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Abstract. A theory is developed from which it follows that energetic-ion-driven

instabilities can, first, channel the energy of the energetic ions outside the region where

these ions are located and, second, considerably affect the electron heat flux across the

magnetic field. A new mechanism of the frequency chirping is revealed. Namely, it is

shown that instabilities caused by the energetic ions can influence the plasma rotation,

in which case the development of the instabilities results in variation of the Doppler

shift in time. It is concluded that a key factor responsible for the mentioned phenomena

is the local imbalance of the wave emission by energetic ions and the wave absorption

by electrons along the radius. On the basis of the developed theory, experiments on the

stellarator Wendelstein 7-AS and the spherical torus NSTX, where effects of Alfvénic

activity on the plasma temperature were observed, are considered.
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1. Introduction

Energetic ions produced by neutral beam injection, radio-frequency heating, and fusion

reactions are typically present in all types of the toroidal fusion devices and often lead to

plasma instabilities. It is usually believed that these instabilities can affect confinement

of the energetic ions but not the bulk plasma; some of them can be used for plasma

diagnostics. At the same time, there are experiments indicating that the role of the

energetic-ion-driven instabilities is not restricted to the mentioned issues. In particular,

experiments on the stellarator Wendelstein 7-AS (W7-AS) have shown that Alfvén

instabilities can considerably reduce the plasma energy and lead to strong thermal

crashes (the temperature dropped by up to 30% during instability bursts in the discharge

#34723) [1], although typically the discharges in W7-AS were very quiescent in their

stationary phase. More recent experiments on the spherical torus NSTX have shown

that broadening of the electron temperature correlates with Alfvénic activity [2, 3]. In

experiments on both W7-AS and NSTX the instabilities affected the heat transport but

had no visible influence on the particle transport. In addition, NSTX experiments have

shown that the effect of the Alfvénic activity on the plasma heat transport can differ at

different locations: the calculated heat conductivity coefficient increases with injected

power in the core region and decreases at the periphery [2, 3]. Another peculiarity of the

NSTX data is that the anomalous heat transport correlates only with high frequency

instabilities (0.5 ÷ 1.1 MHz). These facts have raised a fundamental question on the

physical mechanisms involved. The first step in the explanation of these phenomena was

made in reference [4]. It was found that the finite electric conductivity leads to wave-

induced enlargement of the particle deflection from the oscillating flux surfaces, whereas

the Coulomb collisions provide random walk of the particles with enlarged steps, which

results in anomalous heat conductivity. It was concluded that the effect is largest in

the collisional regime, νe > k∥ve, with νe the electron collision frequency, ve the electron

thermal velocity, and k∥ the longitudinal wave number. It was this regime that took place

in the mentioned W7-AS discharge (and in similar discharges), where the plasma density

was high (ne ∼ 1020 m−3) but the temperature was low (T < 300 eV), which enabled the

authors to explain the observed thermal crashes. However, the considered mechanism

provides weak enhancement of heat transport in plasmas with high temperature and

high frequencies instabilities. Therefore, it cannot explain the NSTX observations.

In connection with the mentioned experiments a number of general questions

of practical importance arise. Is it typical or very seldom that energetic-ion-

driven instabilities strongly affect the electron transport properties? What conditions

determine the influence of these instabilities on the electron heat flux? Are there other

effects of the instabilities on the bulk plasma? To answer these questions, further

development of theory, explanation of available experimental data, and new experiments

are required.

In a very recent Letter [5] a new phenomenon — channelling of the energy

and momentum during energetic-ion-driven instabilities — was discovered. It was
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demonstrated by means of a simple model that this phenomenon seems can be

responsible for the mentioned NSTX observations. This paper represents an extended

version of the work [5]; it gives not only more details, but contains a theory of wave-

induced convection and anomalous electron heat conductivity, and comparative analysis

of experiments on NSTX and Wendelstein 7-AS.

Theory in this work is aimed at the explanation of experimental observations, such

as (i) different effects of energetic-ion-driven instabilities on the heat transport and bulk

plasma particle transport; (ii) decrease of the electron temperature in the plasma core

when the injected power increases in NSTX; (iii) increase of the electron temperature

at the periphery during Alfvén instabilities in NSTX; (iv) frequency chirping of an

instability in Wendelstein 7-AS.

The paper is organized as follows. A qualitative analysis of the electron transport

across the magnetic field and the plasma rotation in the presence of energetic-ion-driven

instabilities is carried out in section 2. Based on the quasilinear theory equations

averaged over bounce/transit time, equations for the balance of the number of electrons

and the electron temperature are derived and analysed in section 3. Experimental

observations on W7-AS and NSTX are considered in section 4. The obtained results are

summarized in section 5. The width of the wave–particle resonance for Alfvén waves is

calculated in Appendix A.

2. Anomalous transport and plasma rotation caused by

energetic-ion-driven instabilities (qualitative consideration)

We begin with a qualitative analysis of the influence of instabilities caused by energetic

ions on the electron transport and plasma rotation.

By analogy with quantum mechanics, we present the energy density of the wave

with the frequency ωk and the wave number k as Wk = ωknk, where nk is the quasi-

particle density (which has the dimension of h/V , where h is the Planck constant and

V is the volume). Then the wave momentum is knk. The quasi-particles are produced

with the rate 2γα by the energetic ions and absorbed with the rate 2γe by the electrons,

where γα = {j̃α · Ẽ}/2W > 0 and γe = {j̃e · Ẽ}/2W < 0 represent local contributions to

the instability growth rate of the energetic ions and the electrons, respectively, E is the

electric field, j is the current density, tilde labels perturbed quantities; {. . .} means time

averaging; the instability growth rate is γins =
∫
d3x(γα + γe)W/

∫
d3xW . Therefore,

the force fσ = −2γσknkk (σ = α, e) acts on the particles, which leads to the radial drift

of both electrons and energetic particles with the velocity ∝ [fσ × B]r/eσ (B is the

magnetic field, eσ is the electric charge, r is the radial coordinate) [6]. It is clear that in

the steady state the total momentum of the energetic ions and the electrons is conserved

provided that the wave damping on the bulk plasma ions is negligible. If this balance

were valid also locally, the diffusion of the electrons and the energetic ions would be

ambipolar automatically [6]. However, in reality the local balance may be violated. In

particular, when the destabilized ideal MHD Alfvén mode generates kinetic waves, the
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wave energy can be absorbed by electrons in the region away from the region where the

ideal MHD mode is located (which took place in the experiments on W7-AS [4]). The

finite radial mode width and the finite orbit width of the energetic ions also contribute

to the violation of the local momentum balance. For instance, because of the continuum

damping the mode energy and momentum can be dissipated far away from the region

of the resonance interaction between the energetic ions and the mode.

Because the number of the energetic particles is small, their radial flux is small and,

thus, in any case, the electron particle flux is small, too. However, the heat flux is not

restricted by the ambipolarity condition.

To be more specific, let us write the particle fluxes across the magnetic field [6],

Γres
σ =

cfσϑ
eσB

= − 2c

eσB

∑
k

kϑγσknk, (1)

and the following equation for the wave energy density:

∂Wk

∂t
+∇ · Sk = 2γkWk, (2)

where γk = γα,k + γe,k, Sk is the energy density flux, ϑ is the poloidal coordinate,

superscript “res” labels fluxes caused by the resonance wave–particle interaction. Using

these equations, we obtain, cf. [6]:∑
σ

eσΓ
res
σ = −2c

B

∑
k

kϑ
ωk

(
∂Wk

∂t
+∇ · Sk

)
. (3)

It follows from equation (3) that in steady state
∑

σ eσΓ
res
σ = 0 provided that ∇·S = 0,

which is the case only when the local balance between the wave emission and absorption

takes place. Otherwise, the resonance fluxes are not ambipolar, and the non-resonance

fluxes responsible for the RHS of equation (3) provide ambipolarity.

Both the particle flux and the heat flux are determined, in general, by the diffusion /

conductivity and the convection caused by the waves. However, hydrodynamic equations

which do not take into account the wave-induced convection are often used to model

experimental observations. In this case, an effective heat conductivity coefficient, χef
e ,

can be introduced:

qe = χef
e

neT

L
, (4)

where qe is the electron heat flux, ne and T are the electron density and plasma

temperature, respectively, L is a characteristic length of plasma inhomogeneity; the

magnitudes of qe, ne, and T are to be taken from experimental data and numerical

calculations. It is clear that when non-diffusive effects dominate the transport, a code

ignoring them calculates χef
e well exceeding the real heat conductivity coefficient. On

the other hand, using equations (1) and (4) and assuming qe = TΓres
e , we can obtain the

following estimate for χef
e :

χef
e

DB

= 32m
L

r

|γe|
ω

W

neT
, (5)
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where DB = cT/(16eB) is the Bohm diffusion coefficient, B is the magnetic field, m

is the poloidal mode number (kϑ = m/r). For instance, assuming that γe is as large

as γα and taking γα/ω = 10−1, W/neT = 10−3, m = 20, a/r = 5 with a the plasma

radius, L/a = 3 (flat radial profiles of plasma parameters in the instability region),

we obtain χef
e ≈ DB. This estimate just demonstrates that the effect of energetic-ion-

driven instabilities on the local electron transport can be significant. Note that, strictly

speaking, the analysis above is relevant to fluxes of circulating particles; the trapped

particle fluxes contain nq (n is the toroidal mode number, q is the safety factor) instead

ofm (see section 3). In the case of Alfvén waves, this difference, however, is considerable

only when the their frequency is sufficiently high .

One can expect that the development of energetic-ion-driven instabilities will affect

the plasma rotation and the equilibrium radial electric field: As we already mentioned,

typically the regions where the waves receive the momentum from energetic ions and

give this momentum to electrons do not coincide. This electric field will affect the

resonance condition and, thus, the resonance fluxes.

Let us consider the process of generation of the rotation in more details, restricting

ourselves to a simple model which neglects effects of toroidicity. We proceed from

equations of motion for all the plasma components (electrons, ions, and energetic ions).

We sum these equations, assuming that the waves interact resonantly only with energetic

ions and electrons and taking into account that the number of the energetic ions is

small. As a result, we obtain the following equation for the frequency of the poloidal

ion rotation, Ωiϑ:

MinirΩ̇iϑ =
∑
σ=e,α

fσϑ +
1

r2
∂

∂r
r3η∗

∂Ωiϑ

∂r
− B

c
jr, (6)

where η∗ =Miniη, η is the plasma viscosity, η ≥ ηcol, ηcol = 0.3ρ2i /τi, ρi the ion Larmor

radius, τi the ion collision time, jr is the radial current density, jr = jir + jer + jαr, dot

over letters denotes the time derivative, M is the particle mass.

When kϑ ≫ kφ (φ is the toroidal coordinate), fσϑ ≫ fσφ. Then it is reasonable

to assume that u̇iϑ ≫ u̇iφBϑ/Bφ (ui is the hydrodynamic ion velocity), in which case

u̇iϑ = −cĖr/B (but uiϑ ≡ rΩiϑ ̸= −cEr/B!). Using this equation for u̇iϑ and the

equation Ėr = −4πjr, we can write equation (6) in the form:(
1 +

c2

v2A

)
jr =

∑
σ=e,α

jσr +
c

B

1

r2
∂

∂r
r3η∗

∂Ωiϑ

∂r
, (7)

where jσr = cfσϑ/B, vA is the Alfvén velocity. It follows from equation (7) that the

radial current (jr) is much less, by a factor of c2/v2A, than the partial currents jαr and

jer due to the generation of the ion current

jir = − c

B
Miniu̇iϑ +

c

B

1

r2
∂

∂r
r3η∗

∂Ωiϑ

∂r
, (8)

which almost compensates the current jαr + jer. This implies that the last term

(proportional to jr) in equation (6) is negligible. This conclusion agrees with equation (3)

which shows that the sum of the resonance current and adiabatic current vanishes.
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Similarly, one can show that the frequency of the toroidal rotation (Ωφ) is described

by the equation:

MiniRΩ̇iφ =
∑
σ=e,α

fσφ +
R

r

∂

∂r
rη∗

∂Ωiφ

∂r
, (9)

where R is the major radius of the torus.

Due to the presence of viscosity, there exist steady-state solutions of equations (6)

and (9). The characteristic viscosity time is τvis = (∆r)2/η, where ∆r is the

characteristic scale of the process. Taking this into account, we can evaluate the steady-

state local rotation velocities as

uiϑ
vi

=
fαϑτ

vis

Minivi
= 2m

γα
ω

W

niTi

viτ
vis

r
, uiφ ∼ uiϑkφ/kϑ, (10)

where vi =
√
Ti/Mi, uiφ = RΩiφ. One can easily see from here that the rotation

velocity can be significant. For instance, taking m = 2, γα/ω = 10−2, W/(niTi) = 10−4,

τvis = 0.1 s, vi = 2× 107 cm s−1 (for T ≈ 1 keV in deuterium plasma), and r = 20 cm,

we obtain uϑ = vi.

Of course, this rotation superimposes on the rotation caused by other mechanisms.

Let us assume that the energetic ions emit the waves at the radius rα, whereas the

electrons absorb the waves at re, with rα < re. Then we take fαϑ = f∗δ(r−rα)/r2, feϑ =

−f∗δ(r−re)/r2, which conserves the global angular momentum:
∫ a

0
dr r2(fαϑ+feϑ) = 0.

Setting Ω̇iφ = 0 and jr = 0 in equation (6) and integrating it twice with the boundary

conditions Ωiϑ(a) = 0, ∂Ωiϑ/∂r|r=0 = 0, we obtain the following steady-state solution:

Ωiϑ =


f∗

∫ re

rα

dr

r3η∗
for r ≤ rα,

f∗

∫ re

r

dr

r3η∗
for rα ≤ r ≤ re,

0 for re ≤ r ≤ a.

(11)

We observe that there is sheared rotation in the region rα < r < re and rigid rotation

in the region 0 < r < rα. In a similar way, one can show that the direction of rotation

is reversed when rα > re, see figure 1.

The considered rotation has an important consequence: it leads to frequency

chirping due to the growth of the Doppler shift, ∆ω(t) = k · u(t) = mΩϑ − nΩφ

[we assume Ẽ ∝ exp(−iω+ imϑ− inφ)], after the beginning of the instability. One can

see that the effect is strongest when the region of the wave emission by the energetic

ions lies at smaller radii than the region of the wave absorption, see figure 1. In this

case, sgnuϑ = sgn fαϑ = −sgn kϑ and sgnuφ = sgnfαφ = −sgn kφ; therefore, ∆ω < 0,

i.e., frequency chirping down takes place.

Note that although we have used a very simple model to describe the plasma

rotation caused by instabilities, one can expect that our qualitative conclusions will

be true in real situations. In particular, even if the velocity of the poloidal rotation

were considerably reduced, which may be the case in tokamaks, the Doppler shift due

to uϑ ̸= 0 can be considerable for the modes located close to the magnetic axis. On the
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Figure 1. Sketch of the plasma rotation during energetic-ion-driven instabilities:

upper graph, rα < re; lower graph, rα > re.

other hand, the Doppler shift due to toroidal rotation can also be important, especially

in toroidal plasmas with small aspect ratio.

3. Energy channelling and electron heat transport (quasilinear theory)

In this section we study the electron transport caused by the energetic-ion-driven

instabilities in more details. In addition, we consider the energy channelling — a new

phenomenon which can strongly affect the electron temperature and, thus, the plasma

energy balance without direct influence on the electron transport.

Using quasilinear theory equations averaged over the particle bounce / transit time

(τb) (see, e.g., reference [7]), we can write:

∂F

∂t
=

1

τb

∑
m,n

(
∂

∂E
− n

ω

∂

∂Pφ

)
τbD

(
∂

∂E
− n

ω

∂

∂Pφ

)
F + CCOL, (12)

where F = F (E , µ, Pφ, t) is the electron unperturbed distribution function, E is the

particle energy, µ is the magnetic moment, Pφ = Mv∥R − eψp/c is the canonical

angular momentum, ψp is the poloidal magnetic flux, v∥ is the particle velocity along
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the magnetic field, CCOL is the collision term,

D = πe2
∑
s

|J |2δ(ω −m⟨ϑ̇⟩+ n⟨φ̇⟩ − sωb), (13)

J is proportional to wave amplitudes and depends on particle orbits in the equilibrium

magnetic field, ωb = 2π/τb, brackets denote bounce averaging, n is the toroidal mode

number, δ is the Dirac delta function, the subscript “e” is omitted for brevity. The

perturbations are taken in the form X̃ = X̂(Pφ) exp (−iωt− inφ+ imϑ), and a right-

handed coordinate system is used. The equations (12) and (13) are written in the

assumption that the wave frequency is small in comparison to the electron gyrofrequency.

The reason for this assumption is that the frequencies of the waves destabilized by the

energetic ions are normally even less than the ion gyrofrequency.

To describe the radial fluxes of the particles and the energy, we neglect the electron

orbit width in Pφ and proceed to the variables E , µ, and r, with r the flux surface radius.

Then the equation for the well circulating particles can be obtained from equation (12)

by replacing n∂/∂Pφ with −(m/MωBr)∂/∂r, where ωB is the gyrofrequency. The

equation for the deeply trapped particles will contain nq (q is the safety factor) instead of

m in the same terms. This difference is negligible for the waves with k∥R ≡ mq−1−n≪ 1

but important when k∥ is larger. Keeping this in mind, below we neglect the difference

between m and nq in order to write only one quasilinear equation valid for both

circulating particles and trapped ones. Note that the same conclusion concerning

different mode numbers (m or n) in the equations for the circulating particles and

the trapped ones can be drawn by considering the motion of individual particles in the

wave field.

Equation (12) describes the change of F due to the wave–particle interaction

through the resonance included in equation (13), which implies that it ignores effects

which are not associated with this resonance. Taking this into account, we present the

particle radial flux, Γe, as follows:

Γe = Γres
e (1−N ), (14)

where Γres
e is the particle flux which can be obtained by using equation (12), N is the

factor describing a possible reduction of the flux Γres
e , N may vary from 0 to 1. For

instance, it is known that high frequency waves associated with electrons only (i.e.,

waves which do not affect the ion motion) cannot lead to anomalous diffusion but can

influence heat conductivity [8]. In this case Γe = 0 and, thus, N = 1. The generation of

the radial electric field which affects the resonance condition can also result in N = 1 [4].

In contrast to this, N = 0 when the energetic particles excite such instabilities that local

balance, Γres
α (r) = Γres

e (r) takes place, see section 2.

In order to calculate Γres
e , we integrate equation (12) over the velocity space. When

doing this, we take into account that the velocity volume element averaged over the flux

surface is d3v = C
∑

σ dE dµ τb, with C = B/(MqR), σ the sign of the particle velocity,

the summation over σ being absent for the trapped particles. We obtain:

∂ne

∂t
+

1

r

∂

∂r
rΓres

e (1−N ) = 0 (15)
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where ne =
∫
d3v F , and

Γres
e = −

∑
m,n

kϑ
MωBω

∫
d3vD

(
∂

∂E
+

kϑ
MωBω

∂

∂r

)
F, (16)

kϑ = m/r. The first term in equation (16) represents the convective flux, whereas the

second term represents the diffusive flux. Equation (16) shows that if the wave spectrum

produced by the energetic ions were symmetric with respect to kϑ, the convective term

would vanish. However, normally the spectrum is not symmetric; furthermore, only

a single mode may be destabilized. When the instability is excited due to spatial

inhomogeneity of the energetic ions (which implies that the mode rotates in the ion

diamagnetic direction), m < 0, n < 0 and, thus, Γres
e determined by equation (16) is

positive (note that ωB < 0). When the instability is excited because of the velocity

anisotropy or due to inverted energy distribution of the energetic ions, the sign of the

mode numbers can be either negative or positive, and the fluxes of the energetic ions

and the electrons are directed either outwards or inwards (depending on the direction

of the beam ions).

Calculation of the second moment of equation (12) and combination of the obtained

equation with equation (15) yields:

3

2
ne
∂Te
∂t

+
1

r

∂

∂r
rqe = Qe +QCOL, (17)

where Te = (1/3)
∫
d3vMv2F , QCOL is the energy exchange of electrons and other

particles through Coulomb collisions, Qe describes the absorption of the wave energy by

electrons,

Qe = −
∑
m,n

∫
d3vD

(
∂

∂E
+

kϑ
MωBω

∂

∂r

)
F +Q0

e, (18)

qe is the heat flux given by

qe = −
∑
m,n

kϑ
MωBω

∫
d3v

[
E − 3

2
(1−N )Te

]
D
(
∂

∂E
+

kϑ
MωBω

∂

∂r

)
F + q0e , (19)

where Q0
e and q

0
e are contributions to the electron heating and electron heat flux due to

Coulomb collisions and effects which are not described by equation (12), in particular,

the influence of the radial electric field on the resonance condition.

It follows from equation (19) that the waves affect the electron heat flux even

in the case of N ≈ 1, i.e., when Γe ≈ 0. On the other hand, we observe that

equations (16) and (18) contain the same integral. Therefore, when the diffusion is

ambipolar due to the generation of the radial electric field under the influence of the

destabilized monochromatic wave [4], Γe and the wave-induced part of Qe (Q
w
e ) vanish

simultaneously. However, Qw
e ̸= 0 when several waves are destabilized simultaneously.

One can see that the Qe-term well exceeds the ∇ · qe term in equation (17) when

ω ≫ ω∗e, where ω∗e is the electron diamagnetic drift frequency. This implies that the

main effect of high-frequency waves is plasma heating, whereas wave-induced transport

processes play a minor role in establishing the temperature.
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Figure 2. GAE frequency (horizontal line), Alfvén continuum branches with the

mode numbers m,n and m + 1, n (curves 1, 2), and the radial profile of the beam

ions (curve 3). This sketch demonstrates the energy channelling by a GAE mode: the

mode receives the energy of the beam ions mainly inside the region r < r1 but gives

the energy to electrons due to the continuum damping at r ≈ re.

When the plasma region heated by the waves is located away from the region where

the waves receive the energy of the energetic ions, one can say that the destabilized

modes channel the energy of the energetic ions from one region to another one. For

instance, this can be the case when beam particles with a peaked radial distribution

destabilize high-frequency GAE modes, so that the main mechanism of the wave

damping is the continuum damping at the periphery, see figure 2. Of course, this effect

is significant provided that the power density received by the waves from the beam ions

is considerable. If the waves receive a major part of the power injected into the plasma

core, the energy channelling will lead to a decrease of the temperature at the plasma

centre and an increase at the periphery. In other words, the energy channelling plays

an important role when the magnitude of 2γαW is comparable to the injected power

density and the energy range of the resonance wave–particle interaction is wide, from

an energy close to the birth energy (E0) to E ≪ E0.
The slowing down process is accompanied by radial motion of the ion (outwards

when m < 0, i.e., when the modes rotate in the ion diamagnetic direction, and inwards

when m > 0). However, the ion displacement is very small at high ω, as follows from

the characteristics of the quasilinear equation:

dr2 =
2m

MαωBαω
dE . (20)

Note that equation (20) does not depend on the particle mass, but depends on the
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electric charge. Therefore, it follows from this equation the acceleration of the electrons

due to the wave damping leads to the electron motion outwards when m < 0. This

means that flattening of F (r) during quasilinear evolution tends to increase the electron

temperature at the periphery.

Let us consider equation (19) for the heat flux in more details. We observe that the

heat flux, like the particle flux, is determined by both convection and diffusivity (the

diffusivity term is responsible for the anomalous heat conductivity):

qe = qconve + qconducte , (21)

where qconve is the first term (proportional to ∂/∂E) in equation (19) and qconducte is the

second term (proportional to ∂/∂r) in this equation. The ratio of qconducte /qconve is small

(unless the wave spectrum is symmetric, in which case the convective term vanishes)

when ω ≫ ω∗e. The convective flux decreases the electron temperature (∇ · qconv
e > 0)

in the region where ∂D/∂r > 0 and increases the temperature (∇ · qconv
e < 0) in the

region with ∂D/∂r < 0. This implies that when the mode is located in the region

rmin < r < rmax, the convection deteriorates the energy confinement at r & rmin and

improves the confinement at r . rmax (although qconve (r) ≥ 0 everywhere). When D
weakly depends on r inside the region of the mode location, ∇ · qconv

e is small, and the

transport is determined by the conductivity. The convection plays an important role in

regions with considerable gradients of the mode energy (r & rmin and r . rmax). The

described effect of the convection is demonstrated in figure 3.

Now we define the heat conductivity coefficient, χe, by means of the equation

qconducte = −neχe∂T/∂r. Then, assuming that N ≈ 1 and using equations (13), (19) and

(21), we can write the following estimate:

χe ≈
∑
m,n,s

πk2ϑc
2

B2ω2neTe

∫
d3vE|J |2δ(ω −m⟨ϑ̇⟩+ n⟨φ̇⟩ − sωb)F. (22)

Note that when the unperturbed distribution function is close to Maxwellian, then

qconve ≈ (ω/ω∗e)q
conduct
e . Therefore, knowing χe and, thus, q

conduct
e , one can evaluate the

convective flux as

qconve ∼ MωBωne

kϑ0
χe, (23)

where kϑ0 is a characteristic kϑ.

We evaluate first χe for the circulating particles. Taking into account that these

particles interact with waves mainly through the main resonances (s = 0) and the

sideband resonances with s = ±1 (we assume that the poloidal wave length well exceeds

the electron orbit width) and using the results of reference [7], we can write:

J c =
vD
2
|Ẽ⊥|δs,±1 + v∥Ẽ∥δs,0, (24)

where Ẽ⊥ and Ẽ∥ are components of the wave electric field across and along the

equilibrium magnetic field, respectively, vD is the particle drift velocity, the superscript

“c” labels circulating particles, δi,j is the Kronecker symbol. The longitudinal electric
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Figure 3. Electron convection caused by a mode located in the middle of the plasma

radius. The upper curve represents qe(r); the lower curve, −dqe/dr. We observe that

qe(r) > 0, but dqe/dr < 0 in the region where the mode amplitude decreases with

radius, which means that the plasma is heated in this region. A standard NSTX

equilibrium with the magnetic field on the axis B = 0.45 T was used, the mode was

described by B̃ = ∇ × (αBB), where αB = αmn(ψp) sin(nφ − mϑ), m/n = 20/20,

αmn(ψp) was a Gaussian, ψp the poloidal magnetic flux, αmax = 10−4, and the mode

frequency is 778 kHz. There were 20 000 of 30-keV electrons, initially all at one surface.

Calculation was carried out by the code ORBIT.

field of Alfvén waves is small. However, the electron drift velocity is small, too.

Therefore, it is not clear which term in equation (24) is the most important. To compare

them, we note that

Ẽ∥ = −k⊥k∥ρ2s Ẽ⊥, (25)

where ρs = cs/ωBi, with cs =
√
Te/Mi. Then we conclude that the Ẽ∥ term dominates

provided that

2

√
Mi

Me

k∥k⊥Rρs ≫ 1. (26)

Equation (26) is normally satisfied and, thus, the resonance ω = k∥⟨v∥⟩ is mainly

responsible for the heat transport by circulating electrons. Keeping only the s = 0

term in equation (22), we obtain:

χc
e ≈

∑
m,n

1

4ϵ2
k2ϑ
k2∥

(
ω

k∥ve

)4
c2

k∥ve

|Ẽ∥|2

B2
0

, (27)

where ve =
√
Te/Me, ϵ = r/R.
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In contrast to the circulating electrons, the trapped electrons effectively interact

with waves through many resonances corresponding to various s. Due to this, particles

in a wide energy range can contribute to the transport. To calculate the diffusivity

coefficient, we replace the sum over s with an integral in equation (13). As in the case

of the circulating particles, we take into account only the longitudinal electric field, Ẽ∥.

One can show that this is justified when

s

3

√
Mi

Me

k⊥ρs ≫ 1, (28)

which, typically, is satisfied. To obtain this equation, we have taken into account

that the Ẽ∥ term in J t equals sωb/k∥, whereas the Ẽ⊥ term is of the order vD [7].

Then J t = Ẽ∥Js(z)ω/k∥, with Js(z) the Bessel function, z = 2κk∥qR, and κ the

particle trapping parameter. The high frequency instability observed in NSTX [2, 3]

had k∥qR ≫ 1. Assuming that this condition is satisfied, we approximate the Bessel

function as J2
s (z) = (2/π) cos2(. . .)/

√
z2 − s2 [12]. Then we obtain from equation (22)

the trapped electron conductivity coefficient as follows:

χt
e =

∑
m,n

n2q2c2|Ẽ∥|2

r2k2∥B
2neTe

∫
d3v

EF√
(2κk∥qRωb)2 − ω2

≈
∑
m,n

n2q2c2

r2k3∥ve

|Ẽ∥|2

B2
Λ, (29)

where Λ = ln(α+
√
α2 − 1), and α = 2k∥ve

√
ϵ/ω.

Quasilinear theory is based on the assumption that resonances corresponding to

various wave numbers overlap, in which case collisionless particle motion is stochastic.

Nevertheless, one can use this theory even in the case of a monochromatic wave

provided that the particle motion is stochastic for some reason (due to overlap of bounce

resonances, Coulomb collisions etc.). Let us obtain first a condition of stochasticity

for collisionless trapped particles in a monochromatic wave. The resonance velocity vs
corresponding to the bounce resonance with the number s is determined by the equation

ω = sωb(vs). This leads to ∆v ≡ vs−vs+1 = vs/(s+1). On the other hand, the width of

the resonance island (resonance width) in the presence of Alfvén waves can be evaluated

by taking δvres = δvres∥ /
√
ϵ, where δvres∥ is (see reference [4] and Appendix A for details):

δvres∥ = 4
√
eE∥/(k∥M). (30)

Now we can write:

Kt ≡ δvres

∆v
= (s+ 1)

δvres

vs
=

2
√
2(s+ 1)

k∥qR

ωw

ωt
bs

> 1, (31)

where ωt
bs = vs

√
ϵ/(

√
2qR) is the bounce frequency of the deeply trapped electrons

with the velocity vs, ωw = k∥δv
res
∥ . Equation (31) is in qualitative agreement with

the stochasticity condition obtained in reference [13] with a more rigorous procedure.

It is satisfied for sufficiently large s. However, it can hardly be satisfied for the

s = 1 resonance which provides interaction of waves with trapped particles having

the highest energy. Therefore, it is of interest to obtain a stochasticity condition for

the case when several waves are destabilized. Assuming that ω = k∥vA, let us consider
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waves with the longitudinal wave numbers k∥1 and k∥2. Particles interacting with these

waves through a bounce resonance with given s have such velocities vres1 and vres2 that

vres2 − vres1 = vres1 (∆m− q∆n)/(k∥1qR), where ∆m = m2 −m1 and ∆n = n2 − n1. Then

for a particular case of ∆m = 1, ∆n = 0 we obtain:

Kt = k∥1qR
δvres

vres1

> 1. (32)

This condition can be satisfied when k∥qR ≫ 1.

Collisionless motion of the circulating particles interacting with the waves mainly

through the s = 0 resonance can be stochastic only in the presence of waves with

various mode numbers. In this case, the finite radial mode width is of importance. Let

us assume that modes with the numbers m and m + 1 are located around the radii r1
and r2, respectively, and that r12 ≡ |r2 − r1| is less than the mode width, so that these

modes overlap. Using the resonance condition ω = k∥v∥ and taking ω = k∥vA, we can

write the resonance velocities at r = r2 as follows:

v
(1)
2 =

vA1

1 +
k
(1)′
1

k
(1)
1

r12 +
k
(1)′′
1

2k
(1)
1

r212

, (33)

v
(2)
2 = vA2 = vA1

(
1 +

v′A1

vA1

r12 +
v′′A1

2vA1

r212

)
, (34)

where superscripts “(1)” and “(2)” label the resonant parallel velocity in the field of the

modes with the numbers m and m+1, respectively, the subscripts “1” and “2” refer to

the points r1 and r2, k1,2 ≡ k∥(r1,2), prime denotes the radial derivative. Then

∆vc∥ ≡ v
(2)
2 − v

(1)
2 = vA1

[
v′′A1

2vA1

−
(
v′A1

vA1

)2

+
k′′1
2k1

]
r212 ≡

r212
L2
ef

vA1, (35)

where Lef is a characteristic length of inhomogeneity. When ∆vc∥ < δvres∥ , the particles

with v∥ ≈ vA located in the interval r1 . r . r2 are in resonance with both waves. This

condition is easily satisfied when r12 is sufficiently small.

Stochasticity conditions for marginally circulating and marginally trapped particles

are milder.

Note that although the obtained equations for the heat flux are general, particular

estimates of the heat conductivity coefficients [equations (27) and (29)] are made in the

assumption that the velocity distribution is Maxwellian. This assumption is justified

provided that the collision term dominates in equation (12). Let us see when this can

be the case. We evaluate the quasilinear term [the first term in equation (12)] and the

collisional term for the trapped particles as follows:

CQL ∼ D F

(∆E)2QL

∼
e2ω2Ẽ2

∥F

k3∥ve(∆E)2QL

, (36)

CCOL ∼ νeT
2
e

F

(∆E)2QL

, (37)
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where (∆E)QL and (∆v)QL represent the width of the resonance region. It follows from

equations (36), (37) that the condition CCOL ≫ CQL for the trapped particles can be

written as

νe
k∥ve

≫ ϵ2
(
δvres

4ve

)4
v2A
v2e
. (38)

In the case of the circulating particles we have:

CQL ∼
πe2E2

∥F

M2vr(∆v∥)2QL∆k∥
, (39)

CCOL ∼ νe
v2e

(∆v∥)2QL

F, (40)

where (∆v∥)QL is the width of the resonance region. We obtain from here that the

distribution function of the circulating electrons is close to Maxwellian provided that

νe
k∥ve

≫
(
δvres∥

4ve

)3 δvres∥

(∆v∥)QL

. (41)

In a particular case of monochromatic wave (∆v∥)QL = δvres∥ . Then equation (41) is

reduced to the condition of plateau regime of reference [4], and the heat conductivity

coefficient given by equation (27) for ve
√
ϵ = v∥ = ω/k∥ coincides with the corresponding

coefficient obtained in reference [4] for the plateau regime.

4. Analysis of experimental observations on W7-AS and NSTX

In this section we apply the developed theory to experiments on W7-AS and NSTX,

where Alfvénic activity affected the electron heat transport.

We begin our analysis with the comparison of experimental observations in these

devices. First of all, we note that only high frequency instabilities in the range of

f ≡ ω/2π ∼ 0.5 ÷ 1.1 MHz, which were identified as GAE modes [10], influenced the

electron heat transport in NSTX [2]; the observed instabilities in the range of 0÷200 kHz

had no visible influence on the electrons. The multiple GAEs resulted in flattening of

the electron temperature in NSTX, the effect growing with the injected power (2 MW,

4 MW, and 6 MW in the discharges #120442, #120434, and #120438, respectively) [2].

In W7-AS both Alfvénic activity with frequencies of 100−250 kHz (discharges #43363)

and low frequency activity with f ∼ 40 ÷ 70 kHz (discharges #30319 and #34723)

considerably reduced the global confinement time, see figures 4–6. We select the W7-

AS discharge #34723 and the NSTX discharge #120438 for further consideration. Their

characteristic parameters are given in table 1.

A single mode was responsible for thermal crashes in the W7-AS discharge #34723.

This mode was identified as Non-conventional Global Alfvén Eigenmode, NGAE, —

the mode in currentless plasmas with the frequency above a maximum of an Alfvén

continuum branch (in contrast to the conventional Global Alfvén Eigenmode, GAE,

having the frequency below a minimum of an Alfvén continuum branch) [4, 11, 14].
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Figure 4. Bursting Alfvén instability in the Wendelstein 7-AS discharge #34723.

Thermal crashes occur at the end of the instability bursts, strong frequency chirping

down takes place at the pre-crash state.

Figure 5. Deterioration of the energy confinement time in Wendelstein 7-AS during

a quasi-steady-state low frequency Alfvén instability in the discharge #30319.

Figure 6. Quasi-steady-state multiple Alfvén modes accompanied by deterioration of

the energy confinement time in Wendelstein 7-AS discharge #43363.



Effects of energetic-ion-driven instabilities 17

Table 1. Characteristic parameters at r/a = 1/3 in the W7-AS discharge #34723 and

NSTX discharge #120438. Notations: A = R/a, ω0
∗e = mv2e/(rωBa), ve =

√
Te/Me,

νe is the electron collision frequency, tcr is the moment when the thermal crash started,

ωt
b = ve

√
ϵt/(

√
2qR), ϵt is the toroidal Fourier harmonic of the magnetic field, ϵt = ϵ

in NSTX and ϵt ≈ ϵ/2 in W7-AS [11], zef is the effective charge number.

A f , kHz m/n ω
ωt
b

vA
ve

νe
k∥ve

ω
ω0
∗e

W7-AS 13 45 (t = tcr) 5/2 2.3 0.28 2.8 1.8

NSTX 1.2 ∼ 800 7/2 ∼ 1 0.07 10−3zef 80

The conditions of existence of NGAE modes in currentless stellarators differ from those

for the Reversed Shear Alfvén Eigenmodes, RSAE, in tokamaks, although the RSAE

frequency is located also above a maximum of the Alfvén continuum [14]. The observed

NGAE instability had the frequency chirping down, the chirping occurred at the pre-

crash stage of the instability bursts, see figure 4. On the other hand, the frequency

chirping down, as shown in section 2, can be a consequence of the Doppler shift increasing

in time. Thus, it is of interest to make corresponding estimates in order to see whether

the observed drops of the frequency, 20÷ 25 kHz, can be explained by this mechanism.

The NGAE mode was located in the region r = 3÷5 cm, which implies that the energetic

ions emitted plasmons in this region. The region of the wave damping was located at

larger radii where a Kinetic Alfvén Wave (KAW) propagated. This implies that re > rα
and, therefore, the Doppler shift can result in considerable chirping. To evaluate the

effect, we note that for the Alfvén waves

W

neTe
=

2

βe

(
B̃

B

)2

, (42)

where βe = 8πneTe/B
2. We take βe = 0.7% (B = 1.2 T, ne = 1020 m−3, Te = 0.26 keV)

and B̃/B = 3 × 10−4 (this seems reasonable for a core localized NGAE because at the

plasma edge B̃ϑ(a)/B = 10−4; B̃ in the core region is not known from the experiment),

which yields W/neTe = 2.7× 10−5. Assuming that the duration of the pre-crash stage,

τ chirp, is less than τvis, we replace τvis with τ chirp in equation (10) in order to evaluate

the extra rotation velocity achieved for τ chirp ≈ 0.7 ms. Then, taking into account

that γα/ω = 2 × 10−2 for the pre-crash stage [11] and vi = 1.15 × 107 cm s−1, we

obtain uiϑ/vi ∼ 10−2 and ∆ω = muiϑ/r ∼ −23 kHz, which agrees with the experiment.

Probably, the Doppler shift caused by the instability-induced toroidal rotation is small

because, first, kϑ ≫ kφ and, second, the mirror component of the equilibrium magnetic

field, ϵm, was rather large in the core region.

Note that an alternative mechanism of the frequency chirping in the considered

experiment is the evolution of equilibrium [11]. To conclude which one is most important

or both are essential, a more detailed study is required.

Fourier harmonics of the equilibrium magnetic field in W7-AS are rather small, the

largest ones (the mirror harmonic, ϵm, and the toroidal harmonic, ϵt) do not exceed
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2.5 × 10−2 in the region r/a < 0.5 [11]. Therefore, the number of trapped particles is

small. Furthermore, the locally trapped electrons weakly interact with the waves because

ω ≪ ωloc
b (ωloc

b is the bounce frequency of the locally trapped electrons). The circulating

particles in W7-AS can strongly interact with the waves due to the resonance ω = k∥v∥
because vA/ve = vres∥ /ve >

√
ϵt. In contrast to this, ω = ωt

b, vA/ve = vres∥ /ve ≪
√
ϵ, and

the number of the trapped particles is large in NSTX. This implies that wave-particle

resonance interaction involves mainly circulating electrons in W7-AS, whereas mainly

trapped electrons interact with the waves and may play the main role in the observed

anomalous transport in NSTX. Another important difference between the W7-AS and

NSTX experiments is associated with the very large ratio of ω/ω∗ in NSTX. Because of

this, the anomalous heat conductivity can hardly be responsible for anomalous electron

transport in NSTX. However, in W7-AS the heat conductivity is sufficiently large,

especially due to strong collisions (νe > k∥ve) and can result in thermal crashes [4].

Let us evaluate χe in NSTX. Equations (27) and (29), which determine the heat

conductivity, cannot be used because Ẽ∥ is not known from the experiment. Instead,

the line-averaged fluctuation amplitude of the electron density, ⟨ñe⟩/⟨ne⟩ = 1.5× 10−4,

is known [3]. Therefore, we have to express Ẽ∥ through ñ. Note that Ẽ∥ = 0 in

the ideal MHD approximation. However, in reality it never vanishes. As one can

see from equation (25), Ẽ∥ is considerable for the high frequency MHD modes having

k∥qR ≫ 1, which was the case in the NSTX experiments where the mode frequencies

reached 1.1 MHz. In addition, it is likely that KAWs generated at points of the local

Alfvén resonances associated with GAE satellite harmonics considerably contribute to

formation of Ẽ∥.

For the Alfvén waves ñe ≈ ñi; the magnitude ñi is connected with the radial ion

displacement, ξr, by the incompressibility condition, ñ+ n′
0ξr = 0; ξr is connected with

the perturbed poloidal electric field by the equation cẼϑ + iωBξr = 0. Using these

equations and equation (25) and assuming that Ẽ⊥ ∼ Ẽϑ, we obtain:

Ẽ∥ =
iωk∥
ckϑ

k2⊥ρ
2
sBLn

ñe

n0

. (43)

Now we can write equations (27) and (29) as

χc
e =

∑
m,n

1

4
k4⊥ρ

4
sL

2
nω

(
vr
ve

)5(
ñe

n0

)2

, (44)

χt
e =

∑
m,n

Λk4⊥ρ
4
s

n2q2

m2

ω2L2
n

k∥ve

(
ñe

n0

)2

. (45)

Assuming that ñe in the region of the instability exceeded ⟨ñe⟩ by a factor of three

and taking into account that the modes with n = 2, 3 dominated in the experiment,

we obtain that χe ∼ 1 m2 s−1, the main contribution coming from trapped particles

(the estimates are made for r/a = 1/5, where χe calculated in reference [2] has a

maximum). This is much less than the heat conductivity coefficient calculated by

TRANSP, χmax
e = 200 m2 s−1 [2], which exceeds the Bohm diffusion coefficient,
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DB = 125 m2 s−1. This is not surprising: because ω ≫ ω∗e, the energy channelling

and heat convection rather than the conductivity should play the main role. The

code TRANSP ignoring these processes predicts χef
e defined by equation (4), which

well overestimates the real heat conductivity coefficient.

Let us see whether the conditions of effective energy channelling are satisfied. First

of all, a large fraction of the NBI (Neutral Beam Injection) power [Pinj(r)] in the core

region should be transferred to the waves. In NSTX Pinj(0) ∼ 1 MW m−3 when the

total NBI power Pinj = 6 MW. The beam power density transferred to the waves is

Pα = 2γαW = 2ω
γα
ω

B2
0

4π

B̃2

B2
0

, (46)

where B̃/B0 can be evaluated as B̃/B0 ∼ k∥Lñe/ne ∼ 5 × 10−3. Using this

estimate and B0 = 0.45 T, f = 1 MHz, we obtain that Pα ∼ 1 MW m−3 for

γα/ω = 2 × 10−2, which is quite reasonable. It is clear that an energetic ion can

be slowed down due to the interaction with the waves provided that the resonance

region is suitable for this. The resonant velocities of the beam ions are determined by

ω = [k∥ ± s/(qR)]v∥, with s integer, the |s| > 1 resonances contributing considerably

due to large orbit width of the beam ions [11]. Taking |s| = 0, 1, 2, 3, 4 and

f = 1 MHz, v0/vA = 2.9 (with v0 the birth velocity) we obtain the resonance

velocities vresχ/v0 = 0.21, 0.23, 0.26, 0.29, 0.34, 0.40, 0.49, 0.64, 0.9, where χ is the

particle pitch angle. Thus, there are resonances of the 1 MHz mode in the region

vres/v0 = (0.22 ÷ 0.95)/χ. The presence of many modes with the frequencies from

0.5 MHz to 1.1 MHz, which are observed experimentally, provides much more resonances.

The resonance width can be evaluated from equation (30). This consideration enables

us to conclude that the waves receive a large fraction of the injected energy.

The estimates above were made in the assumption that the radial position of the

beam ions does not change during slowing down, which agrees with the experimental

result showing no radial redistribution of the beam ions [2]. This agrees with our theory:

Using equation (20) and assuming that a 90-keV ion is slowed down to E = 0, we obtain

that the ions are displaced negligibly; for instance, a particle born at r/a = 0.2 will be

displaced by 0.1 cm.

Of course, specific calculations are required to see whether the energy channelling

can indeed be responsible for radial profiles of the plasma temperature observed

experimentally. Corresponding calculations based on a simple model were carried in

reference [5]. They have demonstrated that the energy channelling seems to be a

natural mechanism explaining the experimentally observed effects of instability on the

temperature profile.

Note that an alternative explanation of the NSTX experiments was proposed in

reference [15]. According to that work, these experiments can be explained by anomalous

heat conductivity caused by stochastization of the magnetic field lines by multiple

GAE instabilities. It is not clear, however, whether the plasma cooling due to the

stochastization can exceed the plasma heating due to wave damping. Moreover, we
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think that this is unlikely: our theory (see section 3) predicts a restriction on the

wave-induced heat flux, ∇ · qe < Qe when ω ≫ ω∗e (except for a particular case of a

monochromatic wave with Γres
e ≈ 0). That is why we believe that the energy channelling

is the only mechanism capable to explain the experiment. Nevertheless, heat convection

and anomalous heat conductivity could also play an important role. They could not only

contribute to the formation of the electron temperature profile but also be responsible

for the rapid propagation of temperature perturbations produced by pellet injection —

an observation reported in references [2, 3].

There is a question of why instabilities in the frequency range of 0÷200 kHz observed

in the same NSTX discharge #120438 had no influence on the electron temperature.

To answer this question, it seems sufficient to consider wave–particle resonances. For

the circulating particles the s = 0 resonance with the Alfvénic perturbations does not

depend on the wave frequencies, vres∥ ≈ vA. Therefore, vres∥ /ve ≈ 0.07 ≪ 1 and, thus,

like in the case of the high frequency instabilities considered above, circulating electrons

weakly interact with the waves. One can see that resonance interaction of trapped

particles and low frequency perturbations involves also only electrons with very small

energies. Indeed, ω = ωt
b for the 800 kHz oscillations (see table 1). We infer from this

that, e.g., the 100 kHz perturbations interact with trapped electrons having the energy

E/Te = 1/64.

5. Summary and conclusions

A theory of the electron transport and heating caused by energetic-ion-driven

instabilities in toroidal plasmas is proposed, which is supplemented by a qualitative

analysis. The obtained results can be summarized as follows.

It is shown that energetic-ion-driven instabilities can channel the energy and

momentum of the energetic ions from the region where the energetic ions are located

to the region where the destabilized modes are damped, see also [5]. This mechanism

almost does not affect the radial redistribution of the energetic ions. It can be effective,

in particular, when high frequency GAE modes are destabilized. In this case it leads

to cooling the plasma core and heating the periphery. It is likely that the energy

channelling was the main mechanism leading to the decrease of the electron temperature

in the plasma centre with an increase of the injection power, which was observed in an

experiment on NSTX [2]. Note that this energy channelling is a new phenomenon, it has

nothing to do with the alpha channelling predicted earlier [16]: the alpha channelling

does not redistribute the energy and momentum along the plasma radius; it leads to

heating of ions rather than electrons.

According to the developed theory, there are two physical mechanisms responsible

for the anomalous electron transport across the magnetic field. They are the anomalous

heat conductivity and the heat convection caused by the waves. Based on bounce-

averaged equations of the quasilinear theory, anomalous heat conductivity coefficients

for the circulating particles and trapped particles are derived for the case of Alfvén
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instabilities. Conditions of their applicability are obtained.

It follows from our analysis that energetic-ion-driven instabilities can strongly affect

the electron heat transport across the magnetic field, but their influence on the particle

transport is small. This conclusion agrees with experimental observations on W7-AS

and NSTX.

The factors responsible for the increase of the electron temperature at the periphery

are revealed. They are the energy channelling, the acceleration of electrons during their

motion outwards in the wave field, and the finite width of the instability region. In

particular, due to the finite width of the instability region, the fluctuation amplitudes

have a maximum at a certain radius, rm, vanishing at some radii for r < rm and r > rm.

Because of this, the instability leads to flattening of the originally peaked electron

temperature, with the increase of Te at r > rm (∇ · qe > 0), where the fluctuation

amplitudes decrease (∇ · qe < 0).

It is concluded that energetic-ion-driven instabilities can lead to plasma rotation

and concomitant frequency chirping. The rotation arises owing to momentum

channelling. The increase of the rotation velocity after the beginning of the instability

leads to a change of the Doppler shift, which implies that the development of the

instability is accompanied by frequency chirping. The effect is larger when the waves

are mainly emitted at a smaller radius than the radius of the wave absorption, in which

case the frequency chirping down takes place.

It is emphasized that the generation of KAWs can play an important role, leading

to anomalous electron heat transport beyond the region where the ideal MHD modes

are located.

W7-AS and NSTX experiments where the electron transport was anomalous

because of Alfvén instabilities excited by the energetic ions are considered. A discharge

with strong thermal crashes in W7-AS and a discharge with the largest injected power

and largest flattening of the electron profiles in NSTX were selected for analysis. It is

concluded that different mechanisms are responsible for the anomalous phenomena in

these facilities: it is the heat conductivity in W7-AS; they are the energy channelling and

the heat convection in NSTX. It is found that circulating electrons are mainly affected

by the waves in the W7-AS discharge, whereas trapped electrons are responsible for the

effects observed in NSTX. The conclusion that mainly trapped electrons were influenced

by the instabilities with f ∼ 1 MHz in NSTX is actually supported by fact that no

effects on the electrons were observed in the same discharge during the instabilities

below 200 kHz, for which the wave-particle resonances are possible only for electrons of

very low energies, E ≪ Te. It is found that strong frequency chirping down during the

instability bursts in W7-AS can be explained by poloidal plasma rotation caused by the

instability at the pre-crash stage.

It follows from our analysis that the key factor responsible for the influence of

energetic-ion-driven instabilities on plasma heating, radial transport of electrons and

plasma rotation is non-local momentum and energy exchange between the waves and

particles of different species, which is a consequence of the fact that the regions of the
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wave emission and absorption are different. Depending on the magnitude of the local

imbalance along the radius, the instabilities have either small or large influence on the

bulk plasma properties.
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Appendix A. The width of the resonance region for the particles trapped

by Alfvén waves

In this appendix we estimate the width of a resonance island in v∥, which has been

denoted above as δvres∥ . To reach this aim, we derive an invariant of the particle motion

in the electromagnetic field of a perturbation. For simplicity we neglect the plasma

rotation and toroidicity. We assume that the perturbation consists of one harmonic

∝ exp(iα) with α = mϑ−nφ−ωt and is Alfvénic in the sense that the magnitude of the

magnetic field is weakly perturbed, which gives us grounds to take Ã = Ã∥b ≈ Ãφ∇ϕ,
where the tildes refer to the perturbation, b = B/B, and A is the vector potential. On

the other hand, we take into account the non-zero longitudinal electric field of the wave

(which is beyond the ideal MHD approximation). In what follows we assume that the

co-ordinates ϑ and φ are Boozer coordinates [18], which enables us to take the following

simple gauge for the unperturbed vector potential [19]:

Ar0 = 0, Aϑ0 = ψ, Aφ0 = −
∫

dψ ι(ψ), (A.1)

where ψ = ψ(r) is the toroidal magnetic flux, ι is the rotational transform, the subscripts

r, ϑ and φ denote the corresponding co-variant components in the co-ordinate system

(r, ϑ, φ), the subscript “0” refers to the equilibrium state.

If the aspect ratio of the plasma torus is large, the drift Lagrangian [17] in the

co-ordinates (r, α, ϕ) takes the form:

L = Iφφ̇+
1

m

(
e

c
Aϑ +Mv∥

Bϑ

B

)
α̇+Mv∥

Br

B
ṙ −H, (A.2)

where the quantities Iφ and H given by

Iφ =
e

c
Aφ +Mv∥R +

n

m

(
e

c
Aϑ +Mv∥

Bϑ

B

)
, (A.3)

H = E + eΦ− ω

m

(
e

c
Aϑ +Mv∥

Bϑ

B

)
(A.4)

are constants of motion since the Lagrangian is independent on ϕ and t, R is the major

radius of the plasma torus, Φ is the scalar potential.

We use the invariants Iφ and H to study the resonant particle motion. We assume

that Φ vanishes in the equilibrium state, Φ0 = 0 (our calculations with Φ0 ̸= 0 give

the same estimate). One can show that the contribution of the terms containing
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B̃ is negligible when the Larmor radius is sufficiently small. Then we simplify the

invariants (A.3) and (A.4) as follows:

e

c

( n
m

− ι
)
∆ψ − e

c
ι′(∆ψ)2 +Mv∥R +

e

c
Ãφ = const, (A.5)

1

2
Mv2∥ + eΦ̃− ωe

mc
∆ψ = const, (A.6)

where ∆ψ = ψ − ψres, the subscript “res” refers to the exact resonance ω = k∥v∥,

k∥ = (mι − n)/R, ι′ = dι/dψ, and we have restricted ourself to second-order terms

while expanding equation (A.1) in ∆ψ. Equations (A.5) and (A.6) are quadratic in

∆ψ and v∥. They describe the structure of resonant islands in the phase space, the

Ãφ-term providing modulation depending on angles, the first-order terms relating the

particle deviations in ∆ψ and v∥, and the second-order terms determining the island

width. For the thermal electrons, the main factor leading to detuning of a particle from

the resonance is the particle acceleration (represented by the term Mv2∥/2) rather than

the change of k∥ (represented by the ι′-term). Therefore, we neglect the latter term and

exclude ∆ψ from these equations to obtain:

1

2
M(∆v∥)

2 + eχ = const, (A.7)

where ∆v∥ = v∥ − v∥res, v∥res = ω/k∥ is the resonant longitudinal velocity, χ =

Φ̃− ωÃ∥/(ck∥) so that Ẽ∥ = −∇∥χ.

Let us use equation (A.7) to find the resonance island width δvres∥ . Obviously,

χmax = −χmin = Ê∥/k∥, where Ê∥ is the amplitude of Ẽ∥, χmax and χmin are the

maximum and the minimum of χ, respectively. As ∆v∥ = 0 at the X-point of the

resonance island separatrix, we obtain the following equation for ∆v∥max (maximal ∆v∥
at the separatrix):

1

2
M(∆v∥max)

2 + eχmin = eχmax, (A.8)

whence we have

δvres∥ = 2∆v∥max = 4

∣∣∣∣∣ eÊ∥

Mk∥

∣∣∣∣∣
1/2

. (A.9)

Thus, in the assumptions we have made, the resonance width for the electromagnetic

waves is exactly the same as for the potential waves.
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