
Development of Fun
tion Parametrization on W7-X stellaratorA.Sengupta1, P.J.M
 Carthy1, J.Geiger2, A.Werner21Dept. of Physi
s, University College Cork, Asso
iation EURATOM-DCU, Cork, Ireland2Max-Plan
k-Institut f. Plasmaphysik, Euratom Asso
iation, Greifswald, GermanyIntrodu
tionW7-X, under 
onstru
tion at IPP-Greifswald, Germany, is a fully optimized stellarator(average R0 = 5.5 m; average a = 55 
m). It will be 
onstru
ted with super
ondu
ting 
oilsto show the steady state 
apability of stellarators. Stellarators have an equilibrium magneti

on�guration even without a net toroidal 
urrent and thus have the inherent 
apability for steadystate operation whi
h is 
ru
ial for the devi
e to be used as a fusion rea
tor. There is, however,a pri
e to pay. Flux surfa
es in a stellarator have a full 3-dimensional (3-D) geometry. The
omputational e�ort for 3-D equilibrium 
al
ulations is orders of magnitude higher 
ompared tosimilar 
al
ulations for tokamaks. Long pulses need real time monitoring and 
ontrol as well asdata evaluation. Therefore, a fast method for monitoring, 
ontrolling and on-line data analysis,whi
h does not need to provide a full magnetohydrodynami
 (MHD) equilibrium, is ne
essary asan initial step for study. This led us to attempting a fast re
overy of equilibrium parameters ofthe va
uum magneti
 
on�guration of W7-X. We used the method of Fun
tion Parametrization(FP) [1,2℄ of the equilibrium parameters expressed, as quadrati
 or 
ubi
 polynomials in
ludingintera
tion terms, in terms of a set of measurements. In our 
ase, these measurements were the
urrents in the external 
oils produ
ing the magneti
 
on�guration.Database and model sele
tionIn the present study, the database 
ontains va
uum magneti
 �eld 
on�gurations for W7-X. The basi
 details of the database generation was des
ribed in [3℄. The database was sin
eexpanded to in
lude more 
on�gurations of �-b 2 [5/4, 5/6℄ (�-b = boundary rotational transform).This was ne
essary for a good statisti
al analysis. Thus we now have a main database of 1210va
uum 
on�gurations in
luding 175, 316 and 343 
ases, respe
tively, of �-b 2 [5/4, 5/5, 5/6℄.To generate the dete
table major islands in the 
on�gurations of the main database, anisland database, in addition to the main database, was generated. This database 
ontains thebasi
 parameters des
ribing a magneti
 island, namely, its lo
ation and width, for ea
h of theislands at the major (low order) rational surfa
es of the same 
on�gurations in
luded in themain database. The in
iden
e of island 
hains in the island database were as follows: 442
ases of �- = 5/5 and 506 
ases of �- = 5/6 island 
hains. The higher in
iden
e of 5/5 and 5/6
ases in this database, as 
ompared to those in the main database, was due to the frequentpresen
e of one of the major resonan
es as an internal island 
hain, followed by the other atlarger reff . The island lo
ation and width were 
al
ulated from the reff values of the innerand outer island separatri
es, denoted by r(i)eff and r(o)eff , respe
tively. The island lo
ation isgiven by r(is)eff = 12(r(i)eff + r(o)eff). On the other hand, the di�eren
e in the radii of the two
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separatri
es was assumed to give a measure of the island width: w(is) = r(o)eff � r(i)eff .The FP model used to represent the va
uum (s
alar) parameters (y) was a \mixed" quadrati
,i.e., in
luding intera
tion terms y = PNi=0Pij=0 aijxixj or a \mixed" 
ubi
y = PNi=0Pij=0Pjk=0 aijkxixjxk. For modelling the pro�les of iota and V 0 we 
hose aradial dependen
e on r2eff , rather than reff , be
ause a

ording to MHD theory, iota and V 0are fun
tions of the toroidal magneti
 
ux whi
h varies as r2eff . The model, therefore, is apolynomial of degree P in r2eff , ea
h of whose 
oeÆ
ients is either a mixed quadrati
 fun
tionof the 
oil 
urrent ratios, resulting in the model y = PPk=0PNi=0Pij=0 aijxixj(r2eff)k , ora mixed 
ubi
 fun
tion, giving the model y = PPl=0PNi=0Pij=0Pjk=0 aijkxixjxk(r2eff)l .Results Table 1 displays the details of FP-re
overy of parame-
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Figure 1: Comparison of the re-
overy quality of q-FP with thatof 
-FP for the 
entral iota value�-0. `+': q-FP. `o': 
-FP. Clearlymu
h larger s
atters of the q-FPresiduals are seen. In addition,a stru
ture rather than a randoms
atter, is observed in the q-FPresiduals.

ters 
onne
ted to the magneti
 axis, where �-ax: rotationaltransform; V 0 = dVd T : spe
i�
 volume ( T=toroidal 
ux);B(av)ax : average magneti
 �eld; B(m)ax : mirror �eld normalisedto B(av)ax ; R(av)ax : average axis position. The rms error and theper
entage spread error, de�ned as 100(rms error)/(spread),form the statisti
s of the re
overy. The spread of the ob-served values of a parameter about the mean is denoted by�. rmseq is the rms error from the quadrati
 model (q-FP)and rmse
 is the same for the 
ubi
 model (
-FP). perrq;
 isthe per
entage spread error for the same models. From thetable we observe that for these parameters perrq is in thelow single �gures. This suggests that q-FP, by itself, was areasonable su

ess. This is not surprising, be
ause the axisis a well de�ned entity and the parameters related to it arealso stable and do not su�er from the topologi
al 
omplexi-ties of regions populated by magneti
 islands. However, theresidual plot of �g 1 indi
ates that even though q-FP performs very well for regressing the axisparameters, it is still outperformed by 
-FP by a signi�
ant margin.Table 1: FP re
overy of axis parametersparameter Unit Mean � rmseq rmse
 perrq perr
 rmseq=rmse
�-ax { 0.875 0.110 3.89e-03 1.04e-03 3.54 % 0.95 % 3.74V 0ax 
m/Tesla 287.85 33.51 0.94 0.20 2.82 % 0.59 % 4.78B(av)ax Tesla 2.09 0.2138 2.42e-04 5.03e-05 0.11 % 0.02 % 4.97B(m)ax { 0.084 0.075 9.82e-04 1.63e-04 1.31 % 0.21 % 6.33R(av)ax 
m 555.98 4.90 0.05 0.01 1.02 % 0.30 % 3.43Table 2 a) displays the re
overy details of the island parameters. Regressions of islandlo
ation and width are reported. The q-FP model gave a very poor re
overy of the islandparameters. The 
-FP model, in spite of improving upon the q-FP re
overy quality, was alsofound to be inadequate. To 
larify the reasons for this diÆ
ulty, we 
onstru
ted a 1-D s
an of the
on�guration spa
e in order to observe the behaviour of r(is)eff and w(is) on the 
oil 
urrent ratios.
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We varied only the planar 
oil 
urrent IA from 3 kA up to 24 kA. A set of 91 
on�gurations
onsisting of 5/6 islands was generated.Fig 2 explains the poor regression results with our mod-
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Figure 2: Variation of r(is)eff withIA. `+': observed data. `o': 
-FP �t. The square root natureof the variation (the `+' symbol)is 
learly observed, showing thatr(is)eff � (IA � IA0)1=2.

els. In parti
ular, a simple polynomial, in
luding the 
u-bi
, was inadequate for modelling the square-root-like de-penden
e of r(is)eff on the 
oil 
urrents for low values of the
urrents. We then tried to regress r(is)2eff . This gave signi�-
antly better results as is seen from Table 2 b). The quantityqr(is)2eff refers to the rms error in r(is)eff with respe
t to a re-gression of r(is)2eff and similarly for w(is). The models weretested again on the same 1-D data, but now for the r(is)2eff �t.The di�eren
e in �tting a

ura
y is seen from Fig 3, whereqr(is)2eff , instead of r(is)eff , is plotted against IA. The entirevariation is found to be �tted very well, something whi
h isalso des
ribed by rms errors and per
entage errors in Table2 b). The island width also showed a good improvement,though not as mu
h as r(is)2eff , when w(is)2 was regressed.Table 2 a): FP re
overy of island parametersparameter Unit Mean � rmseq rmse
 perrq perr
 rmseq=rmse
r(is)eff (5=5) 
m 47.83 11.87 1.23 0.66 10.39 % 5.59 % 1.86r(is)eff (5=6) 
m 42.88 12.39 1.61 0.91 13.02 % 7.31 % 1.78w(is)(5=5) 
m 6.69 1.90 0.67 0.44 35.03 % 23.00 % 1.52w(is)(5=6) 
m 3.74 1.91 0.44 0.35 23.24 % 18.15 % 1.28Table 2 b): Improved FP re
overy of island parametersparameter rmseq rmse
 perrq perr
 rmseqrmse
qr(is)2eff (5=5) 0.84 0.38 7.09 % 3.16 % 2.24qr(is)2eff (5=6) 1.18 0.52 9.56 % 4.23 % 2.26pw(is)2(5=5) 0.67 0.35 35.06 % 18.55 % 1.89pw(is)2(5=6) 0.41 0.24 21.36 % 12.77 % 1.64
Table 3 : iota-pro�le re
overy with
oeÆ
ients quadrati
 
oeÆ
ients 
ubi
in 
urrent ratios in 
urrent ratiosP rmseq perrq rmse
 perr
1 0.0088 7.35% 0.0076 6.40%2 0.0057 4.80% 0.0035 3.00%3 0.0052 4.36% 0.0028 2.45%4 0.0050 4.24% 0.0028 2.24%Table 4 : V 0-pro�le re
overy with Remarks
oeÆ
ients quadrati
 
oeÆ
ients 
ubi
 A polynomial quadrati
 in r2eff is suÆ
ient toin 
urrent ratios in 
urrent ratios model the V 0-pro�le. The modelling is 
ru
ialP rmseq (
m/Tesla) perrq rmse
 (
m/Tesla) perr
 also from the viewpoint of the 
on�guration1 1.0268 3.16% 0.48 1.41% having a magneti
 well or hill. This 
an be2 0.9289 2.83% 0.23 0.68% shown by observing the variation of V 0 with3 0.9255 2.82% 0.22 0.64% r2eff as 
al
ulated from the model. This is4 0.9253 2.82% 0.21 0.63% justi�ed, as the toroidal 
ux  T � r2eff .The left half of Table 3 shows the re
overy a

ura
y of the pro�le of �- modelled as a poly-nomial in r2eff whose 
oeÆ
ients were quadrati
 fun
tions of the 
oil 
urrent ratios. It is 
lear,however, that there is enough s
ope for improvement, so the model size was in
reased by in-
luding additional 
oeÆ
ients, whi
h were 
ubi
 fun
tions of the 
urrent ratios, in the r2effpolynomial. These are reported in the right half of Table 3. In 
omparison with the model us-ing quadrati
 fun
tions of the 
urrent ratios, this shows a signi�
ant improvement in a

ura
yfor the same P . In
reasing the model size further, with a set of 
oeÆ
ients fourth order in the
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urrent ratios, we observed that, for P = 3, the rms error was 0.0028 and per
entage error 2.24whi
h is an improvement by a fa
tor of 1.09 over its value of 2.45 obtained with 
ubi
 
urrentratios. It 
an, therefore, be 
on
luded that the model with 
ubi
 
urrent ratios, with P = 3, isan adequate one for re
overing the �-- pro�le. V 0-pro�le re
overy is des
ribed in Table 4.The above results were obtained with ideal 
urrents in
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Figure 3: Variation of qr(is)2effwith IA. `+': observed data. `o':
-FP �t.

the 
oils, with no assumption of measurement errors. How-ever, in a realisti
 s
enario these errors are inevitable andshould be 
onsidered, so the regressions were tested withnoisy inputs. The noise levels 
hosen were 0.1%, 0.5% and1% of the nominal value of the 
oil 
urrents (12 kA) that
orrespond to perturbations of 12 amps, 60 amps and 120amps, respe
tively, in the 
oil 
urrents. The relative a

u-ra
y of the 
oil 
urrent measurement aimed at in W7-X is2.0e-04 ( 0.02 %) at 20 kA, that 
orresponds to a measure-ment error of 4 amps. Therefore, the minimum noise levelof 12 amps 
onsidered here is already fa
tor of 3 higher thanthat desired. At this level, the tests showed good stability and the noiseless results were foundto be negligibly perturbed. Test results for a few s
alar parameters are shown in Table 5.Table 5: FP re
overy of some of the s
alar parameters with noisy inputsparameter Unit � rmse
 perr
0% 0.1% 0.5% 1.0% 0% 0.1% 0.5% 1.0%�-ax { 0.110 1.04e-03 1.08e-03 2.20e-03 4.11e-03 0.95 0.99 2.01 3.75V 0ax (
m/Tesla) 33.51 0.20 0.42 1111.92 3.85 0.59 1.25 5.73 11.50B(av)ax (Tesla) 0.2138 4.91e-05 2.26e-03 0.0112 0.0224 0.02 0.92 4.56 9.13B(m)ax { 0.075 1.55e-04 4.99e-04 2.40e-03 4.82e-03 0.21 0.68 3.25 6.50R(av)ax (
m) 4.90 0.015 0.022 0.088 0.175 0.30 0.44 1.81 3.62qr(is)2eff (5=6) (
m) 12.39 0.52 0.53 0.77 1.36 4.23 4.26 6.20 10.95Con
lusionsWe studied the re
overy of the important magneti
 and geometri
 parameters that des
ribethe va
uum 
on�guration of W7-X. The standard quadrati
 FP model, though suÆ
ient toa

urately re
over most of the axis parameters, was inadequate for the parameters 
onne
tedwith the boundary (separatrix). The 
ubi
 FP model, involving a trebling of the model size,improved the quality of re
overy of the s
alar parameters signi�
antly. The initial analysiswith ideal 
urrents was 
ompared with di�erent levels of measurement errors 
orresponding todi�erent per
entages of the nominal 
urrent in the 
oils. Up to an error of 0.1% at 12 kA the
ubi
 FP model was able to keep the re
overy errors within a

eptable limits.Referen
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kner K. 1986 Nu
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