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Li-Beam Pro�le Data Analysis 21. Introdu
tionEle
tron density pro�les at the edge region of magneti
ally 
on�ned fusion plasmasare of major interest for understanding plasma-wall intera
tion physi
s as well as thetransport barrier physi
s, e.g. in L- to H-mode transitions or edge lo
alized modes. Aroutinely used method for measuring spatially and temporally resolved ele
tron densitiesin the edge region of fusion plasmas (ASDEX Upgrade, W7-AS, Textor, CHS, and JET)is given by lithium beam impa
t ex
itation spe
tros
opy (Li-IXS) [1, 2, 3, 4, 5, 6, 7, 8℄.The inje
ted lithium atoms are ex
ited and the neutral beam is attenuated by
ollisions with plasma parti
les. Therefore, the measured LiI(2s-2p) resonan
e line at670.8 nm depends on the plasma density. The spatial shape of the line emission pro�leis analyzed to re
onstru
t an ele
tron density pro�le. The lithium beam attenuationand LiI emission line is modeled by solving balan
e equations of population and de-population me
hanisms by parti
le impa
t (ele
trons, hydrogen and impurity ions) andspontaneous emission [4℄.The goal of the present work is to improve the analysis of the line emission pro�leby applying a probabilisti
 method to a

ount for measurement and model un
ertaintiesin a 
onsistent way. The probabilisti
 method 
onsists of two parts. The �rst part isgiven by the forward model 
al
ulating the o

upation density of the Li(2p) state and,therefore, the intensity of the line emission from a given density pro�le. This establishedphysi
al model is su

essfully used sin
e many years and provides the foundation forthe present improvements. The se
ond part is given by a probabilisti
 model for allmeasured and modeled quantities. The statisti
al model for the measured data providesa measure to distinguish data stru
tures whi
h are due to signi�
ant information fromstru
ture whi
h is due to statisti
al 
u
tuations (noise). The probabilisti
 des
ription ofthe modeled quantities is ne
essary for separating the signi�
ant information in the datafrom over-interpretation. Physi
al 
onditions and prior knowledge about parameters
an be easily applied within a probabilisti
 approa
h. In 
ontrast to the 
onventionalmethod, the probabilisti
 method is 
on
lusive in the sense that it is independent of aninner boundary 
ondition or numeri
al stabilization te
hniques by data pre-smoothing.It provides density pro�les for any plasma regime and is mu
h more robust againstnumeri
al problems.In addition to the analysis of diagnosti
 data in the most reliable way, theprobabilisti
 method is useful for validation and 
ombination of sets of diagnosti
s ina standardized way. The Integrated Data Analysis (IDA) approa
h provides a fullprobabilisti
 model in
luding physi
al and statisti
al models of an integrated set ofdi�erent diagnosti
s [9℄. The goal of IDA is to 
ombine data from heterogeneous and
omplementary diagnosti
s to 
onsider all dependen
ies within and between diagnosti
sfor obtaining validated and most reliable results. Though the lithium beam diagnosti
is already 
ombined within an IDA approa
h with the interferometry diagnosti
 atASDEX Upgrade, the present work des
ribes the progress obtained with the newprobabilisti
 approa
h for the lithium beam only. Se
tion 2 and 3 resume the forward



Li-Beam Pro�le Data Analysis 3model for the lithium emission data and the experimental set-up, respe
tively. Se
tion4 summarizes the 
onventional data analysis method and se
tion 5 des
ribes theprobabilisti
 approa
h. The numeri
al 
osts are shown in se
tion 6. Results obtainedwith the 
onventional and the probabilisti
 approa
h are 
ompared in se
tion 7. Se
tion8 shows results obtained with the temporal resolution of 50 �s. Se
tion 9 shows theimpa
t of the temperature pro�le and the impurity 
ontent on the density pro�le, andse
tion 10 depi
ts a sensitivity study with respe
t to the regularization parameters.An exploration of pro�le un
ertainty measures and their interpretative vulnerability isdepi
ted in se
tion 11. Se
tion 12 summarizes.2. Lithium beam impa
t ex
itation spe
tros
opyLi-IXS is based on the observation of LiI radiation (Li(2p)! Li(2s), � = 670:8 nm) fromneutral lithium atoms inje
ted with an energy of 15-80 keV into the plasma. Spatialline emission pro�les are obtained from a 
ollisional-radiative model in
luding ele
tronimpa
t ex
itation, ionization and 
harge ex
hange pro
esses. A system of 
oupled lineardi�erential equationsdNi(z)dz = NLiXj=1 fne(z)aij(Te(z)) + bijgNj(z) (1)Ni(z = 0) = Æ1i (2)des
ribes the o

upation densities of the ex
ited states of Li. z is the 
oordinate alongthe inje
ted lithium beam where z = 0 de�nes the entran
e of the lithium beam into theplasma (�rst measured 
hannel). Ni is the o

upation density of the i-th energy level,NLi = 9 is the number of energy levels 
onsidered. The 
oeÆ
ient aij(i 6= j) des
ribesthe population and de-population rate 
oeÆ
ient from level i! j due to 
ollisions withele
trons and protons of the plasma, respe
tively. Attenuation of the lithium state i dueto 
harge ex
hange and ionization in 
ollisions with plasma parti
les and ex
itation toany other bound state are in
luded in 
oeÆ
ient aii. The 
oeÆ
ients bij are the Einstein
oeÆ
ients of spontaneous emission. ne and Te are the ele
tron density and temperature,respe
tively. At z = 0 the lithium atoms are assumed to be in ground state where theboundary 
ondition (2) has to be ful�lled. Details about the modeling of the lithiumbeam and the used atomi
 data bases 
an be found in [4, 10, 11, 12, 13, 14℄.For any given density pro�le ne(z) the initial value problem (1, 2) is solved witha variable-order, variable-step Adams method (NAG, 1984). The measured emissionpro�le d(z) of the LiI(2s-2p) transition is proportional to the o

upation density N2(z)of the Li(2p) state. The proportionality 
onstant has to be determined.3. Experimental set-upDetails of the experimental set-up 
an be found in [15, 5℄. The lithium inje
tor forASDEX Upgrade is 
apable of produ
ing neutral lithium beams of 30-80 keV energy and
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urrent at the plasma boundary. The beam diameter is about 12 mmat this lo
ation. The beam enters the plasma radially near the equatorial midplane ofthe torus. The spatial resolution of 5 mm is determined by the aperture of the �beropti
s used to transfer the emitted light to the 
ombination of interferen
e �lters andphotomultipliers for a
quisition of the emission pro�le.The temporal resolution is limited by the s
anning frequen
y of 5 kHz whi
h wasre
ently upgraded to 20 kHz. The in
rease of the temporal resolution by a fa
tor of 4 wasa

ompanied by a 
hange of the set of interferen
e �lters from ones with 0.5 nm FWHMand 40% peak transmission to a set with 2 nm FWHM and 80% peak transmission. Asthe narrow �lters had to be tilted for optimal performan
e at di�erent beam velo
ities,this 
hange of �lter set resulted in an in
rease of the signal-to-noise ratio in most spatial
hannels by about one order of magnitude. The e�e
tive temporal resolution for the
onventional data analysis tool is determined by the required signal-to-noise ratio ofthe emitted light. A temporal resolution of 5-20 ms is usually 
hosen by averaging oversubsequent time frames.The probabilisti
 approa
h does not need a predetermined signal-to-noise ratio toallow for a su

essful analysis. In 
ase of a small signal-to-noise ratio the estimateddensity just shows a large estimation un
ertainty.The a
hieved temporal (50 �s) and spatial (5 mm) resolution is 
omparable tothe resolutions obtained with re
e
tometry measurements (35 �s and � 10mm) [16℄ butproviding density pro�les from re
e
tometry measurements routinely poses a 
hallengingtask. Se
tion 8 shows density pro�les with a temporal resolution up to the te
hni
allimit of 50 �s obtained with the new probabilisti
 method.To dis
riminate the signal from the ba
kground, the beam is 
hopped with a 
y
letime of 80 ms (56 ms beam on, 24 ms beam o�). The ba
kground signal is averagedwithin the beam-o� phase and linearly interpolated in-between.4. Conventional data analysis methodThe established method to evaluate ele
tron density pro�les from line emission pro�lesfrom the lithium beam is provided by the "IPP te
hnique" [4℄. This te
hnique isinherently 
apable of deriving absolute ne(z) pro�les from the relative line emissionpro�le without need for absolute 
alibration. The evaluation of density pro�lesemploying this 
onventional te
hnique is routinely used in ASDEX Upgrade. For self-
onsistent density estimation it is 
ru
ial that the whole emission pro�le is observed[7℄. The 
onventional method is based on an algebrai
 rearrangement of the se
onddi�erential equation obtaining an expli
it equation for the density ne as a fun
tionof the beam 
oordinate z and of all o

upation densities [4, 7℄. Using this expli
itequation the density pro�le is obtained by a stepwise integration of (1) starting atz = 0. The absolute 
alibration 
onstant � relating d(z) to N2(z) is determined by"shooting" (iteration) for a solution for di�erent values of � until a self-
onsistent



Li-Beam Pro�le Data Analysis 5solution is obtained. This 
an be a
hieved by either assuming a 
ompletely ionizedbeam at the last spatial 
hannel or by enfor
ing that both, numerator and denominatorin the expli
it equation rea
h zero at the same radial position (singularity 
ondition).This approa
h has been used for ASDEX Upgrade as a standard method and produ
essatisfa
tory results for most of the plasma s
enarios. At JET the absolute 
alibration
onstant � is obtained routinely by �tting an inner boundary 
ondition whi
h may beadjusted with respe
t to an independent measurement of the ele
tron density [7℄.The major drawba
k of the 
onventional method is that the method works onlyif the singularity 
ondition or an inner boundary 
ondition of vanishing lithium beamintensity for the innermost spatial 
hannel (equation (6) in [4℄) 
an be ful�lled (or anindependent density measurement exists). For small density regimes neither the beamis fully ionized at the innermost spatial 
hannel nor the singularity appears. Therefore,for low-density plasma regimes density pro�les 
ould not be obtained. Additionally,the 
onventional method su�ers from numeri
al problems 
lose to the singularity aswell as from statisti
al 
u
tuations (noise) in the data. The singularity 
ondition isvery sensitive on minor 
hanges in �. To extend the a
hievable spatial region fordensity evaluation and to improve numeri
al stability, the line emission data werespatially smoothed and temporally binned prior to the analysis in order to redu
ethe statisti
al noise in the data. However, spatial smoothing might result in loss ofsigni�
ant information provided by the data, e.g., at the emission maximum. Temporalbinning redu
es time resolution and is useful only for plasma 
onditions stationary inthe time interval studied. Furthermore, the information about data errors are lost afterapplying pre-smoothing and, therefore, pro�le un
ertainties re
e
ting data noise are nolonger a

essible.5. Bayesian probability theoryTo avoid the intrinsi
 problems of the 
onventional method and to ta
kle themeasurement errors in a 
onsistent way, a new probabilisti
 data analysis tool for thelithium beam diagnosti
 was developed. It is based on a probabilisti
 des
ription of themeasured data and a forward model for the simulation of the data from a given densitypro�le. Within the framework of probability theory, the measured data are 
omparedwith the forward model des
ribing the line emission for a given density pro�le. Sin
eonly forward modeling is involved no dire
t inversion of the noisy data is ne
essary. Anexample of the probabilisti
 te
hnique applied to a Thomson s
attering diagnosti
 
anbe found in [9℄ and referen
es therein.Spe
ial attention is given to the des
ription of the measurement errors of the lineemission signal, the error of the ba
kground measurement of the 
hopped lithium beam,and the un
ertainty of the relative 
alibration of the spatial 
hannels. An elaborate errorassessment is 
ru
ial for re
overing only the signi�
ant information in the measured dataand for avoiding noise �tting. As a result, the un
ertainty of the estimated density pro�lere
e
ts all error sour
es en
ountered.



Li-Beam Pro�le Data Analysis 6In 
omparison to the 
onventional analysis, the new probabilisti
 analysis methodhas several advantages: For a self-
onsistent density estimation, it is not 
ru
ialto measure the whole emission pro�le. The method works for in
omplete emissionpro�les and, therefore, for all density regimes. The proportionality parameter � is a�tting (nuisan
e) parameter whi
h 
an be estimated jointly with the density pro�le.The iteration of the 
alibration 
onstant � ("shooting") for solving the equations isobsolete. The existen
e of the singularity 
ondition or an inner boundary 
onditionby a 
ompletely ionized beam or an independent measurement is not ne
essary. Sin
ethere are no singularities in the forward 
al
ulation, there are no numeri
al instabilitiesdue to small de-numerators or experimental noise. Therefore, there is no need forpre-smoothing or temporal binning of the data. This implies that 
onsistent pro�leun
ertainty measures 
an be provided.Inferring an ele
tron density pro�le ne from measured data d is an inverse problemwhi
h 
annot be solved uniquely if the data are deteriorated by noise � or theinformation needed for modeling the data is in
omplete. For the lithium beam diagnosti
the data set 
onsists of noisy signals from 35 spatially resolved light dete
tors and
alibration data. Estimates and errors of ne pro�les have to 
omprise un
ertaintiesen
ountered in both, the measured data and the model parameters whi
h enter datainterpretation. Probability theory provides a 
onsistent framework for 
ombining noisydata and in
omplete or un
ertain additional information relevant for the measurement.Probability theory as a logi
al inferen
e 
on
ept, usually termed as Bayesian probabilitytheory (bpt), is extensively used in various �elds of plasma physi
s su
h as parameterestimation [17℄, re
onstru
tion of ele
tron energy distribution fun
tions [18℄, separationof the signal from the ba
kground [19, 20℄, robust estimation and outlier treatment [21℄,model 
omparison and group analysis [22, 23℄, data validation [24℄ and experimentaldesign [25℄. The 
on
ept of Integrated Data Analysis (IDA) [9, 26℄ in the framework ofbpt o�ers a uni�ed way of 
ombining all available information for single diagnosti
data analysis as well as for the 
oherent 
ombination of heterogeneous diagnosti
s.The present work is part of a larger e�ort of 
ombining 
omplementary diagnosti
s ofASDEX Upgrade in the IDA framework. A 
omprehensive probabilisti
 des
ription ofthe individual diagnosti
s involved are an essential prerequisite for IDA. A re
ommendedtutorial on bpt is given by Sivia [27℄.The starting point of bpt is given by Bayes' theorem, whi
h reads for the presentappli
ation as:P (nejd; �; I) = P (djne; �; I)P (nejI)P (djI) (3)Bayes' theorem is a 
onsequen
e of the sum and produ
t rules of probability theory.Eq. 3 relates the posterior probability distribution fun
tion (pdf) P (nejd; �; I) to knownquantities, namely, the likelihood pdf P (djne; �; I) and the prior pdf P (nejI). P (djI)is the eviden
e of the data whi
h 
onstitutes the normalization and will not a�e
t the
on
lusions within the 
ontext of a given model. The eviden
e is an important quantityfor model 
omparison be
ause it evaluates how 
onsistent the measured data are with



Li-Beam Pro�le Data Analysis 7the statisti
al and physi
al models provided.The posterior pdf is the quantity to be inferred. It en
odes all information to de
idehow reasonable a solution ne is if the data d, the un
ertainty of the data � and furtherinformation I are given. The information I abbreviates additional knowledge about theproblem su
h as the physi
al model or 
onstraints on ne. ne is restri
ted by positivity
onstraints and 
an be further 
on�ned by monotoni
ity assumptions or 
orrelationswith other quantities su
h as pe = ne � Te. For pra
ti
al reasons, the posterior pdf isfrequently 
hara
terized by two values of interest, namely the best estimate, often givenby the maximum or mean value of the posterior pdf, and its reliability, given by thewidth. If the posterior pdf is unimodal, e.g. a Gaussian distribution, the estimate 
anbe assigned to the most probable value of the pdf and a measure of the error is given bythe standard deviation. For the 
ase of non-Gaussian distributions the 
hara
terizationof the posterior by only two values fails to summarize the results. An example is givenby the 
ombination of results from di�erent, in
onsistent measurements resulting inestimation un
ertainties mu
h smaller than the di�eren
e of the estimates. The resultmay be a bi- or multi-modal distribution. Su
h problems are often en
ountered in
omparing results from di�erent diagnosti
s and, indeed, initiated the present workof a thorough understanding of the lithium beam diagnosti
 (in 
ombination with theinterferometry diagnosti
).For applying Bayes' theorem the likelihood and the prior pdfs have to be quanti�ed.The likelihood provides a measure to distinguish data stru
tures whi
h are due tosigni�
ant information from stru
tures whi
h are due to statisti
al 
u
tuations orsystemati
 un
ertainties. The prior is ne
essary for redu
ing the spa
e of possiblesolutions allowed by the likelihood to the signi�
ant information in the data. Priorsshould prevent physi
ally unreasonable solutions or over-�tting.5.1. LikelihoodThe likelihood fun
tion des
ribes the error statisti
s of the experiment. If the noise� = d � D(ne) of a single measurement d is assumed to be independent and normallydistributed with zero mean (h�i = 0) and varian
e h�2i = �2, the likelihood fun
tion isgiven by a Gaussian pdf. The Li-beam intensity data set used for estimating the densitypro�le 
onsists of Ns = 35 spatial 
hannels and Nt 
onse
utive time frames re
ordedevery 50 �s (200 �s for older shots). The 
ombined likelihood of Nd = Ns � Nt datavalues with independent errors is given by the produ
t of Gaussian likelihood pdfsP (djne; �; I) = 1QNs;Ntij q2��2ij exp��12�2� ; (4)�2 = NdXij �dij �Di(ne)�ij �2 (5)in terms of the familiar �2 mis�t. �ij is the standard deviation of the error ofmeasurement dij at spatial 
hannel i = 1::Ns and at time tj; j = 1::Nt. Di(ne) is



Li-Beam Pro�le Data Analysis 8the modeled line emission intensity at spatial 
hannel i. It is assumed that the emissionpro�les of all 
onse
utive time frames sele
ted 
an be modeled with a unique densitypro�le. If the density pro�le 
hanges on a faster time s
ale, the number of time sli
es haveto be redu
ed. For rapid density 
hanges during an ELM onset, ea
h time frame has to beanalyzed separately. If the assumption of a stationary density pro�le over the 
ombinedtime frames is not ful�lled, the residuals of the �tted data in
rease. Systemati
 devian
esof the residuals for di�erent time frames provide an easy to implement indi
ator for thene
essity of a larger temporal resolution. The advantage of the present likelihood overtemporal data binning by adding up the data within the time window is twofold. First,the un
ertainty of the single datum is 
onsidered 
orre
tly. Se
ond, systemati
 
hangesbetween di�erent time points 
an be easily dete
ted in the residuals.To 
al
ulate the likelihood pdf for a given set of emission pro�les we have to providea model for the line emission and the un
ertainties of the data.5.2. Lithium beam measurementThe modeled lithium beam intensity D due to emitted line radiation dete
ted by thespatial 
hannels is given by:Di(ne) = � si N2(ne(zi)): (6)The proportionality fa
tor � a

ounts for imaging e�e
ts, the lithium beam intensityand the overall sensitivity of the dete
tion system. Sin
e the lithium beam intensityvaries on a fast time s
ale due to spa
e 
harge e�e
ts and 
hanges in the neutral gasdensity between the beam generating box and the plasma entran
e (� meters), � 
annotbe determined independently but has to be estimated for ea
h time frame from themeasured line-emission pro�les, even if an absolute 
alibration of the beam intensitywould be possible. Therefore, the parameter � is estimated together with the parametersof the density pro�le ne. The parameters si a

ount for the relative sensitivities ofthe spatial 
hannels for whi
h 
alibration measurements are needed. The 
alibrationmeasurement, des
ribed in se
tion 5.4, is performed with the same experimental set-upas the lithium beam measurement in the plasma.The signal dij measured by an individual spatial 
hannel i and time point j isgiven by the sum of the line emission intensity D, ba
kground intensity Db and noise �,respe
tively: dij = Di +Di;b + �ij (7)In order to determine the ba
kground, the lithium beam is 
hopped:dij;b = Di;b + �ij;b (8)For the present 
ase of a measured ba
kground, the un
ertainty of the estimatedba
kground has to be 
onsidered. This results in a modi�
ation of the �2-term inthe likelihood:�2 = NdXij "(dij � dij;b �Di(ne))2�2ij + �2ij;b # (9)
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ertainty of the ba
kground estimate.
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Figure 1. Time tra
es of the measured line emission intensity for 
hannel numbers 8and 23 for shot number #22899.Figure 1 shows time tra
es of the measured line emission intensity of 
hannelnumbers 8 and 23 for shot number #22899. The time window 
omprises 2 beam-onand 1 beam-o� (
hopped) time intervals within an H-mode phase with type-I ELMs.The ELMs 
an be 
learly seen as bursts of line emission. Channel 8 measures in the SOLand 
hannel 23 measures 
lose to the pedestal top where an ELM indu
ed de
rease ofthe line intensity is observed. Although ELMs o

urred also within the beam-o� phase,the ba
kground tra
e does not show an signi�
ant in
rease of the signal during the ELM.It follows that the ba
kground signal is not spoiled by the ELM. The ba
kground 
an be
learly estimated from the mean of the beam-o� signal and the ba
kground un
ertaintyis given by the standard mean un
ertainty.The ba
kground 
onsists mainly of bremsstrahlung radiation. Line radiationfrom tungsten was not observed be
ause the power deposition at the �rst-wall area
overed by the line-of-sight is negligible. Nevertheless, the re
ently installed broad-bandinterferen
e �lters 
over part of a helium line. Figure 2 shows time tra
es of the measuredline emission intensity of 
hannel numbers 8 and 23 for shot number #22845. This shotis 
omparable to #22899 but the helium 
on
entration is mu
h larger. This shot wasre
orded shortly after a helium glow dis
harge for wall 
onditioning. Averaging theba
kground signal is not appropriate for plasmas with non-stationary plasma 
onditionsand large helium 
on
entrations. For ELM-free regions the ba
kground is 
at whi
hallows to average the ba
kground signal. More sophisti
ated ba
kground estimationmethods have to be developed for non-stationary plasma phases (ELMs) with largehelium 
on
entrations. The signal measured with the previous small-band �lters didsu�er mu
h less from helium line emission. Fortunately, the helium 
on
entrationde
reases rapidly after a 
ouple of shots whi
h allows to use the standard ba
kground
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Figure 2. Time tra
es of the measured line emission intensity for 
hannel numbers 8and 23 for shot number #22845 with large helium 
on
entrations.estimation approa
h routinely.Non-stationary plasma 
onditions on time s
ales below the integration time of 200or 50 �s, respe
tively, are not relevant. Therefore, small-s
ale plasma 
u
tuations arenot resolved be
ause they o

ur on mu
h smaller time s
ales. Bremsstrahlung fromsu
h 
u
tuations do not have to be 
onsidered for the estimation of the ba
kground.Transient (blobby) e�e
ts on time s
ales larger than 50 �s will be subje
t of furtherstudies.5.3. Error assessmentA basi
 requirement for probabilisti
 data analysis is a 
omprehensive error assessmentof the measured data and all nuisan
e parameters entering the forward model (datades
riptive model). The measurement errors of the lithium emission intensities is derivedfrom the 
alibration measurement with post-�lling of the ASDEX Upgrade vessel withH2/D2 gas. Assuming Poisson statisti
s of a 
ounting experiment the likelihood ofmeasuring x 
ounts is given byp(xj�) = �xx! exp(��) (10)with mean intensity � whi
h is identi
al to the varian
e of the Poisson distribution. Ifthe true measurement d su�ers from an unknown o�set x0 and an unknown ampli�
ationfa
tor �, d = �(x� x0); (11)the resulting likelihood again is a Poisson distribution with mean and varian
e shiftedand s
aled hdi = �(�� x0) (12)



Li-Beam Pro�le Data Analysis 11hd2i � hdi2 = �2� : (13)From the 
alibration measurement with 
onstant gas pressure the unknown o�set ands
ale values 
an be derived for ea
h of the 35 spatial lithium beam 
hannels individually.The right panel of �gure 3 summarizes the measured intensities in two histogramsfor beam on and beam o�, respe
tively. The mean m and varian
e v values of theba
kground (index 1) and signal (index 2) measurements provide four numbers whi
hallow to 
al
ulate the four unknown quantities x0, �, �1 and �2 from the four equationsm1;2 = �(�1;2 � x0) ; v1;2 = �2�1;2 (14)namely � = v1 � v2m1 �m2�1;2 = v1;2=�2x0 = �1 �m1=� : (15)The solid lines depi
t the Poisson distribution (normalized to number of measurements)
orresponding to the o�set and mean values derived with the set of equations (15). Thefa
torial in the Poisson distribution (10) is repla
ed by a Gamma-fun
tion, x!! �(x+1),to allow for 
ontinuous x-values. For the measurement of the 
hannel 18 shown in �gure3 the estimates for the o�set is x0 = 3:0 and for the s
ale � = 0:091, obtaining ameasured o�set of �� �x0 = �0:28. The estimated mean of �1 = 3:3 and �2 = 8:4 showthat one measures in the mean for ea
h time frame only a few photons. The reasonfor the histogram not showing distinguished 
ount numbers is the statisti
al behaviorof the ampli�ers in the measurement system. The Poisson distributions estimated forall 35 lithium 
hannels des
ribe the data reasonably well even for the asymmetri
 low-intensity 
ases with values of �1 = 0:2� 4 and �2 = 1� 15. Due to the small number ofphotons 
olle
ted within one time frame the estimate of the measurement o�set (se
tion5.2) and absolute 
alibration(se
tion 5.4) are based on about 5000 time frames within1 s to allow for reasonable statisti
s.With the o�set and s
ale values determined individually for the spatial 
hannels,the number (a
tually not an integer but a real value due to ampli�er noise) of measuredphotons 
an be estimated,n = d~� + x0; (16)where n is the number of measured photons and d is the measured intensity. ~� = �=10be
ause the signal ampli�
ation for the 
alibration measurement is 
hosen to be a fa
torof 10 larger than for the plasma measurement. If n is suÆ
iently large (n > 10) thePoisson distribution is approximated reasonable well by a normal distribution withstandard deviation pn. Therefore, the statisti
al error on the measured line intensityd� � is given by� = ~�pn = ~�sd~� + x0 : (17)



Li-Beam Pro�le Data Analysis 12An independent 
he
k of the error statisti
s derived from the 
alibration measurementis given by the residuals between the measured intensities of the line emission in theplasma and the modeled intensities weighted with the statisti
al error (17). Indeed,�gure 5 shows that the assumption of 
ounting photons (Poisson statisti
s) and thevalidity of the estimated o�set x0 and s
ale � is 
on�rmed be
ause the residuals of the�tted line emission pro�les s
atter independently in the order of magnitude of one.The statisti
al error given in equation 17 is valid for the 
omplete range of measuredintensities. A small amount of the 35 spatial 
hannels have a poor signal-to-noise ratiodue to degradation of opti
al 
omponents. For the 
onventional analysis tool thesedegenerate 
hannels have to be removed from the set of data to avoid systemati
 errorsin the pro�les. This data 
ensor is not ne
essary for the new probabilisti
 te
hniquesin
e ea
h datum is taken into a

ount a

ording to the assigned measurement error.The de
ision problem whi
h degenerate 
hannel to 
an
el and the problem how to dealwith the intermediate 
ases do not emerge.5.4. CalibrationThe relative 
alibration fa
tors si are determined from LiI emission measurements inneutral hydrogen gas whi
h is �lled into the ASDEX Upgrade vessel after ea
h plasmadis
harge. The typi
al H2/D2 gas pressure is 2 � 10�4mbar < p < 1:5 � 10�3 mbarmeasured with a baratron. The left panel of �gure 3 shows a 0.3 s time segment of
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Figure 3. Left: Calibration measurement with D2 gas �lling with beam on andbeam o�. Right: Histograms for ba
kground and signal measurement and Poissondistribution (solid lines) with estimated mean, o�set and s
ale values.totally 1 s of 
alibration measurement with H2 gas �lling for one of the 35 lithium beam
hannels. The segments with beam on and o� 
an 
learly be distinguished. The smallersignal (beam o�) a

ounts for ba
kground only and the larger signal (beam on) 
ontainsadditional line emission. The ba
kground (baseline) bi is 
al
ulated from the mean ofsignals with beam o�. The un
ertainty of the estimated ba
kground is given by thestandard un
ertainty of the sample mean.
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ase of negligible beam attenuation the measured intensity pro�le re
e
tsthe relative radial transmissivity of the 35 spatial 
hannels opti
al dete
tion system.However, for the 
hosen gas pressure the neutral Li-beam is attenuated by ionizationthrough 
ollisions with gas mole
ules. The beam 
omposition and attenuation by
ollisions with neutral hydrogen is quanti�ed with a two-state rate equation model(2s,2p) with 
onstant 
oeÆ
ients whi
h 
an be solved analyti
ally [10℄. The atomi
 dataare taken from [28℄. The model takes into a

ount ex
itation from the level 2s to 2p,ionization from 2s and 2p, and it assumes that all Li+ ions are lost from the beam. Thisis justi�ed by having a toroidal magneti
 �eld in the phase of 
alibration approximately1 s after the end of a dis
harge. In this phase also a spatially homogeneous gas pressure
an be assumed in the torus.Experimentally, the beam attenuation in the gas �lled torus 
an be measuredby taking the emission ratios di(p1)=di(p2) at di�erent gas pressures p1 and p2 andnormalizing them to 1 for the outermost 
hannel i = 1. These experimental ratiosturned out to be 
onsistent with 
orresponding results of the analyti
 two-state modelin the pressure range 5 � 10�5 � 2:5 � 10�3 mbar. Therefore, based on this model,
orre
tion fa
tors �i 
ould be derived to 
ompensate the beam attenuation e�e
t. The
orre
tion fa
tors �i are parameterized with a simple analyti
 expression�i = (1� azi + bz2i )�1 (18)zi = 0:441(i� 1) (19)a = 
3p� 
4p2 � 
5 (20)b = 
1p
2 (21)where 
1 = 6:8� 10�7, 
2 = 1:89, 
3 = 0:00105, 
4 = 8:0� 10�7, and 
5 = 3:0� 10�5 are
onstants estimated from a �t to the analyti
 gas model of the Li-beam. The ba
kgroundsubtra
ted intensities dik � bi at time point k are multiplied with �i a

ording tod̂ik = (dik � bi) � �i(p) (22)where dik is the measured intensity and bi is the ba
kground. z (
m) approximates thebeam 
oordinate for the 35 
hannels i. The deviation of the true beam 
oordinates asa fun
tion of the 
hannel index i from the linear approximation provides a higher order
orre
tion and, therefore, is of minor importan
e for the beam attenuation. The leftpanel of �gure 4 shows the 
orre
tion fa
tor �i for a gas pressure of p = 1:5�10�3 mbar.The 
orre
tion fa
tor in
reases with pressure and beam 
oordinate zi. During the
alibration measurement the neutral gas pressure 
hanges as depi
ted in the right panelof �gure 4 for 
hannel i = 35 where the attenuation e�e
t is largest. Therefore, the
orre
tion fa
tor depends on the beam 
oordinate as well as on time.The obtained 
alibration pro�le 
ontains the radial dependen
e of all 
alibrationquantities [4℄: si = 1N NXk d̂ik (23)
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Figure 4. Left: Corre
tion fa
tor � as a fun
tion of the beam 
oordinate zi (
m) foran hydrogen pressure p = 1:5 � 10�3 mbar. Right: Pressure p during 
alibrationmeasurement and pressure 
orre
tion fa
tor �i due to beam attenuation (here forspatial 
hannel i = 35)The varian
e �s2i of the 
alibration 
onstant si is given by the varian
e of the meanof the 
ompensated 
alibration measurement d̂ik over all time points of the 
alibrationmeasurement plus the varian
e of the ba
kground un
ertainty. The un
ertainty of thepressure measurement is 1 � 10�5 mbar whi
h is about 1% of the 
alibration pressure.The 
orresponding distortion of the estimated density pro�le due to the un
ertaintieson si indu
ed by the pressure un
ertainty is, therefore, negligible. The un
ertainty insi results in a further modi�
ation of the �2-term in the likelihood [17℄:�2 = NdXij " (dij � dij;b �Di(ne))2�2ij + �2ij;b + (Di(ne)�si=si)2# (24)This 
ompletes the likelihood.5.5. PriorThe prior pdf quanti�es the information we have about the parameters of interestindependent on the measured data. In the present analysis, we assume that thedensity pro�le is mostly monotoni
ally de
reasing from the plasma 
enter to theedge. To redu
e unphysi
al density values or unreasonable pro�le os
illations weakmonotoni
ity 
onditions are applied. A weak monotoni
ity 
ondition penalizes pro�lesegments de
reasing with the beam 
oordinate z (from outside to inside) using a properregularization parameter whereas monotoni
ally in
reasing pro�le segments are nota�e
ted. Sin
e we do not want to ex
lude hollow pro�les 
ompletely, we introdu
ea Gaussian penalization term on non-monotoni
 density pro�lesp(~ne) / 0�expn�PN�1i=1 (ne;i+1�ne;i)2(ne;i+1+ne;i)2s2go for ne;i+1 < ne;i1 ; elsewhere 1A (25)



Li-Beam Pro�le Data Analysis 15where sg provides a regularization parameter whi
h quanti�es how mu
h we believe inmonotoni
 pro�les. This penalization term mainly a
ts as a weak 
onstraint to thespa
e of density pro�les 
onsistent with physi
al 
onsiderations. If the measured data
an only be �tted 
onsistently with non-monotoni
 pro�les we 
an relax the penalizationby in
reasing sg. Then, we have to 
he
k if the non-monotoni
 behavior is due to a realphysi
al e�e
t, or if there is a systemati
 un
ertainty in the data or in the modeling wehave to resolve.In the present work, the density pro�le is parameterized by 
ubi
 spline polynomials.Sin
e density values have to be positive, a natural representation of density pro�les isgiven by the exponential of 
ubi
 spline polynomials. Any other fun
tional des
riptionof ne 
an be used too as far as the 
omplete spa
e of physi
ally reasonable ne pro�lesis 
overed. Cubi
 splines are well suited for providing a reasonable balan
e between
exibility and robustness against insigni�
ant stru
tures. We have also used Hermitepolynomials whi
h have the advantage that monotoni
ity 
onstraints 
an be easilyemployed but Hermite polynomials frequently show stru
tures and edges where there isno eviden
e in the data.A se
ond prior pdf used penalizes density pro�le 
urvature as it is appli
able for a
ubi
 spline representation. Details 
an be found in [29℄. The regularization parameterweighting the 
urvature term was 
hosen su
h that the 
urvature term provides a smoothpro�le only to avoid noise �tting. Sin
e the data noise is absolutely 
alibrated we 
anre
ognize noise �tting by re
ording the �2-mis�t.6. Implementation and numeri
al e�ortThe numeri
al e�ort of the new probabilisti
 analysis is 
omparable to the 
onventionalanalysis for a single time sli
e. The 
onventional method has to iterate for a 
onsistent
alibration 
onstant � whereas the probabilisti
 method in
ludes an optimization stepto �nd the density pro�le and parameter � whi
h �ts the data best. For a typi
al setof 14 parameters (13 spline parameters plus �) the optimization runs within a 
oupleof se
onds and the determination of the pro�le un
ertainty another � 1 s (3 GHzLinux PC). The most time 
onsuming part of the analysis is given by the solver ofthe system of 
oupled linear di�erential equations. An analysis on an inter-shot basis(30 min) would therefore allow for about 500 time sli
es to be analyzed on a singlepro
essor. Assuming a measurement time of 5 s one would obtain a density pro�le ea
h10 ms whi
h is the typi
al resolution obtained with the 
onventional approa
h. Routineanalysis with the new approa
h was done on a linux 
luster with 14 dual pro
essorboards employing Hyper-Threading. This allows to run 56 time sli
es in parallel whi
hin
reases the temporal resolution for density pro�les to about 200 �s. The maximumpossible temporal resolution of 50 �s either runs for about 2 hours or the analysis isrestri
ted to a sele
tion of 1-2 s dis
harge time for an inter-shot analysis.The 
omputational e�ort in
reases both, with the size of the parameter set andwith the size of the data set. For a 
ombined analysis of lithium beam data and



Li-Beam Pro�le Data Analysis 16interferometry data the number of data as well as the number of parameters in
rease.The size of the parameter set in
reases be
ause this 
ombination allows to determine fulldensity pro�les. A
tually, the 
ombination of lithium beam and DCN interferometrydata at ASDEX Upgrade in
reases 
omputation time for a density pro�le per time sli
eby about one order of magnitude. A further in
rease in 
omputation time arises ifadditional diagnosti
s are added su
h as Thomson s
attering and ECE for simultaneousestimation of ele
tron density and temperatures pro�les.7. Comparison of results from 
onventional and probabilisti
 approa
h
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Figure 5. Data, �tted emission intensities and residuals for 3 plasma s
enariosTo demonstrate the advan
ed data analysis method, an ohmi
 dis
harge with low(#21241, 2s), and an H-mode dis
harge with medium (#20160, 3.8s) and high (#20160,6.6s) density regimes at ASDEX Upgrade were 
hosen. Figure 5 shows the line emissionintensity pro�les, the �tted emission 
urves and the residuals of the mis�t of the dataand the model weighted with the data un
ertainties. Stationary plasma 
onditionswere 
hosen to allow a simultaneous �t of a single density pro�le to 5 neighboring timeframes 200 �s apart. The residuals show the thorough des
ription of all measurementun
ertainties. The residuals would easily reveal non-stationary 
onditions where densitypro�les must be �tted for individual time frames be
ause ne 
hanges within the timewindow 
hosen.Figures 6, 7 and 10 show a 
omparison of the density pro�les as a fun
tion of �polobtained with the new improved analysis tool, the 
lassi
al IPP algorithm and the (
oreor edge) Thomson s
attering diagnosti
s (shifted with ��pol = 0:01). The left panelof the �gures show all pro�les within a time frame of 0.2 s and the right panels depi
tsingle density pro�les in
luding estimation un
ertainties.The old analysis tool does not allow to obtain density pro�les for small densitiesbe
ause the inner boundary 
ondition 
annot be ful�lled as is the 
ase for �gure 6. Thenew probabilisti
 data analysis tool allows to obtain density pro�les for any density
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Figure 6. Comparison of the density pro�les (#21241) obtained with the new analysistool (blue triangles) and the 
ore Thomson s
attering diagnosti
s (red diamonds) Left:series of density pro�les (1.9s-2.1s) Right: pro�le and estimation un
ertainties for asingle time frameregime independent of the existen
e of boundary or singularity 
onditions. From theerror bars and the s
atter of the pro�les one 
an 
on
lude that the reliability of thepro�le re
onstru
tion for the small density regime is large up to �pol > 0:92. This is notbe
ause the Li-beam be
omes too faint for �pol < 0:92 but due to the position of theinnermost spatial 
hannel. Extending the spatial 
hannels into the plasma would notonly allow to re
over the density pro�le for smaller �pol values but, additionally, wouldin
rease the estimation pre
ision of ne of the present 
hannels due to the non-lo
ality ofthe emission pro�le.Figure 7 depi
ts an H-mode dis
harge with medium ele
tron density. The pedestalis well resolved for the edge Thomson system and the new Li-beam analysis tool whereasthe old tool does not provide the level of the pedestal top. Again, the reliability of thepro�le re
onstru
tion for the medium density regime is large for �pol > 0:93. The errorbars be
ome large for �pol < 0:93 showing that the information 
ontent in the data aboutthis part of the density pro�le diminishes. The in
rease of the error bars originate fromthe de
rease of the beam intensity. The left panel of �gure 8 shows a density pro�le andits 
on�den
e interval as a fun
tion of the beam axis and the right panel depi
ts the
orresponding o

upation densities of the 9 energy levels of neutral lithium (dot-dashed2s, dashed 2p, . . . ), the neutral beam intensity (solid line), and the ele
tron-impa
tpopulation 
oeÆ
ient of the 2p energy level (dotted). The beam intensity is proportionalto the sum of the 9 energy levels of neutral lithium. The zero point of the ele
tron-impa
t population 
oeÆ
ient of the 2p energy level (PNLij=1 a2j(Te(z))Nj(z); see equation1) 
onstitutes the singularity 
ondition of the 
onventional analysis te
hnique where
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Figure 7. Comparison of the density pro�les (#20160) obtained with the new analysistool (blue triangles), the 
lassi
al IPP algorithm (green stars) and the edge Thomsons
attering diagnosti
s (red diamonds) Left: series of density pro�les (3.7s-3.9s) Right:pro�le and estimation un
ertainties for a single time frame
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Figure 8. Left: Density pro�le and 
on�den
e interval as a fun
tion of the beam axis.Right: o

upation densities of the 9 energy levels of neutral lithium, the neutral beamintensity, and the ele
tron impa
t population 
oeÆ
ient of the 2p energy level.ele
tron impa
t population and de-population 
an
el. At the singularity point (here atabout zs = 7:4 
m) the expli
it dependen
e on the density disappears. Nevertheless,the 
on�den
e interval of ne (right panel) does not in
rease signi�
antly at this pointshowing that the in
rease of the pro�le un
ertainty with in
reasing beam 
oordinate isnot due to this singularity point but due to the de
rease of the beam intensity. Theexpli
it singularity point has a minor e�e
t on the error bar of ne be
ause the density



Li-Beam Pro�le Data Analysis 19at this point is determined not only from the line emission at this point but from thefull emission pro�le after that point (z > zs).
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Figure 9. Left: 2p o

upation densities N2(z) (multiplied with �) as a fun
tionof the beam axis for four di�erent initial boundary 
onditions (N2(z = 0) =0; 0:001; 0:01; 0:02) at the plasma entran
e. Right: Corresponding density pro�les.Another prominent di�eren
e between the 
onventional and the probabilisti
 dataanalysis approa
h is given by the di�erent sensitivity of the density pro�le on 
hangesof the boundary 
ondition at z = 0 (equation 2). It is known for a long time that the
onventional approa
h produ
es pro�les whi
h very sensitively depend on this initialboundary 
ondition of the 2p o

upation density N2(z = 0) if � is not adaptively
hosen. The reason is a 
lose interdependen
y between this boundary 
ondition and theabsolute 
alibration 
onstant � whi
h is determined with a shooting method known forits numeri
al instability. The new probabilisti
 method treats � as a �tting parameterwith an estimated relative un
ertainty of typi
ally about 3%. Therefore, the densitypro�les obtained with the probabilisti
 method do not depend sensitively on the 
hoi
eof � within its error bars. As a 
onsequen
e of the robustness of the estimatedpro�les on �, it was not expe
ted that the pro�les depend sensitively on the initialboundary 
ondition. Figure 9 shows on the left panel a measured line emission pro�le(dots) and the emission pro�les simulated with di�erent initial boundary 
onditionsN2(z = 0) = 0; 0:001; 0:01; 0:02 and on the right panel the 
orresponding densitypro�les. For this data set the boundary 
onditions with N2(z = 0) = 0; 0:001 are
onsistent with the data and the respe
tive density pro�les are indistinguishable. ForN2(z = 0) = 0:01; 0:02 
hanges are observed in the simulated emission pro�les and in thedensity pro�les in the order of the pro�le un
ertainties. The important fa
t is that forthese in
reased o

upation densities the mis�t between the measured and the simulateddata is signi�
antly in
reased by multiples of the standard deviation. Therefore, su
hlarge boundary o

upation densities 
an be ruled out by the data or, as a 
onsequen
e,the data allow to in
lude the initial boundary 
ondition into the list of parameters to



Li-Beam Pro�le Data Analysis 20be �tted. To estimate N2(z = 0) from the data provides a major advantage of theprobabilisti
 method be
ause this initial boundary 
ondition depends in addition to anyplasma for z < 0 also on the neutral gas density between the lithium beam generationbox and the plasma entran
e. Sin
e the distan
e between the lithium beam generationbox and the plasma entran
e is in the order of meters and the neutral gas density mightsu�er from rapid 
hanges, a robust and automati
 time-resolved estimation te
hniqueof both, � and N2(z = 0), is highly required.The nuisan
e parameters � and N2(z = 0) 
an, therefore, be fully in
luded intothe framework of the probabilisti
 approa
h. If one is not interested in the a
tualvalues of those parameters but on the density pro�le only, the probabilisti
 approa
hrequires to marginalize (integrate out) these parameters. As a 
onsequen
e of themarginalization, the un
ertainties of � and N2(z = 0) propagate into the un
ertainties ofthe quantity of interest ne. Sin
e marginalization of nuisan
e parameters is numeri
allyrather expensive, for a routine analysis with a temporal resolution of up to 50 �s apragmati
 treatment of the nuisan
e parameters as �tting parameters with Gaussianerror propagation is reasonable and suÆ
ient.

Figure 10. Comparison of the density pro�les (#20160) obtained with the newanalysis tool (blue triangles), the 
lassi
al IPP algorithm (green stars) and the edgeThomson s
attering diagnosti
s (red diamonds) Left: series of density pro�les (6.5s-6.7s) Right: pro�le and estimation un
ertainties for a single time frameA high-density regime within the same dis
harge (#20160, 6.5-6.7 s) is depi
ted in�gure 10. The old density evaluation stops in the SOL whereas the new tool allows torea
h the pedestal top although the level of the pedestal top is not 
learly resolved. Thisis due to the diminishing Li-beam and 
an be resolved only with larger beam energy.The evaluated pro�le is reliable for �pol > 0:96. Both the position of the pedestal aswell as the position of the limiter shadow 
an be resolved.



Li-Beam Pro�le Data Analysis 218. Temporal resolutionWith the 
onventional analysis tool temporal binning is ne
essary to obtain the requiredsignal-to-noise ratio. ELM-resolved ele
tron densities are obtained with temporalbinning relative to the onset time of the ELMs assuming that the ELMs are 
omparable.Due to the 
onsistent error treatment of the new probabilisti
 tool single emission pro�les
an be analyzed with the maximum sampling frequen
y of 20 kHz. Therefore, binningof the ELMs relative to their onset times is no longer ne
essary.To depi
t the newly a
hieved temporal resolution of 50 �s an H-mode dis
harge(#22561) was 
hosen in
luding a type I ELM. The left panel of �gure 11 shows the
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Figure 11. Left: Density pro�les as a fun
tion of the beam 
oordinate and time(#22561). The temporal resolution is 50 �s. After t = 2:0455 s a type I ELM appears.Right: Density pro�les for the same shot as a fun
tion of �pol and time. Close to theseparatrix (�pol = 0:999 and �pol = 0:983) os
illations with a time period of about400 �s are 
learly resolved.temporal evolution of the density pro�le as a fun
tion of the beam 
oordinate fromt = 2:025� 2:070 s. The temporal resolution is �t = 50�s. At about t = 2:0455s a typeI ELM appears. The right panel shows the temporal evolution of the density pro�leas a fun
tion of �pol from t = 2:044 � 2:050 s. For reasons of presentation only ea
hse
ond spatial 
hannel is shown. Close to the separatrix (�pol = 0:999 and �pol = 0:983)os
illations with a time period of about 400 �s are 
learly resolved. To redu
e statisti
al
u
tuations three neighboring pro�les were averaged.Figure 12 shows 4 single density pro�les in
luding upper and lower 
on�den
e bands.The leftmost pro�le is for a time point at t = 2:04540s, �tELM = �150�s before the ELMonset, and the other pro�les are at di�erent time points during the ELM at 2.04575s(�tELM = 250�s), 2.04600s (�tELM = 500�s), and 2.04625s (�tELM = 750�s). Therightmost pro�le at 2.04625s is not re
overing the full density prior to the ELM be
ausethis o

urs at a mu
h later time point as 
an be seen in �gure 11. Please note that
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Figure 12. Density pro�les at 2.04540 s (�tELM = �150�s), 2.04575 s (�tELM =250�s), 2.04600 s (�tELM = 500�s), and 2.04625 s (�tELM = 750�s). The temporalresolution is 50 �s.the mapping from the beam axis to the �pol-axis is taken from a single equilibrium
al
ulation for a time point prior to the ELM. Therefore, the a
tual position of theseparatrix position during the ELM most probably is not 
orre
t and the pro�le has tobe shifted. A re�ned equilibrium 
al
ulation will be subje
t of 
ontinuing work.
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Figure 13. Same as for �gure 12 but ea
h density pro�le estimated jointly from 3
onse
utively measured emission pro�les (temporal resolution of 150 �s).Analogous to �gure 12, �gure 13 shows density pro�les where ea
h pro�le isestimated jointly from 3 
onse
utively measured emission pro�les (temporal resolutionof 150 �s). The pro�le un
ertainties de
rease and the edge barrier is resolved more
learly at t = 2:04540s.A detailed analysis of the development of the density pro�les during an ELM 
rashis beyond the s
ope of this paper and will be topi
 of subsequent work.9. Dependen
e on temperature and impurity 
ontentThe dependen
e of the estimated density pro�le on the ele
tron temperature is expe
tedto be small above the ionization threshold of lithium at 5.4 eV. Small 
hanges inthe energies below the ionization threshold 
an result in signi�
ant 
hanges in theo

upation densities of the ex
ited states with n � 3. Therefore, analysis of low-temperature plasmas with lithium beams require pre
ise knowledge about the ele
trontemperature. For temperatures above the ionization threshold it was observed that the
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t of 
hanges in the temperature on the density pro�le is small using the most re
entdata base [14℄. Figure 14 depi
ts the dependen
e of the estimated density pro�le (left
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Figure 14. Density pro�les (#20160, 3.735 s) (left panel) for di�erent 
hoi
es oftemperature pro�les (right panel).panel) on di�erent 
hoi
es of the temperature pro�le (right panel) for the shot and timesli
e as shown in �gure 7 (right). Typi
al temperature pro�les for H-mode (2x), L-mode and OH-mode were 
hosen. Though an unphysi
ally large range of temperatureregimes is 
overed, the e�e
t on the density pro�le is small 
ompared or at most inthe order of the un
ertainty of ne. The di�eren
es in ne for �pol < 1 seem to belarge but they are, even for these large di�eren
es in temperature, in the order of theun
ertainty of ne for this H-mode s
enario. A
tually, when the density pro�le is kept
onstant and only the temperature is 
hanged within reasonable values, the variation inthe overall devian
e (�2) is small (< 1), whi
h provides a statisti
al argument for theweak in
uen
e of the temperature on the re
onstru
ted density pro�le. Additionally,the 
hange in the devian
e is very small (� 1) for optimized density pro�les usingdi�erent temperature pro�les. This 
on�rms that a simultaneous estimation of densityand temperature pro�les from lithium beam data only is not feasible.For routine analysis of density pro�les at ASDEX Upgrade an automati
 regimeidenti�
ation and 
orresponding 
hoi
e of typi
al temperature pro�les was established,be
ause edge temperature pro�les are not routinely provided. A regime identi�
ationmethod in ASDEX Upgrade [30℄ is 
ombined with a 
omparison of the total and ohmi
heating power to distinguish H-mode, L-mode and ohmi
 phases for ea
h time sli
e.The dependen
e of the estimated density pro�les on the impurity 
on
entration isnegligible. Figure 15 depi
ts density pro�les for a wide range of Ze� values assuming
onstant averaged 
harge q = 4 for a beam energy of Ebeam = 40 keV. The 
hanges inthe �tted pro�les are mu
h smaller than the estimation un
ertainty shown in �gure 7.
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Figure 15. Density pro�les (#20160, 3.735 s) for di�erent impurity 
on
entrations(Ze�).10. Regularization parametersThe 
ombined analysis of measured data and prior information in the framework ofBayesian probability theory is straightforward to be performed. If the prior information,e.g. pro�le monotoni
ity or 
urvature penalization, is not 
learly given, a regularizationparameter 
an be introdu
ed whi
h provides a relative weight between the measureddata and the prior information. In the probabilisti
 framework, hyper-prior pdfs haveto be set on the regularization parameters, as any other nuisan
e parameters, whi
hdes
ribe what we know or do not know about these parameters. Then, the regularizationparameters have to be marginalized to propagate their un
ertainties to the un
ertaintiesof the parameters of interest (ne) [31℄. Sin
e marginalization of nuisan
e parametersis numeri
ally rather expensive, a pragmati
 approa
h have to be employed for anytime-
riti
al analysis. A frequently used, easy and fast approa
h is given by sele
tingreasonable values for the regularization parameters. An expedient 
riterion for sele
tingtheir values is given by the mis�t of the measured and modeled data. The optimal mis�tshould a

ount only for the un
ertainty in the measured data but should not 
ontainsigni�
ant stru
tures in the data beyond the data error bars.The left panel of �gure 16 shows density pro�les obtained with 5 di�erent valuesfor the regularization parameter sg penalizing deviations from monotoni
ity (equation25). The routinely used value is sg = 1 (�0:001) for whi
h also the pro�le error barsare shown. The monotoni
ity 
onstraint be
omes weaker for in
reasing values of sg.The pro�les for sg = 0:1; 1; 10 have a high degree of monotoni
ity and are hardly to beseparated. The right panel depi
ts the 
orresponding �2-mis�t values. Up to a value ofsg = 30 the de
rease of the �2-mis�t with the in
rease of sg is small. For sg > 30 themis�t de
reases rapidly with sg be
ause insigni�
ant stru
tures in the data, stru
tureswithin the error bars, are �tted. On the basis of a solid error assessment, the mis�t �2
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Figure 16. Left: Density pro�les obtained with 5 di�erent values for the regularizationparameter sg penalizing deviations from monotoni
ity. The monotoni
ity 
onstraintbe
omes weaker for in
reasing values of sg . Right: �2-mis�t as a fun
tion of theregularization parameter.should be approximately about the number of data (5 � 35 = 175) minus the numberof e�e
tive parameters (< 14). The pro�les for sg = 100; 1000 are subje
t to strongos
illations whi
h are 
onsidered to have no physi
al 
ause. A sensitivity analysis of thedependen
e of the pro�les on sg and the respe
tive residues allows to study if the non-monotoni
 pro�le stru
tures might be due to real physi
al e�e
ts, e.g. hollow pro�les,or if there are systemati
 un
ertainties in the data or in the modeling whi
h have to beresolved.
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Figure 17. Left: Density pro�les obtained with 4 di�erent values for the regularizationparameter penalizing pro�le 
urvature. The 
urvature penalization in
reases withde
reasing values of the regularization parameter. Right: �2-mis�t as a fun
tion ofthe regularization parameter.
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ond prior used penalizes density pro�le 
urvature whi
h is a naturalapproa
h for 
ubi
 splines [29℄. The left panel of �gure 17 shows density pro�les obtainedwith 4 di�erent values for the 
urvature regularization parameter s
. The routinely usedvalue is s
 = 1 (�0:5) for whi
h also the pro�le error bars are shown. The pro�les fors
 = 0:1; 1; 10 have a low degree of 
urvature penalization and are hardly to be separated.The right panel depi
ts the 
orresponding �2-mis�t values. For s
 > 0:1 the de
reaseof the �2-mis�t with the in
rease of s
 is small showing that the 
hoi
e of s
 = 1 isrobust. For s
 < 0:1 the mis�t in
reases rapidly with de
reasing s
 be
ause the data areover-smoothed and signi�
ant stru
tures in the data are lost. Hen
e, the value s
 = 1sele
ted for routine analysis appears to provide robust pro�le smoothness with marginsfor �tting data stru
tures.11. Pro�le un
ertaintiesPro�le un
ertainties are a ne
essary requisite to evaluate the quality of the estimatedpro�le. Frequently, an error band or 
on�den
e interval is given. However, it is oftennot 
lear how to interpret this interval. For example, how should the 
on�den
e intervalbeing used if one is interested in derived pro�les, e.g. pe = neTe, in �tting of physi
ally-motivated analyti
al fun
tions together with other diagnosti
s results, or in using thepro�les in plasma modeling, e.g. equilibrium 
odes? In general, the problem with su
hone-dimensional un
ertainty measures for all kind of distributions is that they 
an beprodu
ed in di�erent ways. If a lo
al measurement, e.g. Thomson s
attering, is analyzed,then the error bar dire
tly re
e
ts the estimation un
ertainty of the parameters forthe 
orresponding observed plasma volume. For these lo
al measurements, and the
orresponding lo
al analysis, 
orrelations between parameters of di�erent 
hannels arenot present whi
h simpli�es the interpretation of un
ertainties. The situation 
hanges,if, for a lo
al measurement, an analyti
al fun
tion is �tted to all measured 
hannelssimultaneously, or if the interpretation of the measurement is non-lo
al. The lattero

urs for the analysis of the lithium beam where the lo
al emission intensity dependson the plasma the beam has passed. The estimated densities at the di�erent spatial
hannels are 
orrelated resulting in 
orrelated estimation un
ertainties. Additional tothe 
orrelation in data interpretation given by the likelihood pdf, 
onstraints or priorinformation 
an further imply 
orrelations in the parameters, e.g. (weak) monotoni
ity
onstraints. The result of employing su
h additional information is a non-trivial
orrelation stru
ture in the pro�le properties. Su
h 
orrelations 
an not be quanti�edand visualized with 
on�den
e intervals. In parti
ular, for further pro
essing of thepro�les more elaborate te
hniques have to be used to 
onsider the full 
orrelationstru
ture.Figure 18 
ompares pro�le un
ertainties obtained with four di�erent methods.Panel 1 (leftmost) shows a 
on�den
e interval obtained with the Lapla
e approximation.The Lapla
e approximation is a se
ond-order Taylor expansion of the logarithm of theposterior pdf at the posterior maximum. The estimated parameter un
ertainty is a



Li-Beam Pro�le Data Analysis 27
0.85 0.9 0.95 1 1.05

ρpol

0

2

4

6

8

10

el
ec

tr
on

 d
en

si
ty

 [1
019

 m
−

3 ]

0.85 0.9 0.95 1 1.05
ρpol

0

2

4

6

8

10

el
ec

tr
on

 d
en

si
ty

 [1
019

 m
−

3 ]

mean
+/− 1 std
max

0.85 0.9 0.95 1 1.05
ρpol

0

2

4

6

8

10

el
ec

tr
on

 d
en

si
ty

 [1
019

 m
−

3 ]

0
1
2

0.85 0.9 0.95 1 1.05
ρpol

0

2

4

6

8

10

el
ec

tr
on

 d
en

si
ty

 [1
019

 m
−

3 ]

Figure 18. Comparison of density pro�le un
ertainties obtained with the Lapla
eapproximation (error propagation employing the Hessian matrix) (left panel), �2-method for di�erent 
orrelation lengths (middle), and error stars at two di�erentspatial positions (right).property of the 
urvature of the posterior pdf at the maximum and, hen
e, does nota

ount for the global behavior. In the present 
ase, the error band estimated withthe Lapla
e approximation is small. The error band is mainly determined by the priorpdf penalizing non-monotoni
 density pro�les. Therefore, in 
ase of strong asymmetri
probability distributions it is not useful to employ a symmetri
 measure for un
ertaintieswhi
h does not des
ribe the overall behavior of the posterior pdf.The overall behavior of the posterior pdf 
an be revealed by Markov-Chain MonteCarlo (MCMC) methods. Panel 2 shows results from a MCMC run where the meanof the density samples and the 
orresponding upper and lower �1 standard deviationis shown. Please note the asymmetri
 
on�den
e band. The dotted 
urve shows oneof the 500000 MCMC samples (50 min 
omputation time on a single CPU), namelythe most probable density pro�le. The large error band 
ompared to the Lapla
eapproximation and the di�eren
e between the most probable and the mean pro�ledepi
ts the asymmetry of the posterior pdf with respe
t to the properties at the posteriormode (maximum). By 
al
ulating histograms of properties of the MCMC pro�le samplesone 
an easily produ
e marginal posterior pdfs of any quantity of interest.The resulting pro�les often depend sensitively on the prior pdfs provided. In our
ase, the monotoni
ity prior has the most prominent e�e
t. To depi
t the variabilityof the pro�les given the information 
ontent of the data only, panel 3 shows theun
ertainties derived from a method whi
h in
reases/de
reases single or neighboringgroups of density values until an in
rement of �2 by one is obtained [32℄. The long-dashed error band shows the interval for whi
h single density value out of the 35 spatial
hannels are in
reased (upper band) or de
reased (lower band) su
h that the mis�t ofthe data (�2) be
omes worse by ��2 = 1. This measure is useful sin
e an in
reaseof one 
orresponds to �1 standard deviation un
ertainty of the 
orresponding datavalue. This measure works only for the present 
ase of 
alibrated data errors (Poissonstatisti
s). The error band obtained in this way is quite large. The dashed and dotted
urves show error bands for 
orrelated neighboring density 
hannels. For the dashed



Li-Beam Pro�le Data Analysis 28(dotted) band 3 (5) neighboring density values are jointly s
aled to obtain ��2 = 1.With in
reasing 
orrelation length the error band de
reases whi
h 
an be depi
ted inan error star [32℄. Panel 4 (rightmost) shows an error stars at two di�erent spatialpositions whi
h shows the estimation un
ertainty for di�erent 
orrelation lengths. At�pol = 0:93 the density estimate has an un
ertainty of about 50% if one 
hanges a single
hannel only, but the un
ertainty shrinks to about 3% if one looks for the un
ertaintyof the plateau value. The error stars are suitable for depi
ting 
orrelation properties inthe un
ertainties. If the method of error stars is applied to the likelihood (�2) only, itnegle
ts physi
al 
onstraints, e.g. monotoni
ity, 
ompletely. However, it 
an be appliedto the full posterior pdf, where the non-trivial 
orrelation is 
onsidered.In general, summarizing the 
omplex un
ertainty stru
ture in single quantities hasto be treated 
arefully. In the probabilisti
 approa
h, the only exhaustive result ofthe analysis is given by the posterior pdf. The posterior pdf 
ontains the 
ompleteknowledge about the parameters of interest in
luding all types of 
orrelations. If thepro�le has to be used in subsequent pro
essing without loss of information, one has touse the full posterior pdf as prior pdf for the following analysis. The un
ertainties of thepro�les propagate 
orre
tly if, and only if, the full posterior pdf is used. Alternatively,one 
an try to derive the quantity of interest dire
tly from all measured data (IntegratedData Analysis) by 
ombining the likelihoods of all data, all prior pdfs from additionalinformation and the modeling where the physi
al quantities of interest enter.12. SummaryA new probabilisti
 data analysis tool for analyzing Li-beam emission pro�les wasdeveloped. The probabilisti
 des
ription of the data bene�ts from a thorough erroranalysis of all data involved. Prior information about weak 
onstraints on monotoni
ityare useful. No dire
t inversion o

urs. In 
omparison to the old algorithm it allows toanalyze density pro�les for any density regime with a temporal resolution of 50 �s. Thebene�t of the a
hieved temporal resolution is shown with ELM resolved measurements.For small densities the pro�les are limited by the a
tual spatial distribution of themeasurement 
hannels in the plasma and not due to beam attenuation. The improvedmethod allows to measure edge pedestal densities up to 7 � 1019 m�3. For mediumand large densities the reliable density region as well as the upper density limit 
an beextended by larger beam energies. The dependen
e of the density pro�les on ele
trontemperature or impurity 
ontent is negligible. Pro�le un
ertainty measures 
an not beprovided for general purpose be
ause they re
e
t only redu
ed properties of the posteriorpdf. One always should prefer to work with the full posterior pdf in an integratedframework.Referen
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