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A b s t r a c t
E r r o r fi e ld (o r e x te r n a lly a p p lie d h e lic a l fi e ld ) p e n e tr a tio n is s tu d ie d n u m e r ic a lly b a s e d o n th e tw o fl u id s e q u a tio n s . It
is s h o w n th a t th e r e is a m in im u m in th e r e q u ir e d fi e ld a m p litu d e w h e n th e a p p lie d h e lic a l fi e ld f r e q u e n c y is th e s a m e
a s th e m o d e f r e q u e n c y b e in g d e te r m in e d b y b o th th e b a c k g r o u n d e q u ilib r iu m p la s m a r o ta tio n a n d th e d ia m a g n e tic
d r if t. T h e m o d e p e n e tr a tio n th r e s h o ld s ig n ifi c a n tly in c r e a s e s a s th e fi e ld f r e q u e n c y d e v ia te s f r o m th e m o d e f r e q u e n c y
a n d c a n b e c o m e a s ym m e tr ic o n th e tw o s id e s o f th e m in im u m d u e to p a r a lle l h e a t tr a n s p o r t. Afte r m o d e p e n e tr a tio n
th e n o n lin e a r s a tu r a te d is la n d w id th is f o u n d to b e s m a lle r f o r a la rg e r e le c tr o n d ia m a g n e tic d r if t f r e q u e n c y.
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1 . I n t r o d u c t io n

T h e e ff e c t o f a n e x te r n a lly a p p lie d r e s o n a n t h e lic a l fi e ld o r

a n e r r o r fi e ld o n th e m a g n e tic is la n d s is o f g r e a t in te r e s t f o r

m a g n e tic f u s io n r e s e a r c h . W h e n th e is la n d is la rg e e n o u g h , it

w ill b e lo c k e d to th e e x te r n a lly a p p lie d h e lic a l fi e ld [1,2]. E v e n

if w ith o u t a n e x te r n a l h e lic a l fi e ld , th e h e lic a l c u r r e n t in d u c e d

in th e v a c u u m v e s s e l b y a n u n s ta b le m o d e w ill p r o d u c e a h e lic a l

fi e ld to a c t b a c k o n th e is la n d a n d to le a d to th e m o d e lo c k in g

o f a la rg e is la n d [1]. F o r th e p la s m a b e in g o r ig in a lly s ta b le

to th e te a r in g m o d e , a n e x te r n a lly a p p lie d r e s o n a n t fi e ld c a n

p e n e tr a te th r o u g h th e r e s o n a n t s u r fa c e , g e n e r a tin g a m a g n e tic

is la n d th e r e (m o d e p e n e tr a tio n ) [2–7]. B o th e x p e r im e n ta l a n d

th e o r e tic a l s tu d ie s h a v e b e e n c a r r ie d o u t f o r u n d e r s ta n d in g

th e m o d e p e n e tr a tio n p h ys ic s . T h e e x p e r im e n ta l r e s u lts s h o w

th a t th e p e n e tr a tio n th r e s h o ld o f a n e r r o r fi e ld is v e ry s m a ll,

typ ic a lly br (r = a)/B0 t ∼ 10 −4–10 −3 o n e x is tin g to k a m a k s ,

w h e r e br (r = a) is th e r a d ia l m a g n e tic fi e ld p e r tu r b a tio n a t th e

p la s m a e d g e r = a a n d B0 t is th e e q u ilib r iu m to r o id a l m a g n e tic

fi e ld [2–7]. T h e m o d e p e n e tr a tio n th r e s h o ld is e x p e c te d to

b e s ig n ifi c a n tly lo w e r f o r a f u s io n r e a c to r, e s p e c ia lly d u r in g

th e p la s m a c u r r e n t r is e p h a s e w ith a lo w p la s m a d e n s ity a n d

r o ta tio n v e lo c ity [2–6]. F o r a h ig h e r β p la s m a , th e m o d e

p e n e tr a tio n th r e s h o ld is f o u n d to b e lo w e r o n D III- D p o s s ib ly

d u e to th e d e s ta b iliz in g r o le o f th e p e r tu r b e d b o o ts tr a p c u r r e n t

[5, 6]. Re c e n tly it w a s s h o w n o n T E X T OR th a t th e r e la tiv e

f r e q u e n c y b e tw e e n th e m o d e a n d th e a p p lie d h e lic a l fi e ld is

im p o r ta n t in d e te r m in in g th e th r e s h o ld f o r th e m o d e o n s e t

[8, 9]. W h e n th e s e tw o f r e q u e n c ie s a r e th e s a m e , th e m o d e
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p e n e tr a tio n th r e s h o ld r e a c h e s a m in im u m v a lu e . T h e r e q u ir e d

h e lic a l fi e ld a m p litu d e f o r m o d e p e n e tr a tio n s ig n ifi c a n tly

in c r e a s e s if th e s e tw o f r e q u e n c ie s a r e d iff e r e n t [8, 9].

M o s t th e o r e tic a l r e s u lts o n m o d e p e n e tr a tio n a r e b a s e d o n

r e d u c e d M H D e q u a tio n s . In th is lim it it h a s b e e n s h o w n th a t

th e p e n e tr a tio n th r e s h o ld o f a s ta tic h e lic a l fi e ld is h ig h e r f o r

a la rg e r e q u ilib r iu m p la s m a r o ta tio n f r e q u e n c y ω d u e to th e

s h ie ld in g c u r r e n t a t th e m o d e r a tio n a l s u r fa c e . In a d d itio n ,

th e p e n e tr a tio n th r e s h o ld a ls o d e p e n d s o n th e p la s m a r e s is tiv e

a n d v is c o s e d iff u s io n tim e τR a n d τµ a n d th e Alfv e n tim e

τA [10 –13]. B a s e d o n th e n o n lin e a r m o d ifi c a tio n o f th e

e q u ilib r iu m p la s m a r o ta tio n v e lo c ity a n d th e n o n lin e a r is la n d

g r o w th e q u a tio n (Ru th e r f o r d e q u a tio n ) , th e r e q u ir e d br f o r

m o d e p e n e tr a tio n is f o u n d to b e p r o p o r tin o a l to ω4/3 w h e n

th e p la s m a in e r tia e ff e c t is m o r e im p o r ta n t th a n th e v is c o u s

o n e a n d to ω2/5 in th e o p p o s ite lim it [2, 10 ] . If th e lin e a r

r e s p o n s e in th e in n e r te a r in g r e g io n a r o u n d th e r a tio n a l s u r fa c e

in s te a d o f th e Ru th e r f o r d e q u a tio n is u tiliz e d , v a r io u s d iff e r e n t

r e g im e s a r e f o u n d [11, 12]. Am o n g th e m th e s o - c a lle d v is c o -

r e s is tiv e r e g im e s a r e m o r e r e le v a n t to to k a m a k p la s m a s . In

th is r e g im e th e p e n e tr a tio n th r e s h o ld br/B0 t is p r o p o r tio n a l to

ωτR(τR/τµ)7/12 (τA/τR)7/6 [11, 12]. F o r a f u s io n r e a c to r th e

m o d e p e n e tr a tio n is p r e d ic te d to o c c u r w h e n br/B0 t = 2×10 −5

a t th e r a tio n a l s u r fa c e [12], b e in g m u c h lo w e r th a n th a t o f th e

e x is tin g to k a m a k s . T h is im p lie s th a t m o d e p e n e tr a tio n is a v e ry

im p o r ta n t is s u e , a n d im p r o v e d u n d e r s ta n d in g o f th e r e le v a n t

p h ys ic s is n e c e s s a ry. Re c e n tly, r e s u lts f r o m th e f o u r- fi e ld

m o d e l in c lu d in g th e d ia m a g n e tic d r if t w e r e o b ta in e d [14, 15].

In [14] a n a n a lytic th e o ry is c o n s tr u c te d in a s im ila r w a y to

M H D th e o ry [11, 12], a n d th e d ia m a g n e tic d r if t is ta k e n in to

a c c o u n t in th e in n e r te a r in g r e g io n . T h e m o d e p e n e tr a tio n
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th resh old ob ta ined from th e tw o fl uids eq ua tions is found to b e

simila r to th a t f rom th e reduced M H D eq ua tions, if th e mode

freq uency due to th e b a ck g round pla sma rota tion is repla ced

b y th a t due to th e dia ma g netic drift [14]. T h is is a s ex pected

since th e nonlinea r ch a ng e in th e dia ma g netic drift f req uency

due to th e pa r a llel h ea t conduction is neg lected. In [15] linea r

numerica l results f rom th e four- fi eld model sh ow th a t a sh a rp

resona nce b etw een th e error fi eld a nd th e mode occurs w h en

th e fi eld freq uency is th e sa me a s th e mode freq uency . B oth

th e b a ck g round pla sma rota tion a nd th e dia ma g netic drift a re

importa nt in determining th e mode penetra tion, since th ey

could eith er increa se or decrea se th e tota l mode freq uency ,

depending on th e pla sma rota tion direction [15]. S uch a

numerica l result a g rees w ith a na ly tica l th eory [10].

M otiv a ted b y recent T EX T O R ex perimenta l results [8,9],

in th is pa per th e mode penetra tion is studied numerica lly

using th e (reduced) nonlinea r tw o fl uids eq ua tions in th e

periodica l cy linder g eometry . B oth pa r a llel a nd perpendicula r

tr a nsports a re self -consistently included, b eing necessa r y for

modelling th e ch a ng e in th e dia ma g netic drift f req uency a nd

th e a ssocia ted ion pola riz a tion current during th e isla nd g row th

driv en b y th e error fi eld. T h e nonlinea r numerica l results

prov ide a b etter understa nding of th e mode penetra tion ph y sics,

sh ow ing th e a sy mmetry of th e penetra tion th resh old on th e

tw o sides of th e minimum v a lue a s ob serv ed in T EX T O R

ex periments [8, 9]. In a ddition, th e penetra ted isla nd w idth

is found to decrea se for a la rg er electron dia ma g netic drift

f req uency , indica ting a sta b iliz ing role of th e ion pola riz a tion

current.

2 . C o m p u t a t io n a l m o d e l

A la rg e a spect-r a tio tok a ma k a pprox ima tion is utiliz ed in

our model. T h e ma g netic fi eld is defi ned a s B = B0tet −

(kr/m)B0teθ + ∇ψ × et, w h ere ψ is th e h elica l fl ux function,

m/r a nd k = n/R a re th e w a v e v ectors in eθ (poloida l) a nd et

( toroida l) directions, respectiv ely , R is th e ma jor r a dius, m a nd

n a re th e poloida l a nd toroida l mode numb ers of th e mode a nd

th e sub script 0 denotes a n eq uilib r ium q ua ntity . T h e pla sma

v elocity is defi ned a s v = v||e||+∇φ×et, w h ere φ is th e strea m

function.

T h e tw o fl uids eq ua tions utiliz ed h ere include th e

g enera liz ed O h m’s la w , th e eq ua tion of motion in th e

perpendicula r ( a f ter ta k ing ∇×) a nd pa ra llel (to ma g netic fi eld)

directions a nd th e energ y a nd ma ss conserv a tion eq ua tions.

Norma liz ing th e leng th to th e minor ra dius a, th e time t to th e

resistiv e time τR = a2µ0/η, th e h elica l fl ux ψ to aB0t, v to

a/τR a nd th e electron tempera ture Te a nd density ne to th eir

v a lues a t th e ma g netic a x is, th ese eq ua tions b ecome

dψ

dt
= E − ηj + �(∇||ne + ∇||Te), (1)

dU

dt
= −S2∇||j + µ∇2

⊥U + Sm, (2)

dv||

dt
= −c2

s ∇||P /ne + µ∇2
⊥v||, (3)

3

2
ne

dTe

dt
= 0.78(�/β)∇||j + Tene∇||v|| + ne∇||(χ||∇||Te)

+ ne∇⊥(χ⊥∇⊥Te) + Sp, (4)

dne

dt
= (�/β)∇||j − ∇||(nev||) + ∇⊥(D⊥∇⊥ne) + Sn, (5)

w h ere d/dt = ∂ /∂ t + v⊥ · ∇⊥, ∇||f = (B/B)· ∇f ≈

(B/B0t) · ∇f , ∇⊥f = f ′ + (∂f/∂ θ)/r , ∇2
⊥f = [r(f ′)]′/r −

(∂ 2f/∂ θ2)/r2 a nd th e prime is for ∂ /∂ r . j = ∇2
⊥ψ −

2nB0t/(mR) b eing th e toroida l pla sma current density , η

is th e norma liz ed pla sma resistiv ity , E is th e eq uilib r ium

electric fi eld for ma inta ining th e eq uilib r ium pla sma current

density , � = βd1 determining th e dia ma g netic drift f req uency ,

β = 4neTe/B
2, d1 = ωce/νe a nd ωce a nd νe a re th e

electron cy clotron a nd collisiona l f req uency , respectiv ely . T h e

ma g netic Rey nolds numb er S = τR/τA, w h ere τA = a/V A

is th e Alfv en time. U = −∇2
⊥φ b eing th e pla sma v orticity ,

µ is th e pla sma v iscosity , cs = (Te/mi)
1/2 b eing th e ion

sound v elocity a nd p th e pla sma pressure. χ|| a nd χ⊥ a re th e

pa r a llel a nd perpendicula r h ea t tr a nsport coeffi cients, D⊥ is th e

perpendicula r pa rticle tr a nsport coeffi cient, Sp is th e h ea ting

pow er, Sn is th e pa rticle source a nd Sm in eq ua tion (2) is th e

poloida l momentum source g iv en b y

Sm = �E[1 − (r/a)2]3, ( 6 )

w h ich lea ds to a n eq uilib r ium poloida l pla sma rota tion.

Eq ua tions (1)– (5) a re th e coupled tw o fl uids eq ua tions

for modelling th e nonlinea r ev olution of th e drifting tea ring

mode [16 ], w h ich reduce to th e M H D eq ua tions if � = 0 is

ta k en in O h m’s la w to neg lect th e pa r a llel electron tempera ture

a nd th e density g r a dient. T h e difference b etw een th e pa rticle

a nd th e h ea t tr a nsport is ta k en into a ccount, w h ich is necessa r y

for a sma ll isla nd for w h ich th e dia ma g netic drift is importa nt.

C ompa red w ith prev ious th eories, in eq ua tions (1)– (5) th e

tw o-dimensiona l electron h ea t tr a nsport is included self-

consistently . C old ion a ssumption is ma de h ere, since th e ion

tempera ture is sig nifi ca ntly low er th a n th a t of th e electron’s in

th ese relev a nt ex periments on T EX T O R [8, 9].

3 . N u m e r ic a l r e s u lt s

Eq ua tions (1)– (5) a re solv ed simulta neously using th e initia l

v a lue code T M 1, w h ich h a s b een used for modelling th e linea r

sta b ility of th e drifting tea ring mode ea rlier [16 ]. T h e modifi ed

v ersion of th is code h a s b een used to study th e nonlinea r g row th

a nd sa tura tion of th e neocla ssica l tea ring mode (NT M ) a nd

th eir sta b iliz a tion b y RF current [17,18]. Improv ed numerica l

meth ods a re utiliz ed in th e code to reduce th e numerica l error

for h ig h v a lues of S a nd χ||/χ⊥ [17, 19, 20].

T h e ca lcula tions a re for a sing le h elicity perturb a tion.

In a ddition to th e funda menta l h a rmonic, h ig h er h a rmonic

perturb a tions a s w ell a s th e ch a ng e in th e eq uilib r ium q ua ntities

(th e m/n = 0/0 component) a re self -consistently ca lcula ted.

T h e toroida l ma g netic fi eld is ta k en to b e a consta nt, so th a t th e

toroida l mode coupling is neg lected. Fourier decomposition in

th e poloida l a nd toroida l directions a nd fi nite differences a long

th e ra dia l direction a re utiliz ed in th e code. T h e ca lcula tion

reg ion is from th e ma g netic a x is a t r = 0 to th e pla sma edg e

a t r = a. T h e b ounda ry conditions a re a s th e follow ing .

( a ) T h e r a dia l g r a dients of a ll q ua ntities a re z ero a t r = 0.

(b ) All th e perturb a tions (m/n �= 0/0) a re z ero a t r = a

ex cept for th e m/n = 2/1 ma g netic perturb a tion g iv en b y

th e follow ing eq ua tion (7) to ta k e into a ccount th e error

fi eld.
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(c) A ll th e eq uilib r ium (m/m = 0/0) q uantities tak e th e same

v alue as th e orig inal eq uilib r ium ones at r = a.

T h e effect of th e error fi eld is tak en into account b y th e

b ound ary cond ition

ψm/n(r = a) = ψa cos(ωf t + mθ + nφ ), (7)

w h ere ψa d escrib es th e applied h elical fi eld amplitud e at r = a

of th e m/n component and ωf is th e fi eld freq uency . T h e rad ial

mag netic fi eld is g iv en b y br,m/n = mψm/n/r . H ere th e mod e

penetration of th e m/n = 2/1 mod e is stud ied .

T h e input parameters are b ased on T EX T O R ex perimental

parameters. T h e toroid al mag netic fi eld is B0t = 2.5 T and th e

plasma minor and major rad ii are a = 0.47 m and R = 1.75 m,

respectiv ely . T h e eq uilib r ium electron temperature and d ensity

profi les are mod elled b y

Te = Te0[1 − (r/a)2] + Tea,

ne = ne0[1 − (r/a)2] + nea,

w h ere Te0 = 1800 eV , Tea = 300 eV , ne0 = 3.2×1019 m−3 and

nea = 3.0×1018 m−3 [8,13,15]. T h ese lead to th e normaliz ed

parameters S = 1.97 × 108, � = 6.3 × 104, cs = 1.2 × 107,

d1 = 2.5×107 and χ|| = 1.1×109 (a2/τR) . H ere χ|| = vT e/k ||

is used for calculating χ|| and vT e = (Te/me)
1/2 is th e electron

th ermal v elocity [21]. I t sh ould b e noted th at th e precise

form of χ|| for a h ig h temperature plasma is more complex

as sh ow n in [21].

A ssuming th e perpend icular h eat d iffusiv ity and th e

plasma v iscosity to b e at th e anomalous transport lev el of

0.5 m2 s−1, in th e normaliz ed units th ey are χ⊥ = µ =

21(a2/τR). T h e perpend icular particle d iffusiv ity is tak en

to b e D⊥ = χ⊥/5. T h ese parameters are th e input for our

calculations ex cept mentioned elsew h ere.

A monotonic profi le of th e safety factor q is used , and

th e q = 2 rational surface locates at rs = 0.628a [8, 13, 15].

T h e m/n = 2/1 mod e is stab le w ith out an ex ternally applied

h elical fi eld .

3 .1 . R es u lts fr o m red u c ed M H D eq u atio n s

B efore presenting th e results ob tained from th e tw o fl uid s

eq uations, it is useful to fi rst h av e a look at th e results ob tained

from th e red uced M H D eq uations, w h ich are ob tained b y

tak ing � = 0 in eq uation (1), so th at th e temperature and

d ensity perturb ations h av e no effect on th e tearing mod e. In

th is case, eq uations (1) and (2) are d ecoupled from (3)– (5).

In fi g ure 1 th e nonlinear g row th of a m/n = 2/1

mag netic island d r iv en b y th e ex ternally applied h elical fi eld

is plotted for �E = 1.0 × 106 (solid curv e) and 3.0 × 106

(d otted ) , w h ere th e normaliz ed island w id th w/a is sh ow n

as a function of th e normaliz ed (to τR) time t . �E = 0

correspond s to z ero eq uilib r ium plasma rotation v elocity , and

�E = 1.0 × 106 correspond s to a poloid al plasma rotation

v elocity vp = −8.4 × 104 (a/τR) at rs. T h e island w id th is

calculated from th e conv entional formula w = 4(ψ2/1/ψ
′′
0 )1/2

at th e rational surface [1]. T h e applied h elical fi eld h as a

freq uency ωf = 0 and an amplitud e of ψa = 10−5aB0t. I t

is seen th at th e island g row s to a larg er amplitud e w = 0.04a

0 0.01 0.02

t

0

0.01

0.02

0.03

0.04

w
/a

1.e6

3.e6

F ig u r e 1 . T h e normaliz ed island w id th w/a v ersus th e normaliz ed
(to τR) time t for �E = 1.0 × 106 (— — ) and 3.0 × 106 (· · · · · ·) .
�E = 0 and 1.0 × 106 correspond to a poloid al plasma rotation
v elocity vp = 0 and −8.4 × 104 (a/τR) at th e rational surface. T h e
applied h elical fi eld h as a freq uency ωf = 0 and an amplitud e
ψa = 10−5aB0t .
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t

-1e+06

0

1e+06
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3.e6

1.e6

F ig u r e 2 . C orrespond ing to fi g ure 1, th e time ev olution of th e mod e
freq uency (in units of τ−1

R ) is g iv en for �E = 1.0 × 106 and
3.0 × 106.

for a smaller rotation speed b ut remains at a low v alue for a

faster rotation.

T h e correspond ing time ev olution of th e normaliz ed mod e

freq uency is sh ow n in fi g ure 2 for �E = 1.0×106 and 3.0×106.

A t th e b eg inning (t = 0) th e mod e freq uency is d etermined b y

th e eq uilib r ium poloid al plasma rotation, ω = −mvp/r . In

th e stead y state th e mod e is lock ed to th e h elical fi eld for b oth

cases, so th at th e mod e freq uency b ecomes z ero b eing th e same

as th at of th e static h elical fi eld .

In fi g ure 3 th e rad ial profi les of th e m/n = 2/1 component

of ψ , ψ2/1, in stead y state are sh ow n for �E = 1.0 × 106

and 3.0 × 106, w h ere th e solid (d otted ) curv e represents th e

real (imag inary ) part. For a smaller rotation speed th e ψ2/1

profi le look s lik e th at of a usual tearing mod e, w h ile for a

larg e rotation speed ψ2/1 d ecreases to a v ery small v alue at th e

rational surface. T h e much smaller imag inary part compared

w ith th e real one of ψ2/1 for th e penetrated case ind icates a

small ph ase sh ift b etw een th e mod e and th e ex ternal fi eld . T h e

correspond ing m/n = 2/1 component of th e current d ensity

perturb ation, j2/1, is sh ow n in fi g ure 4, w h ere th e solid (d otted )

curv e represents th e real (imag inary ) part. For a larg e rotation

speed th e current d ensity perturb ation h as a neg ativ e peak at th e

3



0 0.5 1

r/a

0

1e-05

2e-05

ψ
2
/1

3.e6

1.e6

F ig u r e 3 . C orrespond ing to fi g ure 1, th e rad ial profi les of
ψ2/1(a B0t) in stead y state for �E = 1.0 × 106 and 3.0 × 106 are
g iv en. T h e solid (d otted ) curv e is th e real (im ag inary ) part.
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F ig u r e 4. C orrespond ing to fi g ure 3, th e m /n = 2/1 com ponent of
th e current d ensity perturb ation in units of B0t/a . T h e solid (d otted )
curv e represents th e real (im ag inary ) part.
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F ig u r e 5 . C orrespond ing to fi g ure 3, rad ial profi les of th e poloid al
rotation v elocity vp (a /τR) for �E = 1.0 × 106 and 3.0 × 106. T h e
solid (d otted ) curv es sh ow th e stead y state results (th e orig inal
eq uilib r ium ones).

rational surface, w h ich prod uces an opposite fi eld to cancel th e

ex ternally applied fi eld from th e m ag netic ax is to th e rational

surface as seen in fi g ure 3.

In fi g ure 5 th e rad ial profi les of th e poloid al plasm a

rotation v elocity vp are sh ow n for �E = 1.0×106 and 3.0×106.

T h e solid curv es sh ow th e results in stead y state, w h ereas th e

d otted curv es sh ow th e orig inal eq uilib r ium poloid al plasm a

rotation v elocity profi les. For a sm aller �E, th e fi eld is

penetrated , and vp is b roug h t to z ero at th e rational surface.

For a larg er rotation speed , h ow ev er, vp only slig h tly d ecreases

d ue to th e sm aller m ag netic island as seen in fi g ures 1 and 3.

In fi g ure 6(a) th e island w id th in th e stead y state is sh ow n

as a function of �E w ith ωf = 0 and ψa = 10−5a B0t . O nly for

a suffi ciently sm all �E w ith �E < 1.53×106, th e h elical fi eld

is penetrated , as ind icated b y th e sig nifi cantly larg er saturated

island w id th . T h e island w id th is at a v ery low lev el for a larg er

�E, i.e. a larg er plasm a rotation speed .

C om pared w ith analy tical th eories, th e m od e penetration

results sh ow n ab ov e are found to correspond to th e v isco-

resistiv e reg im e [11, 12]. Eq uation (42) of [12] lead s to a

m od e penetration th resh old at ψ2/1(r = a ) = 0.75 × 10−5

w ith �E = 1.53 × 106 and th e sam e input d ata, b eing close to

th e num erical results.

C orrespond ing to fi g ure 6(a) , in 6(b) th e ratio b etw een

th e new poloid al v elocity in th e stead y state w ith th e error

fi eld and th e orig inal eq uilib r ium poloid al v elocity w ith out

th e error fi eld , vp/vp0, at th e rational surface is sh ow n.

T h e param eter vp/vp0 sh arply d ecreases to z ero after m od e

penetration. J ust b efore penetration vp/vp0 = 0.465, b eing

close to th e analy tical pred iction of vp/vp0 = 0.5 [12].

T h e correspond ing relativ e ph ase b etw een th e m ag netic

perturb ation at th e rational surface and th e error fi eld , � ϕ ,

is sh ow n in fi g ure 6(c) . � ϕ d ecreases to nearly z ero after

m od e penetration. J ust b efore penetration � ϕ = 8 9 .7◦,

b eing approx im ately th e sam e as th e analy tical pred iction of

� ϕ = 9 0◦ [11, 12]. I t is seen th at th e analy tical th eories of

th e v isco-resistiv e reg im e [11, 12] essentially ag ree w ith th e

num erical results.

3 .2 . R es u lts fr o m tw o fl u id s eq u atio n s

In tw o fl uid s th eory th e eq uilib r ium tem perature and th e

d ensity g rad ient lead to an ad d itional m od e freq uency d ue

to th e d iam ag netic d rift (see eq uation (1)) , such th at th e

m od e freq uency is d eterm ined b y ω = −m vp/r + ωe∗ , w h ere

ωe∗ = �m (1/LT + 1/Ln)/r is th e electron d iam ag netic d rift

freq uency in norm aliz ed units and LT and Ln are th e local

g rad ient leng th of th e electron tem perature and d ensity at

th e rational surface. In fi g ure 7 th e island w id th is sh ow n

as a function of �E b y th e solid curv e for ωf = 0 and

ψa = 10−5a B0t . T h e d otted curv e is th e sam e as th at of

fi g ure 6 ob tained for � = 0. C om pared w ith th e d otted curv e,

th e m od e penetration reg ion sh ow n b y th e solid one is sh ifted

from th e reg ion around �E = 0 to a reg ion around fi nite �E,

b ecause th e m od e freq uency ω = −m vp/r + ωe∗ = ωf = 0

at th e location sh ow n b y th e v ertical arrow . T h e d ash ed curv e

is ob tained b y neg lecting th e tem perature g rad ient in O h m ’s

law . D ue to th e ab sence of th e d iam ag netic d rift contrib uted

from th e tem perature g rad ient, th e sh ift of th e resonance reg ion

from �E = 0 is sm aller com pared w ith th e solid curv e. I t

is also ob v ious th at th e island w id th ob tained from th e tw o

fl uid s eq uations is sm aller th an th at ob tained w ith th e red uced

M H D approx im ation after m od e penetration. T h is is d ue to

th e stab iliz ing role of th e ion polariz ation current associated

w ith th e d iam ag netic d rift [22–25].

U sing a rotating h elical fi eld w ith ωf = −2.2×105/τR and

ψa = 10−5a B0t , th e island w id th is sh ow n as a function of �E
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F ig u r e 6 . (a) T h e island w id th in ste ad y state v e rsus �E, w ith ωf = 0 and ψa = 10−5a B 0t . T h e h e lical fi e ld is pe ne trate d for
�E < 1.53 × 106. (b) C orr e spond ing to (a) , th e poloid al v e locity in th e ste ad y state ov e r th e orig inal e q uilib r ium v e locity , vp/ vp0, at th e
rational surface . J ust b e fore pe ne tration vp/ vp0 = 0.4 65. (c) C orr e spond ing to (a) , th e r e lativ e ph ase b e tw e e n th e m ag ne tic pe r turb ation at
th e rational surface and th e e r ror fi e ld , � ϕ . J ust b e fore pe ne tration � ϕ = 89.7◦.
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F ig u r e 7 . T h e island w id th in th e ste ad y state v e rsus �E ob taine d
from th e tw o fl uid s e q uations for ωf = 0 and ψa = 10−5a B 0t (— — ) .
T h e d otte d curv e is th e sam e as th at of fi g ure 6 ob taine d for
� = ωf = 0. For th e d ash e d curv e th e te m pe rature g rad ie nt in
O h m ’s law is ne g le cte d . T h e v e r tical arrow s sh ow th e �E w h e r e th e
m od e fr e q ue ncy ω = 0.
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F ig u r e 8. T h e island w id th v e rsus �E for ωf = −2.2 × 105 (— — )
and ωf = 0 (· · · · · ·) , w ith ψa = 10−5a B 0t . T h e tw o v e r tical arrow s
sh ow th e �E v alue at w h ich ω = ωf .

-5e + 06 0 5e + 06 1e + 07
Ω E

0

0.01

0.02

0.03

0.04

w
/a

F ig u r e 9 . T h e island w id th v e rsus �E for ψa = 2 × 105 (— — ) and
1 × 105 (· · · · · ·) , w ith ωf = 0. T h e v e r tical arrow sh ow s th e �E

v alue at w h ich ω = ωf .

in fi g ure 8 b y th e solid curv e . T h e d otte d curv e is ob taine d for

a static h e lical fi e ld ωf = 0. T h e m od e pe ne tration is sh ifte d

to a sm alle r �E r e g ion for a fi nite fr e q ue ncy of th e h e lical fi e ld

as e x pe cte d , since ω = ωf th e r e . T h e tw o arrow s sh ow th e

�E v alue for w h ich ω = ωf is fulfi lle d . A corr e spond ing sh ift

of th e m od e pe ne tration re g ion using a rotating h e lical fi e ld is

ob se r v e d in T EX T O R e x pe rim e nts [8].

Incre asing th e am plitud e of th e h e lical fi e ld , th e m od e

pe ne tration re g ion b e com e s w id e r as se e n from fi g ure 9, w h e r e

th e island w id th is sh ow n as a function of �E for ψa = 2×10−5

(solid ) and 1 × 10−5 a B 0t (d otte d ) w ith ωf = 0. T h e v e r tical

arrow ag ain sh ow s th e �E v alue at w h ich ω = ωf . A larg e r

am plitud e of th e h e lical fi e ld is ob v iously r e q uir e d for m od e

pe ne tration if th e d iffe r e nce b e tw e e n m od e fr e q ue ncy and th at

of th e h e lical fi e ld b e com e s larg e r.

T h e island w id th is sh ow n as a function of ψa in fi g ure 10

for �E = 3 × 106 w ith ωf = 0 b y th e solid curv e . W ith th e

incre ase in ψa, th e r e is a sud d e n jum p in th e island w id th at

ψa = 1.1 × 10−5a B 0t , ind icating th e r e q uir e d ψa for m od e

pe ne tration. I t sh ould b e m e ntione d th at such a th r e sh old

d oe s not e x ist if th e m od e fr e q ue ncy e q uals th e h e lical fi e ld

fr e q ue ncy . T h e d otte d curv e in fi g ure 10 is ob taine d for
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F ig u r e 1 0 . T h e island w id th v ersus ψa for �E = 3 × 106 and
ωf = 0 (— — ) . T h e d otted curv e is ob tained for �E = 5 × 106 and
ω = −m v p/r + ωe∗ = ωf = 0. T h e d ash ed curv e is ob tained from
th e red uced M H D eq uations w ith ω = ωf = 0.
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F ig u r e 1 1 . T h e island w id th v ersus � w ith ψa = 10−5a B 0t (— — ) .
T h e eq uilib r ium plasm a rotation is selected such th at ω = ωf = 0.
T h e d otted curv e is ob tained b y neg lecting th e electron tem perature
g rad ient in O h m ’s law .

�E = 5 × 106 and ω = −m v p/r + ωe∗ = ωf = 0. T h e

d ash ed curv e is th e island w id th ob tained from th e red uced

M H D eq uations w ith no plasm a rotation and ωf = 0. In th ese

tw o cases, th e island w id th g rad ually increases w ith increasing

ψa. Fig ure 10 also ind icates th at for th e sam e ψa, th e island

w id th ob tained from th e tw o fl uid s eq uations is sig nifi cantly

sm aller th an th at ob tained from th e red uced M H D eq uations.

In fi g ure 11 th e island w id th is sh ow n as a function of �

w ith ωf = 0 and ψa = 10−5a B 0t (solid ) . T h e eq uilib r ium

plasm a rotation is selected such th at th e m od e freq uency is

z ero. T h e d otted curv e is ob tained b y neg lecting th e electron

tem perature g rad ient in O h m ’s law . T h e island w id th d ecreases

for a larg er � (or ωe∗) , sh ow ing th e increasing stab iliz ing role

for a larg er d iam ag netic d rift freq uency .

T h e req uired fi eld am plitud e for m od e penetration is

sh ow n as a function of ωp/ωe∗ in fi g ure 12 for a constant �,

� = 6.3 × 104, w h ere ωp = m v p/r is th e (neg ativ e)

freq uency d ue to th e poloid al plasm a rotation. T h ere is a

m inim um req uired fi eld am plitud e for m od e penetration at

ωp/ωe∗ = 1 w h ere ω = ωf = 0 d ue to th e cancelling

b etw een th e eq uilib r ium plasm a rotation freq uency and th e

d iam ag netic d rift freq uency . T h e req uired fi eld am plitud e for
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F ig u r e 1 2 . T h e req uired fi eld am plitud e for m od e penetration
v ersus ωp/ωe∗ for � = 6.3 × 104 and ωf = 0, w h ere ωp = m v p/r is
th e (neg ativ e) freq uency d ue to poloid al plasm a rotation. T h ere is a
m inim um req uired fi eld am plitud e for m od e penetration at
ωp/ωe∗ = 1, w h ere ω = ωf = 0 d ue to th e cancelling b etw een th e
plasm a rotation freq uency and th e d iam ag netic d rift freq uency .

m od e penetration increases as th e m od e freq uency d ev iates

from th e freq uency of th e ex ternally applied fi eld .

I t sh ould b e m entioned th at th e m od e penetration is d efi ned

h ere accord ing to th e rad ial profi le of ψ2/1 in th e stead y state

and th e sud d en increase in th e island w id th w ith increasing ψa

as seen from fi g ures 3 and 10. T h e penetrated island w id th is

in fact v ery sm all for a sm all am plitud e of ψa around ω ∼
= ωf .

In T EX T O R ex perim ents th e eq uilib r ium plasm a rotation

is in th e toroid al d irection rath er th an in th e poloid al one

[8, 9]. T o calculate th e m od e penetration in th e plasm a w ith

a toroid al rotation, an ad d itional eq uation w ould b e req uired

to calculate th e nonlinear ev olution of th e toroid al rotation

v elocity . S ince in our m od el, eq uations (1)– (5), only th e

poloid al rotation is includ ed , a m uch larg er (×102) plasm a

v iscosity , µ = 2.1 × 103(a 2/τR), is used in th e follow ing

num erical calculations to sim ulate th e toroid al rotation effect.

S uch an approx im ated approach is b ased on th e follow ing tw o

reasons [1, 2]: (a) th e electrom ag netic force to slow d ow n

th e plasm a rotation in th e toroid al d irection is sm aller b y a

factor of (n /m ) (rs/R ) th an th at in th e poloid al d irection.

(b ) T o h av e th e sam e m od e freq uency d ue to plasm a rotation,

th e toroid al rotation req uires a speed w h ich is (m /n )(R /rs)

tim es larg er th an th e poloid al one [1, 2]. T h ese tw o effects

lead to a relativ e larg er v iscous force com pared w ith th e

electrom ag netic force for th e toroid al rotation case b y a factor

of [(m /n )(R /rs)]
2, w h ich is of th e ord er of 102. T h erefore,

w ith only th e eq uilib r ium poloid al rotation in our m od el,

a larg er plasm a v iscosity g iv es a m ore reasonab le b alance

b etw een th e electrom ag netic and th e v iscous forces.

T h e num erical results ob tained w ith µ = 2.1×103(a 2/τR)

are sh ow n in fi g ure 13, in w h ich th e req uired fi eld am plitud e

for m od e penetration is sh ow n as a function of ωp/ωe∗ , w ith

th e oth er param eters b eing th e sam e as th ose for fi g ure 12.

S im ilarly to fi g ure 12, th ere is a m inim um in th e req uired fi eld

am plitud e for m od e penetration at ωp/ωe∗ = 1. T h e req uired

fi eld am plitud e, h ow ev er, sh ow s asy m m etr y on th e tw o sid es

of th e m inim um , b eing larg er for ωp/ωe∗ > 1 th an th at for

ωp/ωe∗ < 1. For a larg e plasm a v iscosity , th e nonlinear

ch ang e in th e plasm a rotation d ue to th e electrom ag netic

force is less sig nifi cant, w h ile th e d iam ag netic d rift freq uency

6
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F ig u r e 1 3 . T h e req uired fi eld am plitud e for m od e penetration v ersus
ωp/ωe∗ , w ith µ = 2.1 × 103(a2/τR) and oth er param eters b eing th e
sam e as th ose for fi g ure 12. T h e req uired am plitud e is asy m m etric
on th e tw o sid es of ωp/ωe∗ = 1, b eing larg er for ωp/ωe∗ > 1.
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F ig u r e 1 4. T h e nonlinear saturated island w id th v ersus χ||(a
2/τR)

for (ωp/ωe∗ − 1) = 2/5 (— — ) and −2/5 (· · · · · ·) , w ith
ψa = 3 × 10−5aB 0t and th e oth er param eters b eing th e sam e as
th ose for fi g ure 13. W ith increasing χ|| th e island w id th d ecreases
for ωp/ωe∗ > 1 b ut increases for ωp/ωe∗ < 1. T h e fi eld is penetrated
w h en χ|| > 1.4 × 1010a2/τR for (ωp/ωe∗ − 1) = −2/5.

d ecreases d ue to th e parallel h eat transport w ith increasing
applied fi eld am plitud e. T h erefore, th e d ifference b etw een th e
m od e freq uency and th e applied fi eld f req uency increases for
ωp/ωe∗ > 1 b ut d ecreases for ωp/ωe∗ < 1. T h is causes th e
asy m m etr y in th e req uired fi eld am plitud e for m od e penetration
as ob serv ed in T E X T O R ex perim ents [8, 9]. W h ile for a
sm all plasm a v iscosity , th e m od e penetration occurs b efore
th e fi eld am plitud e is larg e enoug h to sig nifi cantly ch ang e
th e d iam ag netic d rif t f req uency , lead ing to th e req uired fi eld
am plitud e b eing approx im ately sy m m etrical on th e tw o sid es
of ωp/ωe∗ = 1 as sh ow n in fi g ure 12. C om paring fi g ure 12 w ith
fi g ure 13 it is also clear th at th e m od e penetration th resh old is
sig nifi cantly h ig h er w ith a larg er plasm a v iscosity (or toroid al
rotation) as ex pected [1, 2].

T h e ab ov e ex planation for th e asy m m etr y in th e m od e
penetration th resh old can b e seen from th e effect of th e parallel
h eat d iffusiv ity χ||. In fi g ure 14 th e nonlinear saturated island
w id th is sh ow n as a function of χ|| (in units of a2/τR) for
(ωp/ωe∗−1) = 2/5 (solid curv e) and −2/5 (d otted ) , w ith ψa =

3×10−5aB 0t and th e oth er param eters b eing th e sam e as th ose
for fi g ure 13. For low er χ||, χ|| ∼ 109, th e island w id th s are

ab out th e sam e for (ωp/ωe∗ − 1) = 2/5 and −2/5, ind icating
th e sy m m etr y on th e tw o sid es of (ωp/ωe∗ − 1) = 0 as seen
from fi g ure 12. W ith increasing χ|| th e island w id th d ecreases
for ωp/ωe∗ > 1 b ut increases for ωp/ωe∗ < 1. T h e fi eld is
penetrated at χ|| = 1.4 × 1010a2/τR for (ωp/ωe∗ − 1) = −2/5
as ind icated b y a m uch larg er island w id th . T h e increase in χ||

lead s to a strong er fl attening of th e local electron tem perature
profi le around th e rational surface d ue to th e faster parallel h eat
transport and a correspond ing larg er ch ang e in th e d iam ag netic
d rif t f req uency , so th at th e f req uency d ifference b etw een th e
m od e and th e applied fi eld b ecom es larg er for ωp/ωe∗ > 1 b ut
sm aller for th e opposite case. T h e results of fi g ures 13 and 14
ind icate th at th e asy m m etr y in th e req uired fi eld am plitud e for
m od e penetration d epend s on th e parallel h eat transport, w h ich
is in turn affected b y th e h elical fi eld am plitud e and th e b alance
b etw een th e electrom ag netic and th e v iscous force.

C om paring w ith analy tical th eory it is seen th at for th e
case w ith low plasm a v iscosity (fi g ures 7 and 12), th e m od e
penetration th resh old is sim ilar to th at f rom th e M H D results
[11, 12]. In th is case only a freq uency sh if t in th e penetration
reg ion is ob serv ed d ue to th e contrib ution of th e d iam ag netic
freq uency to th e m od e freq uency , and th e penetration th resh old
is approx im ately sy m m etric on th e tw o sid es of th e m inim um ,
as pred icted b y analy tical th eory th at th e m od e penetration
th resh old ob tained f rom th e tw o fl uid s eq uations is sim ilar to
th at f rom th e red uced M H D eq uations, if th e m od e freq uency
d ue to b ack g round plasm a rotation is replaced b y th at d ue to
th e d iam ag netic d rif t [14]. T h e h eat d iffusiv e lay er w id th at th e
rational surface, Wc = a(χ⊥/χ||)

1/4[8Lq/(εan )]1/2 [26 , 27],
is found to b e Wc = 0.039a in th is case, w h ere Lq = q/q ′ and
ε = a/R . W h ile th e island w id th w b efore m od e penetration
is sm aller th an 0.01a, lead ing to w < 1/4Wc. T h erefore,
th e assum ption th at th e d iam ag netic freq uency is not ch ang ed
b efore m od e penetration is essentially v alid [14].

T h e d ifference b etw een th e present results and th at of
[14] is seen from fi g ures 13 and 14. W ith a larg er plasm a
v iscosity to m od el th e toroid al rotation, th e island w id th b efore
m od e penetration is ab out w = 0.02–0.03a (d epend ing on th e
plasm a rotation freq uency ) , b eing closer to Wc. In th is case th e
parallel h eat transport affects th e m od e penetration th resh old
as seen from fi g ure 14. For (ωp/ωe∗ − 1) = −2/5 th e m od e
penetration occurs at χ|| = 1.35×1010(a2/τR), correspond ing
to Wc = 0.021a, b eing only 1.5 tim es larg er th an th e island
w id th w = 0.014a just b efore m od e penetration. T h is
ind icates th at w h en th e unpenetrated island w id th is close
to Wc, w/Wc is also an im portant param eter in d eterm ining
th e penetration th resh old , lead ing to th e asy m m etr y in th e
req uired fi eld am plitud e on th e tw o sid es of ωp/ωe∗ = 1 as
sh ow n in fi g ure 13. In [15] th e tem perature ch ang e and th e
nonlinear effect are not consid ered , and in [14] th e parallel
h eat cond uction is neg lected .

4. D is c u s s io n a n d s u m m a r y

Num erical m od elling of th e error fi eld penetration h as b een
carried out b ased on th e tw o fl uid s eq uations in a period ical
cy lind rical g eom etr y . T h e electron tem perature and d ensity
perturb ations are self -consistently calculated . T h is ex tend s th e
prev ious results f rom red uced M H D eq uations and th e four-
fi eld m od el [10–15].
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C om pa ring th e results ob ta ined from th e tw o fl uid s

eq ua tions w ith th ose from th e red uced M H D eq ua tions, th ere

a re th ree m a jor d ifferences: th e fi rst d ifference is in th e m od e

freq uency . T h e m od e d iffers from th e fl uid v elocity b y th e

electron d ia m a g netic d rift in tw o fl uid s th eory . T h e second

d ifference is in th e nonlinea r penetr a ted isla nd w id th , w h ich

d ecrea ses w ith increa sing d ia m a g netic d rift freq uency . T h e

th ir d d ifference is th e a sy m m etr y of th e m od e penetr a tion

th resh old on th e tw o sid es of ωp/ωe∗ = 1 , w h en using a

la rg e pla sm a v iscosity to m od el th e toroid a l rota tion effect.

T h e req uired fi eld a m plitud e for m od e penetr a tion is la rg e for

ωp/ωe∗ > 1 . T h e fi rst a nd th e th ir d fea tures of th e tw o fl uid s

results h a v e b een ob serv ed on T E X T O R [8, 9], a nd th e fi rst

fea ture is a lso seen from th e prev ious results [1 4 , 1 5 ] .

For a fusion rea ctor th e pla sm a rota tion v elocity is

ex pected to b e low , since neutra l b ea m injection (NBI)

h ea ting is not need ed for a b urning pla sm a . In th is ca se,

th e d ia m a g netic d rift freq uency is ex pected to b e im porta nt

in d eterm ining th e m od e penetr a tion th resh old a s it m a y

b e com pa r a b le to or ev en la rg er th a n th e pla sm a rota tion

freq uency . S ince th e electron tem pera ture of a fusion rea ctor is

h ig h er th a n th a t of th e ex isting tok a m a k s, th e nonlinea r ch a ng e

in th e d ia m a g netic d rift freq uency w ould b e m ore sig nifi ca nt

d ue to th e fa ster pa r a llel h ea t tr a nsport.

I t sh ould b e noticed th a t th e toroid a l rota tion effect is

sim ula ted h ere only b y a la rg e pla sm a v iscosity . A consistent

a pproa ch includ ing th e nonlinea r ev olution of th e toroid a l

pla sm a rota tion w ould b e v ery h elpful for com pa rison w ith th e

present results. T h e cold ion a ssum ption used in th is present

pa per is not g enera lly sa tisfi ed for tok a m a k pla sm a s. W h en

th e b ootstr a p current perturb a tion is furth er includ ed , lea d ing

to th e NT M , th e m od e penetr a tion th resh old a nd th e penetr a ted

isla nd w id th w ould b e d ifferent. T h e NT M usua lly g row s

to a la rg e a m plitud e once it is ex cited [1 7 ] . Furth er stud ies

a re req uired to includ e th ese effects. Nev erth eless, th e b a sic

fea tures ob serv ed in T E X T O R ex perim ents, such a s th e sh ift of

th e m od e penetr a tion reg ion from b a la nced NBI to unb a la nced

NBI d ue to th e electron d ia m a g netic d rift, th e la rg er req uired

fi eld a m plitud e for m od e penetr a tion for ωp/ωe∗ > 1 th a n

th a t for ωp/ωe∗ < 1 a nd th e sig nifi ca nt increa se in th e m od e

penetr a tion th resh old w h en ω is d ifferent from ωf [8], a re found

from th e present results.

In sum m a r y , num erica l m od elling of th e error fi eld

penetr a tion h a s b een ca r r ied out b a sed on th e tw o fl uid s

eq ua tions. I t is found th a t th ere is a m inim um req uired fi eld

a m plitud e for m od e penetr a tion w h en th e m od e freq uency is

th e sa m e a s th e ex terna lly a pplied h elica l fi eld freq uency . T h e

m od e penetr a tion th resh old increa ses a s th e m od e freq uency

d ev ia tes from th e fi eld freq uency a nd is a sy m m etric on th e

tw o sid es of th e m inim um v a lue. For th e pla sm a rota tion

v elocity b eing fa ster th a n th e electron d ia m a g netic d rift, th e

req uired fi eld a m plitud e is la rg er. S uch a n a sy m m etr y is

ev id ent for th e pla sm a w ith a la rg e pla sm a v iscosity ( to m od el

th e toroid a l r a tion effect) a nd b ecom es m ore sig nifi ca nt

w ith increa sing pa r a llel h ea t cond uctiv ity . T h e penetr a ted

isla nd w id th d ecrea ses for a la rg er electron d ia m a g netic d rift

freq uency .
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[1 8] Y u Q ., G ünter S ., G iruz z i G ., L a ck ner K . a nd Z a b ieg o M . 2 0 0 0

P h y s . P las m as 7 3 1 2
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