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An exact analytical solution of the equation of radiative transfer is ob-

tained for a cylindrical system with specularly reflecting walls, ac-

counting for the presence of polarization scrambling in the reflection 

process. The effects of polarization scrambling on the specific intensity 

of the radiation can be described via an effective wall reflection coeffi-

cient for the extraordinary (x) and ordinary (o) mode. For the special 

case of electron cyclotron radiation in a fusion plasma, a numerical 

analysis of the impact of polarization scrambling on both the specific 

intensity of the radiation and the radial profile of the net power radiated 

as well as on the total power loss is carried out for ITER-like parame-

ters in steady-state operation.  

Introduction 

It is known for some time that the mixing of the polarizations of the extraor-

dinary (x) and ordinary (o) mode that occurs in the wall reflection process, to be 

referred to as "polarization scrambling", has to be accounted for in the diagnos-

tics based on electron cyclotron (EC) emission [1,2,3]. The effect of polarization 

scrambling has also been considered in the context of EC plasma heating [4]. 

Less attention has been paid to the impact that such an effect might have on the 

EC radiative transfer in fusion plasmas, the only exceptions being the CYTRAN 

routine developed by Tamor [5] and a formal approach in an analysis of passive 

EC current generation [6]. 

Here the impact of polarization scrambling on both the specific intensity of 

the EC radiation and the radial profile of the net EC radiative power density as 

well as on the total power loss in fusion plasmas is investigated on the basis of a 

special analytical solution of the equation of radiative transfer.  

Solution of the radiative transfer equation (RTE)  

with polarization scrambling 

On referring to a radiating system with (circularly) cylindrical geometry and 

specularly reflecting walls, the (exact) solution of the RTE for the specific inten-

sity of the radiation in the mode σ = x,o at the generic point s = s(r) of the ray in 
the direction ŝ ,  ˆ( , , ) ( )I s I sσ σω ≡s , is (cf. [7]) 
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with j
σ
 and ασ

, respectively, the emission and absorption coefficients and 

( , ) ( )
s

s
s s ds sσ στ α

′
′ ′′ ′′≡ ∫  the optical thickness relative to the ray path between the 

two arbitrary points (s0 ≤ ) s′ and s. The 2nd form of Eq. (2) refers to the case of 

local thermodynamic equilibrium at (local) temperature T(s(r)). The 2nd term on 

the r.h.s. of Eq. (1) has to do with the wall reflection process at the generic point 

s0, for which one has, in the presence of polarization scrambling, 
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In Eq. (3), 
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to be referred as the effective wall reflection coefficient, with ( 1)wR
σ ≤  the wall 

reflection coefficient of the radiation in the mode σ [8] and pσ
 (≤1) the polariza-

tion scrambling parameter which quantifies the percentage of radiation trans-

ferred from the mode σ to the mode σ′ in each (specular) reflection. Furthermore, 
0 1

( , )s sσ στ τ≡  and 
0 1

( , )i i s sσ σ≡ , with s0 and s1 a pair of consecutive reflection 

points. The result (3)-(4) is obtained on solving the RTE with the boundary con-

ditions shown in Fig. 1 and proceeding along the same lines as in the absence of 

polarization scrambling [7]. 

 

Figure 1: Schematic diagram of the 

boundary conditions used to solve the 

radiative transfer equation for the case 

of mode-dependent reflection and po-

larization scrambling. The subscripts 

"inc" (incoming), "ref" (reflected) and 

"out" (outgoing) refer, respectively, to 

the specific intensity of the radiation at 

the generic point s0 where the ray hits 

the wall. I
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The effective wall reflection coefficient (4) accounts for the net loss of 

power from the mode σ to the mode σ′ during wall reflection through polariza-
tion scrambling, also depending on re-absorption; 

eff w
R R

σσ σ′ ≤ , i.e., the polariza-

tion scrambling reduces the genuine wall reflection, this effect being the stronger 

the larger is the optical thickness στ ′
. Note also that ( 0) (1 )

eff w
R p R p

σσ σ σ σ′ ′ = = − , 

that is equal to the expression obtained in the optically thick limit 1στ ′
≫ . 

Polarization scrambling, in the strict sense of the concept, is described by the 

2nd term on the r.h.s of Eq. (3). Whereas for the x-mode (interacting strongly 

with the plasma) the 1st term ( )xi∼  on the r.h.s. of Eq. (3) is larger than the 2nd 

one notwithstanding the strength of polarization scrambling, i.e., 
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≃ , with the result that the specific intensity I

x 
(s), 

cf. Eq. (1), is a (weakly) decreasing function of p
x
, for the (weakly interacting) o-

mode the polarization scrambling tends to make the 2nd term (∼ix) of Eq. (3) the 
dominant one, already for small values of p

x
; for p

x
 ≳ 0.5, the 2nd term alone is 

an excellent approximation:  
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Eq. (5) expressing the fact that the o-mode then is mainly generated from the x-

mode through polarization scrambling. Generally ( )oI s  does increase with in-

creasing p
x
. The numerical evaluation of Eq. (1) confirms the significant en-

hancement (weak decrease) of the specific intensity of the ordinary (extraordi-

nary) mode due to polarization scrambling, as shown in Fig. 2 for the case for 

which both the wall reflection coefficients and polarization scrambling are mode 

independent, i.e., ( 0.6)x o

w w
R R= =  and x op p= . 

Figure 2: Extraordinary and ordinary 

radial profiles of the specific intensi-

ties at the frequency ω = 8 ωc for a 

ray crossing the centre of the plasma 

in a cross-section perpendicular to 

the magnetic field for a wall reflec-

tion coefficient Rw = 0.6 and various 

values of the polarization scrambling 

parameter p. An ITER-like fusion 

plasma is considered with parame-

ters such that R = 6.2 m, a = 2.0 m, 

Bt = 5.3 T, ne = ne0 (1 − ρ²)γn with 

ne0 = 1.1×10
20 m-³ and γn = 0.1, and 

Te = Te0 (1 − ρβT)γT with Te0 = 45 

keV, βT = 5.4 and γT = 8. 
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The effect of polarization scrambling  

on the EC radiative power density 

To obtain a quantification for the upper limit of polarization scrambling ef-

fects on the net EC radiative power density [7], 
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where 2 2 3 2( ) ( ) / 8bb rI N T cσ σ ω π≡ r  is the blackbody intensity, has been evaluated 

numerically from Eqs. (1)-(3) comparing the extreme case p = 1 with that of no 

scrambling. A sample of the numerical results is shown in Figs. 3 and 4 for the 

wall reflection coefficients Rw = 0.8 and Rw = 0.6, respectively. The quantity 
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is a measure for the relative importance of polarization scrambling. From these 

figures it appears that (i) the polarization scrambling tends to increase (diminish) 

the contribution to the net EC radiative power density from the extraordinary 

(ordinary) mode. This is in agreement with the (opposite) trend of the corre-

sponding specific intensities, cf. Fig. 2, on noting that it is the difference (Ibb − I
σ
) 

that is relevant to /
EC

dP dVσ , cf. Eq. (6). For the x-mode, the enhancement is 

close to 20% for Rw = 0.8, cf. Fig. 3, and about 12% for Rw = 0.6, cf. Fig. 4, in the 

inner half of the plasma cross-section, and is larger than the decrease occurring 

for the o-mode. This result has to do with the average inherent in the integration 

over the solid angle in Eq. (6), which tends, in particular, to reduce the significant 

enhancement of the specific intensity of the o-mode due to polarization scram-

bling found for the central ray, cf. Fig. 2; (ii) the total (summed over x and o 

modes) net EC radiative power density is increased by polarization scrambling, 

by about 9% in the central plasma region, as shown in Fig. 5. The dependence of 

the total EC power loss on polarization scrambling is also given in Fig. 5. 

In conclusion, the effect of polarization scrambling in a fusion plasma is 

found to significantly enhance the specific intensity of the radiation of the ordi-

nary mode at the expense of a weakening of the corresponding intensity of the 

extraordinary mode for rays propagating at large angles with respect to the mag-

netic field. Whether this fact has an important impact on the passive EC current 

generation in a fusion plasma [6] needs to be assessed. On the other hand, polari-

zation scrambling turns out to influence only weakly the net EC radiative power 

density and the total EC power loss.  
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Figure 3: On the left-hand side, the radial profile of the net EC radiative power density for 

both the single (x and o) mode and the total (summed over the two modes), for a wall re-

flection coefficient Rw = 0.8 is given. The full and dashed curves refer, respectively, to 

polarization scrambling, p = 1 and p = 0. The relative importance of polarization scram-

bling, for p = 1, is shown on the right-hand side. 
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Figure 4: The same as Fig. 3, for a wall reflection coefficient Rw = 0.6. 

 

 

  

Figure 5: Dependence of the central net EC radiative power loss (left) and of the total EC 

power loss (right) on the value of p for Rw = 0.8 and 0.6. The former dependence is fitted 

by 10
/ / px

EC EC p
dP dV dP dV C p

=
= +  with xp about 0.4-0.6.  
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