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The  electron  temperature  difference  between  the  o-point  and the x-point  of 

magnetic island is studied numerically by solving the two-dimensional energy transport 

equation.  It  is  found that,  even  without  a localized  radio-frequency  heating at  the 

island's o-point, there is usually a temperature difference between these two points. This 

difference depends  on  the radial  profile  of  the heating power  deposition,  the ratio 

between the parallel and the perpendicular heat conductivity and the island width, and it 

takes a minimum when the island width is about twice the local heat diffusion layer 

width. The effect of the temperature difference on the island growth is further studied, 

and the peaked heating power density profile at magnetic axis is found be destabilizing.
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Ⅰ . Introduction

Magnetic islands are often observed in tokamak plasma experiments. These islands 

can be driven by  an unfavorable plasma current density gradient (a positive tearing 

mode stability index '∆ ), the perturbed bootstrap current (neoclassical tearing modes), 

or the electron temperature gradient (drift tearing mode) [1-7]. The heat transport across 

the island is an important issue of the magnetic island physics. It is well known that for 

a sufficiently large island, the electron temperature profile becomes nearly flat in the 

island region due to the fast parallel transport. Such a locally flat temperature (and the 

plasma  pressure)  profile  leads  to  the  perturbed  bootstrap  current  driving  the 

neoclassical tearing modes [2-6]. On the other hand,  a local flat temperature profile 

results in a global reduction of the electron temperature (and the plasma pressure) 

from the island up to the magnetic axis [2-6], which have been found to limit the 

plasma pressure or even cause disruptions in tokamak experiments [2-6, 8].

The change of the electron temperature by the magnetic island has been studied in 

the  limits  of  cww <<  and  cww >> [9,10],  where  w  is  the  island  width,  and 

2141
// )8/()( −

⊥= qc Lanaw εχχ  is  the  heat  diffusive  layer  width  at  the  rational 

surface, //χ  and ⊥χ  are the parallel and perpendicular heat difusivities, 
'qqLq = , q  
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is the safety factor, a is the plasma minor radius, Ra=ε  is the inverse aspect ratio, 

and n  is the toroidal mode number [9,10]. For cww << , the contribution to the radial 

transport from the parallel transport along the magnetic field lines is smaller than that 

from the perpendicular transport. While for cww >> , the electron temperature profile 

becomes nearly flat  in the island region except in a thin layer around the island's 

separatrix [9,10]. In these studies, the effect of the heat source or sink in the island 

region is neglected.  

In this paper, the electron energy transport across the magnetic island is studied 

numerically by solving the two-dimensional transport equation. Different heat source 

(or  sink)  profiles  are  taken  into  account.  We focus  on  the  temperature  difference 

between the o-point and x-point of the magnetic island, as this difference leads to the 

difference in the plasma resistivity and therefore a corresponding difference in the 

plasma current density, which affects the island width at nonlinear saturation. It is 

well  known that a higher electron temperature or a lower plasma resistivity at the 

island's o-point is stabilizing for the island, leading to the method of localized RF 

heating at the island's o-point for stabilizing the island [6,11,12]. It will be shown in 

this paper that, even when there is no localized RF heating in the island region, there 

is usually a difference in the electron temperature between the o-point and x-point of 

the magnetic island, and such a difference depends on the radial profile of the heat 

source (or sink) and affects the stability of the island.
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Ⅱ. MODEL

A. Computational model

The periodic cylindric geometry is utilized. The magnetic field B
B

is defined as

ttt eeBRmrneBB
BBBB

×∇+−= ψθθ0110 )/(                       (1)

Where ψ  is the helical magnetic flux function, rm  and Rn  are the wave vectors in 

θe
e

(poloidal)  and  te
e

(toroidal)  direction  respectively,  the  subscript  0  denotes  the 

equilibrium quantity, and R  is the major radius. 

The radial profile of the safety factor )/()( 00 θRBrBrq t= is chosen to be the form

qLreqrq /
0)( =                                         (2) 

to  have  a  constant  magnetic  shear  along  the  minor  radius,  where  45.00 =q  and 

aLq 5.0=  are taken to ensure 23=q  surface to be inside the plasma ( ar ≤≤0 ).

The perturbed helical magnetic flux is taken to be

22
0 )1()/()( ararr ii −=ψψ                        (3)

to have a smooth change along the minor radius except mentioned elsewhere.

The following electron energy transport equation
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∂
∂

⊥⊥χχ              (4)

is solved, where, eT , en , and )(rp  are electron temperature, electron density, and the 

heating power density, respectively.  Here only the parallel and the perpendicular heat 

diffusion are considered, and the convective transport is neglected.  Furthermore,  en , 

//χ  and ⊥χ  are assumed to be constant across the whole minor radius for simplicity. 

The radial profile of the equilibrium electron temperature in steady state is therefore 

determined by the heat source p(r) in Eq. (4).  In our calculations the same q-profile is 

utilized  for  different  equilibrium temperature  profiles,  so  that  the effect  of  plasma 

resistivity on the plasma current density profile is neglected. We only focus on the heat 

transport  with given equilibrium and magnetic perturbations in this  paper,  which is 

characterized by the parameter cww  according to Refs. [9] and [10].

 ψ  and  eT  are  expressed  in  terms  of  Fourier  components  of  the  form 

∑ ++= )cos()()(0 ϕθ jjj nmrArAA , where jm  and jn  are the poloidal and toroidal 

mode numbers of the j th component, and θ  and φ  are the poloidal and toroidal angle 

respectively.
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The heat source )(rp  in Eq. (4) is taken to be the form 

βα )1()( 0 rprp −=               (5)

In Fig.1 different radial profiles of the heating power density  p are shown, obtained 

with different value of  α  and  β . The total heating power ( drrrpP
a

∫=
0

)(2π ) is the 

same for all these curves.

                       Fig.1

The boundary conditions  are  0)()( 0 ==== arTarT ee  and  0
)0(

=
=

dr

rdTe
,  where 

0eT  is the equilibrium electron temperature obtained without the magnetic island.  The 

length is normalized to a , the magnetic field to tB0 , and eT  to )0(0 =rTe .

B. Effect of temperature perturbation on magnetic island growth
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The island growth can be obtained from perturbed Ohm’s law [8,9]

jjj
dt

d
111)( ηηηψ +≈=                        (6)

Where ⊥∇⋅+∂∂= vtdtd
d

, v
v

 is the plasma velocity, η  is the plasma resistivity, j  is 

the plasma current density, and the subscript 1 denotes perturbed quantity.

 Since  ψ21 ∇=j ,  
( )
dr

rBd
j θ= ,  ηη

)(

)()(
1 2

3

xe

xeoe

T

TT −
−= ,  and  θψ 0

'2

16
B

q

qw= ,  one 

finds from Eq. (6) that [8,9]

( )Tdt

dw
δη ∆+∆≈ 5.0'

         (7)

Where 

2

2

'
'

wr

wr

s

s

+

−

=∆
ψ
ψ

 is the conventional tearing mode stability index,  sr  is the radial 

location  of  the  rational  surface,  wCT 1=∆δ  is  due  to  the  temperature  difference 

between  the  island's  o-point  and  x-point,  e
s

T
q

q

r
C δ)2

1(24
'1 −= ,  and  the  parameter 

)(

)()(

xe

xeoe
e T

TT
T

−
≡δ  defines the relative temperature difference between the island's o-

point and x-point.  )(oeT  and  )(xeT  are the electron temperature at magnetic island's o-

point and x-point, respectively. 
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Ⅲ. Modeling results

A single 23=nm  magnetic island is considered here. The numerical calculation 

of the heat transport across magnetic islands is usually quite challenging for a high 

ratio of ⊥χχ // , because the pollution by numerical errors can easily swamp the true 

perpendicular  transport.  Our  calculations  are  based  on  a  new  numerical  method, 

which has been shown to suppress this artificial perpendicular heat flux[13]. 

                       Fig.2

The three-dimension plot of the electron temperature eT  in the presence of a single 

23=nm  island, obtained from Eq. (4), is shown in Fig.2, with  2=α  and  8=β . 
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The  23=q  surface  is  at  ar 601.02/3 = ,  the  island  width  is  aw 082.02/3 = ,  and 

9
// 10=⊥χχ  is taken.  It is seen that eT  becomes flat in the island region due to a large 

island width and a high ratio of ⊥χχ // , being similar to previous results [9,10].

                        Fig.3

When looking carefully into the temperature profile inside the island, however, one 

finds that usually there is a difference in the electron temperature between the island's 

o-point and x-point. In fig.3 the quantity eTδ  as a function of )/log( // ⊥χχ  is shown for 

195.0/ =aw , 138.0  and 062.0 , with other parameters being the same as those of Fig. 

2. It is seen that  eTδ  is positive for a sufficiently low ⊥χχ // . This is caused by the 

inwards (outwards) shift of the island's o-point (x-point) from the resonant surface due 
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to a negative radial gradient of helical flux perturbation at the rational surface given by 

Eq. (3), and the parallel transport is not important for a sufficiently low ⊥χχ // . For a 

sufficiently large  ⊥χχ // ,  eTδ  is also positive, as in this case the temperature is a 

constant on the magnetic surface both inside and outside the island except in a thin 

layer around the island separatix [9], and the finite heat source inside the island leads to 

a higher temperature at the island's o-point than that at the x-point. For a intermediate 

value of ⊥χχ // , however,  eTδ  takes a negative value and has a minimum minTδ ( as 

indicated by black arrows ). These minimum decreases for a larger island but located at 

different value of ⊥χχ // .

                          Fig.4

Corresponding to Fig.3, in Fig.4 the value eTδ  is plotted as a function of cww . It 
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is seen that,  all these minimum values of  eTδ  are approximately at  cww 2≈ .   The 

contribution from the parallel transport to the radial transport becomes comparable to 

that from the perpendicular one for cww ~ . In this case the temperature is not constant 

on  the  magnetic  surface.  Part  of  heating  power  in  the  central  region  between  the 

magnetic axis and the island transports outwards along the field lines and pass through 

the  island  region.  As  the  field  line  length  is  much  longer  near  the  x-point  than 

elsewhere in the island region, a higher temperature difference between the x-point and 

the outer edge of the island at srr >  is required for maintaining the outwards parallel 

heat flux. This leads to a higher temperature at the x-pint than that at the island's o-point 

if the local heating power inside the island is not significant. On the other hand, the 

parallel  temperature gradient decreases due to the parallel  heat flux with increasing

⊥χχ // , which in turn keeps the parallel heat flux to be finite, as the heating power in 

the central  region is finite.  Eventually, for a sufficiently large  ⊥χχ //  the electron 

temperature approaches a constant on the magnetic surface  being  very close to the 

separatrix [9], and the electron temperature at the o-point becomes higher than that at 

the x-point if the heat source inside the island is positive
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Fig.4a   

 Fig.4b

When the helical flux perturbation is taken to be 
25.22

01 )1( rri −=ψψ  outside the 

island but to be a constant across the island region, as shown by 1ψ  in Fig. 4a ( 2ψ  in 

Fig. 4a shows the radial profile of the helical flux perturbation given by Eq. (3)), the 

corresponding eTδ  as a function of )log( // ⊥χχ  is shown in Fig. 4b for 186.0/ =aw , 

133.0  and  097.0 ,  with  other parameters being the same as those of Fig.  3.  For a 

constant-ψ  in the island region there is no radial separation of the o- and x-points, so 
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that  eTδ  approaches  zero  for  low  )log( // ⊥χχ  as  shown in  Fig.  4b  as  expected. 

Comparing Fig. 3 and 4b one finds that, the minimum value of  eTδ  for both cases is 

located at  cww 2≈ ,  and the  eTδ  in Fig. 4b is similar to that in Fig. 3 in the large 

)log( // ⊥χχ region.  The  major  difference  between  Figs.  3  and  4b  is  in  the  low 

)log( // ⊥χχ  region.

                       Fig.5

 For other profiles of heat source as shown in fig.1, the value of eTδ  as a function of 

cww  is shown in fig.5. When the heat source becomes less peaking at the magnetic 
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axis, the value of  minTδ  increase from negative to positive value due to more heating 

power inside the island, but the minimum of eTδ  remains at cww ~ .

                       Fig.6

The  eTδ  affects the island growth as indicated by the term ( Tδ∆ )  in Eq.(7). In 

Fig.6, the value of Tδ∆  as a function of )log( // ⊥χχ  is shown for 
82

0 )1()( rprp −=  

by the curves with circles and squares and for  
64

0 )1()( rprp −=  by the curve with 

diamonds. Other parameters are the same as those of Fig.3, and  aLqq q 5.0' ==  is 

assumed, which leads to  eTC δ9.151 −= . It is seen from the curves with circles and 
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squares  that,  the  value  of  Tδ∆  is  positive  for  8)log(4 // << ⊥χχ ,  indicating  a 

destabilizing effect on the island in this case. The curve with diamonds shows that Tδ∆  

is negative for all values of ⊥χχ // , so that more heating power at the island region is 

stabilizing.

                 Fig.7                           Fig.8

   In  tokamak  experiments,  depending  on  the  heating  method  and  the  plasma 

parameters, the heat source can also be off-axis peaked, as shown in Fig.7. The total 

amount of the heating power is the same for these cases. Corresponding to fig.7, the 

values  of  eTδ  as  a function of )/log( // ⊥χχ is  shown in fig.8.  The island width is 

195.0/ =aw , and the other parameters are the same as those of Fig.3. It is seen that, 

more heating power deposited in the island region leads to a larger value of eTδ , which 

has a stabilizing effect on the magnetic island, as seen in the experiments [11]. This 
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case is in fact similar to the localized continuous RF heating in the island region [11].

                Fig.9                             Fig.10

In high density tokamak discharges it is often found that, when there is a large 

island, strong impurity radiation occurs in the island region [15-17]. This corresponds 

to a negative local heat source in the magnetic island region when the local radiation 

power density exceeds the heating power density. Such a case is modeled by the heat 

source profile as shown in Fig.9, with a negative local heat source in island region.

                   Fig.11

Corresponding to fig.9, in fig.10 eTδ  as a function of cww  is shown. It is seen 
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that the minimum value of  minTδ  also appears at  cww 2≈ , and the absolute value of 

eTδ  increase to %4~minTδ . In fig.11, the value of Tδ∆  as a function of )/log( // ⊥χχ is 

shown. The values of Tδ∆  are positive in the region of 4)log( // >⊥χχ , indicating that 

a local negative heat source in the island region is destabilizing, in agreement with the 

experimental observations on ASDEX UPGRADE [15]. The value of  Tδ∆  is of the 

same  order  as  the  low-m  tearing  mode  stability  index  '∆ [6], one  usually  has 

srm−∆ ~'
[6, 18].

Ⅳ. Discussion and Summary

It is well known that,  with continuous increase plasma density, plasma will be 

eventually subjected to the density limit and disrupted [8]. Before the major disruption, 

the growth of the  2=m  magnetic island is observed, followed by a fast drop in the 

plasma temperature and a slower decay of the plasma current. The growth of the 2=m  

magnetic island is usually thought to be caused by the steep of the plasma current 

density gradient as a result of cool of the outer regions of the plasma by impurities or 

plasma recycling in high density discharges [8, 15-17, 19]. In high density plasmas the 
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ohmic heating power is mainly in the central region where the plasma temperature and 

the current density are high. It is seen from Figs. 3 and 6 that such a peaked power 

deposition profile can lead to a lower electron temperature at the island's o-point than 

that at the x-point, which could play a role in enhancing the island growth for cww ~ , in 

addition to the steep of the plasma current  density gradient.  If  the local  impurities 

radiation power exceeds the local heating power in the island region, the destabilizing 

effect is larger as seen from Fig. 11. For tokamak plasmas with 1=n  aLq =  3=aR  

sm21=⊥χ  evTe 300=  and  
319105 −×= mne  at  the  2=q  surface,  one  has 

awc 035.0=  by using the classical  parallel  heat conductivity. With the increase of 

island width, the electron temperature decreases [8], leading to a larger value of cw , as 

( ) 41418541
// ~~ ⊥

−
⊥ χχχ eec nTw . The increase of cw  would be slower than that of 

the island width if one assumes that the cool down of the  2=q  region is linearly 

proportional to the island width (of course, this depends on the radial temperature 

gradient outside the 2=q  surface), and that  ⊥χ  does not significantly change. It is 
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seen from Figs. 9-11 that, once  cww 2>  and the local radiation power exceeds the 

local heating power in the island region, the mechanism studied here can play a role in 

the nonlinear growth of the island in high density discharges [8, 15-17, 19].

The  net  heat  source  profile  due  to  both  the  heating  power  and  the  plasma 

radiation  depends on  the  heating  method and plasma parameters.  In  high  density 

tokamak discharges strong impurity radiation is in the plasma edge and the  2=q  

region [15-17, 19]. The radiation power can be of the same order or even larger than 

the heating power [8, 15,19], suggesting a much negative heat source in the island 

region than that shown in Fig. 9 and therefore a more negative Tδ∆  than that shown in 

Fig. 11. While with localized RF heating in the island region, the net heat source 

profile is similar to that shown in Fig.7 or becomes even more peaked at the rational 

surface, depending on the RF power. This corresponds to a stabilizing effect as seen in 

the experiments [11].

Future studies using self-consistent radial profiles of the plasma current density 

and the electron temperature, including the convective transport and simultaneously 

calculating  both  the  magnetic  and  temperature  perturbations  are  still  required  to 

further study the effect of eTδ  on the island growth.

In summary, the electron temperature difference between the island's o-point and 

x-point is investigated by numerical modeling. We find that,
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1. When cww 2≈ , the value of eTδ  has a minimum value minTδ .

2.  The value of  minTδ  depends on the heat  source profile.  For peaked on-axis 

heating power density profile,  minTδ  is negative. When the local heat source in the 

island region is negative, as in the case that the local radiation power exceeds the local 

heating power, the negative value region of eTδ  extends to higher ⊥χχ /// . With more 

heating power deposited in the island region, minTδ  becomes positive as expected.

3. The value of eTδ  affects the nonlinear saturated island width, as it can lead to 

a stabilizing (or destabilizing) effect being comparable to that of the low-m tearing 

mode stability index '∆ . This effect is determined by the local power density in the 

island region for a large magnetic island with cww >> .
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Caption

FIG.  1(color  online) Different  radial  profiles  of  the  heating  power  density  p  are 

shown, obtained with different value of α  and β  in Eq. (5). The total heating power (

drrrpP
a

∫=
0

)(2π ) is the same for all these curves.

FIG.  2(color  online) Three  dimensional  plot  of  the electron  temperature  eT  in  the 

presence of a single 23=nm  island, obtained  with 2=α  and 8=β .

Fig.3(color online) eTδ  versus  )/log( // ⊥χχ  for  195.0/ =aw ,  138.0  and  062.0 , 

with other parameters being the same as those of Fig. 2. For a intermediate value of 

⊥χχ // , eTδ  takes a minimum ( as indicated by black arrows ).

Fig.4(color online) Same as Fig. 3, but  eTδ  is  shown as a function of  cww . All 

these minimum values of eTδ  are approximately at cww ~2. 

Fig.4a(color online) Radial  profiles  of  the  m/n=3/2  component  of  helical  flux 

perturbations.  1ψ  is taken to be  
25.22

11 )1( rr −=ψψ  outside the island but to be a 

constant across the island region, while 2ψ  is given by Eq. (3).
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Fig.4b(color online) eTδ  versus  )/log( // ⊥χχ  for  186.0/ =aw ,  133.0  and  097.0 , 

with the helical flux perturbation given by the 1ψ  in Fig. 4a and other parameters being 

the same as those of Fig. 3. eTδ  is zero for a sufficiently low ⊥χχ //  due to a constant-

ψ  in the island region.

Fig. 5(color online) eTδ  versus cww  for other radial profiles of heat source in fig.1. 

When the heat source becomes less peaking at the magnetic axis, minTδ  increase from 

negative  to  positive  value  due  to  more  heating  power  inside  the  island,  but  the 

minimum of eTδ  remains at cww 2≈ .

Fig.6(color online) Tδ∆  versus  )log( // ⊥χχ  for  
82

0 )1()( rprp −=  by the curves 

with circles and squares and for 
64

0 )1()( rprp −=  by the curve with diamonds. Other 

parameters are the same as those of Fig.3, and  aLqq q 5.0' ==  is assumed, which 

leads to eTC δ9.151 −= . 

Fig. 7(color online) Radial  profiles  of  off-axis  peaked heating power  density.  The 

total amount of the heating power is the same for these cases. 
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Fig. 8(color online) Corresponding  to  fig.7,  eTδ  versus  )/log( // ⊥χχ .  The  island 

width is 195.0/ =aw , and the other parameters are the same as those of Fig.3. More 

heating power deposited in the island region leads to a larger value of eTδ .

Fig. 9(color online) The radial profile of the heating power density, being negative in 

the magnetic island region due to the assumption that the local radiation power density 

exceeds the heating power density.

Fig. 10(color online) Corresponding  to  fig.9,  eTδ  versus  cww .  minTδ  appears  at 

cww 2≈ , and the absolute value of eTδ  increase to %4~minTδ . 

Fig.11 (color online) Corresponding to fig.9, the value of Tδ∆  versus )/log( // ⊥χχ . The 

values of  Tδ∆  are positive in the region of  4)log( // >⊥χχ ,  indicating that a local 

negative heat source in the island region is destabilizing.
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