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Abstract

The emission of waves via Cherenkov effect is studied for a satellite orbiting
the ionosphere and interacting actively with the surrounding plasma via a dipole
magnetic field. The orbit height is chosen to be in the range 500-2000 km, in order
to maximize the collective response of the plasma. The dispersion relation, in the
cold plasma approximation, shows that the excitation occurs mainly for electron-
cyclotron waves, namely whistler waves with frequencies in the proximity of the
electron cyclotron resonance and the lower-hybrid frequency. The phase velocity
is calculated as a function of the angles with respect of the satellite motion and of
the Earth magnetic field and the Mach cone is drawn for each emission frequency.
The differential power emitted is calculated for this frequency range in the linear
regime. As a result, the radiation power for a magnetized satellite is obtained.

1 Introduction

In the last fifty years, a great effort has been spent in performing plasma measurements
from Earth orbiting satellites. On the other hand, active plasma experiments have
been less common. The key difference lies in the interaction with the environment.
In a traditional ionospheric measurement experiment, a satellite acts as a probe in an
environment which has to be studied while being perturbed as little as possible. In
an active experiment, on the other hand, the effort is to make the satellite interact
as much as possible with the environment, in order to obtain information about the
satellite-ionosphere system, and indirectly about the ionosphere itself.

The clearest sign of interaction between an active experiment and the ionosphere is
the generation of waves. In fact, like a boat crossing the sea, a body traveling through
the environment plasma generates waves via Cherenkov effect. The generation of plasma
waves in space by a large conducting body orbiting a magnetized plasma, was treated
since the early sixties and applied to the Jovian satellite Io [1]. The result was found to
be a system of stationary waves - in the reference frame of Io - called Alfvén wings, and
formed by Alfvén waves propagating along the Jovian magnetic field.

In the last four decades, and especially in the seventies and in the eighties, a great
interest was sparked by the preparation of one of the most famous active experiments,
namely the Tether Satellite System (TSS). The space project TSS started in 1984 as
a joint venture between NASA and the Italian Space Agency (ASI). It consisted of
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a satellite being deployed from the Shuttle Orbiter by means of a conducting tether
up to 20 km distance and was following earlier studies of the dynamics [2] and the
electrodynamics [3] of long tethers in orbit in the ionosphere. The interaction with the
surrounding plasma occurred here by means of a current passing along the tether and
generating waves like a large-scale antenna.

The first formal studies on plasma wave emission for the TSS problem, were per-
formed by [4] using a radiation resistance theory [5] for an infinitely long and infinitely
thin conducting tether, and in later works [6, 7], for finite size satellites. An apparent
disagreement in the results of these works has remained unsolved for two decades, until
it was found to depend on an approximation of the dispersion relation used in [7], that
is not appropriate in the frequency range of emission (see [8] for further explanations).
Further effort was put in considering more realistic system shapes, theoretically [9, 10]
and with experiments in laboratory plasmas [11]. Moreover, after the first TSS launch,
other missions were performed following the original TSS idea (see, for instance [12]).
In all the theoretical investigations considering finite size systems, the source was a con-
ductor, with currents flowing inside and closing in the surrounding plasma. Therefore,
a part of the problem was the modeling of the current exchange with the plasma at the
conductor’s ends.

In this work, we consider a system with a geometry designed to interact with the sur-
rounding plasma in a controlled way, giving qualitatively different physical responses.
With this aim, the Active Magnetic Experiment (AcME) project was discussed [13],
which consists in a orbiting magnetized satellite, namely a satellite with a current loop
inside, generating a dipole magnetic field [14, 15]1. This magnetized satellite can interact
with the ionosphere much more efficiently than an un-magnetized one, even capturing
a part of the surrounding plasma and forming a magnetic bubble. An active magnetic
experiment provides novel phenomena to be studied, especially Hall current dominated
effects and EMHD phenomena, as recently verified in analogous experiments in labora-
tory plasmas [11, 16]. Furthermore, a magnetic bubble orbiting the ionosphere could
be used to model the interaction of larger-scale magnetized bodies with environment
streaming plasma, e.g. the Earth and the other planets in the solar wind.

The aim of this work is to study the Cherenkov emission of plasma waves by a
magnetized satellite orbiting the ionosphere [17, 18]. The radiation resistance theory [4]
is applied here to a model of current flowing in a loop circuit instead of a single-tether.
In such a system, the source current is contained in the satellite and there is no current
closure in the surrounding plasma. Due to the dimensions and the Keplerian speed of
a typical artificial satellite orbiting the ionosphere, the frequency range of the emission
spectrum peak is located between the ion and electron cyclotron frequency. Such an
infra-thermal range will be shown to give rise to the excitation of electron-cyclotron
waves, namely waves of the whistler type, with frequencies in the proximity of the
electron-cyclotron resonance and the lower-hybrid frequency.

The scheme of the paper is the following. In Section 2, we determine the height range

1Shabansky V P was quoted in [15] as one of the first to propose a satellite with an artificial
magnetosphere.
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of the orbit [13] in order to maximize the collective response of the ionospheric plasma to
the passage of the magnetized satellite. Furthermore, we study the dispersion relation
of waves in a plasma with the characteristic parameters at the chosen height range, thus
obtaining information on the emitted wave branch. We impose the Cherenkov condition
and find the spatial distribution of emission, and consequently provide the Mach cone
structure. In Section 3 we describe the theoretical formalism used to calculate the wave
power emitted by the satellite. Here, we follow the treatment derived in [4]. We use is a
linear fluid model, in the cold plasma regime. In Section 4 and 5 we apply the radiation
resistance theory to two models of loop, namely an extended source, made by two tethers
with opposite current, and a localized source, made by a circuit shaped on the sides of
a square. The former, although being a very rough approximation of a realistic loop,
can be easily compared with the result of a single-tether source, and could be verified
by results of numerical simulation, being a low dimensionality problem. The latter, on
the other hand, represents a good model for a realistic loop source. The differential
radiation resistance is evaluated for both source models as a function of the emission
direction, and integrated in space to find the total radiated power. The validity of the
fluid approximation is discussed a posteriori for the frequencies of emission. Moreover,
the power emitted for a realistic magnetized satellite is calculated. Finally, Section 6 is
devoted to summarizing the results.

2 Orbit Characteristics, Dispersion Relation and

Cherenkov Emission

2.1 Orbit characteristics

A plasma environment reacts to a perturbation with collective phenomena - rather than
with single-particle phenomena - only if the characteristic length scale of the pertur-

bation is bigger than the Debye shield length: S > λD. Here λD =
√

T/4πnee2, T
being the plasma temperature and ne the electron density. Considering a satellite with
typical dimensions, S ∼ 1 m or marginally bigger, the condition of collective phenomena
generation restricts the height range for an active experiment to [13, 17]:

500 km < h < 2000 km (1)

In this height range, the value of the Debye length varies from 1 to 10 cm, and the neutral
density does not significantly affect the plasma phenomena. The ion gyro-radius is of
the order of few meters and the electron gyro-radius of the order of 10 cm. In this paper,
we consider the following values of the plasma parameters as a reference for the explicit
evaluation of the results: the magnetic field is taken as B0 = 0.35 G, the ion to electron
mass ratio is M = mi/me = 2.94 · 104, corresponding to an ion mass of 16 atomic units,
the electron density is ne ∼ 5 · 105cm−3, the ion gyro-radius ρi ≃ 6 m, the electron
gyro-radius ρe ≃ 10 cm, the ion cyclotron frequency Ωi ≃ 2.1 · 102rad/s, the electron
cyclotron frequency is taken as Ωe ≃ 6.1 · 106rad/s and the electron plasma frequency
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as ωpe ≃ 4 · 107rad/s. These values, typical at the height of 500km, are consistent with
the values adopted in [4], which makes a comparison of the results possible.

The transit time τ of a satellite with a size of 1 m, orbiting the ionosphere at the
chosen height range is calculated considering that the Keplerian velocity is v = 7.8 km/s.
Therefore, we can focus on frequencies of the order of magnitude of the characteristic
transit frequency ωτ = 2πv/L ≃ 4.9 · 104 rad/s, that lies between Ωi and Ωe.

2.2 Dispersion relation

Here we derive the dispersion relation, that links the refraction index n = kc/ω to the
frequency and the direction of the wave-vector k. The Fourier transform is defined as
f(k, ω) =

∫

dr
∫

dt e−ik·reiωtf(r, t). In order to express the dielectric tensor in an explicit
form, we define a natural coordinate system for waves traveling in a magnetized plasma:

(e⊥1, e⊥2, e‖) =
(b× (k × b)

|k × b| ,
b × k

|b× k| , b
)

(2)

where the symbols ⊥ and ‖ denote perpendicular and parallel directions to the magnetic
field direction b. In this coordinate system, the dielectric tensor εtj is defined by

εtj =







ε1 iε2 0
−iε2 ε1 0

0 0 ε3





 (3)

where

ε1 = 1 − Ω2M(ξ2 − M)

(ξ2 − 1)(ξ2 − M2)
, ε2 =

Ω2M(M − 1)ξ

(ξ2 − 1)(ξ2 − M2)
, ε3 = 1 − Ω2M

ξ2
(4)

In this notation, ξ is the wave frequency normalized with the ion-cyclotron frequency
(ξ = ω/Ωi), and Ω2 is Ω2 = ω2

pi/Ω2
i + ω2

pe/Ω2
e = c2/v2

A where ωpi and ωpe are the ion and
electron plasma frequencies, and vA is the Alfvén velocity (vA = B0/

√
4πnemi). In the

cold-plasma regime, the dispersion relation assumes a quadratic form in n2 [5, 19]:

Λ = An4 + Bn2 + C = 0 (5)

where
A = ε1 sin2 θ + ε3 cos2 θ
B = −(ε2

1 − ε2
2) sin2 θ − ε1ε3(1 + cos2 θ)

C = ε3(ε
2
1 − ε2

2)

The two solutions are labelled by n2
± = (−B±

√
B2 − 4AC)/(2A). Here, the dependence

of the wave dynamics on the propagation direction is made explicit. The angle θ is
measured with respect to the background magnetic field: cos θ = k ·b/|k|. One branch,
namely the solution n2

+, is propagating for frequencies higher than the cut-off frequency
ωcut−off and evanescent for lower frequencies. In our case, the cut-off frequency is
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ωcut−off(θ) = (Ω2
e cos2 θ /4 + ω2

pe)
1/2 − Ωe cos θ /2 > ωcut−off(θ = 0) ≃ 3.7 · 107 rad/s,

which is by far higher than the frequencies of our interest. On the other hand, the
solution n2

−, called whistler wave branch [20, 21], is propagating in the frequency range
of our interest. Therefore, in the following sections, we will use the value of n2

− given by
Eq. 5 as a reference dispersion relation. The main characteristic of n2

− in our frequency
range of interest, is a resonance where the phase velocity decreases to values comparable
with the orbit velocity of the source. The resonance frequency is a function of the angle
θ, and approaches the value of Ωe at θ = 0 and the value of the Lower-Hybrid frequency
ωLH at θ = 90◦, where ω2

LH = ΩiΩe ω2
pe/(ω2

pe +Ω2
e). For our plasma parameters, we have

ωLH ≃
√

M Ωi ≃ 170 Ωi. In summary, the resonance frequency decreases towards zero
for θ approaching 90◦, then reaches the constant value of ω = ωLH at θ = 90◦.

In the following Sections we show, using the dispersion relation given by Eq. 5, that
waves belonging to the whistler branch and with frequency close to this resonance and
of the order of the transit frequency, are indeed the peak of the emission spectrum of a
magnetized satellite with the chosen size.

2.3 Cherenkov condition and Mach cone

The Cherenkov condition describes the wave emission from a body that travels in a
medium with a constant speed v, and reads ω/k = v cos γ, where γ is the angle between
k and v. We define here an orthogonal coordinate system (x, y, z) with the 3 directions

(ex, ey, ez) =
(v

v
,
b× v

v
, b

)

(6)

If we choose for simplicity v ⊥ b and use spherical angle coordinates (θ, φ), where φ is
the angle between v and the projection of k in the plane perpendicular to b (cos φ =
v · k⊥/(vk⊥)), we can write the Cherenkov condition in the form:

n2(θ, φ) =
c2

v2 sin2 θ cos2 φ
(7)

Setting n2 obtained from the Cherenkov condition equal to the value n2
− imposed by

Eq. 5, we get a link between the frequency of the excited waves and the two angles θ
and φ. On the other hand, for a given frequency, a well defined function θ(φ) can be
calculated, yielding the shape of the correspondent Mach cone in the plane perpendicular
to the velocity direction. Given θ(φ), we get the Mach cone section in the (y, z) plane,
at unitary distance from the source:

y(φ) =
1

2

sin2 θ(φ) sin 2φ

1 − sin2 θ(φ) cos2 φ
(8)

z(φ) =
1

2

sin 2θ(φ) cos φ

1 − sin2 θ(φ) cos2 φ
(9)

As we can see from Fig. 1, a Mach cone for plasma waves in a magnetized medium is
in general anisotropic. The frequency of emission is chosen in this figure as ω/Ωi =
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Figure 1: Mach cone of waves with frequency ω/Ωi = 200, emitted via Cherenkov effect
by a localized dc source. A 3D view of the cone is shown, cut in a yz plane at unitary
distance from the source, placed in the origin of the axis (arbitrary units). Note the
Mach cone anisotropy (the emission depends on the direction with B0).

200, and the correspondent distribution θ(φ) can be approximated by θ = 89.79045◦ −
0.00015◦ cos(φ). In the case of whistler waves close to the electron cyclotron resonance,
there is no emission in the plane perpendicular to the direction b of the environment
magnetic field. This is the analogous of the Alfvén wings of the satellite Io [1], but for
a small magnetized satellite generating higher frequency waves, namely in the whistler
wave branch.

In summary, from the dispersion relation and the Cherenkov condition we obtained
information about the branch of waves that we expect to be emitted and, for each
frequency of emission, about their spatial distribution. In the next Section, using also
the Poynting theorem, we will calculate the spectrum of emission with a theory of
differential radiation resistance.
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3 Power Emitted in Plasma Waves

In this section, we apply the radiation resistance theory to the evaluation of the power
emitted by a satellite, following mainly the conceptual scheme of [4]. The environment
plasma is chosen with the typical parameters of the ionosphere at the height range
discussed in Section 2. The velocity of the orbiting source is chosen perpendicular to
the background magnetic field, v ⊥ b, corresponding to an equatorial orbit. We consider
the excitation of the dominant branch of waves for the given plasma parameters, namely
whistler waves near the electron cyclotron resonance. In Sections 4 and 5 we apply the
radiation resistance theory to two different models of the source: a pair of parallel tethers
with opposite current, and a current distributed on the perimeter of a square.

We derive here the power radiated by the satellite in the reference frame of the
environment plasma, with the satellite current acting as external current Jext moving
with velocity v. To this extent, we use the coordinate system (e⊥1, e⊥2, e‖), given by
Eq. 2. We can calculate the time-averaged radiated power with the Poynting theorem:

P̄ = − lim
T→∞

1

T

∫ T/2

−T/2

dt
∫

d3r Jext
j (r, t)Ej(r, t) (10)

By introducing Fourier transforms, we get [4]:

P̄ = lim
T→∞

1

T

1

2π2

∫

d3k

∫ ∞

0

dω

ω
δ[Λ(k, ω)] ℜ[Jext

t (k, ω)λ∗
tj(k, ω)J∗ ext

j (k, ω)] (11)

where ℜ[z] denotes the real part of the complex quantity z. Equation 11 gives the value
of the power emitted in plasma waves as a function of the source current Jext. The
dispersion relation acts via the Dirac delta δ[Λ] and is used in next sections for the
evaluation of the integral in the wave-vector dk. On the other hand, the integral in ω of
the emission spectrum will be calculated with the Cherenkov condition. In this scheme,
eventually only the integral over the angles θ, φ remains. Its evaluation provides the
radiation resistance of a satellite, that is the last goal of this paper.

In this work, we deal with a source current with components in the plane (x, y)
perpendicular to the environment magnetic field, therefore we report here only the
explicit forms of the cofactor-matrix elements that will be used in the following Sections.
Using the dielectric tensor in the form of Eq. 3, we get:

λ11 = n4 sin2 θ cos2 φ − n2(ε1 sin2 θ + ε3(1 − sin2 θ sin2 φ)) + ε1ε3

λ22 = n4 sin2 θ sin2 φ − n2(ε1 sin2 θ + ε3(1 − sin2 θ cos2 φ)) + ε1ε3 (12)

λ12 = n2 sin2 θ cos φ sin φ (n2 − ε3) + iε2(n
2 sin2 θ − ε3)

4 Wave Emission of an Extended Source

4.1 Radiation resistance theory for an extended source

We consider here a source made by two parallel tethers with counter-streaming dc cur-
rent. This is the most fundamental model, in 2D, of a loop with axis along B0. The
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two tethers are chosen to be directed along the direction y of the orthogonal coordinate
system (x, y, z), defined in Eq. 6, and separated by a distance Lx. The source currents
are described by:















Jx(r, t) = 0

Jy(r, t) = I0{δ(x − vt) − δ(x − vt + Lx)} δ(z)

Jz(r, t) = 0

(13)

where Lx is the distance between the two tethers and I0 is a constant (dc) current. The
Fourier transforms of the current components are given by:















J1(k, ω) = 0

J2(k, ω) = (4π2)I0 {1 − eikxLx} δ(ky) δ(ω − kxv)

J3(k, ω) = 0

(14)

The radiation resistance per unit length of tether is defined as ρ = (limLy→∞ P̄ /Ly)/I
2
0 ,

where Ly is the length of the tethers, assumed here to be much larger than all other
length scales. The value of the radiation resistance is obtained from Eq. 11, with the
current given by Eq. 14:

ρ = 4
∫

d3k

∫ ∞

0

dω

ω
λ22δ[Λ] δ(ky) δ(ω − kxv){1 − cos(kxLx)} (15)

The squared delta functions contained in J2
2 have been expressed here as [δ(x)]2 =

limX→∞(X/(2π))δ(x), where X is the normalization value of the Fourier conjugate vari-
able: Ly for k2 and T for ω. It is convenient here to change variable from (kx, ky, kz) to
(k, θ, ky):

ρ = 4
∫ ∞

0

dk k
∫ π

0

dθ
∫ ∞

0

dω

ω
λ22(k, θ; ω)δ[Λ(k, θ; ω)]·

·δ(ω − kv sin θ){1 − cos(kLx sin θ)}
and integrate in n2 instead of in k, using k = nω/c, and exploiting δ[Λ] as:

δ[Λ] =
δ[n2 − n2(θ, ω)]

|∂Λ/∂n2| (16)

where n2(θ, ω) is the value of the refraction index which satisfies Λ = 0. With these
substitutions, we obtain:

ρ = ρ0

∫ π

0

dθ
∫ ∞

0

dω
ω

Ωi

G

F
H1 δ

(

ω − n(ω, θ)
v

c
ω sin θ

)

(17)

where we have introduced the functions:

G(n2(ω, θ); ω, θ) = |ε1ε3 − n2ε1 sin2 θ − n2ε3 cos2 θ| (18)
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F (ω, θ) =

∣

∣

∣

∣

∣

∂Λ

∂n2

∣

∣

∣

∣

∣

=
√

B2 − 4AC (19)

H1(n
2(ω, θ); ω, θ) = 2 {1 − cos(

Lx

c
nω sin θ)} (20)

The restrictions due to the regime of collisionless magnetized cold plasma are contained
in the form of the functions G and F . We have also a basic radiation resistance per unit
length, ρ0 = Ωi/c

2. The function H1 contains the information on the source’s shape and
size. The result of [4], describing a single-tether source, is easily recovered neglecting
the term δ(x − vt + Lx) in Eq. 13, and having therefore H1 = 1.

We can now integrate over frequencies, normalizing them to the ion gyro-frequency
ξ = ω/Ωi and using the decomposition:

δ
(

ξ − n
v

c
ξ sin θ

)

=
δ(ξ − ξc)

|1 − (v/c) sin θ[n + ξ(∂n/∂ξ)]|ξ=ξc

This is the Cherenkov condition, that imposes a single frequency of emission ξc(θ) for
each angle. After the integration over frequencies, only the integration over the angle
θ remains implicit. The differential radiation resistance ρ̂(θ) is what remains under the
integral sign:

ρ̂(θ) =
ξcGH1

F |1 − (V/c) sin θ[n + ξ(∂n/∂ξ)]|ξ=ξc

(21)

and gives us the contribution to the radiation resistance at each angle, normalized with
ρ0. The total radiation resistance can be calculated, knowing the differential radiation
resistance, as:

ρ = ρ0

∫ π

0

dθ ρ̂(θ) (22)

and the power emitted can be easily calculated from that as P = I2
0ρ.

4.2 Evaluation of the radiation resistance for an extended source

The main difference between the radiation of a double-tether source and the radiation
of a single-tether source of [4] is the effect of interference (see Fig. 2), that is stronger
the larger is the ratio between the wave length λ and the distance between the two
tethers Lx. In the limit of very large wave length, corresponding to very close tethers
with opposite currents, the final effect is mainly destructive interference, namely no
emission. Calling L̂x the normalized distance between the two tethers

L̂x =
nξΩi

c
Lx = kLx =

2π

λ
Lx (23)

we have that when L̂x ≪ 1 the whole emission spectrum is dominated by destructive
interference, determined by the low value of H1 in Eq. 20. The dispersion relation and
the Cherenkov condition impose that only waves with ω > ωLH ≃ 170 Ωi are excited
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Figure 2: On the left: Differential radiation resistance of an extended source (ρ̂) near
θ = 90◦. On the right: Frequency of the waves (ξ = ω/Ωi) in the region of the emission
peak and correspondent characteristic parameter of the fluid regime (χ = kρe) for an
extended source. For smaller θ, the frequency grows linearly to reach a value of ξ ≃ 5000
at θ = 80◦. For χ < 1 the fluid theory can be applied.

(see Fig. 2). This is indeed the minimum frequency of the electron cyclotron resonance
discussed in Sec. 2.2.

The normalized length L̂x can be calculated for the wave branch of whistlers close
to the electron cyclotron resonance. We use the approximated dispersion relation given
in [8]:

n2 =
2MΩ2

M2 cos2 θ + M − ξ2
(24)

and impose the Cherenkov condition, to obtain an approximated expression for the
frequency:

ξc(θ, φ) ≃ M | cos θ| − v2

c2
Ω2

sin2 θ cos2 φ

| cos θ| (25)

which is valid for frequencies higher than ξ ≃ 200. This formulation for the interference
pattern is independent on the source shape. In this range of frequencies, corresponding
to angles θ ≤ 89.8◦, we have:

L̂x sin θ cos φ =
ΩeL

v
cos θ cos φ ≃ 780 cos θ cos φ (26)

The angle φ can be set to zero in this section for an extended source, because of symmetry
considerations, while it is a variable for the localized source (see the following section).
The angle period of the interference pattern near θ = 90◦, - but for θ ≤ 89.8◦ - is:

θ̂ =
2π

L̂x

≃ 0.008 rad ≃ 0.46◦ (27)

For θ > 89.8◦ we have that the spectrum of the emission frequencies is not linear with
the angle θ, but tends to reach a constant value near θ = 90◦. The effect is the presence
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of a local maximum of emission - instead of a minimum - at θ = 90◦:

θmax,1 = 90◦ (28)

The correspondent frequency is ω = ωLH ≃ 170 Ωi, that is near ωτ = 4.9 · 104rad/s,
consistently with what we derived in Sec. 2. It represents the dominant peak in the
emission spectrum. Also the position of the second peak cannot be calculated assuming
a linear dependence of the frequency on the angle θ. In fact, the position of the second
peak is obtained from the general result shown in Fig. 2:

θmax,2 = 1.56 rad ≃ 89.4◦ (29)

corresponding to a frequency of emission of ω ≃ 350 Ωi. The general result is that a
system with a characteristic length L has an emission spectrum peak at a frequency of
the order of the transit frequency ωτ , plus several harmonics at higher frequencies. The
integration over the angle θ of the differential radiation resistance ρ̂ gives us a value of
the total resistance per unit length ρ of an extended source:

ρ ≃ 3.6 · 10−4 Ohm/km (30)

For coherence, we now study the regime of validity of the fluid approximation for
the obtained wave emission. This regime is valid when the ratio χ between the electron
gyro-orbit length and the wave length is smaller than one, namely χ = kρe < 1. This
corresponds to the angles θ > 89.3◦, where the emission is highest (see Fig. 2). The ra-
diation resistance per unit length calculated in this region is: ρfluid ≃ 0.8 ·10−4Ohm/km
and represents a lower bound estimate.

The value of resistance of a single-tether source, obtained in [4] without restriction
in space for fluid regime validity, is ρ ≃ 2 · 10−4Ohm/km. On the other hand, the
value obtained as an integration within the validity region of the fluid regime is ρfluid ≃
0.5 ·10−4Ohm/km. In summary, the power lost by the emission of a single tether source
is about half of the power lost by the emission of a double-tether source, with the main
difference of an interference pattern, playing an important role in the latter case.

As a last comparison, we have that the Ohmic resistance of an aluminium tether with
a radius of 0.5 mm is ρohm ≃ 40 Ohm/km, which is five orders of magnitude higher than
the radiation resistance. This implies that the current in such a tether can be calculated
with the Ohm’s law considering only the applied voltage to the Ohmic resistance, and
neglecting the radiation resistance to this extent.

5 Wave Emission of a Localized Source

5.1 Radiation resistance theory for a localized source

In this section, we want to model a loop in 3D with a current running along the borders
of a rectangle with sides of length Lx and Ly respectively. At the end of this Section,
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the modeling of a realistic loop will be recovered setting Lx = Ly = L. The plane of the
rectangle is orthogonal to the background magnetic field, and the current components
are given by:















Jx(r, t) = I0Xx[vt − Lx, vt] {δ(y + Ly/2) − δ(y − Ly/2)} δ(z)

Jy(r, t) = I0{δ(x − vt) − δ(x − vt + Lx)} Xy[−Ly/2, Ly/2] δ(z)

Jz(r, t) = 0

(31)

where X [a, b] is the characteristic function of the set [a, b], with values 1 inside and 0
outside. The Fourier transforms of the current components are given by:















J1(k, ω) = (4π)I0 sin(ky
Ly

2
){1 − eikxLx}δ(ω − kxv){−1/kx}

J2(k, ω) = (4π)I0 sin(ky
Ly

2
){1 − eikxLx}δ(ω − kxv){+1/ky}

J3(k, ω) = 0

(32)

Analogously to the problem of the extended source, we calculate the radiated power
using the Poynting theorem, Eq. 11, knowing the source currents given by Eq. 32. The
radiation resistance, defined as r = P/I2

0 , can be written as:

r =
8

π

∫

d3k

∫ ∞

0

dω

ω
δ[Λ]δ(ω − kxv) sin2(ky

Ly

2
)

(1 − cos(kxLx))ℜ
[λ11

k2
x

+
λ22

k2
y

− 2
λ12

kxky

]

We now introduce the variable set (k, θ, φ), analogously to Section 4, and pass from
k-integration to n2-integration exploiting the δ[Λ] condition as imposed by the dispersion
relation (see Eq. 16). We also note that ℜ[λ11k

2
y + λ22k

2
x − 2λ12kxky]/k

2
⊥ = G, where

we have used the property λij = λ∗
ji, and G is defined in Section 4 together with F .

Defining ξ as the frequency normalized to the ion cyclotron frequency, we write the
Cherenkov condition in the form:

δ
(

ξ − n
v

c
ξ sin θ cos φ

)

=
δ(ξ − ξc)

|1 − (v/c) sin θ cos φ[n + ξ(∂n/∂ξ)]|ξ=ξc

With these substitutions, the radiation resistance r can be written in terms of the
differential radiation resistance r̂(θ, φ) as:

r = r0

∫ π

0

dθ
∫ π/2

−π/2

dφ r̂(θ, φ) (33)

where the basic radiation resistance for a localized source is defined as r0 = LyΩi/c
2.

Its value, for the chosen plasma parameters and Ly = 1m, is r0 = 2.1 · 10−5 Ohm/rad2,
and the differential radiation resistance is:

r̂(θ, φ) =
ξc G H2

F |1 − (v/c) sin θ cos φ[n + ξ(∂n/∂ξ)]|ξ=ξc

(34)
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Here, H2 is the characteristic function of the source geometry, and is defined as:

H2(ξ, θ, φ) =
4

πL̂y

sin2(L̂y/2 sin θ sin φ)(1 − cos(L̂x sin θ cos φ))

sin θ cos2 φ sin2 φ

where L̂x = nξΩiLx/c is the normalized size of the source in the x direction, defined as
in the case of the extended source, and L̂y is the normalized size in the y direction. The
differential radiation resistance for a loop r̂, Eq. 34, has been written here in the same
form of the differential radiation resistance for the extended source, Eq. 21. The only
difference is the definition of the function H2, which describes here the shape and size
of the localized source. The function H1 describing the extended source, can be easily
recovered from the function H2, in the limit Ly → ∞, using the approximation formula
for the Dirac δ function: δ(ky) = limLy→∞ sin(kyLy/2)/(πky).

Before proceeding further, we provide here an approximated formula for the radiation
resistance of a loop. To this extent, we approximate the functions G and F as in [4],
namely G = MΩ4 cos θ/ξ3 and F = 2MΩ4 cos θ/ξ3, and the dispersion relation as in [8],
Eq. 24. Noting that the dominant term in the absolute value at the denominator of
Eq. 34 is (v/c)ξ(∂n/∂ξ) sin θ cos φ, we get the approximation for the radiation resistance
as:

r ≃ ΩiL

c2

v2

v2
A

∫

dθdφ
sin2 θ

√

cos2 θ + 1/M
H2(θ, φ) (35)

where

H2 =
4

πθ̂

sin2(θ̂ tanφ /2)

sin2 φ
(1 − cos θ̂)

Here the normalized angle θ̂ has been defined as θ̂ = (MΩiL/v)
√

cos2 θ + 1/M and Ly

and Lx have been chosen as equal to L for simplicity. We note here that the radiation
resistance of a loop scales with the main parameters v, vA, L, c like the radiation resis-
tance of a single tether and of a double-tether, the only differences being contained in
the shape function H1 for the double-tether source and H2 for the loop.

5.2 Evaluation of the radiation resistance and emitted power

for a localized source

Interference plays an important role also for a localized source, like for the extended
one (see Fig. 3). The distance between several interference peaks is again determined
by the normalized source size L̂x = kLx = 2πLx/λ. The wave emission is negligible for
wavelength λ much smaller than the source’s size.

The emission is mainly in the direction of the orbit velocity, namely θ ≃ 90◦, φ ≃ 0.
The spectrum of emitted frequencies is weakly dependent on the angle φ, and has the
same dependence on θ as the extended source case (Fig. 2). Therefore, also for a
localized source we can see that the emission spectrum has a peak at a frequency of
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Figure 3: On the left: differential radiation resistance of a localized source close to
θ = 90◦. On the right: Differential radiation resistance of a localized source in the
region close to emission peak. The correspondent frequency has the same dependence
on θ as in Fig. 2 and depends weakly on φ (with variations smaller than 0.1).

the order of the transition frequency, defined in Section 2. The minimum frequency is
ω = ωLH ≃ 170 Ωi, and for θ ≤ 89.8◦ the frequency is linear in θ.

The main characteristics of the interference pattern can be derived following the
procedure of Section 4. We obtain that, like for an extended source, the period between
the several peaks in the θ direction and frequencies higher than ξ ≃ 200, corresponding
to angles θ ≤ 89.8◦, is θ̂ ≃ 0.46◦. For θ > 89.8◦, we have that the spectrum of the
emission frequencies is not linear with the angle θ, but tends to reach a constant value
near θ = 90◦. The effect is the presence of a local maximum of emission - instead of
a minimum - at θ = 90◦, where we have the minimum frequency emitted: ω = ωLH ≃
170 Ωi. That is the dominant peak in the emission spectrum. The position of the
second peak is: θmax,2 = 1.56 rad ≃ 89.4◦ corresponding to a frequency of emission of
ω ≃ 350 Ωi. The general result, also for a localized source, is that a system with a
characteristic length has an emission spectrum centered at a frequency of the order of
the transition frequency, plus several harmonics at higher frequencies.

The total radiation resistance r can be calculated as the integral over the angles θ and
φ, of the differential radiation resistance r̂, from Eq. 33. Using the typical values of the
plasma parameters at the ionosphere, as chosen in Section 2 and setting Lx = Ly = 1m,
we get a radiation resistance, for the emission of electron-cyclotron waves, with value:

r ≃ 4.4 · 10−7Ohm (36)

The contribute of lower frequency waves, close to the ion-cyclotron resonance, is ric ∼
10−13Ohm, and can be neglected, consistently with the discussion of Section 2 based
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Figure 4: Characteristic parameter of the fluid regime for a localized source χ = kρe.
For χ < 1 (white region) the fluid theory can be applied.

on ordering arguments. For coherence, we calculate the lower bound estimate of the
radiation resistance rfluid in the range of validity of the fluid regime, integrating over
the angles where χ = kρe < 1. Fig. 4 shows that in the center of emission, namely
near θ ≃ 90◦, φ ≃ 0, the fluid theory is a good approximation. We obtain: rfluid ≃
0.6 · 10−7Ohm.

The radiation resistance of a localized source is higher than that of an extended
source with the same characteristic size L, but of the same order of magnitude. This
means that the difference is determined mainly by the interference effects given by
the different geometry, rather than a different physics of the emission. We can also
compare the radiation resistance of a current loop with a size of 1-meter, with the Ohmic
resistance of a 1-meter aluminium tether with the radius of 0.5 mm, rohm ≃ 0.04 Ohm,
which is five orders of magnitude higher than the radiation resistance.

The power emitted by a realistic magnetized satellite, can be calculated knowing the
radiation resistance and considering the typical parameters of the system in the chosen
height range. We consider a coil with a number of loops of the order of N ∼ 104 and
with a current of the order of I0 ∼ 10A. The power emitted by such a source can be
calculated using the radiation resistance estimation given in previous Section, namely
Eq. 36. We get:

Prad = r I2

tot = r N2I2

0 ∼ 1000 W (37)

If we restrict our calculation to the validity domain of the fluid regime, we get a lower
bound estimation of the power emitted: Prad > Prad−fluid = rfluidI

2
tot = 600W . The

value can be compared with the power dissipated by the loop conductor via Joule effect.
Calling ρohm the ohmic resistance per unit length of an aluminium loop with a wire
radius of 0.5 mm, we have that such a source has a dissipative power of the order of
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POhm = ρohm NI2
0 ∼ 105 W . Therefore, such an experiment is supposed to work with

short current pulses (but much longer than the characteristic wave period τ , in order
for the system to reach a steady state) separated by periods when the system is cooled.
An alternative option is the usage of a superconducting magnet instead of a conductor
loop. The superconductor technology has been recently proofed to be ready for work in
space, such as in the Alpha Magnetic Spectrometer project [22], providing a magnetic
field intensity one order of magnitude larger than that proposed in our paper.

6 Conclusions and Discussion

In this work, we have considered an aspect of the interaction of an Active Magnetic
Experiment (AcME), namely a satellite hosting a current loop that generates a dipole
magnetic field, with the ionospheric plasma. Such an experiment can provide novel
phenomena to investigate, such as magnetic field-line reconnection, magnetic field gen-
eration, magnetic vortex dynamics and particle acceleration, and EMHD phenomena,
in an essentially boundary-free plasma environment. For further explanations about
the AcME project, see reference [13]. In this work, in particular, we have shown that
a magnetized satellite actively perturbs the surrounding plasma emitting waves of the
whistler type, via Cherenkov effect. Similarly, during the TSS-1R mission, whistler
waves were measured with sensors placed in the sheath of the satellite. According to
these experimental observations, this wave branch was the only relevant electromagnetic
mode in the emission spectrum [23].

We have chosen the height range for the orbit in order to maximize the collective
response of the surrounding plasma, and studied the dispersion relation of plasma waves
for the typical environment parameters. For a satellite with characteristic size of 1
meter, the dispersion relation has shown that the peak of the emission is centered in
the whistler branch, close to the lower hybrid frequency and to the electron cyclotron
resonance occurring perpendicularly to the environment magnetic field. The Cherenkov
condition has been imposed to calculate the shape of the Mach cone that characterizes
the emission. Moreover the differential power emitted has been calculated for each angle
and the result has been integrated in space, to give an estimation of the total power lost
in waves by a magnetized satellite. A fluid cold plasma model has been used, and the
validity regime verified a posteriori. Improvements to the model can be made with the
inclusion of kinetic effects, in particular to study the wave absorption after the emission.

In summary, we have shown that the plasma wave emission via Cherenkov effect
in an open boundary environment is a novel relevant phenomena to investigate with
an Active Magnetic Experiment. The emitted waves and the correspondent Mach cone
structure could be studied experimentally with additional diagnostic systems in a daugh-
ter satellite, to be positioned around the main magnetized satellite. In fact, the power
emitted in plasma waves by a loop with this features is up to some orders of magnitude
greater than the power emitted by typical telecommunication satellites. Therefore, in
principle the radiation emitted by the magnetized satellite could be revealed also by
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ground-based detectors. In order to determine with accuracy the amplitude of the sig-
nal reaching the ground level, the wave damping mechanisms must be studied along the
wave trajectory, and the consistency of the wave polarization must be analyzed for the
coupling with ordinary electromagnetic waves at the boundary between low ionosphere
and high atmosphere.
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