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Abstract

Tearing mode stability is normally analysed using MHD or two-fluid Braginskii plasma models.
However for present, or future, large hot tokamaks like JET or ITER the collisionality is such as
to place them in the banana regime. Here we develop a linear stability theory for the resonant
layer physics appropriate to such a regime. The outcome is a set of ‘fluid’ equations whose
coefficients encapsulate all neoclassical physics: the neoclassical Ohm’s law, enhanced ion
inertia, cross field transport of particles, heat and momentum all play a role. While earlier
treatments have also addressed this type of neoclassical physics we differ in incorporating the
more physically relevant ‘semi-collisional fluid’ regime previously considered in cylindrical
geometry; semi-collisional effects tend to screen the resonant surface from the perturbed
magnetic field, preventing reconnection. Furthermore we also include thermal physics, which
may modify the results. While this electron description is of wide relevance and validity, the fluid
treatment of the ions requires the ion banana orbit width to be less than the semi-collisional
electron layer. This limits the application of the present theory to low magnetic shear — however
this is highly relevant to the sawtooth instability - or to colder ions. The outcome of the
calculation is a set of one-dimensional radial differential equations of rather high order. However,
various simplifications that reduce the computational task of solving these are discussed. In the
collisional regime, when the set reduces to a single second order differential equation, the theory
extends previous work by Hahm et al (Phys Fluids 31 3709 (1988)) to include diamagnetic-type
effects arising from plasma gradients, both in Ohm’s law and the ion inertia term of the vorticity
equation. The more relevant semi-collisional regime pertaining to JET or ITER, is described by a
pair of second order differential equations, extending the cylindrical equations of Drake et al.
(Phys Fluids 26 2509 (1983)) to toroidal geometry.

1. Introduction

Magnetic reconnection is believed to play a role in important tokamak phenomena such
as sawteeth, neoclassical tearing modes (NTMs) and disruptions. It is normally analysed
using resistive MHD or two-fluid Braginskii plasma models. Present large tokamaks,
however, operate in a low collisionality regime where a kinetic model is appropriate. This
was recognised in the development of neoclassical tearing mode theory, in both linear [1,
2] and non-linear [3, 4] situations, where the perturbed bootstrap current provides an
instability source. A related theory of neoclassical bootstrap current driven, twisting
parity ballooning modes was presented in Ref. 5. In these theories one can develop a
systematic expansion procedure about a resonant surface, m = nq, where q is the safety
factor, in which effective, fluid-like equations are derived but whose coefficients



encapsulate kinetic effects, such as particle trapping: ‘neoclassical fluid’ equations. The
linear theory presented in Refs. 2 and 5 was appropriate to a situation where these fluid-
like equations were more collisional, in the sense that the collision frequencies v,

exceeded the mode frequency, ®. Thus it omitted ‘semi-collisional’ electron effects
occurring when ov, ~kﬁvt2he, with k, a parallel wave-number and v,  the electron

thermal velocity, previously considered in cylindrical geometry [6, 7, 8, 9]: in this regime
there is a balance between parallel diffusive transport and the mode frequency. These
semi-collisional effects tend to screen the resonant surface from the perturbed magnetic
field, preventing reconnection and one finds that tearing mode instability requires large
A" [8], where A’ is the familiar tearing mode stability parameter.

Reference 8 has given the criterion for the validity of this semi-collisional theory as
B.(L,/L,) >1, where B, =2u,n.T,/B%is the electron beta, L =Rq/§ (where
S= (r/ q)(dq/ dr) is the magnetic shear) is the shear length and L_ is the density scale-

length (R is the tokamak major radius, a the minor radius and r the radius of a given flux
surface). Large tokamaks such as JET, and eventually ITER, operate in a regime where
the collisional limit is not justified. Thus if we take typical ITER parameters

[n,(r/a=0.3)~10"m”,T,(r/a=0.3)~22keV, B =5.7T, R/a=2.9], assume q = | and
that this lies near r/a ~ 0.3, and L, ~a, then B, (L,/L, )2 ~0.12/§%. Clearly for §<< 1,

the semi-collisional regime is appropriate, a situation very relevant to sawtooth
modelling.

Here we develop a theory that incorporates these semi-collisional effects into the
neoclassical formalism. Furthermore, we include the effects of radial temperature
gradients and thermal transport, absent from some earlier treatments (although electron
neoclassical transport can be retained, its effect is negligible). The inclusion of thermal
effects is of interest because there is evidence, e.g. from T-10 [10], that the radial electron
temperature gradient, dT./dr, plays a role in the sawtooth phenomenon, with sawteeth
being triggered when it exceeds a critical value. For the narrow semi-collisional resonant
layers under discussion here, the question arises of whether to treat the ions as
magnetised, k p. <1, or un-magnetised, k p, >1, where k  is a perpendicular wave-

number and p, is the ion Larmor radius. This has only been addressed within a

cylindrical model [11] (although the case where the resonant layer is less than ps, the ion
Larmor radius at the sound speed, has been treated for the cold ion fluid model in toroidal
geometry [12]). In this work we consider the magnetised case, which can be justified at
low magnetic shear, $<<1, a situation again relevant to the sawtooth instability, or for
cold ions. The opposite case is extremely challenging, and will be deferred to later work,
but suffice it to say that the effects of large ion orbits provide strong stabilisation [11].

In the following sections we develop a set of equations to describe tearing mode stability,
namely coupled equations for the perturbed magnetic field, electrostatic potential and
electron and ion densities, parallel flows, including the bootstrap current, and
temperatures. Thus, Section 2 deals with the solution of the electron gyro-kinetic



equation and the corresponding ion equation. Section 3 addresses Maxwell’s equations
and Ohm’s law, while Section 4 develops the key vorticity equation. In Section 5 we
consider some particular cases of interest particular. Firstly we address the collisional

limit, ov, >> kﬁvfhe, obtaining the generalisation of the results of Ref. 2 to include the

effects of temperature gradients. We also obtain the form of the equations for the toroidal

version of the semi-collisional mode, appropriate when wv, ~kﬁvfhe, generalising the

cylindrical results of in Ref. 8 to toroidal geometry. An analytic solution of the stability
problem posed by this latter set of equations will be discussed in a later paper. In the final
section we discuss the stability problem presented by our general set of equations, their
limitations, some possible simplifications and some plausible implications. Some details
of the calculations concerning the vorticity equation, including the introduction of the
notation of Glasser et al. [13] for toroidal geometry, appear in Appendix A. For
convenience, Appendix B collects together some of the many symbols and notation
introduced in the text.

2. The Gyro-kinetic Equations
(i) General Discussion

The gyro-kinetic equation for species j is [5, 14]

. . ©; V| =~
J

(1)

where b is a unit vector along the magnetic field, v, is the particle velocity along the

magnetic field, @ is the perturbed electrostatic potential, A, is the perturbed parallel

component of the vector potential, Bll is the perturbed parallel magnetic field and we

have written the perturbed distribution as

J

e,® i
6f =_Tf0j+gje ! (2)
J

Here L, =‘k><vL/Qj

, with v, the velocity perpendicular to the magnetic field, is the

gyro-phase factor, Jo, 1 are Bessel functions of argumentz; =k v, /Q,, fo; are Maxwellian

distributions and

m:v T. dlnn;
(,O*TJ :OJ*j |:1+T]J(UJ2 —E):l, u_% —_—, OD*J :—n—J ]




Vi =LX[th’1B+VﬁKJ, Q. :ﬁ’ k=b.Vb 3)
9 2

with v the particle speed, € the cyclotron frequency of species j, k is the curvature

vector, n the toroidal mode number and all gradients are taken at constant (u, v) with p

the magnetic moment, or (A v) with A=2/v* (thus v, =ovV1-AB, with ¢ =sign(v,)).

If O is defined so that the safety factor, q=B.V@/B.V0, is a flux function, then

V)= b.V6£+b.V(pi:L i+li 4
00 o0 R’B \dp qo0
with I=RB_, so if we write g; as
g,(r,0,9) = &;(r,0 )"0 (5)
then
Vg =—— |i(nq—m) g'+a_gj (i(n0-m6) ©)
=17 R2Bq " 50
where
nq-m=nq’x , q,:d_q (7)
dy

with x =y —vy,, y, being the resonant surface where m = nq, and prime denotes a
derivative with respect to x.. It is convenient later to introduce

~ I
Vi = Sans = ®
R“Bq 00
Dropping carets we obtain
Iv og;
2—” iﬂnq'xgj +v4i.Vg; —ing; - C;(g;)
R“Bq \ 90
ie; T v,B
=—?{f0j(m—m*j) {JO(CD—V”A”)HI kL” ©)
J



which we rewrite by expanding the Bessel functions for small z; and by introducing h;:

T
P I P R V7N (10)
j T, © i T
where
Thus the parallel electric field is given by
I— (i+in 'x](d)—‘l’) (12)
1T TRBqloo T

Then the fundamental kinetic equations are

Iv oh.
— | —L+inq'xh; |+ v4.Vh;—ioh; - C;(h;)
R’Bq | 90

. 25 T

1e; v,"B € s
=——Jf0j(co—oalj) R ) i W B RS -
(13)

We will solve these equations by introducing appropriate ordering schemes for electrons
and ions. It is convenient to introduce an ordering parameter ¢, where .<3:(pe / 6)x with

0 the resonant layer width (where semi-collisional effects are manifest) and A an

exponent to be determined below, and (me/mi )1/2 , defining (me/mi )“2 =¢". We can
then exhibit the ordering of terms on the left-hand side of eqn. (13):
21 neo
(Dbj k||Vthj O‘)drj () Vj krDLj
j = electrons 1 gt e ght? e g3t (14)
j — 10nS 1 8?\,4-1 8}\,-“ 87L+2—H 87\4 83}\‘_2“

Here y; is the bounce/transit frequency, kv the transit frequency over a
wavelength Rq/8q’ associated with the resonant layer width, 8, @g,; the radial magnetic

drift frequency, respectively, for species j. (Although not explicit in eqn. (13), we have



also included k;D?, the neoclassical collisional radial diffusion rate associated with

species j, which appears during the expansion of eqn. (13) and enters our final
macroscopic equations.) This ordering automatically fulfils the semi-collisional

.. 2.2 .
condition, ®v, ~k;v,.. However, there are a number of constraints on the parameters A

and p that one may wish to impose:

« To develop a systematic and convenient g-expansion for ions: A >
o Toneglect ion sound: kv /o <I=p=>1
« To neglect cross-field ion neoclassical transport: vipiz Jo8? <1=A=1+ n/2

(equality implies retention)

These criteria are displayed in Fig. 1

Fig. 1: The ‘operating space’ for choosing the exponents A and u; J is involved in the exponents

of the powers of € :( p./ 8)k , representing the orders of the terms of the gyro-kinetic equations

as shown in eqn. (14), while (me/mi )1/2 =g".

Thus we could choose A =2, u=3/2; this allows us to ignore ion neoclassical transport

and ion sound effects. Alternatively we can choose A =7/4, u=3/2 which allows us to

retain ion neoclassical transport. Having satisfied ourselves that there is a self-consistent
ordering scheme for an expansion that allows us to ignore ion sound effects and retain ion



neoclassical transport we will proceed with this by including the various physical effects
at appropriate stages in the expansion, rather than employing the specific but complicated
choice above, which would lead to many ‘empty orders’ in a formal expansion.

We will find that the solution of eqn. (13), order by order, mirrors that in standard
neoclassical theory, with arbitrary functions being determined by collisional constraints
arising from periodicity of the bounce/transit motion. For these constraints we use
momentum conserving, pitch-angle scattering collision models. The lowest order solution

for hj is Maxwellian with perturbed densities, n s and temperatures, Tj, constant on a

flux surface. Next order determines perturbed parallel flows from which one can compute
the ion flow and bootstrap current driven by the perturbed gradients. Finally, solubility

conditions in third order lead to ‘neoclassical fluid equations’ for n; and T, in response

to the electromagnetic perturbations, which describe cross-field neoclassical transport,
parallel collisional electron transport, neoclassical compressibility and the mode
frequency, ®. However one can reasonably ignore the small electron cross-field transport
to obtain closed algebraic expressions for the semi-collisional perturbed electron density
and temperature.

(ii) Electron Solution

Dropping the e suffix on h, for brevity and introducing the proton charge e, so that ej=- e
for electrons, we have

Iv

— (@ + inq'xh) +Vg4o.-Vh —ioh - C,(h)

R“Bq \ 00
ie T vi'B | e, ok

=—fy . (o-—o ) O-F+—L [+—| 1-—= |f,.v4..V¥ 15
Te Oe( e) 2Qe Te( o j Oe Yde ( )

We order the various terms in eqn. (15) such that in zeroth order

a;—é’zo = hy =hy(v,A,x,0) (16)

and in first order

Ivy oh oh, e o, v
! _I_Ce(hO)_Vdre_O+_ (I_J]fOeVdrea_X (17)

R2Bq 0 ox T, ®

In eqn. (13)



IV” 0 IVH
Vag =Vg YV = S5 | = (18)

and everything but the collision operator is annihilated by an orbit average. For passing
particles we annihilate by applying the operator <B() N >, where

...) do do
() = SB(B).ve / qSB.Ve:gS(...)dee/qSdee, (19)
since
1 q _qR2

= = (20)
BVO BVe I

For trapped particles we integrate along the bounce orbit, summing over ¢ in the usual
way [15] to obtain the constraint:

<E Ce(h0)>:0 @1)

which determines hy, yielding

f , 3T
h = —e+ =< f 22
0 L (u 2)T } 0e (22)

It should be stressed that n, and t (and later the same quantities for ions) only represent

the contributions to perturbed density and temperature from h. , whereas in calculating
the full quantities, n_and T, one must recall we have represented f. in terms of first g,

and then h.. One can now integrate eqn. (17) to obtain

IVH

T
h, = {Ti (1_ w*eJ ‘{”f()e—hb] + hl(v,k,x,s) (23)

Q.| T, ®

€

The next order equation is
~ Iv ‘ ahl lVH Inq,X
— + ———hy = C.(h)) (24)

: |
Vi Vi + vV [Q— ™ R°B

©

Applying the operation used in eqn. (21), we obtain the constraint



<E Ce(h1)> - IIngx <i> ho 25)

which determines Hl (V, A, X, G) .

We introduce a momentum conserving, pitch angle scattering electron collision operator:

m m *
Ce(h) = v (V) {LhJFT—eVnunifOe} +Vee (V){LhJFT—eVnunefOe}
[§] €
3 3 * 3 3 2
qu = (l/nl )Id \% V”hld Vv, u”e :J.d \'% Vee(V)V”hle /Id V(meV” /TC )Veefoe (26)

Vei = Vo /(mevz/2Te )3/2; Vee = V0¢(meV2/2Te)/(meV2/2Te )3/2

x/znnee“lnA
Vo= 55—
1/213/2
me Te

where the Lorentz collision operator, L, is given by

_ 2 VH i Ay 0

< 27
VB on o @7

and

0

80) = (1-1/2x)n() + 1), 1) = (2/Vr ) [e 't () =dnfdx  (28)

0

Then we obtain an equation for h;:

B | e o 2 9 oh
- — |=|1- ¥f. -h) | + = —2 —L
0 {T ( o ) Oe 0 ] V2 oA <V||> o

© e
ilng'x 1 m V.. v .
= — VYV hy——Cf, | =L{Bu, Y +—¢{Bu 29

qVei (V) <R2> O O{Ve< i) Ve< ||e>} (29

€

with v (v)=v_(v)+ Vv, (V), so that

I B~ | e¥|, o ,
nalm S
e 0 €

: \ Y, - -
¥ Inqx<L2>_||hOjL&_”foe h<Bu”i>+&<Bune>
qv. \R“/ By T. B v Y

(& €

(30)




where

2 e )
\A/'”(V,?\,,\V,G) _ oV B, dA

20 vy ) .

in which By is arbitrary (for later convenience we let B, = <B2>”2) and A, =1/B,__ .

We can use eqn. (30) to calculate  u = J.d3V vjhe /g,

where
I d’v = BI TEVSdV(D\,/ | V)|, in order to help determine j; later:
(o)

Uje = }32 £ (0-57+0-06fc)<Bu||i>+i£{eT[—%(Hne)l—&—g}
<B>(l—0.37fc) Q. m,| T, ® n, T,

€ (S

2 ! ~r ’ Af
I T 32 fe [e‘y [1—%j—&}(0.57+0.06fc){e\11 %ne+—e}(1.o7—o.44fc)
Q. m, <B > (1-037f) || T, ® ) n T, o ° T,

€ €

A

_ingx /1) B fe Je o 1 (1.84-033,) e 4 (4d6-1.26f )2 | (32)
q \R2 <132>(1—0.37fc)me n T

€ €

2 A
Here the circulating fraction of particles is given by f, = 3B, I Ada

and
4 5 (V1-1B)
Tei = 3\/E / 4v, is the electron-ion momentum exchange time.
The equation for h; appears in next order:
. ~ 1y h ilnq’ .
V”V”h3 + VHVH (—”j 0 2 + ! ngx Vth I(Dho
Q.) oy gR'B
. 25
ie T vi'B
= + — - o -+
Celba) + 1 G (o - o) (rb T e (33)

to which we apply the operator

(1) &) - z<Bj(...) M> (34)

|V|\|

10



that annihilates the first terms on both the left and the right. We evaluate the other terms
obtaining a first equation for n, and Te (the details can be found in Ref. 16). For

completeness we retain the small neoclassical cross-field transport terms. These arise
from the annihilation of the h, term in eqn. (33), using eqn. (24) for hy; it is this
interaction of collisions and magnetic drifts that gives rise to neoclassical effects. This is
a lengthy calculation and is recorded in Ref. 16, where it is performed for the simpler
Lorentz collision model as an illustration. These terms are negligibly small and will
henceforth be ignored in this paper. Furthermore we ignore small terms,~ (k,u,;/®),

which is justified later by the calculation of u;in eqn. (49). The final result is:

A

io)&+rir—e<(D —‘P>(c0—co*e)—i<%>[co—co*e(l+ne)]

n, e
o[ o804 £
Te Q) 2 ne ZTC
2
_| _Ingx /1T fe Te (2,44—0.45fc)£+(5.94—1.69f0)E
o) R | 403w ne e

. , T.I? B2
where , for the Lorentz collision model, D}y’ = —S— (= - f,
meQO Tei B

cross-field particle diffusivity. A similar equation for the electron energy balance can be
derived by applying the operation

< [(-) meTV2d3v> (36)

> is the neoclassical

to eqn. (33) to obtain:

3. (4, T.) 3. 5./B
Elo{n—+—J+51T£<<I>—‘P)((o—oa*e(1+ne))—51<§”>[m—m*e(l+Zne)]

e [$ €
| & 1-&(1+&j S
Te Q)] 2 ne 2Te
(37)
2
_ hlq>i/2<L2> T ((9.61—2.77fc)&+(17.15—5.47fc)£]
CI<B2> R*/ | (1-0.37f.) m.v, Me e

11



where xieeo ~ Dfeo is the neoclassical electron thermal conductivity. Ignoring the small
neoclassical electron cross-field transport allows us to solve these equations algebraically to

obtain explicit expressions for ﬁe and T, :

n e o e o
D= (1 +hys? = hys?) = (D -1 - —2)+ hys? —(D — P )—¢
n, ( 4 2 )Te< >( a)) 2 Te< >cone
B O+ 5 B, \ 0. 10
| e 2 2 | e 2 2
—(— )1 =——) |1+ A 8" ==A,s" |+ (— )— 14+ Ay8” ——A5s
<B>( m){ 4 32 } <B>wne{ 4 3 2 }
(38)
and
T € (O € (O
D=, = (A82 —Ay8P) = (D - WY1 - —2)— (1 +A;83)=—(D — ¥ )—<
T O 2S)Te< ) )—( ls)Te< )M
B B
| Wse |2 5 2 2 Il s | 7 10 2 2i|
—(— )A——)| =+ =As” —A3s” |+ — —| =+ —A;8" —Ass
<B>( 03)[3 31 3}<B>nem[3 31 3
39)
where
D= {1 +(18.55—6.05¢F, )s2 +(15.90— 7.59F, + 0.63f§)s4} = 1+dys? +ds?,
A =(2.44-0.451,), X, =(5.94-1.691,),
Ay =(6.41-1.85f,), A, =(11.43-3.65f,)
(40)
and the semi-collisional effects are represented through
i| Ing'x 1 2
2 ! R? T, f,
§° = T (41)
q <B > m,ov, ) ( 1-0.371;

12



(ii) Ion Solution

We consider the ‘collisional’ case,v, >®» We again find solutions analogous to the

electron eqns. (22) and (23) for hy and h;, where we again drop the suffices i on h;. The
equation for h;is

A A Iv oh
| 1 _
vy Vihy, + vV | —| — = C;(h (42)
il || (Q] oy ( )

1

which provides the constraint to determine h,

< ECi(hl)>:0 (43)

Vi

For the ions we also take a model pitch-angle scattering collision operator that conserves
momentum [15], as in eqn. (26):

2vi(Vvy o 0 m; =
C,(h)) =———=—" —Avy—h; +v,(V)v fo; = uy; (44)
‘ Bv2 an o L
where
« T d*v v..(v)v,h
u”i:_l.[3 11()£|1 (45)
m; Jd VvV Vy (V)VHfOi
V2mn e nA
Vi (V) :vi¢(u)/u3; \Z :W: u= miV2/2Ti
m; T
and the functional form of ¢(u) can be found in eqn. (28). The constraint (43) yields
. T u:B o
hy = — v —Ll/zv|| = [1—"’*1]\P'f0i —hj, +<”—12>fOiﬂ ” (46)

Solving  self-consistently  for <uﬁiB> we obtain, on using the result
I NS R S S N _ - ,
Y= Ivit e dt/jvit e 'dt=1.33 (so that y—3/2=0.17) arising from integrals

0 0
over v of v;;(v) given in Ref. 15:

13



. IB T |e¥ O f T/
uiB)=—— —L 1——(1-0.17n: ) |+ ———0.17 - 47
< i > . { T { . ( n1)j| n Ti} (47)

1

so that, using eqn. (47) to eliminate <u|*|iB> ,

' ~ T 2 T '
e T [ LT L T8 (o e
Q m | T ® n; T, Q; m; <B2> T o T,

1

This result justifies the neglect of the term in O(k u /) on the right-hand sides of eqns.
(35) and (37). Equations (32) and (49) will allow us to calculate j, later.

The equation for h; appears in next order:

A ~ (v h ilnq’ .
ViVihs + VW'(_”J D2y By hy — ioh,
Q;) dy  R°Bq
. 25
_ ie T VB
= C;(hy) + T fy (o - of) {CD—‘PJr a (50)

where we have taken the z, — 0 limit of the Bessel functions. We apply the operator (34)
which annihilates the first terms on both the left and the right to obtain

. e(® — ¥ B
on; = n; li—< >(Q)-Q)*i)+<—”>((0-(0*i (1+T]1)):| (51)
T, B
Again a similar equation for the ion energy balance can be derived. More significantly,

however, there is now a contribution from Cj(h,): this corresponds to ion neoclassical
cross-field transport. Following Ref. 16 one obtains

14



3 (A, T) 3ie(® - W) 5i /B
—0| —4+—|= — - ok (14 + —(—= -0y (1+2
20{111 le 2 T, [0 - o (1+m)] 2\B (0 - o ( "))
5 A (52)
T.1? <B> oy ed" T
+ 2 2 _fc Ni——=
m;Qt; |\ B o =T T
Equations (51) and (52) provide an explicit expression for Ti :
oot J(B) . o
e TIZI L )T = (0 - w) M
e /(B) . B N T
a0 () Vo 2 (B (o) T
3 miQiOTii(D B O] 3 B w 2 o
(53)

The equations for the ion quantities 1, and Tl are linearly algebraic if we ignore ion
neoclassical transport, otherwise they involve a second order ordinary differential

equation (ODE).
3. Maxwell’s Equations

To obtain equations for the perturbed fields we utilise quasi-neutrality and the parallel
and perpendicular Ampere’s equations for V¥ and }f’)” , using the perturbed charges and

currents calculated from the gyro-kinetic solutions.
First, quasi-neutrality implies
n_=n (54)

where

. n.e. n.e. o, . .
n,:—#(l)+#[l——Jj‘P+nj (55)

Thus eqn. (54) relates @ to'¥ andn, ,; then,  are independent of 6 and we will see below

when considering Ampere’s equations for W, that W is also independent of 0 in leading
order, implying the same is true for @.

15



Ampére’s laws for A and ]§” provide relationships to eliminate f%” and ¥ from our

equations. To evaluate }~3Hwe must calculate the perpendicular current arising from the

first order in a Larmor radius expansion of the gyro-phase factor exp( iL;) in eqn. (2) and
use it in Ampere’s law. We find [5, 14]

]§ ~

where we have used the definitions (10) and (21) of g; and h; which imply

~ ~ A~ n N A
p=ij=p+gpo‘P; p=>p. (57)
j j
f&” can normally be neglected but will be seen to play a significant role in converting

VB drifts to curvature drift in the vorticity equation discussed in the next section.

In the case of A we have
2 0 .
[Vl @AH = HoJy (58)
where we must use the neoclassical current for j, . In lowest order, expressing A, in

terms of ¥ and writing W =W¥" +W¥" +. . where the expansion parameter is
n=(1/8.)(L./L,) (v./Q.) , we have

2 2
\%
| ‘W| 21 0 5 E\P(O) -0 = wyO_ ‘P(O)(X) (59)
1o R“Bq 0x 09
while in second order
2 2 )
Vy 1 o” | oY . .
v ; ; +ing'x¥® (x) | = pojj (60)
1o R“Bq 0x 00
This imposes a solubility condition
ngl/ 1\ d>x¥?) JiB
) S = (S (61)
o \R dx |V\y|
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Using eqns. (32) and (49) to evalulate the neoclassical parallel current we can calculate
the above average of j. Writing j, as a sum of an inductive contribution driven by E,

(see eqn. (12)) and the ‘bootstrap’ current driven by radial plasma gradients, we have

jH — jlilnductive + jll‘aootstrap (62)
with

< jlinductiveB>
vyl

.y <1/R2><B2 V\v2> 2 i T
_ ing'xI / Vv ne fe T (2.45—0.45fc)&+(5.94—1.69fc)—e
q <B2> mevy ) (1-0.37f,) e n, T,
(63)
jl‘tljootstrapB . 1 <B2/|V\|j|2> <B2/|V\|/|2> (l_f ) ~
TP 2/ 2 1 2 —y Y
vyl vyl <B > <B > (1-0371,)
(64)
where
J= —o,iL(T,+T,) o +on/T;
with

o, =1.06 - 0.06(1- f,), o, =0.55+0.45(1-f.), o; =0.183=1.25(1—f.)+0.066(1 — f,)>

where we have introduced the total perturbations n_; and Te,i in calculating the jﬁ“tmp

contribution, but retained n_ and "I"e in the inductive term since these are manifestly

proportional to E , as can be seen from eqns. (12), (38) and (39) when ]~3|| is ignored.

(Note we have included the Pfirsch-Schliiter contribution in eqn. (64) so this is strictly
the pressure gradient driven current, rather than just the bootstrap current.) Here the 1,

are defined in eqn. (55) and

T =T +—T,'¥ (65)
(Q)
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It is convenient to write the total j, in the form

1 ) e ol
|V\|’| HoPo \ @) \R Qoo \R

l—fc Iq' 1 ~ ] T
_(1£o371)[qup’J<§7>L[aﬁ%(1f*ﬂ)+“Jﬂ?_“mIJ
: c 0o

(66)

where H is a flux-surface-averaged equilibrium quantity introduced in Ref. 13 and
L :(Mopgq/q'<1/R2><B2>)<B2/|V\|J|2>; L was first introduced in Refs. 2 and 5 (these

quantities are also defined in Appendix A). The neoclassical semi-collisional
conductivity c,° is given by:

f
o = oS (/o) o0 + 45~ (o-cneor/o)

where (67)
o, =2.45-0.45f,, o1 =5.94-1.69f,

with o, = (nee2 /mevo). These three terms in eqn. (66) represent the parallel current

driven by the electric field E, (with neoclassical semi-collisional conductivity), Pfirsch-

Schliiter and bootstrap current contributions, respectively. This expression still fails to
reproduce the Spitzer resistivity nor, in the limit of a small fraction of trapped particles,
the correct coefficient for the electron temperature gradient contribution to the bootstrap
current as discussed in Ref. 16; however it provides a plausible prescription for
investigating the bootstrap current at finite aspect ratio. (A more careful treatment using
the Spitzer-Harm solution could be invoked [17]; we do not pursue this improvement
further in this paper).

Combining eqns. (61) and (66) we obtain a neoclassical Ohm’s law:

. r scf 2 ~I
dZ(X\I;(O)): chﬁ (s )<L2>Lx(®(0)—‘P(O))+H—P
dx Pd \R Po

els

(68)

l_f L ~1 = ]
_—(1(_0 3C7)f )p—b[ocnne(Te +T; )+ o, nT; —ocinTi]
* C

Equation (68) with eqns. (38) and (39) for f, and ”I“e and eqns. (51) and (53) for

n, and"I"i provides a relationship between W”and @ that includes the effects of
neoclassical resistivity and the bootstrap current:
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4. The Vorticity Equation

To close the system of equations we use the vorticity equation in the long wavelength
limit of the ion finite Larmor radius in the Bessel functions [5]. In lowest order we will
confirm W”is flute-like and in first order we obtain an equation for ¥"; this can be
solved, with constants of integration being determined by poloidal periodicity
constraints. Finally in second order, the solubility condition on W provides a flux-
surface-averaged equation for W© after substituting for W. However this also
involves flux-surface averages of velocity moments of the magnetic drift term in the
gyro-kinetic equations which can be evaluated by repeated integrations by parts in
poloidal angle, use of the gyro-kinetic equations up to third order and noting conservation
of momentum in ion-ion collisions. These manipulations give rise to terms that can be
recognised as: (i) the enhanced neoclassical ion inertia which adds to that already present
in the vorticity equation due to the usual ion polarisation drift; (ii) ion neoclassical cross-
field viscosity, dominated by the perturbed ion temperature gradient; and (ii1) a term
arising from the parallel gradient of perturbed pressure. This equation will provide

another second order ODE linking ®'” and W© that also involves p and p’.
To obtain the vorticity equation we operate on the gyro-kinetic equations (1) with

Z e, J. d*v to obtain:

g (el

= ejjd3VJO Yy VgJ
i

‘ +ézj:ejj'd3vo‘vl‘b.VJogj

In the long wavelength limit, z; <1, and using Maxwell’s equation (58) in terms of ¥,

this can be written as

\v 2 2 0)3 or || m?v? 2 mv: .
—Vn| i ann‘P Z [V o~ 1-—L || — lzv‘l’|2_d ?+—J B
® noB ox T; ® ® )| 2¢;B dx 2e;B

3 GV8i 1 <Mj. 3 m-vi|V\|f|2
+1Zejj'd VJO L-—>—1fd V('S‘V ‘ b.V J—2 "
05 ¢ 2B
(70)

This reduces to

19



2 2 2 2
\Y . .

212 > (iﬁnq’xj | \|;| za—z(iﬂnq’xj‘lfz—m‘—g‘ {1—&(1+ﬂi)}|VW|2d—q)
’R2q> |40 noR2B? ox> 90 B ® dx

' B i Iv Iv €; o ,
-0y S e [dPv— O || Sif g2 Wiy +h
o B of R°Bq a0 Q; || T, ®

(71)

where the normal curvature term is given by

b (Vv )
:ax(?lVlnB+V”KJ.V(n(p—m6)

j

2
\V4 2 2 2 2
-5 [Ty %gmmv_gi[uopﬁ_j +(L+V2]V\Z_V;9£1HB
i \j B” oy 2 2 R"B” 060

(72)
We solve this order by order: in lowest order we confirm the result
2 (0)
aa—z a\ge =0=>¥ 0 =90 (x) (73)
X
In first order, inserting h,, j’ on the right-hand side
2 2 2
_r o ﬂa_{ﬁxy(l) anqu,(m}
032R2q2 00 M0R2B2 aXZ 00
(74)
N G [ P’ j
=1 B —
®wR?q 00\ B
where we have used eqn. (57) so that a first integration yields
Vol 2 (2 g0, w© ] B
s>~ | =V +ingx¥Y | =i— +F(x) (75)
oquoR“B” ox° Lo B

where F is an arbitrary function. Annihilating ¥®D on the left-hand side of eqn. (75), we
obtain an equation for F(x) so that
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vof @
®’qu,R* B® ox*

-1 -1
i| 1 1 B’ ., inq’ <1> B’ \ & 0
= — ([ — )= + — vy
o| B <|w|2><|wr> ETEREE <|wr> @

Finally, in second order, we have

r ﬁ[ |V‘Viz i(gqﬁ) +inq'X\P(1)ﬂ ing'xI’ |V‘V| & [8‘{1( +inq'x‘P(°)}

[a_ae gl + inq'x‘P(O)}

(76)

o’R’q* 00| p,R* B* ox* | o0 o’ R’q* p,R°B’ ox°

| wl[ o, F@ np}, B,
- (14 — 22
m(+n)

- &x* o B

) R’B’ oy “RB. @

2|V 2|V 2
+— Z“J-d3 |2W2| 0 +V\|;V26 0 h”1B+mV‘2 |2W2| — pp—}-E +V\LZI.V2(9£ B
RB" oy R°B 0 ! R°B° |B 8\41 2 R°B” 00

+En_1’3qﬂ>{mﬁ(u B+ 2VyV0 0 lnB}

G mv, o(v, | e , mV|V\|/|
R Zj;jd% —t ae[—'}&(l— wJ‘P(”f +h}——z Hdvoly| bV( s
(77

Applying the annihilator < > to eqn. (77) and using eqn. (76), we obtain
-1 -1
I’ | n’q?/ B 1\> & (X‘I’(o) ) ng'x ., 1 1 1 B’
2 2\ 1o 12 o2/ X S @p w2/ \p2 2 N\ e 12
® [ 1q \|[Vy[ [ \R dx q B'R*/ \R*/\ Wyl [\ Wy

) 2o e B

& o\B/ oo \RBdy R2B2

oo | MY (2V 0 Vpve 0 2V B Vvl &
@<jzdeh{ > [Rsz o RE ae}lnB m {Rsz B ol TR ot

s my, I d(y, il 19
10) <; B Riq 89[ jhj>lw2qp0<R2B266\P(>

(78)
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where we have noted that ® =®(x) and the last term vanishes for an up-down
symmetric equilibrium. Substituting for ]5~3” from eqn. (56) and evaluating the velocity

integrals over hjo in the normal curvature term, the right-hand side of eqn. (78) becomes
Vyl ., o Vy| B’) Vy.VO o

m.n -—(1+n)| — +— [+ —InB
“<B2 >{ ® ( n‘)} dx? p<RB26\|/ HoP ™ " R7B 40

. 1 2
Ids D2 a a hy +gp0' 21 2 E\P(l)l
R’q 0 B) '/ q R°B* 00

where we have expressed p in terms of p. Using eqn. (76) the last term can be

E:IH

(79)

evaluated:

-1 2
inI? < 1 9 (1),> , appl? . 1 B? 1
(qulflo R2B2 00 0 ® |V\|f|2 B2 |V\|J|2 |V\|f|2
2 2 2 \ 7!
, n°ql )Y < 1 > 1 B < 1 >

To evaluate the penultimate term, we make repeated use of the gyro-kinetic equations for

hy,h;,h;, and h;,with integrations by parts in 8 and utilise the conservation of

(80)

momentum in ion-ion collisions. Thus,

Ivi o (Iv Ivm Ivi o
—1— Ze dv L= 1y Z ddy 0T 9 gy 81
< J R?Bq 00 [Qj ) [ B R’Bq 0 ' ®D

and using the gyro-kinetic equation (13) for h; we have

Ivm Ivp o
43 it M| 1
1— E j B —hj =
R*Bq 90

82
1 vimg | Ivp o (v, N ., Ly 1\
i zj T B Gy +ioh) —ing'— (xh;)

R“Bq 00 R“Bq

since the right-hand side driving term in eqn. (13) is of even parity in v, .
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We substitute the lowest order in h; that gives a non-vanishing contribution to the

various terms. For the last term this is hJO, leading to a term related to the perturbed

pressure f)j while for the penultimate term, it ish;;, leading to a term related to the

jts
perturbed parallel momentum, mu,;; the latter is clearly dominated by the heavier ions.

The collisional term vanishes due to momentum conservation. The first term can clearly
be recognised as related to the radial flux of toroidal momentum, IT:

< > < [dv JanU J> (83)

The contributions to this term from hj; and hj, vanish on integration by parts in 6 and

the first non-vanishing contribution is from hj; and is also dominated by the ions. Thus
expression (82) reduces to

" U 4 "2 ’
—il<E> —Im; n, (L +g< 21 2>(x15) (84)
®\B B/ oq \R?B

To calculate the term involving T1(h ;) we again integrate by parts in 6 and use the gyro-

kinetic equation for hj; to obtain

’ mvy I I I
— <E> = li Z Id3V JV” ﬂ _ V” a V” h” +C. (h” ) (85)
B 2m ] B QJ Rqu ae J 2

where the omitted terms are of higher order than those retained previously in eqn. (84).
In a similar manner a further integration by parts on the first term and use of the gyro-
kinetic equation yields

_i E "_ N 3 ” "oy _ || "
co<B> 12m<zjd B {C (hj,) JC(h )}> (86)

This requires calculation of h s such a calculation was carried out in Ref. 18, but a later

more elegant treatment using the adjoint function to hj [19], identified a numerical error

in Ref. 18. Both treatments exploited an approximate ‘similarity’ between the constraint
equations on hj; and hy, and the integrals required for evaluating the quantity IT; this

similarity requires a weak poloidal variation of B(0). Although the accuracy of these
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calculations is not entirely clear, we propose to identify IT=1II, where II, is defined in
eqn. (5) of Ref. 19. Using the evaluation of I1, given in eqn. (33) of Ref. 19, we find

IT=0.1862m;n; (28) 2 (R)? mLT;T;' (87)

T,€

where € =(R R.in)/2(R) on a flux surface.

max

Assembling all the contributions to eqn. (78) we have
’ 2 2 2 ’ 2 2 2
[&j L<L2> Xd_z(ﬂ,(o))“(i} LB (LN L) e
qa) wo \R*/  dx a ) \R*B*[\[wy? | \R*/\|wyf [ |n
2
. I? B? I o. |/ 1 B’ I? oV
+HioP - =p+py | (— - xp )
w QVWFBZ>QVWF> QVWF> n Oq{<R2>QVWF> QVWP><Rﬁ¥>k |
vyl® o B2) vyvo o (B )\/ B \o. q/ 2 \/ B \ex, .v io,/ B
2 - = =2 51 — == fad —
' <R2B“8‘v M R 0l 2 )\ [0 \R%B7 vy bt vyl

(88)

Substituting for u; from eqn. (49) we can write the inertial term on the right-hand side of

eqn. (88) as

mn; | B? I A AV G I A
| = )| o( @y (1+n)) 5 >+ = 5 ATy —r———
vyl B [d&d \B?/ dx (B?) &

2 2\ A 2 -

. : I’f. T
0B (D) e e b
n” |\ |[Vy B~/ en <B > €

(89)

Here one can recognise the neoclassical enhancement of the ion inertia when one
sets W” =@ . The cross field momentum transport term, IT, in eqn. (88) is given by eqn.
(87) in terms of T.. T., which also appears in the inertial term, is itself given by eqn.
(53).
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It is interesting to separate out the convective parts of p proportional to ¥ in eqn. (57).
The terms in W', ¥, p"and p can then be combined and expressed in terms of the flux-

surface-averaged quantities, E, F, and H defined by Glasser et al. [13, 20] and L defined
in Ref. 5 (see Appendix A):

2
(0] D) (o (1)) Dy o)
2

=H()Inini q B2 ol | |V\V|2 d2(D i\ dz\P(O) 16T Izidz\};(o)
) Iq'<1/R2> <|V\V|2> o 0—wg( +Th))[< B2 dx2+ Bz/ I -4 /he 10<B2> N

2 r 2
, Hom;1; q Bz 2 ﬁ ﬂ_l 17 2 szc ’i—‘i” _i('OH'O I q B2
| 19(1/R?) <|le2> ? <B2>eni e (B2 e| n* | 1q(VR?) | \|[vyf

(90)
where D, =E+F+H.

We can simplify eqn. (90) further if we ignore neoclassical ion thermal and transport and
viscosity. Using relations (52) and (53) to determine p, and "I“i in the inertial term on the

right-hand side of eqn. (90) (ignoring contributions from Bll) , We obtain:

!

X(d2 (X‘I’(O) )/dxz) +DI‘I’(0) —(c)/np'o)(xf)) (L+H) +D, (cof)/np:]) =

(momno?/n)(q/1q (VR?)) <B2/ |v\|;|2>{<R2>(1—mkloi Jo)+ (1178 (B, /m} (0 ax?)

1)

The contributions from p, determined by eqns. (38), (39) and (52), have introduced

effects from neoclassical ion compressibility through L; this equation also includes the
effects of ion neoclassical inertia

5 Eigenvalue problem

The complete set of equations determining the stability of the system consists of the
vorticity equation (90) with expression (87) for the perpendicular viscosity, IT and
Ohm’s law (68). However, these equations also involve the perturbed pressures, densities
and temperatures given in eqns. (37), ignoring the neoclassical transport, (38) and (39)
for electrons and eqns. (51), (52) and (53) for ions. Expression (56) provides the

perturbed magnetic field, ]§” , but this is largely unimportant for normal values of . Thus

the general eigenvalue problem obtained by this method has the form of a tenth order
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system of ODE’s, if we include cross-field neoclassical electron transport; ignoring this,
as is very reasonable, it reduces to an eighth order system. If we also ignore ion
neoclassical thermal transport and viscosity as in eqn. (91), then it simplifies to a fourth
order system.

(a) The Collisional Case

However it is interesting to take the collisional limit, s — 0, since this generalises Refs. 2
and 5 to include the effect of temperature gradients. Then the expressions for n; and "I“j

are simpler and Fourier transforming allows one to reduce the Ohm’s law and vorticity
equations to a single second order ODE. This differs from the results in Refs. 2 and 5 by
the substitution:

-0, > o-o,[1+(59-17f,)n, /(2.45-0.45f ) | (92)

in Ohm’s law (68) and the substitution
(I-o,/0)—> {(1 - o)*pi/o)) + (1 : 17f012/<B>2 <R>2)w*pini/o)} (93)

in the inertia term in the vorticity equation (91).

(b) The Semi-collisional Case

The semi-collisional regime is more appropriate to JET or ITER-like conditions than the
collisional case discussed in the previous sub-section. This corresponds to assuming the
semi-collisional quantity s ~ O(1), rather than s << 1, in the resonant layer. To simplify
the analysis we ignore the curvature terms, Dy and H, although we retain the neoclassical
effects represented by L and fi. We proceed by analogy with the approach to analysing
the semi-collisional regime adopted by Drake et al. [8], although our treatment is
complicated by the presence of the bootstrap current in Ohm’s law and neoclassical
compressibility effects in the vorticity equation. With these assumptions we can
reorganise the vorticity equation (91) and Ampere’s law (68) with the neoclassical
current as follows. On using Ampere’s law, the vorticity equation becomes:

4 ' n —‘d2<I>_
T

~C szé(sz)(d)—‘lj)JrEzs ocn(lJrllr)E 2 +0ceE L +oc]E NN
ep ds n, ds\ T, ds\ T, e Bds\p,

while Ampeére’s law takes the form:

(94)
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d N E T - i i i Te E i
@(S‘P) =w{ﬁscs(s )((D—‘P)+€y|:an(1+1/r)ds(nj+ae dS(T;Oj—i_ai ds[’I;Oj:|} (95)

Here we have defined

B=uopeo(d(£nne°)j <B2/|V\|f|2> i (1-1,) (d(ﬁnneo)J<Bz/|V\I’|2>

d(fnq) Iz<1/Rz>2’V:”0p50(1—0.37f0) d(tmaq) J{B7)(/R?)

e R B e )

6(s’) = { (c?)—l)(csn + dlsz)—necT}/D = (00 +cslsz)/D;

(I) = (D/(D*e’ = TeO/TiO

(96)

Note that, for normal density profiles, bothy < 0 and [1 < 0. The expression for B reduces
to that of Ref. 8 in the cylindrical limit, while y and {1 arise entirely from toroidal
neoclassical effects: 7 from the bootstrap current and [ from neoclassical
compressibility effects. While C resembles the collisionality parameter in Ref. 8, it is
reduced by a factor ~ (pr / Bg) as a result of the neoclassical enhancement in ion inertia.

7. Discussion and Conclusions

We have derived a set of equations that describe the linear stability of tearing modes in
the low collisionality regime appropriate to large tokamaks such as JET or ITER.
Although these have the form of fluid-like equations for moments such as plasma density,
temperature and current to feed into Maxwell’s equations, they contain coefficients that
encapsulate kinetic neoclassical effects, such as cross-field transport of particles, energy
and momentum, the bootstrap current, neoclassical resistivity and neoclassical ion inertia
and compressibility. The electron model corresponds to the semi-collisional regime in
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which parallel diffusive transport effects compete with the mode frequency
(o~ kﬁvfhe /v,). Thus, using the definition of the electron layer width, &, from the

. .. . . A 2
semi-collisional theory, assuming ® ~ a,, , i.e. o., ~(k,8,.8/Rq) v, /v, , one finds

5 1/2 3/4 1/2
v, L, 1p, a V.. Rq 1p,

650 ~ (___j ~ (_] [ A2 v ] (97)
Vthe Ln nq R S Ln nq

where L =Rq/$ is the magnetic shear length. However, the ion model we use assumes

that(krpi )2 ~ (pi /8. )2 <1, but this can only be justified at low magnetic shear, S, or for

a cold ion model. Using the definition (97) for the electron layer width, J_, this implies

sc ?

3/4 R 1/2
so(2) [ [mRave | ©8)
R m; L, py

Nevertheless this is highly relevant for describing the resistive internal kink mode
involved in the sawtooth phenomenon. A treatment for finite shear requires a kinetic,
large orbit theory (p, > 9, ), rather than the present fluid theory based on an ion Larmor
radius expansion. This will be a major development, extending the cylindrical geometry
theory of Cowley et al. [11] to the toroidal situation with finite ion banana orbits.

The full set of equations defining the eigenvalue problem was described at the beginning
of Section 5: the vorticity equation (90) with expression (87) for the perpendicular
viscosity, IT (or, ignoring ion thermal transport and perpendicular viscosity, eqn. (91)),
and Ohm’s law (68). The perturbed pressures, densities and temperatures appearing in
these equations are given by eqns. (38) and (39) for electrons and eqns. (51) and (53) for
ions (one should note the relations (55), (57) and (65) between various perturbed

quantities); eqn. (56) provides the perturbed magnetic field, ]~3H (unimportant for typical

values of plasma pressure).

This system of equations is comprised of ordinary differential equations in a local ‘radial’
co-ordinate about the mode resonant surface, m = nq(r). These can be of rather high

order, but can be considerably simplified if we ignore the small electron neoclassical

transport of density and temperature, i.e. ®w>g '’q’v p.. This leads to algebraic

expressions for fi, and Te. A further simplification, plausible but less convincing, is to
ignore ion neoclassical transport of energy and momentum when one can also have
algebraic solutions for n, and i. The radial component of Maxwell’s equation provides
an algebraic expression for I~3H ; for normal values of plasma [} this can be ignored. With

all these assumptions the system reduces to a fourth order set of differential equations,
consisting of a neoclassical Ohm’s law and the vorticity equation; in general this will
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require numerical solution, with boundary conditions determined by matching to outer
solutions and therefore involving the tearing mode stability parameter A’.

One can identify two other characteristic lengths besides the semi-collisional layer width:
the resistive layer width,

1/2 L 1/2 3/4 L 1/2
fw[ n ] N[ n g] N(ij [h_nﬂj ©9)
(’OMO VtheBe nq R Be Rq nq
and the ion neoclassical transport length scale (we can safely ignore the electron
neoclassical transport scale)

3/4 2 2\1/2 172
0. L op.
SX,(EJ Lmj ~(vﬁ—“%] (100)
‘ a o R n

Clearly, depending on parameters, all these can compete: e.g. the semi-collisional layer,
where the electron responses (p,, n, and T,) have structure, can be broader or narrower

than the resistive reconnection layer. One expects the collisional model to pertain if
8, >0 ; in fact, using the estimates (97) and (99), the ratio

5.) B.(LY) Rq)
Se | B L) B_e2 X (101)
3, 2L, 25"\ L,
(see also Ref. 8) is likely to be O(1) for a sawtooth with § ~ 0.1, so one must indeed
consider semi-collisional effects when modelling the sawtooth instability. Similarly one

must consider the role of the ion responses (p,, 0, and T,) due to ion neoclassical
transport.

We have generalised the existing theory of linear neoclassical tearing modes in the
collisional regime [2] to include the effects of temperature gradients. It is worth recalling
that Ref. 2 identified a strong reduction in growth rate of the A" driven tearing mode due
to neoclassical resistivity and ion inertia effects, although the bootstrap current drive in
the resonant layer would overwhelm the Glasser stabilisation effect [13] and lead to an
unstable tearing parity ‘interchange’ mode, a linear analogue of finite island neoclassical
tearing modes [3, 4]. In the more relevant semi-collisional regime we have derived a pair
of second—order differential equations, extending the work of Drake et al. [8] (an analytic
solution of these will appear in a later paper.) These equations are modified by the effects
of the bootstrap current, neoclassical resistivity, the neoclassical ion inertia (which

reduces the effective collisionality parameter C in Ref. 8 by a factor ~ (BfD / Bé)), as well

as a neoclassical compression of the pressure response. In future one can also consider
the numerical solution of these equations in the context of the low shear sawtooth
situation, as well as an extension to include finite ion orbit effects for m > 1 tearing
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modes. Of course the theory can be applied to resistive ballooning modes and it
considerably extends the earlier treatment of Refs. 2 and 5 by including more physics:
thermal effects and semi-collisional effects. These techniques may also be useful in
analysing the finite island theory of neoclassical tearing modes.
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Appendix A: Some equilibrium relationships applied to the vorticity equation

Let us first introduce the flux-surface-averaged quantities E, F and H defined by Glasser
etal. [13]

__ MPid [Iq' —v"]<B—2>
iy [comd
[ upta || B IR WY
F_[CI'IWRZJ I <IVWIZ><BZIWIZ> <IVWI2> <Bz><IV\vI2>
0 o)
HoPyq < 1 > vyl
vyl

H=
TR\l [ (B)
) ) (A1)
where
I do de
B=IVH+VxVy , so that BVO = R and (A)=¢ BWA/gS =R
It is also convenient to introduce the quantity L defined in Refs. 2 and 5:
MoPyd B’
L=— (A.2)
T {V/R*)(B) <|le2>

We now consider separately the terms proportional to p,p’,¥ and V' in eqn. (88) when
we recall eqn. (57):

~ A, oy
p=p +apo‘1‘ (A.3)

First we evaluate the average curvature:
1 0 B’ Vy.Vo o (B
K =(—— t— |t —— | —
<132 o [”"pO 2 j R®B* 00 ( 2
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Now the Grad-Shafranov equation can be written (see eqn. (8) of Ref. 21, but in terms of
our metric coefficients)

I 0(q 2 q 0 , 1T
TNyl | + 12 (vyve) [+pup, + — =0 A5
e {a\v(ll \vlj 75 (V¥ )} HoPy * 23 (A.5)

so that eqn. (A.4) becomes, after some algebra,
2 2
! ! ! v ! v ’
P11 L A A e A S A ' NP
2 \B 2 \R" B 2q \R°B 2I\R°B 20vu( q
Finally, introducing V", where V' =(q/ I){ﬁdeO , we have

1 1 I’'q/ 1 v’
K= — (=) + —~ A7
2 |:u0p0<B2> q <R2 B2> q :| ( )

Then gathering terms in ¥, we have a contribution,'¥ with

oot ) 22 - o )
1 00 |V\|j|2 B2 |V\V|2 |VW|2 q R2 |VW|2 |V\|j|2 R2B2

1 o B*) VyVe 0 (B’ B’
2u,ph ( —— +— |+ —| = | — A.8
“0p0<B2 oy (Mopo > j R°B* 69( > j><|V\|I|2 (A.8)

Using eqn. (A.8) and the definitions (A.1) we obtain

12 12
q _9q 1
Il :W(E+F+H)=W(DI_ZJ (A9)

Turning to the terms proportional to W', we find these trivially vanish. For the terms in
p', we find they readily combine to yield L,p", where
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12

I, =4_(L+H) (A.10)

VIZ

using the definition (A.2). Finally we consider the terms proportional to p; this
calculation is identical to that of the terms in ¥, leading to a contribution:

I,p. As aresult, finally, we find eqn. (90) can be written in the form of eqn. (91).

Appendix B: A summary of some symbols and notation employed

Here we collect some of the definitions and symbols employed in this paper.

o Velocity space variables:

v,A,o, and gyro-angle:

o=V /‘V”‘Z 7»22—5; v = GV(I—XB)I/Z;
\%

2 1’1’1V2

2T

o Configuration space variables:

x,0 and ¢, a non-orthogonal set in which field line trajectories are straight

(p=90).
X = (\V—\uo): the local flux variable. Prime is used to denote differential with

respect to the poloidal flux, x ; thus

s, a normalised radial variable representing semi-collisional effects, see eqn. (41).

> _ 1 0
[I RZqB 00"

(X)=¢pR*Xd0/$Rd0.
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o Magpnetic field variables
q is the safety factor; R the major radius, I=RB,,.

§ is the magnetic shear.

~  ovVBj (A d)’
V, = 0 c
[ 5 Ix <(1—7JB)1/2>

A=

3o AL 1
fo=3Boly <(1—xB)”2>’ ° Binax

B, 1s an arbitrary constant magnetic field;
H\1/2
B or <B > )

max >

a convenient choice is

e Perturbations have the form a(x)expi (n(p —mo— oat)

1

lP:‘—
10

Vi

A, : longitudinal component of the perturbed vector potential.
@ : perturbed electrostatic potential.

B, : perturbed longitudinal magnetic field.

p : total perturbed pressure.

n » Tj : contributions to density and temperature from the h;, part of the
perturbed distribution functions.

u; : longitudinal fluid velocity of species j.
ulTj : weighted parallel flow for species j, as defined for electrons in eqn. (26)
and ions in eqn. (45).

I1: radial momentum flux.
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Frequencies

3 T. d(/nn;)
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ii i 1 m}/zTiz/z 2112 U\/E
31 31
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eJB
Q=——) e,=-¢, ¢=+¢
m

Symbols used in obtaining vorticity equation

E, F, H, Dy, L: symbols defined in Appendix A.

Equilibrium quantities
A" - tearing mode stability parameter.
T= TC/TI'

L, Ly, L, (density, temperature and pressure  scale-lengths;
n; =d(/nT,)/d(/nn;)=L, /L,.

B, 7 and C normalised pressure, bootstrap current and collisionality parameters
of the semi-collisional theory, see eqn. (96).

Semi-collisional neoclassical current

Glslc,é, o, and 6, semi-collisional conductivity eqn. (67), a normalised form in

eqn. (96) and density gradient and temperature gradient contributions to eqn. (67).

D =1+d¢s*+d;s*, denominator appearing in eqn. (40).
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i, j=1-4: coefficients of semi-collisionality effects defined in eqn. (40).

J . the bootstrap current factor in eqn. (64).

on , 0. and a;: coefficients of density and electron and ion temperature gradient
contributions to bootstrap current, eqn. (64).
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