
Statistial Analysis of the equilibrium on�gurations of W7-Xstellarator using Funtion ParametrizationA.Sengupta1, J.Geiger2, P.J.M Carthy11Dept. of Physis, University College Cork, Assoiation EURATOM-DCU, Cork, Ireland2Max-Plank-Institut f. Plasmaphysik, Euratom Assoiation, Greifswald, GermanyIntrodutionW7-X is a 5-period, fully optimised stellarator under onstrution at IPP-Greifswald, Ger-many. It has a standard magneti on�guration, with �ve islands at the boundary where iota=1,produed by a set of 2�5 modular �eld oils (MFC) in eah period. The boundary iota value anbe varied between 5/6 (low iota ase) and 5/4 (high iota ase) using 2�2 additional planar oils(PLC) per period. An important goal of W7-X is to investigate the steady state apabilities offusion devies. For stellarators this essentially implies a real time monitoring of the dishargeswhih have long pulse lengths, of the order of minutes. But for a real time study one must havemeans to generate a magneti on�guration in seonds, while 3-D omputer odes, whih simu-late stellarator on�gurations, do so in hours with a strong demand on omputational resoures.This implies the use of methods whih are fast and aurate.For W7-X we have planned a sequene of in-depth analyses of the magneti on�gurationswhih, ultimately, will lead to a proper understanding of plasma equilibrium, stability andtransport. The �rst step in that sequene involved a study of the W7-X vauum on�gurationswith magneti islands [1℄ where we had used the statistial, inverse mapping method of FuntionParametrization (FP) [2℄ to reover the physial properties of the on�gurations. This paperreports the initial results on the next step of analysis, the senario at �nite beta where there isa plasma equilibrium. The study [1℄ was enouraging enough to use FP again.Details of database generation and seletion of the FP modelSimulated W7-X plasmas were produed by VMEC2000, a 3-D equilibrium ode [3℄ thatassumes only nested ux surfaes in a on�guration, thereby negleting magneti islands. Thegeometry and the magneti �eld on the ux surfaes are given as Fourier oeÆients (FC's) witha modest number of harmonis. A database of about 8000 suh on�gurations was alulated onthe same parameter spae for the oil urrent ratios as in [1℄. The parameters whih were variedrandomly and independently onsist of the external (six) oil urrent ratios i2; : : : ; i5; iA; iB ,the parameters of the pro�les (as funtions of normalised toroidal ux s) of plasma pressure andtoroidal urrent (4+4) and the plasma size (aeff ), whih is required to vary the plasma volume,giving a total of Nm=15 measurements. The plasma parameters were varied to allow a good FPfor their expeted values in W7-X: volume-averaged < � > of up to 5% and toroidal net-urrentof up to � 50 kA for a mean �eld strength of about 2 T throughout the database. The pro�lesof pressure and plasma urrent were hosen as a sequene of polynomials in the followingforms: p(s) = Pni=1 aibi(s) (normalised so that R 10 p(s)ds = 0.5) and I(s) = Pni=1 idi(s),respetively, where bi(s) and di(s) are moment-oriented polynomials of degree i in s. We hose
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n=4 in either ase. b1(s)=1 � s is the only moment ontributing to R p(s)ds, thus relating a1with the volume-averaged pressure; b2(s) allows for pressure peaking variation whih is inferredfrom a1 and a2; with d1(s)=s, 1 de�nes the total plasma urrent. The higher moments wereonstruted so as not to alter the ontribution of the lower moments. Fig 1 shows some of thenormalised pressure pro�les used in the analysis. The riteria for deiding upon the usable asesfor analysis were: (a) onvergene of the ode; (b) 0.16� �-0 � 1.62; () 0.62� �-b � 1.32; (d)restriting �0 � 12%, as large �0 results in low volume-averaged < � >; (e) aeff � 60 m, asit is unlikely to exeed 55 m in experiments. Fig 2 shows the on�guration spae in the iA-iBplane. The void at the lower left orner is aused by restritions (b), () and (e) orrespondingto the high-�- region. The points in the rest of the spae are more or less uniform.The basi plasma parameters hosen for analysis were
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Figure 1: Saled pressure pro�leforms with R 10 p(s)ds = 0.5

the pro�les (as funtions of an e�etive ux surfae radiusreff ) of �- and the Fourier oeÆients of the magneti �eldBmn, the geometry (Rmn,Zmn) and the periodi streamfuntion �mn whih is inluded in the Clebsh represen-tation of B [3℄. m and n are, respetively, the poloidaland the toroidal Fourier mode number. Before settingup the FP model for statistial analysis, the measure-ments were tested for possible orrelations. A PrinipalComponent Analysis (PCA) showed that there were noinsigni�ant varianes in the data. However, strong or-relations were observed in the oeÆients a2; a3 and a4of the pressure pro�le. This was possibly due to the needto maintain monotoniity and the negative gradient ofthe pressure pro�le and to have �0 � 12%. Nevertheless,the PCA step was skipped.As our output plasma parameters to be reovered
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Figure 2: The iA-iB spae in ex-ternal urrent on�guration.

are all pro�les, the usual FP model would be a radialpolynomial. However, a di�erent approah was followedhere beause of the unrealisti size of the radial poly-nomial model. The pro�le variables were taken at 21radial points and subjeted to a PCA. The PrinipalComponents (PC's) form a set of radial funtions re-plaing the global radial polynomial model. The PC'swith signi�ant variane were then regressed (as salarparameters) as \mixed" quadrati (q-FP ) or \mixed"ubi (-FP) polynomials in the measurements [1℄. Thenumber of model oeÆients for salar parameters were(Nm+1)(Nm+2)2 =136 (q-FP) and (Nm+1)(Nm+2)(Nm+3)6 =816(-FP). Thus, with about 5000 ases hosen for \train-ing" there is a suÆient number of degrees of freedom ineither model for a reliable �tting. One the model wasset up, it was tested for validation. The model oeÆients, together with the measure-ments in a di�erent set (the test dataset) of about 900 observations were used to reoverthe radial PC's of the plasma pro�le variables in this dataset by simple alulations

32nd EPS 2005; A.Sengupta et al. :  Statistical Analysis of the equilibrium configurations of W7-X stellarato... 2 of 4



from the model. The reovered PC's were then ombined with the orresponding matrixelements of the eigenvetors (of the ovariane matrix) to get the (reovered) plasmaparameters at the required radial points. Finally the reovered plasma parameters wereompared with the observed ones (from VMEC2000) for the reovery statistis. The testpart was further arried out with di�erent levels of random errors in the measurements.These errors were assumed to have a uniform distribution whose extrema were expressedas a perentage of the root-mean-square (rms) values of the measurements.ResultsAs reported in the previous setion, the reovered plasma parameters were obtainedfrom the regression of the signi�ant PC's of the pro�le variables. Table 1 shows thenumber of signi�ant PC's required to aount for the total variane of the pro�le vari-ables. For the FC's there is a slight overestimate as the number varies with harmonis.The signi�ane of this number in the FP model is that it estimates the order of theradial polynomial if that approah had been taken. Thus Bmn(reff ) would have beenmodelled by at least a ubi polynomial in reff . The FC's for R;Z and � learly have amore omplex behaviour and would need a polynomial of a very high order.Table 2 lists the summary and the output statis-
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Figure 3: The bean-shaped uxsurfaes. blue:VMEC surfaes;red:ubi-FP-reovered surfaes.

tis for the pro�les of �- and the low order FC's Bmn,Rmn, Zmn and �mn. The rms error and the R2-measureof �t are ompared for q-FP and -FP models, whereR2mo = 1�(rmsemo=�)2, adjusted for the degrees of free-dom. � is the spread in the data about the mean, whilermsemo is the rms error for the model mo. We observesigni�antly smaller values of error with -FP model formost of the FC's. Also shown here are the reovery qual-ities when measurement errors were introdued. Theseerrors were on the database rms values of the measure-ments, whih, for the oil urrents, were 11 kA (MFC)and 6.9 kA (PLC), so 0.1% noise orresponds to extremaof �11 amps for MFC and �6.9 amps for PLC. The rel-ative auray of the oil urrent measurement in W7-Xis 2.0e-04 ( 0.02 %) at 20 kA, that orresponds to a mea-surement error of 4 amps, so the similarity of the errorsup to 0.5% noise signi�es a general stability of the mod-els up to 10-15 times the estimated error. Next, theFC's were ombined in a Fourier series of the formsX(reff ; u; v) = PMm=0 PNn=�N Xmn(reff ) os(mu� nv)Y (reff ; u; v) = PMm=0 PNn=�N Ymn(reff) sin(mu� nv)Here X stands for R and B, while Y represents Z and �. u is a poloidal angular oor-dinate (0 � u � 1) and v is a toroidal angular oordinate (0 � v � Np). For W7-X, Np= 5, the number of toroidal periods of �eld and geometry. We also found M = j N j =6 suÆient to onstrut the ux surfaes from the FC's. Fig 3 shows the bean-shapedross setion of the W7-X ux surfaes at v=0 plane. The VMEC ux surfaes are shownin blue, while the FP-reovered (-FP model) surfaes are in red. The latter omparewell with the former, exept for some deviation in the inner parts of the pro�le. Thepositive aspet of this reovery is the �tting of the indentation, while the unertainty
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of the regions around the magneti axis are not surprising in a global on�guration re-overy beause the boundary is more integral and the axis is more stable if reoveredloally. A statisti for this reovery is the (rms) deviation of reff of the reovered uxsurfaes from the VMEC surfaes, de�ned as (�reff )rms = sPNobsj=1 PNradi=1 hrobseffi;j�rreeffi;j i2Nobs:Nradthe mean taken over all Nobs observations and all Nrad (=21) radial points. Table 3 showsa omparison of this quantity for q-FP and -FP models. For ideal measurements (noise= 0) the unertainty in reff is about 0.9 mm for -FP, while it is 1.3 mm when q-FP wasused. The latter is worse by a fator of 1.42 | \statistially" signi�ant! Also shown inTable 3 are the respetive values in presene of noise. Table 4 shows the reovery of Band �.Table 1parameter # PC's�- 4Bmn 4Rmn 7Zmn 7�mn 8 Table 3: Values of ��reff�rms (in metres) for q-FP and -FPnoise (%) q-FP -FP q-FP/-FP Remarks0.0 0.0013 9.2e-04 1.42 With inrease in noise level the degradation0.1 0.0013 9.4e-04 1.39 of q-FP with respet to -FP dereases,0.5 0.0016 0.0013 1.23 but in the most probable ranges of noise1.0 0.0022 0.0020 1.11 the latter is signi�antly better.Table 2: FP reovery of pro�le variables. Mean, � on axis (a), mid (m) and last (l) ux surfae.parameter Unit Summary statistis Global reovery statistis (all surfaes)Mean � noise (%) rmseq rmse R2q R2 rmseq=rmse5.63 (a) 0.09 (a) 0.0 0.0054 0.0025 0.9954 0.9990 2.16R00 m 5.60 (m) 0.08 (m) 0.10 0.0054 0.0025 0.9954 0.9990 2.165.54 (l) 0.07 (l) 0.50 0.0055 0.0027 0.9952 0.9990 2.080.00 (a) 0.00 (a) 0.0 0.0022 0.0013 0.9961 0.9987 1.69Z10 m 0.31 (m) 0.03 (m) 0.1 0.0022 0.0013 0.9961 0.9986 1.690.62 (l) 0.06 (l) 0.50 0.0025 0.0017 0.9950 0.9977 1.472.01 (a) 0.18 (a) 0.0 0.01 0.01 0.9963 0.9964 1.00B00 Tesla 2.05 (m) 0.18 (a) 0.1 0.01 0.01 0.9963 0.9964 1.002.08 (l) 0.18 (l) 0.5 0.01 0.01 0.9962 0.9962 1.000.00 (a) 0.00 (a) 0.0 0.023 0.011 0.9639 0.9914 2.09�10 radian -0.25 (m) 0.15 (m) 0.1 0.023 0.011 0.9639 0.9914 2.09-0.23 (l) 0.12 (l) 0.5 0.023 0.011 0.9640 0.9913 2.09{ 0.84 (a) 0.28 (a) 0.0 0.016 0.013 0.9928 0.9954 1.23�- { 0.85 (m) 0.15 (m) 0.1 0.016 0.013 0.9928 0.9954 1.23{ 0.94 (l) 0.12 (l) 0.5 0.016 0.013 0.9927 0.9954 1.23Table 4:Reovery of B and � (as funtions of magneti oordinates) obtained from Bmn and �mn.B (Tesla) � (radian) Remarksnoise (%) rms residual noise (%) rms residual The rms residuals were alulated over all radial, poloidal0.0 0.011 0.0 0.010 and toroidal points for about 800 observations with0.1 0.011 0.1 0.010 ubi-FP model. B is determined with an unertainty0.5 0.011 0.5 0.010 of 0.01 Tesla. Up to 1% noise the results are very stable.1.0 0.011 1.0 0.010 The results for � do leave sope for improvement.ConlusionsEarlier results on vauum analysis were further orroborated by the initial studiesat �nite-beta regarding the importane of a ubi FP model to reonstrut the W7-Xon�gurations, even without magneti islands. The FP approah of PC regression assalar variables, rather than the use of the radial polynomial, made the analysis faster byorders of magnitude and the model size was only slightly inreased. The auray of thereovery of the ux surfaes and the magneti �eld struture as well as the iota-pro�lewere within aeptable limits. However, �-reovery is learly more hallenging.Referenes[1℄ Sengupta A., MCarthy P.J., Geiger J. and Werner A. 2004 Nul. Fusion 44 1176[2℄ Braams B.J., Jilge W. and Lakner K. 1986 Nul. Fusion 26 699[3℄ Hirshman S.P., Van Rij W.I. and Merkel P. 1986 Comput. Phys. Commun. 43 143
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