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The impat of rotation and anisotropy in tokamaks 21. IntrodutionDue to the inrease in plasma external heating, high performane magnetiallyon�ned fusion plasmas have drifted far from the simple piture of idealmagnetohydrodynamis (MHD), whih desribes the plasma as a single, stationary,isotropi Maxwellian �uid. Several important observed deviations inlude temperatureanisotropy, substantial rotation, and signi�ant stored energy residing in the energetipartile population produed by harge exhange of fast beams with thermals.[1℄Despite these observations, stationary Grad-Shafranov solvers are still the ode ofhoie for tokamaks.Poloidal and toroidal �ows in tokamak plasmas are of great interest, primarilybeause they are known to a�et both neolassial [2, 3, 4℄ and turbulent [5, 6℄transport, and also magnetohydrodynami (MHD) stability [7, 8℄. A strong orrelationhas been observed between highly-sheared poloidal �ows and internal transportbarriers in several tokamaks, notably in the Joint European Torus (JET) [9℄. One ofthe hallenges reated by the presene of strong �ows is that the traditional approah tomodelling plasma equilibria, based on the assumption that inertial terms in the MHDfore balane equation an be negleted, is no longer adequate. The Grad-Shafranov(G-S) equation, whih desribes axis-symmetri equilibria, an be readily generalizedto inlude both toroidal and poloidal �ows when it is supplemented with an energyequation, whih is required to provide losure. In many analyses of this problem (seeMClements and Hole [10℄ and referenes therein) an isentropi energy equation hasbeen employed, i.e. plasma entropy per unit mass has been assumed to be onstant ona �ux surfae. While this assumption may be reasonable for some ollision-dominatedastrophysial plasmas, it is not generally appropriate for present-day tokamaks, inwhih the ollisionality is su�iently low that eletron and ion temperatures are muhmore likely than spei� entropy to be well-approximated by �ux funtions.In reent work MClements and Hole [10, 11℄ have studied the ellipti tohyperboli �transoni� poloidal �ow transition of the �ow modi�ed Grad Shafranovequation for tight aspet ratio, and for an isothermal losure ondition rather thanadiabati losure ondition. They showed that the range of poloidal �ows for whihthe G-S equation is hyperboli inreases with plasma beta and Bθ/B, the ratio ofthe poloidal to total magneti �eld, thereby ompliating the problem of determiningspherial tokamak plasma equilibria with transoni poloidal �ows. It was also shownthat the alulation of the hyperboliity riterion an be easily modi�ed when theassumption of isentropi �ux surfaes is replaed with the more tokamak-relevant oneof isothermal �ux surfaes. On the basis of the latter assumption, a simple expressionwas obtained for the variation of density on a �ux surfae when poloidal and toroidal�ows are simultaneously present. In this work we apply this expression to MAST.The broader purpose of this paper is to disuss some reent advanes inequilibrium modelling and validation, and identify the degree to whih rotation,anisotropy and energeti partiles modify the on�guration. We span several topis:development of a Bayesian inferene validation framework for the probabilistialulation of magneti on�gurations, the alulation of Mah numbers from rotationdata, magnetis and Motional Stark E�et in MAST spherial tokamak plasmas, thealulation of the impat of anisotropy in MAST plasmas, and toroidally-symmetriequilibrium models whih resolve �ow and anisotropy. We mention, but leave to futurework, alulation of the equilibrium of MAST plasmas with multiple �uids [12℄, whihrepresent di�erent energeti omponent of the distribution funtion, with ions paired



The impat of rotation and anisotropy in tokamaks 3with eletrons within eah �uid to ensure quasi-neutrality. Qualitatively, the e�et ofsuh multiple �uids on the plasma is similar to omensurate modi�ations with thethermal pro�le, although quantitative di�erenes arise due to the balane of energetiand thermal terms. An illustrative MAST-like multi-�uid equilibrium with separatethermal and beam �uids was presented reently by Hole et al [11℄.The paper is strutured as follows: Se. 2 introdues a Bayesian infereneframework and uses it to ompute a magneti on�guration for a neutral beam heatedMAST plasma. Setion 3 explores rotation-indued asymmetry of plasma pro�les,omputes the poloidal and toroidal Mah numbers and eluidates the impat of thisrotation on the on�guration. Setion 4 omputes the magnitude and impat ofanisotropy on a MAST plasma, and �nally, Se. 5 ontains onluding remarks.2. A Bayesian inferene framework to ompute magneti on�gurationsReently, a new integrated data-modelling approah for inferene of fusion plasmaparameters has emerged whih o�ers a natural framework with whih to resolvedi�erent physis models. The Bayesian approah to inferene in fusion plasmas,developed by multiple authors, [13, 14, 15, 16, 17, 18, 19, 20℄ involves the spei�ationof an initial prior probability distribution funtion (pdf), P (I), for the vetor of plasmaparameters, I, whih is then updated by taking into aount information that themeasurements provide through the likelihood pdf P (D|I), whereD is the measurementvetor, and the notation D|I denotes a forward diagnosti model desribing theresponse data D to plasma parameters I. The result is the posterior distribution
P (I|D), the onditional probability assigned after the relevant evidene D is takeninto aount, given by Bayes' formula

P (I|D) = P (D|I)P (I)/P (D). (1)The advantage of the Bayesian approah over traditional inversion tehniques is two-fold: (i) prior knowledge, inluding known parameter inter-dependenies is madeexpliit, and (ii) as the formulation is probabilisti, random errors, systematiunertainties and instrumental bias are integral part of the analysis rather than anafterthought.We have implemented Bayesian inversion using the MINERVA framework. [21℄In this framework, probabilisti graphial models are used to projet the dependeneof the posterior distribution funtion onto the prior, the data, and the likelihood.An advantage of this approah is that it visualises the omplex interdependenybetween data and model, and thus expedites model development. In this paperwe draw on MINERVA to ompute the magneti on�guration and its unertaintyof a beam heated disharge. Here, the plasma parameters I take the vetor oftoroidal urrent beams aross the plasma ross-setion, and the vetor D representsthe magneti pikup oils, poloidal �ux loops and the polarisation angle of emittedlight from neutrally exited speies during beam injetion. The prior distribution P (I)of the urrent beams is a onditional Autoregressive prior, providing some spatiallyloalised orrelation between adjaent urrent beams. Eah individual urrent beam isassumed to have a zero mean normal distribution. Further details of toroidal urrenttomography of MINERVA on MAST are available elsewhere. [22, 23, 24℄Reently, both MAST neutral beam injetors have been upgraded to 3.8 MW.This has enabled plasma performane to be routinely lifted above βn ≈ 5, whih wasreported in 2005. [1℄ MAST is also equipped with an array of preision diagnostis



The impat of rotation and anisotropy in tokamaks 4[25℄, inluding a high spatial resolution, single-time point, ruby Thomson Sattering(TS)system, a multi-time point Nd:YAG TS system with a oarser spatial resolution,motional Stark e�et (MSE), harge exhange reombination, and fast magnetis. [26℄We have hosen disharge #20662 for analysis, as poloidal and toroidal rotationpro�les are available [27℄. Disharge #20662 was a deuterium plasma with a plasmaurrent of Ip = 700 kA in a double-null on�guration, whih was heated with 1.8 MWof neutral beams at 65 keV injetion energy. Figure 1 shows a Bayesian inferene ofpoloidal �ux surfaes from MAST disharge #20662 at 230 ms using pikup oils, �uxloops and MSE data. The time seleted orresponds to the high spatial-resolutionruby TS laser, for whih the plasma was in L-mode on�nement. The �gure showsa ontour plot of ψ(R,Z) whih is alulated from the maximum of the posterior ofthe distribution of toroidal urrent beams. Overlaid on the ontours are traes of thepoloidal �eld oil ross setions and onduting surfae ross setions for the MASTexperiment, as well as the last losed �ux surfae, or plasma boundary, alulated fromthe plasma beam model and the orresponding EFIT plasma boundary. The mainreason for the disrepany between the EFIT plasma boundary and our Bayesianapproah is the inlusion of MSE measurements in the Bayesian treatment: thesestrongly in�uene the plaement of the plasma boundary on the outboard edge of theplasma.One outome of the Bayesian approah is the generation of pdfs of inferredquantities from whih the unertainty an be omputed. For instane, Fig. 2 showsthe pro�le of the inferred mean and standard deviation of the toroidal urrent densityfor #20662 at 230ms, as well as the orresponding safety fator or q pro�le and itsunertainty. Within the body of the plasma (up to a normalised ψn ≈ 0.97, with
ψn = 0 the ore and ψn = 1 the edge), the unertainty in q is less than 10%. The largeedge unertainty in the q pro�le in Fig. 2(b) ours beause while the toroidal urrentpasses to zero at the edge, the error in the toroidal urrent remains approximatelyonstant at 1.7 kA m−2. Thus, the orresponding unertainty in the vanishing poloidal�eld produes a large unertainty in q. At zero poloidal �eld q and its unertainty arein�nite.3. Poloidal and toroidal rotationThe value of omputing the magneti on�guration probabilistially is that it providesan unertainty measure, whih an be propagated to ompute the unertainty ofinferred quantities dependent on the magneti on�guration. One suh quantity isthe poloidal Mah number, whih is dependent on the ratio B/Bθ, with B the loal�eld strength and Bθ the loal poloidal �eld strength.Our treatment of �owing tokamak equilibria is based on the framework of idealMHD [28℄ with the poloidal Mah number below unity. When toroidal and poloidal�ows vφ, vθ are both present there exists a �ux funtion Ω suh that

Ω =
vφ

R
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, (2)and the Bernoulli relation for isothermal poloidal �ux surfaes an be written as
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Figure 1. Poloidal �ux surfaes inferred for MAST shot #20662 at 230 ms usingpikup oils, �ux loops and MSE. The last losed �ux surfae from the plasmabeam model / EFIT is plotted in heavy blak/white.
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Figure 2. Pro�les of (a) toroidal urrent Jφ and its standard deviation aross themidplane and (b) the safety fator or q pro�le as a funtion of normalized poloidal�ux for shot #20662 at 230ms. In (a) the dashed lines denote the inner andouter boundary of the plasma. The shaded area in (b) represents the unertaintyinferred from Bayesian analysis. Also in (b) the poloidal �ux is normalized suhthat ψn = 0 is the magneti axis and ψn = 1 is the edge.



The impat of rotation and anisotropy in tokamaks 6where H is a �ux funtion, T is the single-�uid temperature, mi is ion mass, and ρ0 isan arbitrary onstant. Eliminating vφ from Eqs. (2) and (3) we obtain the followingexpression for partile density n ≈ ρ/mi:
n = n1(ψ) exp

[

Ω2(ψ)

2v2

i (ψ)

(

R2 −R2

0

)

− 1

2
M2

sθ

]

, (4)where n1 is a �ux funtion, vi = (2T/mi)
1/2, and R0 is an arbitrary onstant. Thequantities Ω, vi andMsθ = (vθ/vi)(B/Bθ) an be measured on the low �eld side of theplasma using neutral beam diagnostis (harge exhange and motional Stark e�et).Beause of beam attenuation and injetion geometry, suh measurements are generallynot possible on the high �eld side.
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Figure 3. Pro�les during the early L-mode phase of a 700kA disharge (#20662at 230 ms) with 1.8 MW beam heating. Shown are pro�les of (a) eletrontemperature (blue irles), eletron temperature �t (solid blak line), and iontemperature (red diamonds), (b) eletron density (blue irles), and () inferredpoloidal and toroidal Mah numbers and their unertainty (blue shading). In (a)and (b) the solid lines are �ts as a funtion of radius, and the dashed line in(b) a �t for n1(ψ), whih would be the density pro�le in the absene of toroidalrotation.We have explored rotation indued asymmetry of plasma density and omputedMah numbers for MAST disharge #20662 at 230 ms, studied in Se. 1. Figure 3shows TS and Charge Exhange Reombination Spetrosopy (CXRS) data, togetherwith inferene of outboard measurements of toroidal rotation Mah number pro�le
Ms,φ = vφ/vi and poloidal rotation Mah number pro�le Ms,θ. The CXRS Ti dataprovides a measure of the ion thermal speed vi. Next, we have used the EFIT omputed
ψ pro�le and the Te pro�le to loate the magneti axis at R = 0.95: this is found bylinearly adjusting ψ so as to minimise the di�erene between interpolated inboardand outboard eletron temperature. Polynomial �ts to Te and ne are based on thisshifted pro�le. Exept for di�erenes in the magneti axis and outer boundary, radialpro�les of the normalised ψ from EFIT and the expetation values of the MINERVAomputed normalised ψ map onto eah other, and so using a mapped ψ from EFITis reasonable. Finally, in Fig. 3(b), the dashed line is a plot of n1(ψ), obtained bydividing n by the exponent o�set on the RHS of Eq. (4) with R0 = 0.



The impat of rotation and anisotropy in tokamaks 7For this disharge, rotation veloity pro�les were obtained by a areful analysis ofDoppler shift of line emission exited by harge exhange between energeti injetedbeam atoms and the ionised impurities [27℄. For Ms,θ the ratio B/Bθ and itsunertainty has been omputed using the Bayesian inferene ode MINERVA, asdesribed in Se. 1. We have generated unertainty estimates for Ms,θ by linearlyombining errors in the rotation pro�les and magneti �eld ratio B/Bθ. The largevalue of the poloidal Mah number on-axis (≈ 0.2) ours beause of the loal poloidal�eld null. As shown, the unertainty in poloidal Mah number is omparable to themean. The poloidal �ow e�ets on the density pro�le are small beause the squareof the Mah number is small. Importantly, the poloidal Mah number, at least onthe outboard side, is not large enough to pass through unity and thus generate aontat disontinuity of the type assoiated with a hange in the Grad-Shafranov-Bernoulli solution domain from ellipti to hyperboli [29℄ (it should be noted thatsuh MHD disontinuities are generally replaed by smooth gradients when two-�uid[30℄ or kineti e�ets [31℄ are taken into aount).To our knowledge, these represent�rst results of the measured inferene of both the poloidal Mah number and itsunertainty. In ontrast, the unertainty in toroidal Mah number is small, and thetoroidal Mah number large (≈ 0.5). The toroidal rotation-indued asymmetry evidentin the density pro�le has been used elsewhere to infer the toroidal rotation pro�le. [32℄.In this disharge Ω2/v2

i is su�iently small that the term in the exponent in Eq.(4) that is proportional to this quantity auses little inboard/outboard asymmetryin the density. Signi�ant asymmetry ould in priniple arise from the Msθ term inthe exponent, sine this is proportional to B/Bθ, whih is generally muh larger thanunity on the high �eld side of a spherial tokamak plasma. Figure 3(b) indiates thatthere is in fat little asymmetry in the density pro�le, and hene we may onludethat in this aseMsθ is likely to be less than unity on the high �eld side as well as thelow �eld side. However measurements of �ows in other tokamaks, notably JET, showthat Msθ an be of order unity in the viinity of internal transport barriers [10℄.Using the last losed �ux surfae from the Bayesian MSE model, and the�tted density and temperature pro�les and the toroidal rotation pro�le we have alsoomputed rotating and stationary equilibria for #20662 at 230ms using the FLOWode [29℄. The purpose of the alulation is to ompute the e�ets of toroidal rotationon an experimental magneti on�guration using experimental pressure pro�les asderived from Thomson sattering. The impat of these pro�les on plasma stability,as ompared to other stati equilibria, has been addressed elsewhere. [1℄ FLOW isonstrained by �ux funtions D(ψ), P (ψ),Ms,θ(ψ),Ms,φ(ψ) and B0(ψ), representinga quasidensity, quasipressure, quasisoni poloidal Mah number, quasisoni toroidalMah number, and quasitoroidal �eld, respetively. In the presene of toroidal �owthese funtions are not physial, and so are must be taken when onstraining FLOWto disharges with rotation. We have taken D(ψ) = ni/nen1(ψ) in Eq. (4), with R0hosen to be the geometri axis. For this disharge we have taken ni/ne = 0.8, whihis typial for MAST plasmas with the e�etive harge Zeff in the range 2 < Zeff < 3.[1℄ The quasipressure is onstrained by P (ψ) = kBD(ψ)T (ψ)(1 + ne

ni

Te

Ti ). The ratio
Ti/Te = 1.2 is set by the ratio of ore temperatures in Fig. 3(a). The toroidal Mahnumber pro�les has been taken diretly from Fig. 3(b),and we have setMs,θ = 0, whihis orret to within error. In all ases we have omputed ψ pro�les by interpolatingradial pro�les to ψ pro�les in Fig. 3 whih use the TS orreted EFIT ψ. Finally, wehave taken B0(ψ) from EFIT, beause MINERVA uses the vauum �eld.Figure 4 shows the plasma reonstrution with toroidal �ow. The magneti



The impat of rotation and anisotropy in tokamaks 8axis for the reonstrution, as inferred from Fig. 4(a) and 4(b) lies at R = 0.95,in agreement with �ts to the Te data in Fig. 3(a). Overlaid on Fig. 4() is the massdensity pro�le and its unertainty inferred from TS ne data: these show reasonableagreement. While not shown here, the omputed solution for ρ(r) agrees with the�tted density pro�le n1(ψ) shown in Fig. 3(b) to within the disrepany betweenthe poloidal �ux of MSE and the omputed solution shown in Fig. 4(b). We haveinluded the EFIT pressure pro�le and its gradient as a referene to the omputedpressure pro�le and its gradient using TS inferred pressure as an input. Our purposeis to illustrate the e�et of the hange in pressure on the equilibrium, not provide areferene equilibrium with zero �ow. The e�et of replaing the pressure pro�le is toslightly hange the q pro�le from the EFIT solution. The e�et is most notable for
ψn < 0.05, and the entral safety fator drops to q0 = 0.40 ompared to the EFITvalue of q = 1.04, as shown in Fig. 4(g). Finally, we have inluded the toroidal �uxpro�le for ompleteness.We have also omputed the solution in the absene of toroidal rotation, for whihwe expet ρ(ψ) = mD(ψ) = n1(ψ)ni/ne. This is shown by the dashed line in Fig.4(). The impat of toroidal rotation in this disharge is to inrease the radial positionof the magneti axis by ≈ 1%, and lower the entral safety fator by ≈ 5%. Both areonsistent with earlier �ndings by Hole and Dennis [12℄ for Ms,φ < 0.5.
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The impat of rotation and anisotropy in tokamaks 94. AnisotropyThe inlusion of pressure anisotropy is also known to have an e�et on a �owingequilibrium.[33℄ For instane, the harateristi poloidal �ow speeds at whih theGrad-Shafranov equation is hyperboli is hanged for large anisotropy. The entrifugalshift an also be inreased or diminished/reversed with larger perpendiular or paralleltemperature, respetively.We have omputed pressure anisotropy using the TRANSP [34℄ NBI fast iondistribution output for MAST # 18696, a 700 kA disharge with 1.9 MW of neutralbeam heating and a normalised beta of βN = 2.5. The disharge, aquired duringan Alfvén Eigenmode ampaign [35℄, was hosen for the �nely onverged TRANSPsimulation [36℄.Fast partile beam density, veloity and pressure an be omputed as suessivemoments of the fast ion distribution f̂(E, λ), where E is the partile energy and λ isthe osine of the angle of the veloity from parallel. The required integrals are givenby
n =

∫ ∞

0

∫

1

−1

f̂(E, λ)dλdE (5)
nu‖ =

∫ ∞

0

∫

1

−1

v‖f̂(E, λ)dλdE (6)
p‖ = m

∫ ∞

0

∫

1

−1

(v‖ − u‖)
2f̂(E, λ)dλdE (7)

p⊥ =
m

2

∫ ∞

0

∫

1

−1

v2

⊥f̂(E, λ)dλdE (8)Figure 5 shows fast ion density and parallel mean �ow speed as well as the omputedparallel and perpendiular pressures. For this disharge, a ratio p⊥/p‖ ≈ 1.7 wasfound.
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Figure 5. Pro�les of (a) fast ion density and parallel mean �ow speed and(b) parallel and perpendiular pressures, omputed from a TRANSP distributionfuntion for MAST disharge #18696. The horizontal axis is the standard �uxlabel oordinate ρ =
√

Φ/Φ0 where Φ is the toroidal �ux enlosed within a given�ux surfae and Φ0 is the orresponding value at the boundary.



The impat of rotation and anisotropy in tokamaks 10Upper-limit hanges to the isotropi and stati equilibrium implied by these valueswere alulated using FLOW [29℄. The density, pressure and veloity moments of theNUBEAM fast ion distribution funtion were used in alulations of the anisotropy,
∆ = µ0(p‖ − p⊥)/B2, and toroidal Alfvéni Mah number MA,φ = vθ/cA, with
cA =

√
µ0ρ/B the Alfvén speed. Poloidal �ow was negleted, and the toroidal ve-loity magnitude was taken to be the magnitude of the veloity moment.The free funtions p(ψ) and f(ψ) and were taken from a time-slie of theTRANSP run #18696B0 at 0.290s. The energy of eah isotropi degree of freedomwas redistributed between p⊥ and p‖ in the anisotropi ases to give the required ratioof 1.7. It is important to note that the usual expression f(ψ) = BφR/µ0 is inorretfor the ase of anisotropy or �ow and are must be taken when using the toroidal �eldto alulate f(ψ) [29℄.
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Figure 6. Pro�les of (a) poloidal �ux and (b) q as omputed using FLOWonsistent with anisotropy and rotation alulated from TRANSP for MASTdisharge #18696. Here, ∆ < 0 orresponds to an anisotropy of p⊥/p‖ ≈ 1.7,and MA,φ > 0 orresponds to a nonzero toroidal �ow pro�le with a maximumAlfvéni Mah number of 0.3.Figure 6 onsists of the results of the FLOW omputation inluding rotationand anisotropy, using the guided entre model losure [37, 33℄. It is evident that thetoroidal rotation (MA,φ ≤ 0.3) did not hange the equilibrium appreiably, howeverthe pressure anisotropy redued the poloidal �ux by 15% where the pressure gradientwas greatest. A orresponding derease in Bθ resulted in an inrease in q on axis.We onlude that anisotropy introdued by the presene of energeti partilepopulations an be signi�ant in determining the plasma equilibrium. In partiular,it is known [33℄ that for systems with pressure anisotropy of p⊥ > p‖, an inrease willour in entrifugal shift of the density pro�le.5. ConlusionsWe have reported on several advanes in equilibrium modelling and interpretation.The fous of the work is on measuring and quantifying the impat of rotation andanisotropy. We have folded rotation pro�les, CXRS data, TS data and Bayesianinferred magneti on�guration information together to ompute poloidal and toroidalMah numbers. These show that MAST plasmas are near stationary in the poloidal



The impat of rotation and anisotropy in tokamaks 11diretion, with a poloidal Mah number of zero within unertainty. The toroidalrotation an however be signi�ant in MAST plasmas: we ompute a toroidal Mahnumber of 0.5 on-axis. Using the �tted pro�le information we have omputed theequilibria for both toroidally �owing and stationary plasmas. This shows that thee�et of toroidal rotation is small, ating to inrease the magneti axis by ≈ 1%,and lower the entral safety fator by ≈ 5%. In omparison, orretions to make thepressure pro�le onsistent with internal measurements suh as CXRS and TS have amuh larger impat. A separate approah to omputing the magneti on�gurationis a�orded by Bayesian inferene. In this ase MSE, �ux loops, and pik up oils arefolded into a probablisti framework to enable extration of the poloidal �ux, safetyfator, urrent density, and their unertainty. The unertainty is dominated by theundetermined nature of the inferene and the errors assoiated with eah diagnostiobservation.In other work we have omputed the magnitude of anisotropy for a MASTdisharge using a TRANSP NBI distribution funtion. The impat of this anisotropy
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