude can be derived from factorization (see appendix A), its computation
from first principles as done in section 4.3 is novel and validates the general method devel-
oped in [8]. For earlier references, see [40] for the original four-point derivation, [20,41,7,8]

for discussions on its overall coefficient and [42,43,44,45,4,46,26] for related extensions.

4.1. The amplitude prescription

According to (2.34), the n-point closed-string one-loop prescription is
1
i = S [ #r [ NGV U e) 0P @
Z:'n,—l

where A1) is the genus-one instance of the zero-mode regulator (2.36) and the b-ghost

insertion (2.35) reads
1
(b,p) = 5 /dzy b(y)n(y) . (4.2)

where p is the Beltrami differential for the modulus parameter 7. In terms of the genus-one

period matrix 2, equation (2.31) implies

/dzT‘/dzyw1(y)wl(y)/w(y)‘2 = /d29~ (4.3)

At genus one, there are (16)4 zero-modes of d,, and (11)4 zero-modes of s*. Since there are
no s* variables in the vertex operators, and the term s*0\, from the b-ghost (2.5) does
not contribute in absence of sources for w®, the zero-modes of s* are entirely saturated
by the regulator through the factor N’ — (s'd')!!. The remaining (5)4 zero-modes must
come from the b-ghost and the external vertices.

There are two canonical b-ghost contributions to saturate the fermionic zero-modes
of dn, with either one or two zero-modes. Expanding IL,,(y) = IIL wy(y) + II,,,(y) and
do(y) = dLw (y) + da(y) where wy(2)dz = dz is the genus-one holomorphic one-form, one
can show that amplitudes up to (and including) five-points receive zero-mode contributions
from only two terms® in the b-ghost (2.5)

/

2 2 a2 1 1 2 1 pm 2
/d (b, )2 = (5) G o /d Q| By + LB + |7, (4.4)

5 Terms containing a single N™" zero-mode vanish upon integration over [dw][dw@] [9].
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where the ellipsis represents terms relevant at (n > 6) points and

1~ . m (2N 96 ~ .
By = O ), B(1)Z<J)ﬁ(>\7 dy. (45

Since the vertex operators are independent of w,,w® and s“, the integration over the

zero-modes [dw?][dw!][ds!] is readily performed using (2.27) and yields

a/\4 1 (e-T-db) 2
(dl 1) (wlwl) ’ ‘
‘/ds Jldw[dw] e = ( ) (2m)16227222| (1115)) | (46)
Defining
— iy (e-T-dh) m (e T-dY o,
as a special case of (2.26), the amplitude (4.1) becomes
'\6 K" d*Q -
Mél) — @ / 5 / ]C(;) 22, e, 2 (3 1)| H (4'8)
(2) (2r)1821532 | 77 [d] <J_1 >

The subscript [d] of the kinematic factor
Kiy (22, 20) = (Dasy + I D) + - )Vila(22) -+ Un(20) (4.9)

emphasizes the remaining integration over the d, zero-modes. The ellipsis along with

- Dn

(12) refers to b-ghost contributions which do not affect (n < 5)-point amplitudes.

4.1.1. Scalar and vector building blocks at genus one
The integration over the zero-mode dZ, in (4.9) can be done using (2.27) and gives
Dz Va(d'Wg)(d'We)(d'Wp) = 96 caTajp,.c,p(A,N), (4.10)

2
(o Va(d" W) (@ W) (d W) (d' Wie) = 96 ca( = )T 0,0, (A M)
where

Tanep(\ %) = %VA<AvmwB><wwc><wwD>, (4.11)

VaAVWe) (M We)(Wp,rstWE)

with multiparticle labels A, B, ... (see section 2.7).
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At this stage the Theorem 1 from [9] can be used to factorize (A)) from the expressions
n (4.11). For a general kinematic factor one then defines K 4|5, (A, \) = (/\X)meB,... for

some power p as the result of this procedure. Doing this for (4.11) leads to

(Taig,c.p(M\N) 1) = (Tais,c,p)@.1), (4.12)
A

<SKL|B,C,D,E( :X>>(3,1) = <SKL|B,C,D,E>(3,1) = 10<Sz7]B,C,D,E>(2,1)7

where symmetry of T45,c,p and SXL|B cpprin(B,C,D)and (B,C,D, E), respectively, is
inherited from (4.10). Note that any appearance of Sip,c,pE R (n > 5)-point one-loop

amplitudes occurs in the combination®

TXig,c.p,e = ATaic,p,p + AcTaB,D.E+ ApTaB,c.E + AETAB,C,D + 1054 50D E
(4.13)
where the factor of 10 is due to the conversion from (...)( 1) = 10(...)(2,1) in (4.12).

4.2. The four-point amplitude

According to the formula (4.8), the four-point amplitude is given by

+ ~\2) @) 1821532 Z2 |, 2z el ([T ). (414

It is easy to see that D(;3) is the only non-vanishing contribution from the b-ghost since

the external vertices cannot provide four dq zero-modes to saturate the DY, integral [2].
The integration over [dd!] is readily performed via (4.10) followed by (4.12),

Oé/

<<’Cfd] (22, 23, 24))) (3,1) = 96¢q (—

3
2) (Th)2,3,4) (2,1) - (4.15)

Note that the right-hand side is independent on the vertex insertion points zo, z3 and z4
because only the zero-modes entered the computation. A straightforward application of
(2.40) then implies

1 o 1
Mi ) = (27T>10510<k)<§) 21452 2 1|234 | / Im Q)5 / Ii )v (4.16)
o
2

4
_ 10510 K (1) d*Q / (1)
= )80 (5 ) skl [ G [ 2,

6 Writing the term A7"T53,4,5 is an abuse of notation since when computing its component

expansion the variables 7, in the definition of 75, 3,4’5()\,X) become covariant derivatives D, (see

[22]) and must also act upon the superfield AT".

18



where in the second line we used [47] (note [ICELI)] = —8)
(Tij23.4) = 40ViThza),  K§ = [(iThaa)l. (4.17)
Note that the tree-level (3.13) and one-loop (4.17) kinematic factors are related by [34]
Kk =0, (4.18)
a well-known result first obtained by Green and Schwarz [40].

4.2.1. The o' -expansion of the four-point amplitude

The a/-expansion of the four-point amplitude” has been extensively studied in a series of

papers [41], where the subleading term in

20
/(ImQ)E’/inl) T Get) (4.19)

signals the absence of D* R* interactions at one-loop in ten dimensions. Therefore, plugging

the above result in the four-point amplitude (4.16) leads to

4

a'\3 K
MY = (2m)98 (k) (5 ) g5k + 0(). (4.20)

4.3. The five-point amplitude
Using the general result (4.8) the five-point amplitude (4.1) becomes
1 _ 92 o :
Ms (277)18215 32 / e / ’C (225, 25))) (3,1 <]1;[1 >, (4.21)

where

ICE;])(ZQ’ -y 25) = (Das)y + H}anz))Vle(Zz) - Us(2s5) . (4.22)

7 In addition to the analytic momentum dependence shown in (4.19), threshold singularities
arise from the integration region where Im) — oo. A careful treatment of these non-analytic

terms can be found in [41].
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The [dd'] integration with the operators of (4.7) picks up the terms with four and three
d,, zero-modes from the vertices, respectively. Using the multiparticle superfields of [25,48]

one arrives at

~

——
S

Vi U2U3U4U5‘d4 Vi (d2 W) (d W) (d W) (d W) (4.23)

Il
/N

no| R

~

2| R
N——
S

V1U2U3U4U5‘d3 Via(d"W3) (d" W) (d" Ws)ma + (2]2, 3,4, 5)

Il
VRS

‘/1<d1W23)(d1W4)<d1W5)n23 + (27 3|27 3,4, 5)

+

N N
~
Ny

| 2 o] R

I, Vi A5 (d' W3) (d' Wy) (d' Ws) + (2]2,3,4,5)

N———
w

+
s

where the notation (Ag, Ao, ...,
to choose p elements Ay, Ag,..., A, from the set {A4,..., A,}, for a total of (Z) terms.
We have wi(z)dz = dz for the genus-one surface, and 7;; = % + O(zi;) defined by (2.8)

»| A1, Ag, ..., Ay) instructs to sum over all possible ways

accounts for the singularity from the OPEs among vertex operators. According to (2.42)
and (2.43), they introduce multiparticle superfields Wg4 and Viy defined in (2.44) and
(2.45), respectively.

The integration over the zero-modes of d, uses the formulas (4.10) and (4.12) to yield

<<’CE;])(Z2, -+,25)))3,1) = 96 Cd( ) (KW (29, .., 25)) 2.1y » (4.24)
where
O/
KW (2. .., 25) = (§> [maThos.as + (212,3,4,5)] (4.25)

/
+ (O;)[n23T1|2345 +(2,3(2,3,4,5)] + I, T 5 45+
see (4.13) for the definition of T} 5 4 5- Upon discarding 11, — 0 and adjoining the Koba-
Nielsen factor, this is precisely the open-string correlation function for the five-point pure
spinor one-loop amplitude [46,26] (for the RNS derivation, see [42,44]).
Therefore, the closed-string amplitude (4.21) becomes

(1 _ K d*Q W, 2/ T R
M; T oTr 2 /Z—lo/E ]C - Z5)>(2,1)‘ <He >
4

j=1

/{ o 2 2 (1

where we used Z; 'Y = (2ImQ)® and the identity (2.40) on the second line. Integration
by parts identities [4,6] allow to express (4.26) in terms of 37 basis integrals with BRST-
invariant kinematic numerators. The o/-expansion of these integrals was analyzed in [4,6]

and confirms the absence of D2R® interactions at one-loop in ten dimensions.
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4.8.1. The leading-order contribution

The low-energy behavior of the 3 integral over ‘<’C(1)(2’2, N 25))}215()1) in (4.26) is gov-

erned by two kinds of contributions [4,6]:

(i) zero-mode contractions H}nﬁi = —Nmn (%/) g following (2.11) at g = 1

ii) kinematic poles® from the residue of the pole 71275 ~ |212| 72
12

2\ 2m
Mt T = = ()03 (z — )T + 0(a”) . (4.27)

o S12

Non-diagonal products of Green functions such as 71275 or 712734 do not contribute to

the leading order in o’. Hence, we have
/
M = - (D) <1>/ o 4.28
LI o PR = —(G) it [ w0, s
where the kinematic factor ICél) is defined by (note [lCél)] = —8)
T 2 T 2
) = [Wzasll 019 5.4, 5)] 4 102490 310 3,4,5)] (0, ) P (4.20)

S$12 523

and the integration over ¥, gives f24 = 24Tm Q*. This leads to the following result for the

one-loop five-point amplitude (recall that [ du; = 27/3)

Oé/

MY = (2m) 05 (k) (L)

I<05

29523

K+ o), (4.30)
In the appendix A the overall coefficient in (4.30) will be validated by factorization.

4.8.2. Components in type IIB and type IIA
The type IIB components of the kinematic factor (4.29) are related to the first o’-correction
of the five-point tree-level amplitude (3.18) and (3.19) [23]:

_ 9552 (ﬁ/>_3 /ch)

SRt

(4.31)

: four gravitons, one dilaton

{ 1 : five gravitons
X 1
11B R

8 Strictly speaking, the identity (4.27) is valid under integration over one of z1, zo and results

from the behavior of the Koba-Nielsen factor Iﬁlg) ~ \212\_‘1/3”’ as z1 — 2z2:

4

04’512

+0(a’?)

1 —CE/S
/d22277125123(mg) = 47T/ |212]d| 212 — | 212] " %12 + O(0'") = —

212
This only depends on the local properties of the worldsheet and therefore holds at any genus.
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The relative factor between the tree-level and one-loop amplitudes at order o/ * turns
out to depend on the charges of the external states under the R-symmetry of type IIB
supergravity, as has already been observed in [6]. Components with the same R-symmetry
violation as four gravitons and one dilaton give rise to an additional relative factor of —%.
This will be explained in section 6.3 from an S-duality point of view. Since R-symmetry
violating four-point amplitudes vanish [10], the five-point amplitudes in this work provide
the simplest context to study the S-duality properties of interactions with R-charge. Also,
five-point amplitudes that violate R-charge by more units than caused by a single dilaton
insertion vanish at any loop-order.

Type ITA components of the five-point low-energy limit (4.30) cannot be expressed in

terms of AYM bilinears. Instead, we have

5 gravitons '\—3
1 « 0 172,223 .314,41.5 .52
Ké) :2552<_> |:’Cé) _}Emekekekeke}}’ (432)
IIA 2 s
. 12,273 .34 4,5 5 e
where the notation eme F ¢k ek eThie = Ptz Pads gl 2 02 |5 5 has been used

and the free vector index m is contracted between the left- and right-moving factors in
the holomorphic square. The parity-violating type ITA component with a B-field and four
gravitons has been evaluated in [6].

Upon insertion into (4.30), the kinematic factors (4.31) and (4.32) give rise to the

following low-energy limits for the five-graviton amplitudes:

1)’ o'\ K5 o
Mé )‘IIB gravitons = <27T)10510<k) (_)—IC( ) (433)

2/9243770

(3

(1)’ _ 10510 a'\ K T(0)
M5 }IIA gravitons (27T) 0 (k) (?)% |:’C5

— ‘6m61k262k363k4e4k565 ‘2]
&

According to (4.31), the R-symmetry violating type IIB components (e.g. four gravitons

and one dilaton) carry an extra factor of —3.

5. Two-loop closed-string amplitudes

In this section we compute the low-energy limit of the two-loop five-point amplitude in-
cluding its overall coefficient from first principles. This includes a recomputation of the
four-point amplitude using the conventions of section 2. For previous two-loop four-point

results see [49,50,51,7.8].
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5.1. The amplitude prescription

The n-point two-loop amplitude prescription (4.1) is given by
M®) = Zgn QA/HCF / N(2>(b,uj)U1(z1)...Un(zn)>>\2, (5.1)

where the zero-mode regulator N(?) is defined in (2.36), and the b-ghost insertion was
specified in (4.2). At genus two, there are (16, 16)4 zero-modes of d, and (11,11) zero-
modes of s®. The latter are entirely saturated by the regulator through the factor N'(?) —
(stdl)1(s2d?)!, see the discussion below (4.3).

In presence of five vertex operators, it is easy to see that the total number of d,
zero-modes from the b-ghosts can be distributed as (p, ¢) such that p + ¢ is either 5 or 6.

These two contributions can be separately computed using the zero-mode expansion
(dYmnpd) (2) = (A" Ymnpd w1 (2)wr (2) + 2(d" Ymnpd®)wr (2)wa (2) + (@ Ymnpd?)wz (2)ws (2)

and the general formulas (2.31) as follows

> 2 2 '\ 1 2 1 pm 2 pm 2
/Hd (b )| = <§> W/d Q[ Bs,s) + (I, Bz gy + 115, B3 ) + -
j=1
(5.2)
The shorthands for different b-ghost contributions are defined by?
(&) (vd d") (hrd d?) (rd®d?)] (5.3)
2\ 96 _ _ _
By = (J) = 200 dY) (Ard d®) (Ard2d?) — y™d?) (rd"d") (rd?d?)]
By = (%) 6 200" d2) (hrd*d") (hrd d?) — (y™d?) (hrd" d") (Ard2d2)]

with the convention that (Ard'd”) = (Ay™"Pr)(d'~ymnpd”’). Note that Bz sy — —Bs 3

and Bg 3) < —B(Tg 9) under the interchange of zero-mode labels d' <+ d2. As indicated

9 The (5,5)q zero-modes from the b-ghosts and the vertices can in principle be saturated
by a b-ghost contribution B} ;) ~ (d*d?)(d*d?)(II"™d?). However, the integration over the b-ghost

insertions via (2.31) yields a 7; integrand ~ €;,i,i, ‘;222 ‘;?12 (Hm U ) 69?2) whose summands
1 2 Tig

do not depend on all entries of the period matrix and which vamsh upon contraction with the

antisymmetric €;,;,i,. The same mechanism suppresses 11 mB(33) and I, m B39y from (5.2).
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by the ellipsis in (5.2), two-loop amplitudes involving n > 6 closed-string states allow for
additional b-ghost contributions with fewer zero-modes of d,,.

Since the vertex operators are independent of wl, W} and s¢, the integration over

o

their zero-modes can be performed at an early stage using (2.27),

2 /.8 2 1
D[ T[] o (' wy (@l s |2 _ (@ ‘ (e-T-d") ‘
‘/II_Il[dw lldw]lds] e - (2) 2m) 3224222 I_I asy | o O

The tensor structure (e - T - d?) is captured by the operators D(14,14) and DET]-.L4 13) defined
n (2.26). They allow to rewrite the amplitude (5.1) as

/

d2Q 2
MT(LQ): hadl / / /C(Q) (21,--,2n))) (3.2
(2) (2n) 38251926 7Z22 @2 < ;

J

ekj'mj> . (5.5)
1

n

where

’Cfd])(zl’ ceey Zn) = (D(14’14) + H}nD?}i’,,lzl) + H?nD?iLzL,lg) 4+ .- )U1(21) e Un(zn) ) (56)
The ellipsis along with II2 D(1 4,13) accounts for b-ghost zero-mode contributions which
drop out from the subsequent four- and five-point computations.
5.1.1. Scalar and vector building blocks at genus two

We shall now evaluate (5.6) on the part of the vertex operators which contribute zero-modes
d', d?. One can show that

D412y (d"Wa)(d" W) (d*We ) (d*Wp) = 96°¢; Ta,5jc,p (A, A) (5.7)
2 m

(s 1y (@' W) (@' W) (@' W) (W) (@ W) = (5)96°CE S5 5.0y, (W )
2 m

a1 (W) (W) (2 We) (d W) (d W) = (=) 9623 S5 5.01p, (A )

with multiparticle labels A, B, ... and scalar building block

2 _ _
()\)\) ()\7m1n1p1 )()"Mefr) ()"7m2n2pzr> (/\’ledefnw )‘) (58>

X (A" W) (MNP WR) (A" We)(MP2Wh) .

Ta,Bio,p(AA) =

The two zero-mode patterns (Ay™d')(Ard*d?)(Ard%d?) and (A\y™d?)(Ard'd')(Ard?d?) in
the b-ghost contribution B(3 2) given by (5.3) lead to distinct tensor structures S (B m

A,B,C|D,E
and 51(42)3 CID.E such that

(1)m (2) m
SABC|DE_SABC|DE SABC|DE (59)
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with

Sféll)Bmcw (AN =~ ()\%5 Y™ Y N MYy napr ) MNmanaps ™) (A2 MMM ))
X (WaYarazas WB) (MY W ) (M Wp) (M2 WE) (5.10)
S e, N) = s (01" ) Vi) Rt
X (MWa) (M2 W) (M Wo) (W) (M2 Wg).  (5.11)

Note that the integrals of Dz’fg 14) and D?ﬂ 13) give rise to the same kinematic structure

m m m : 1 2
SA’BQD’E because D(13’14) — D(14713) under the interchange of zero-modes d;, <> d,.

5.1.2. Kinematic symmetry properties at genus two

The above definitions in (5.7) manifest the symmetry properties

Tapie.00N) = TamcoyMW N . ST 5N = S0 o b (A N(5.12)

with j = 1,2. As demonstrated in the appendix C, gamma-matrix manipulations and the

pure spinor constraint imply that the kinematic factor (5.8) can be rewritten as

TasenON) = — &%4 Foramn) (e ) ey ™ W) Oy W) (AP W) Oy 0T p) - (5.13)

and satisfies the Jacobi identity,
Ta pic,p(M\A) + Tapi,c(MA) + Tacip,p(A\A) =0. (5.14)

The symmetry (5.14) assembles the holomorphic one-forms in the antisymmetric combi-

nations A;; = EIJWI(Zi)wJ(Zj>v

D(14,14)(dWa)(24)(dWB)(25)(dWc)(2c)(dWb)(2D)
= 96%c2 (TA Ble,p (M A) [wi(z4)wi (2B)wa (20 )wa(2D) + w2 (24) w2 (28)wi (20 )wi (2D) ]

+ Ta,c15,0(A\ A) [wi(za)wi (z0)ws2 (2B)w2 (2D) + wa(za)wa(2¢)wi (2B)w1 (2D))]

) [wi(
+ Ta,p|B,c(A A) [wi(24) w1 (2p)w2 (28)w2(z¢) +wz(ZA)wz(zD)w1(ZB)M(Zc)})

= —96°c3[Ta, Bjc,p (A, NApaApc + Tp ap,c(A\A)AapAcp] (5.15)

As will become clear later, the appearance of A;; in (5.15) is a crucial requirement for

modular invariance of the amplitude.
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Furthermore, it is shown in appendix C that SS’);C' p.p can be eliminated in favor of
s to yield
A,B,C|D,E O Y€

m ~ 2)m ~ 2)m ~ 2)m ~ 2)m ~
ST 5 cip.pMW ) = 251(4’)3’C|D’E(/\, )\)+Sg’)D’E|B7C(/\, A>+S§B}D’E|A,C(A, /\)—I—S(C’)D’EM’B(/\, ).

(5.16)
Together with the ten-term identity!®
S peip.s(A N + (D, E|A, B,C,D,E) =0, (5.17)

one can show that (5.16) implies a vector generalization of the scalar Jacobi identity (5.14)
Shp.cpeMN) =S8 b gasMA) +SE b pacA) + ST b gV A) - (5.18)
This is instrumental to identify A;; in the following permutation sum:
(I, D{is,14) + 115, D{14,15)) (dWa) (24) (W) (28) (dWc) (2c) (AW ) (2p) (AWE) (2E)
9 _
= 9623( =) S 5,010, (A W [ w1 (24)w1 (22 )1 (20)wa (2w (25)
+ H?nWQ(ZA)W2<ZB)w2(ZC)Wl (ZD)WI (ZE)} + <D7 E‘A7 B7 07 D7 E)

2
2 m -
= 962c§<a)SA’B7C|D’E(>\, XY Apawi(zp)Acpll), + cyc(A,B,C,D,E) . (5.19)
I=1

Applying the Theorem 1 of [9] to the expressions (5.8) and (5.9)

1 1

TA,BIC,D()HX) = W A,B|C,D> SQXI,B,C|D,E()‘7X) = ()\X)QSXB,C|D,E7 (5~20)

leads to

(TaBjo,p(MA)3.2) = (Ta,B10,D)(0,2) <S,T,B,C|D,E()‘7X)>(3,2) = 8(S4X B,c|D,E)(0.2)
(5.21)
where the factor 8 comes from (...)1.9) = 8(...)(0,2)- As we will see, the vector building

block contributing to two-loop amplitudes with five or more particles is

TXg.cp,e =AAT.cp.e+ATacip.e+AcTaB D E+851 B.CID.E (5.22)
where the factor of 8 is due to the use of (5.21). By (5.14) and (5.18), it obeys the same

symmetry properties as S} 5 c|p E(A,X),

m — m m _ m m m
Ty p.cipe = Tasoyonre: Ispeac=Tascpe Tapesc ~16DEAB-
(5.23)
Hence, the manipulations shown in (5.19) carry over to SZ"BC'D’E()\, A) = TV s cip.p-

10 The identity (5.17) was checked to hold for its bosonic (gluon) components [23], and it is

believed to hold at the superfield level using similar manipulations seen in the appendix C.
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5.2. The four-point amplitude

According to the general formula (5.5) the four-point amplitude at two loops is given by

@) o 4 2>\ d20 2<ﬁ i j>
M,y ( ) / / (D 14,10 U1U2U3U4) (3 2) | e” N, (5.24)
2/ (2m)38251926 | 722 [y, UM (3.2) i

since the four vertices cannot provide enough d, zero-modes to saturate the terms with
Dill3 14y and D, 15y in (5.6) [2]. Using the formula (5.7), the Jacobi identity (5.14) and
the definitions (5.21) it is straightforward to verify that (see (5.15))

o’ \*
(D1410)U1U2U3Us) (3.2 = —96°¢] (5) (T ,2/3,4) (0,2) D1 D23 + (T1 412.3) (0,2) A12034] -
(5.25)
Together with (2.40) and (5.21), this implies that

/

(2) _ 10510 a’yd rte? / d*Q (2) 2 7(2)
M4 (27T) 0 (k) ( 2) 245 36 527T6 (det Im Q)5 24|<IC (Zb cety Z4)>‘ I4 ) (526)

where
(K® (21,...,20)) = (Ty 213.4) Aa1Dog + (T1 ap2,3) A12 sy . (5.27)

In absence of singularities |2;;| 72, using Riemann’s bilinear identity (2.29) in the form of
A12A34Z12Z34 = 26 (det Im Q>2 y A12A34Z41Z23 = 25(det Im Q)2 5 (528)
24 E4

leads to the following low-energy limit

/ KP (21, .., 2)) P T = 25(det Im Q)2 K + O(a/?), (5.29)
3y

where (note [Kf)] = —12)
K = Ty a3.0)% + Ty aj2.8) % + (T 54.2) ] - (5.30)

Finally, using the volume of the genus-two moduli space [ dus = 2273/(3%5), one arrives

at the following low-energy limit

(2) _ 10 510 o/\5 kte??
M, = (2m) 70 (k) (3) 238 39 53173
I\5 4,2
N 10510 a K-e
= (2m) 70 U“)(?) 21033 5 13

K+ 0(a”)
(2, + 2+ 2 KM + 0% . (5.31)
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In the second line we used the BRST cohomology manipulation [8,34]*!
(T12j3,4) = 2M3°5 512 (ViT2,3.4) (5.32)

together with the definition (4.17) of the one-loop kinematic factor ICfll) (which in turn
agrees with the tree-level kinematic factor (3.13)).

An alternative presentation of the four-point two-loop amplitude follows by plugging
the result (5.32) in (5.26) and using the definition [7]

V(z1,. .-, 24) = 512841003 + 51401234 (5.33)
to obtain
2 _ 10510 ﬁ/ 5 pte? (1) d*Q 27(2)
M4 - (27T) 5 (k)<2> 21771'6 ]C4 (detImQ)S 5, |y(21,...,z4)‘ I4 : (5'34)

In the low-energy limit where If) — 1, using [7]
/ Ve, za)[2 = 25(52, + 5% + 52) (det Im Q) (5.35)
pIP)
and [ dus = 2%73/(3%5) leads to the same answer (5.31).

5.3. The five-point amplitude
The five-point amplitude following from the general formula (5.5) is given by

/

5
2) _ 14 (2)
Ms (2) (27) 3825 1926 / 222/2 (21, -+, 25))) (3, 2)| <H >, (5.36)
5 :
where
2
de])(zm ey 25) = (D(14 14) + I} D(13 14) T 2 (14 13))U1(z1)U2(22) - Us(zs) . (5.37)

For the first term in (5.37), the external vertices must contribute four d,(z) variables to
saturate the remaining (2, 2)4 zero-modes required by the D14 14) integration. This admits
one OPE (2.43) resulting in a two-particle superfield W} from (2.44) accompanied by the

singular function n;; ~ zigl defined in (2.8).

I The normalization of T 23,4 here is two times bigger than in [8], see definition (5.8).
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-1
ij
allows for two inequivalent functions of the worldsheet positions; either 0;G;jwr(2;) or

However, the OPE (2.43) only determines the residue of the simple pole z;.© and
—0;Gijwr(z;). Their difference is regular in z;; and drops out from the low-energy behavior
of the amplitude due to the factor of §*(z; — z;) in (4.27). Since the ambiguity does not
affect the subsequent low-energy analysis, we will use the notation (dW;;)n;; to leave the
subtlety in the exact dependence on z;, z; undetermined.

Another possible obstruction to extend the current analysis beyond the low-energy
limit might stem from OPE singularities between the b-ghost and the vertex operators (see
for instance [52,53]). By arguments similar to [9], these might affect the two-loop five-point
amplitude at order D*R>.

Similarly, for the last two terms in (5.37), the vertices must provide five d,, variables
to saturate either (2,3)4 or (3,2)4 zero-modes. Together with the contributions from the

previous paragraph, we arrive at
a’\5
U, U U3U4Us ‘d4 = (5) [(dWm)(de)(dW;;)(de,) m2 + (1, 2|1, 2,3,4, 5)} (538)

N
() 0w (1) AL (W) AW ) (W) + (14 2,3,4,5),
I=1

2 )5(dW1)(dW2)(dW3)(dW4)(dW5) .

U UsUsUs o = (

Using the formulas in (5.7) a long but straightforward calculation leads to

a'\4
<<’Cf§f(zl, o 25)))(3,2) = (5) 96%c2 (KP (21, ..., 25)) (0.2 (5.39)
where
2
K (21,0 2) = [T1n,12,3|4,5 Z Asiwr(22)Agalll, + cyc(12345)] (5.40)
=1

/

o
+<§) [7712(T12,3|4,5A24A35 + Th2,413,5023045) + (1,2]1,2,3,4, 5)} )

and T 54 5 is defined in (5.22). As detailed in (5.19), the symmetry property (5.23) of

T, 3145 1 crucial to obtain the first line of (5.40) in terms of two factors of A;;. After

discarding IT,, — 0, (5.40) is the low-energy regime of the open-string worldsheet integrand

for the five-point two-loop amplitude.
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Collecting the above results, the low-energy regime of the two-loop amplitude reads

/ 5

6 52>\ dQQ
M = (3) g | (deumm5/2\<f<@><m o |*(T] ) + ot
52\

Jj=1
/

o\ ke 2
= 20" (5) 355 7 s / detImQ / (KD (21,2 T2 + 07
(5.41)

where in the second line we used (2.40).

5.3.1. The low-energy limit

The low-energy limit of the genus-two integral in (5.41) can be extracted along the same
lines as done at genus one. First of all, (2.11) allows to perform contractions among left-

and right-moving zero-modes of II"" which can be integrated over ¥5 using

/

2 2
—_ =J —_ (6]
L5 Alg Z H,’C,LWI(23>A45 X Alg Z Han(Eg)A45 = —2871' <§> nmn(det Im Q)2

/

/; AIQZH wr Zg)A45 X A34 Z H WJ Z5)A12 = 27 <2>nmn(det IIIlQ) (542)

5

/

I N 7= = \A. o6 (& 2
/25 Alg ;Hme(Zg)A45 X Agg ;HRWJ(Z4)A51 = —2 s (§>nmn(det IIIlQ)

and cyclic permutations. Then, the subset of the terms ~ 7;;7,, in (5.41) with “diagonal”

labels i = p and j = ¢ contributes according to (4.27), resulting in ten permutations of
2
/ [(T12,314,5) A2aAss + (T12,413,5) D23 Ags | = 2°(det Im Q) [[(T12,314,5)|* + cye(3,4,5)]
Yy

where the integrals are identical to the four-point case (5.29). Permutations of 127;4 or
M12734 from the holomorphic square in (5.40) do not contribute to the low-energy limit
(5.41).

By assembling the two sectors with and without contractions between left- and right-
movers, one can show that the leading-order terms of the five-point two-loop amplitude

(5.41) are given by
/ (KD (21, ., 2)) TP = 267 (2>(detImQ) KD 4 0?),  (5.43)
35
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with kinematic factor (note [ICgZ)] = —12)

‘<T12,3|4,5>‘2+ }<T12,4|3,5>}2

S$12 S$12 S$12

4 |(T12,5(3,4) }2 |

2 m 2
K = + (T3 50 20| +(1,2]1,2,3,4,5) . (5.44)

Hence, using [ dus = 2273 /(3 5) implies the following low-energy limit of (5.41),

a/

M = (2m)' 50 (k) (&)

/‘\1562>\

2 7
5.3.2. Components in type IIB and type ITA

A long and tedious calculation [23] identifies the type IIB components of the two-loop
kinematic factor (5.44) with the a’-correction ~ (5 of the five-point tree-level amplitude
(3.18) and (3.19):

(2) 528962 a’\~P 0)
K |y = —223°5% (5) K

(5.46)

1 : five gravitons
Cs X —% : four gravitons, one dilaton

Similar to the kinematic factor (4.31) in the one-loop low-energy limit, the relative coeffi-
cient to the tree-amplitude depends on the total R-symmetry charge of the external states,
in lines with S-duality. The components considered in (5.46) extend to a variety of further
state combinations of alike R-symmetry charges by linearized supersymmetry.

Similar to the analogous one-loop result (4.32), type ITA components involve additional

tensor structures as compared to the AYM bilinears in the tree-amplitude,

5
. '\ —5
2) 15 gravitons (0% 0 1 172,273 3,4 41552
IC()‘ — 9283652 O _ 2 S%kmekekekeke‘ (5.47)
5 |IIA 5 %] ’
2 G 2
1<i<y
132 233 3,4 4,5 5
me k“e“k’e’k~e“k%e® — Mmnp2qz2...p5qs |1 1.2 2 5 .5
where € =€ enkp,eq, - kp. ey, -

Upon insertion into (5.45), the kinematic factors (5.46) and (5.47) give rise to the

following low-energy limits for the five-graviton amplitudes:

(2)|a° _ 10510 o\ K ()
M5 }IIB gravitons (27T) 0 (k) (5) 29 33 5 ﬂ-2 IC5 ‘CE) (548)
5,2\ 5
(2) o't - 10 ¢10 Oé/ R € (0) 1 2 | melk2e2k3e3 k%t k5e5 (2
M5~ | gravitons — (27) 0 Ug)(?) 9933 5 12 [’CS ’Cs D) Z Sijle | ]

1<i<j

According to (5.46), the R-symmetry violating type IIB components (e.g. four gravitons

and one dilaton) carry an extra factor of —%.
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6. S-duality properties

In this section we are going to show that the type IIB five-point amplitudes computed with

the non-minimal pure spinor formalism agree with expectations based on S-duality.

6.1. Review of four-point S-duality

In the string frame, the SL(2,Z)-duality prediction for the perturbative four-graviton type
IIB effective action is given by [54,3,55]

_ oy 8
Sifs = / dzy/=g [R*(2¢3e7%% + 4(2) + D*R*(2¢5e %7 + §<4e2¢) (6.1)
48 8
+ D6R4(4C§€_2¢ + 8C2C3 + EC2262¢ + §C664¢> + - '},

where the ellipsis refers to terms of higher order DZ8R*. A dilaton dependence of the
form e(29=2)¢ is associated with the g-loop order in string perturbation theory. The tensor
structure of the covariant derivatives D and Riemann curvature tensors R suppressed in the
shorthands R*, D*R* and D%R* will not be important in the following. The coefficients of
the R* and D*R* interactions can be identified with the zero-modes of the non-holomorphic

Eisenstein series

E35(®, ®) = 203 /% + 4Gpe?/? + - - (6.2)

By (@, ) = 5e™5/7 4 S04/ 4 - (63)

depending on the complex axio-dilaton field ® = Cy+ie~?. A relative factor of e=?/2 stems
from the transformation between string frame and Einstein frame. The Fourier modes in
the ellipsis of (6.2) and (6.3) describe the non-perturbative completion of the type IIB
action [54,3] and ensure modular invariance w.r.t. ®. The prefactor of the D% R* operator
in (6.1) was firstly predicted in [55] and descends from a modular-invariant function which
is made explicit in [56].

The four-point amplitudes reviewed in the previous sections exhibit the following low-

energy behavior (in both type IIB and type IIA theory):

(0) 10510 NS 4 oy )3 2 5
MY = (2m) 50 (k) (5 ) e 2mk (74 26 + Goa + 3G+

a3 k4 ¢

Min — (27)10510 (k) (5> S 3#6510)(1 + §03 +o0) (6.4)
Cl// 3 /‘\',462>\

i = 280 () g K (2 )
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The loop- and o’-orders are in one-to-one correspondence with the curvature couplings
e(29-2)9 D2k R* in the action (6.1). Matching the ratio of the R* interactions ~ (3 and ~ (o

with the values computed in (6.4) relates the coupling constants e and e*,

o202 o2\ o
_ N — 26 4 2¢ ) 6.5
3C;  203n2(s e (6.5)

Furthermore, one can verify using the conversion factor (6.5) that the ratio of all the
interactions match between their predicted values in the action (6.1) and the explicit
amplitude computations summarized in (6.4). The first perturbative verification of the
expressions in (6.1) was achieved in [54,41] for genus one, in [49,7,57] for genus two and

[9] for genus three.

6.2. S-duality at five-points for graviton couplings

We will now check if the above ratios predicted for the four-point amplitudes at different
loop orders also hold for their corresponding five-point amplitudes at one- and two-loops.
The extension of the type IIB effective action (6.1) beyond the four-point level complements
the four-curvature corrections D?*R* by a tail of operators'? D2(F=0) R4+l with higher
powers of curvature [ = 1,2,..., k required by non-linear supersymmetry.

The result for the two-loop five-point amplitude confirms that the five-field comple-
tion (D*R* 4+ D?R®) is accompanied uniformly by the zero-modes of Es /2 given in (6.3).
Similarly, the compatibility of the Fj3 /2R4 interaction with five-point amplitudes was ver-
ified through the one-loop analysis in [6]. These checks are based on the o/-expansion of
the five-point IIB amplitudes at tree-level, one- and two-loop computed in the previous

sections,

M = (21)1961 (k) (%) w062 (2) 2K (6.6)

M5(1) ‘?IB _ (27r)10610(k)(

x{ 1 : five gravitons
¢s

—% : four gravitons, one dilaton

(2)’° _ 10510 '\ kP (0)
MY = 208 ) (5 )5 g5 72 K5 ¢

x{ 1 : five gravitons
5

—% : four gravitons, one dilaton ’

12" Tn addition, novel couplings of the form D?* RZ® without a four-field representative in their

supersymmetric completion might arise, e.g. the D°R® interaction identified at one-loop [6].
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where the tree-level factor ICéO) is given by (3.19) [36]. Hence, the ratios of the corresponding
five-point interactions at one-loop are easily checked to agree with the perturbative terms
in the Eisenstein series (6.2) and (6.3),

Mél) ‘0/4 _ e2X _ 2€2¢>C2 (6 7)
Méo) IIB gravitons 26 3 7T2C3 C3 ’ '
and similarly at two-loops (recall that (o = %2 and (4 = g—;),
My o' N e (6.8)
Méo) IIB gravitons 211 33 57T4C5 3C5 ’

By modular invariance of the Eisenstein series, (6.7) and (6.8) confirm S-duality at the

five-point level.

6.3. S-duality at five-points for dilaton couplings

The ratios of tree-level and loop-amplitudes seen in (6.6) depend on the external type
IIB states, i.e. trading one of the five gravitons for a dilaton introduces additional factors
of —% and —% into the comparison of low-energy limits. These numbers have a natural

explanation from the Einstein frame presentation of the leading terms in (6.1),
R4E3/2(®,6> + (D*R* + DQRS)E5/2((I’76) ey (6.9)

see (6.2) and (6.3) for their perturbative contributions.

Processes which violate the R-symmetry of type IIB supergravity (such as the scat-
tering of four gravitons and one dilaton) are associated with operators which transform
with modular weight under S-duality [10]. Hence, by modular invariance of the type I1IB
action, they must accompanied by modular forms of opposite weights. The latter can be
obtained from modular invariant functions such as F; by acting with the modular covariant

derivative
D: el — q-el? . (6.10)

The modular forms obtained from FEs,, and FEs/, are characterized by the following per-

turbative terms (with Fourier-modes in the ellipsis):
= 3 1
DEj3/2(®, @) = ( - §>2C36_3¢/2 + <§>4C26¢/2 +-e (6.11)
= 5 3\ 8
DEj5/2(®, @) = ( - §>2C56_5¢/2 + <§> §C463¢/2 e (6.12)

34



In comparison with (6.2) and (6.3), the ratio between tree-level and higher-genus contri-
butions is deformed by the covariant derivative in (6.10), namely by —% and —% in cases
of E3/5 and Es /5, respectively. The modular forms in (6.11) and (6.12) multiply the R-
symmetry violating counterparts of R* and (D*R* + D?R®) interactions which in turn
describe the dilatonic amplitude components in (6.6). Hence, the covariant derivative in
(6.10) holds the key for the S-duality origin of the relative factors between graviton and
dilaton amplitudes in (6.6). It would be interesting to extend the analysis to higher or-
ders in o and to compare the ratios between amplitudes at tree-level and two-loops for
higher derivative operators with and without R-symmetry charges, as it was done in [6] at

one-loop up to order (a/)°.

7. Conclusion

As the main result of this work, we have computed the low-energy limit of the five-point
two-loop amplitude among massless type II closed-string states. The superspace represen-
tation of the result is given in (5.44) with prefactors made precise in (5.45). The type
IIB components involving five gravitons as well as four gravitons and one dilaton were
found to match the tree-level amplitude at the corresponding order in o/, see (5.46). The
determined ratios tie in with the S-duality expectation based on the Es /o coefficient of
the (D*R* + D?R") operator in the effective action [3] and its counterpart DEj/, with
modular weight, see (6.12).

The computation was performed using the non-minimal pure spinor formalism [2]
where the normalizations can be reliably kept track of and where the b-ghost is explicitly
known. However, subtle issues regarding possible OPE singularities between the b-ghost
and the vertex operators (see for instance [52]) currently prevent the determination of
the five-point two-loop amplitude to all orders in o/. These subtleties did not affect the
two-loop low-energy analysis of this work, but it would certainly be desirable to extend
the five-point correlator in (5.40) to all orders in the low-energy expansion. Starting from
the Zhang-Kawazumi invariant expected at the subleading order in o/ [57], the systematics
of the low-energy expansion and the threshold corrections deserve to be studied along the
lines of the one-loop results in [41]. The o’-expansion of the corresponding open string
amplitudes at two-loops calls for a higher-genus generalization of the elliptic multiple zeta

values [58] which were studied in the context of planar one-loop amplitudes in [59].
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2 3

1 4

Fig. 1 The factorization of the tree-level four-point amplitude in the massless pole s12
in terms of three-point amplitudes. This condition was used to fix the normalization

me

constant k? = a,2; in equation (A.7).

Also, it would be rewarding to cast the kinematic factors into the language of the
minimal pure spinor superspace of [1] and to bypass the computational steps required by
the extra worldsheet variables of the non-minimal pure spinor formalism. In particular,
this concerns the evaluation of covariant derivatives originating from r, and the tensor
manipulations required to arrange the A, into contractions with A*. For the three-loop
four-point kinematic factors of [9], a much simpler BRST-equivalent representation in

terms of (minimal) pure spinor superspace has recently been found [48].

Acknowledgements: We thank Nathan Berkovits, Pierre Vanhove and especially Michael
Green for valuable discussions. We also thank Arnab Rudra for useful comments on the
draft. CRM and OS acknowledge support by the European Research Council Advanced
Grant No. 247252 of Michael Green. CRM thanks AEI and the Perimeter Institute for
hospitality, OS is grateful to DAMTP for kind hospitality during finalization of this work,
and HG is grateful to the Perimeter Institute for warm hospitality and partial financial

support during stages of this work. HG is supported by FAPESP grant 2011/13013-8.

Appendix A. Worldsheet factorization of the amplitudes

In this appendix we show that five-point multiloop amplitudes computed in main body of
this work factorize correctly on their massless poles as required by unitarity. We first fix
the overall normalization x of the vertex operators by imposing unitarity for the four-point
amplitude at tree-level. After that there is no freedom left to adjust parameters and we

proceed to check the factorization of the higher-loop amplitudes.
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A.1. Factorization of the four-point tree-level amplitude

The factorization constraint for the massless pole s1o in the four-point amplitude reads

M

10 (0) 0),
:a/4/(d k MS (1,2,1‘)M3 ( ZL’,3,4) (Al)

2m)10 £ 2

where the notation ‘512 projects to the pole in s15 and discards regular terms in s1o, the
sum »__ runs over all states z in the supergravity multiplet and —z represents the state
at momentum —k, and complex conjugate polarization. This is depicted in fig. 1.

On the one hand, recall the low-energy limit (3.15) of the four-point amplitude

2
_ (2#)10510(]6)/‘\146_2)\ 27 ‘ <V12‘/3V4>| )

21
4 S12 512

(A.2)

On the other hand, a short computation using the factorization constraint (A.1) yields

M| —at Ok~ My0 (1,2, 2) ML (=, 3,4)
S P (2m)10 - k2
a2 1
— (27) 10520 (k) KB ‘M(?) 0/4E (ViaVsVa) |2, (A.3)
where the three-point amplitude is given by
MO _ 10510/7.1 2 o (XN 3 —an 2
3 (1,2,2) = (2m)""6 (k" + k% + k) o) fe [(ViVR V)|~ . (A.4)

and we used

10(7.1 2 z\S10(__ 1. 3 n
/d10k5 W AR AR R AR b R L 50 2k 4 4k7) (A5)
T 12

together with the explicit component sum [23]

STV (Vo VsVa) = (ViaVa Vi) + O(s12) - (A.6)

xT

Therefore equating (A.2) and (A.3) leads to

ke = (A.7)

a'?

A.2. Factorization of the five-point tree-level amplitude

The normalization of the five-point tree amplitude (3.18) will be checked through its fac-

torization on the massless s12 pole according to

A

dOk MO, 2 )MV (=2 3.4.5
W R (A8)

2m)10 £ 2 !
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where the three-point amplitude was recalled in (A.4) and

M (—2,3,4,5) = (2m) 10610 (— k" + k® + k* + k%) ke~ (A.9)
Ve VaVis) |2 Vi VaVas) |2 Ve VsVasg) |2
><27T[|< sVas) |7 [(VaVaVss) | | [(VaV5Vsa)| L0
S45 S35 8§34
Using (A.7) and
> (VVaVe) (VaVaVis) = (ViaVaVis) + O(s12, 545) (A.10)
the factorization constraint (A.8) gives
/
M| = (2m)1060(0) () £ (2r)? (A.11)
S12
ViaVaVys)|? ViaVas Vi) |? V12 VsVay)|?
% [|< 12V3Vis5)| i |(V12V35 V1) n [(V12V5V34)| ]} +O(a’3).
512545 512535 512534 s12

This ties in with a component comparison of the terms with a pole in sio,

- ViaVaViys) |2 ViaVas Vi) |2 ViaVsVag)|?
A§,F4-So-z445} :[K 12V3Vis)| +|< 12V35V4)| _|_|< 12V5V34)| M , (A.12)
512 512545 512535 512534 512
which confirms the normalization of the five-point closed-string amplitude (3.18).
A.3. Factorization of the five-point one-loop amplitude
From the low-energy limit of the five-point amplitude (4.30), it follows that
N R (T as))? 5
MO = (97010810 (04_> 3,4, oo
"\ KD [(ViaTs 45) 2 5
— (2 10510 k (Oé_) s / Al

where in the second line we used (T12|3,4,5) = 40[(‘/'12T37475) — %2(1412|37475>] (as shown in
the appendix B) and discarded the contact term since it does not contribute to the sio
pole.

One the other hand, given the three-point tree (A.4) and the low-energy limit of (4.16),

4 /

(1 _ 10510 K a3 2 4
MY = (2m) 05 (k) 5= (5 ) 1ViTas) P + O(a) (A14)

the factorization constraint

MY (A.15)

—0/4/ A% — MV(1,2,2)M"P (~x,3,4,5)
S12 - (271-)10 = k‘%
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Fig. 2 Factorization channel of the five-point two-loop amplitude into a tree-level three-
point and a four-point two-loop amplitude.

together with (A.5) yields

2>\1

4 2k7e
M| = em) 060 m)a (5 2)

s12 B3 sy Z| ViVaVi) P[(VaTs,4,5) | + O(o ). (A.16)

One can show via a component expansion that the kinematic factors satisfies [23]

Z<V1V2Vx><VxT3,4,5> = (VioT5,45) + O(s12) - (A.17)

€T

By (A.7), one finally arrives at

/

4k |(VigTsa5) )
:(%)10510(/{;)(%) 2’;3“ 1282475” +0(”), (A.18)

M

S12

in complete agreement with the expression (A.13).

A.4. Factorization of the five-point two-loop amplitude

In the low-energy limit of the five-point two-loop amplitude (5.45), the terms with a pole

in s19 are given by

.6 5,2\ T 2 T, 2 T, 2
M§2) _ (27r)10510(k:) (ﬁ) K-€ [|< 12,3|4,5>| n I 12,4\3,5>| n ( 12,5|3,4)|
S12 2 237 39 53 71'2 S12 S12 S12
(A.19)
The sj2-channel factorization constraint in the low-energy limit
Ak — M (1,2, 2)MP (~z,3,4,5)

M| /4/ 3 (L 52)My (72,54 A.20
5 S1o « (271‘)10 - k?g ( )
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for the factorization into a tree-level three-point amplitude (3.5) and a two-loop four-point
amplitude (5.31)

MO = (27r)10510(k>( )_1/{36—% (VAVaVa)[? (A.21)

o
2

(2) 10510 a'\d o ke 2 2 2 /6
My~ = (2m)76 (@(5) 7[|<T1,2|3,4>| + [{T1,412,3) |7 + {11 314,2) ] ]‘i‘O(O‘ )

93839 533
yields
N otRT (T W KT W KT )
M(2) — (97)10510(% (a_) oK [ 12,3|4,5 12,4]3,5 12,5/3,4
5 S12 ( W) ( ) 2 239 39 537T3 S12 + S12 + S12 }
(A.22)
where we used (A.5) and [23]
D (ViVaVo)(Togas) = (Thasjas) + Os12) (A.23)

xT

Therefore the constraint (A.7) (o/>k% = me?*) implies the agreement of (A.22) with (A.19)

and establishes the correct factorization of the five-point two-loop amplitude.

Appendix B. One-loop kinematic factors: NMPS versus MPS representation

From equations (3.7) and (4.7) of [46] and using the definitions (2.46) it follows that

Tioj3,45 = (AN V12[36T5 4.5 + 4Ny W) (MY Ws) Fp] + 512125345 (B.1)

Tij23,45 = (AN V4 [36T23,4,5 + 4(>\7mW23)()\7nW4)F75nn] + s23(J13)2,4,5 — J12/3,4,5)

Ji213.4,5 = (MY Wa) (A" W5) [ViVa(Aymn W3) 4+ 2(AN) Va (A19mn W3) — (1 45 2)] .
Since (4.11) is totally symmetric in (345) it is possible to rewrite (B.1) more conveniently

by averaging it over its permutations and using the Theorem 1 of [9] to factor out (A)),

1

Tig3,4,5 = 40(AX) [VioT5.4,5 — ﬁ812A12|3,4,5} (B.2)
— 1
Tij23,.4,5 = 40(AX) [ViTh3.4,5 — ﬁ823(1413\2,4,5 — A23,45)]

where
1
Al2j3a5 = E[VI(AQW’””W:)’) — V(AW (M WH (M W) + (3 4> 4,5).  (B.3)

Note that the admixtures of (B.3) drop out from BRST invariant combinations of (B.2)

T1123,4,5 |, T12(3,4,5 . T13\2,4,5>
S23 S12 S13

[26] and the non-minimal pure spinor formalism [46] agree.

, that is why the amplitudes obtained from the minimal

such as (
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Appendix C. Symmetries of two-loop kinematic factors

This appendix collects the superspace manipulations responsible for some of the symmetry

properties of the two-loop scalar and vectorial kinematic factors.

C.1. The Jacobi-like identity of scalar kinematic factors

The kinematic factor (5.8)

by 2 By BY BY m erm
TA,B|07D()‘7 )‘) = W(A7m1n1p1T)(A'ydefr)(Alymznzpzr)()‘ly rdef 2>\)

X (MM W) MPWR) (A2 We) (MP2Wh)]
is now demonstrated to satisfy the identity
Taic,p(MA) + Tapis,c(MA) + Tacip,a(AA) =0. (C.1)
To see this one uses the gamma matrix identity
(MYaesr)(Ay™ 22 0) = 48(AX)(My™17™2r) — 48(Ay"™1 42 X) (Ar) (C.2)
together with (AMmanap,”) = (Ay™29™29P21r) and (Ay™2) 4 (AYm,)s = 0 to obtain

(X'sznzmr)(X’Ydefr>(/\'7mldefm2/\> = 48()‘X> (vaznzpzr)(Mml’szT) (C.3)
= 48(AN) ( Ay 2™ \) (ry2"2P2y) |

o

where the cyclic identity 257;”52) = 0 and the constraint (Ay™r) = 0 were used to arrive

at the second line. Therefore,
(valnlplr)(vammr)(x%lefr)()qmldef’m)\) = 96()\X)2(X7a”1p1r)(rv‘mzp?r) . (C.4)

After using (C.4), the identity (C.1) follows by noting that it is equivalent to

(AyAMPLE) (pyT2P2 ) o (NyOP2PLp) (py @2 ) - (AYOT2PLp) (py@P2M ) = (), (C.5)

and (C.5) can be shown using V(s Vys) = 0-
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C.2. Relating vector kinematic factors

In order to prove the symmetry (5.16) of the vectorial kinematic factor in (5.10) and (5.11),

the pure spinor constraint can be invoked to decompose the gamma matrices in the factor
(Way@®2@Wg) Ay mmPrmep) = —(Way® 2y My We ) (Ay®2y ™y "y A)
contained in (5.10). The identity

(Way®2q iy We)(Ay*2y™ Mg A) = =(Way "2y ™y ™ aP iy A) (Ay 2y 1 W)
—(Way B2 A) (AyT2qP1y My My 21y W)

then allows applications of the pure spinor constraint in the form of (Av,)o(Ay")g = 0;

ultimately leading to
(1)m T — g@m BY (2)m BY (2)m BY (2)m BY
SA,B,C|D,E(/\’ A) = SA,B,C|D,E()" /\)+SA,D,E|B,C(/\’ )‘>+SB,D,E|A,C()" /\)+SC,D,E|A,B(/\’ A)

which implies (5.16).
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