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Abstract

It is demonstrated that collisional plasma transport is intrinsically ambipolar only in magnetic

configurations that are quasiaxisymmetric or quasihelically symmetric. Only in such configura-

tions can the plasma rotate freely, and then only in the direction of quasisymmetry. In a non-

quasisymmetric magnetic field, it is shown that the average radial electric field is determined by

parallel viscosity, which in turn is usually governed by collisional processes. Locally, the radial

electric field may be affected by turbulent Reynolds stress producing zonal flows, but on a radial

average, taken on a length scale exceeding the ion gyroradius, it is determined by parallel viscosity,

at least if the turbulence is electrostatic and obeys the conventional gyrokinetic orderings. This is

different from the situation in a tokamak or a quasisymmetric stellarator, where there is no flow

damping by parallel viscosity in the symmetry direction and the turbulent Reynolds stress may

affect the global radial electric field.
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An important characteristic of a magnetically confined plasma is whether it is able to

rotate. In this Letter we establish in which magnetic configurations it can. It is well known

that an axisymmetric tokamak plasma can rotate (almost) freely in the toroidal direction,

but poloidal rotation turns out to be inhibited. This is because poloidal rotation is damped

by ion collsions through parallel viscosity, on the collision time scale, while toroidal rotation

is damped only by cross-field viscosity. The latter can be caused by either collisions or

turbulence but operates on the confinement time scale. The confinement time for angular

momentum is comparable to that of energy and is typically at least two orders of magnitude

longer than the collision time. The fact that collisions do not lead to rapid damping of

toroidal rotation is expressed by the statement that “neoclassical transport is instrinsically

ambipolar” [1, 2]. This means that the radial current vanishes in leading order (in a gyro-

radius expansion) and is independent of the radial electric field. The latter can therefore

assume any value, which means that the plasma can rotate at any speed [3].

It is not obvious a priori what the corresponding situation should be in a stellarator.

Great effort has gone into optimizing stellarator magnetic configurations to minimize the

collisonal “neoclassical” transport, which otherwise tends to be prohibitively large. Two

main optimization strategies have emerged based on the concepts of quasisymmetry and

omnigeneity, respectively. The more conservative approach is to make the magnetic field

quasiaxisymmetric [4] or quasihelically symmetric [5], which means that the magnetic field

strength does not depend on both Boozer angles but only on a linear combination thereof

[6, 7]. In a perfectly quasisymmetric magnetic field all neoclassical properties are identical

(in leading order) to those in the tokamak [8]. A plasma confined by such a field therefore

enjoys instrinsic ambipolarity and is free to rotate in the direction of symmetry [9, 10]. In

practice it is not possible to create a perfectly quasisymmetric magnetic field, but it is pos-

sible to come close. Currently the most quasisymmetric stellarator is the HSX experiment

[11], where the “effective helical ripple” is less than 1% over most of the plasma volume.

Quasisymmetry is a special case of omnigeneity, which means that there is no net (time-

averaged) drift of particles off flux surfaces [12–14]. Omnigenous configurations therefore

have low neoclassical transport, but it is not immediately clear whether they can support

plasma rotation. Here we show that the only magnetic configurations where instrinsic am-

bipolarity holds are the quasisymmetric ones. Even in a perfectly omnigenous magnetic

field, the cross-field transport rates of ions and electrons are unequal unless the electric field
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is fixed at a certain value. The rotation is thus clamped at the corresponding speed, at least

on time scales longer than the ion collision time. In fact, both its direction and magnitude

are fixed, and we argue that this state of affairs is unlikely to be affected by turbulence.

As shown below, on a radial average taken over many gyroradii, the Reynolds stress from

standard (electrostatic) gyrokinetic turbulence is too weak to significantly influence the ra-

dial electric field. Only if the level of turbulent transport is much higher than implied by

the standard gyrokinetic orderings is the Reynolds stress of significance, unless the mag-

netic field is quasisymmetric. On the other hand, in a quasisymmetric field no amount of

turbulence can produce parallel viscous damping of plasma rotation in leading order.

We begin the analysis by considering collisional transport in a plasma without turbulence.

The magnetic field is arbitrary but is assumed to possess nested flux surfaces labeled by ψ. As

usual in the theory of plasma confinement, we assume that the gyroradius is shorter than the

macroscopic scale length, and expand in the corresponding small parameter, δ = ρ/L� 1.

In lowest order the distribution function of each species a is then Maxwellian whose pressure

pa0 and temperature Ta0 are constant on flux surfaces. In next order, the gyro-averaged part

of the distribution function is determined from the drift kinetic equation

v‖∇‖f̄a1 + vd · ∇fa0 = Ca(f̄a1), (1)

where the independent variables are the energy E = mav
2/2 + eaφ and magnetic moment

µ = mav
2
⊥/2B. The drift velocity vd comprises the sum of the magnetic and E × B drifts.

The contribution from latter vanishes in lowest order since the electrostatic potential is

approximately constant on flux surfaces, φ ' φ0(ψ), but there is a first-order drift B ×

∇φ1/B
2. Multiplying the kinetic equation by f̄a1/fa0, integrating over velocity space and

taking a flux-surface average 〈· · ·〉 gives an entropy balance equation,〈
Γa ·

(
∇pa0
pa0

+
ea∇φ0

Ta0

)
+

qa · ∇Ta0
T 2
a0

〉
=
〈∫

d3vf̄a1Ca(f̄a1)/fa0

〉
,

where Γa and qa are the particle and heat fluxes carried by f̄a1. Since Eq. (1) is linear,

these are linear combinations of the radial pressure, electrostatic potential and temperature

gradients. Their contributions can thus be treated separately, and we consider the case

without pressure or temperature gradients. For simplicity, we also choose the radial electric

field to be so small that the poloidal E ×B drift can be neglected. Multiplying by Ta0 and
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summing over all species gives an expression for the radial current,

φ′0(ψ) 〈j · ∇ψ〉 =
∑
a

Ta0

〈∫
d3vf̄a1Ca(f̄a1)/fa0

〉
≤ 0. (2)

By definition, the transport is intrinsically ambipolar if, and only if, this current vanishes,

regardless of the value of φ′0(ψ) (as long as it is small enough to satisfy the linear approxi-

mation). The H-theorem then implies that f̄a1 is of the form [15]

f̄a1 = (αa + βav‖ + γav
2)fa0,

where αa, βa and γa may depend on position but not on velocity. Moreover, the flow velocities

of all species must be equal, Ta0βa/ma = Tb0βb/mb, and strictly speaking the temperaures

must also be equal, Ta0 = Tb0. However, for particle species with very disparate masses,

such as electrons and ions, the energy exchange is very small, and if it is neglected in the

corresponding collision operators then the H-theorem does not imply equal temperatures.

In any case, since the collision operator vanishes whenever the current (2) does, it follows

from the kinetic equation (1) that the part of f̄a1 that is caused by the radial electric field

is odd in v‖, so that αa and γa vanish. But then

v‖∇‖f̄a1 = v2
[
(1− λB)∇‖βa − βaλ∇‖B/2

]
fa0

must equal

−vd · ∇fa0 =
mav

2

eaB3

∂fa0
∂ψ

(
1− λB

2

)
(B×∇B) · ∇ψ,

for all values of λ = 2µ/mav
2. (The radial E×B drift has been neglected here, being smaller

than the corresponding magnetic drift in the gyroradius expantion.) This requires

ma

eB2

∂fa0
∂ψ

(B×∇ψ) · ∇B = B∇‖βa = 2B∇‖βa + βa∇‖B,

and thus implies

(B×∇ψ) · ∇ lnB = F (ψ)∇‖B (3)

for some flux function F (ψ). Only when this condition is satisfied is the transport intrinsi-

cally ambipolar.

To find the relation of this result to quasisymmetry, we represent the magnetic field in

Boozer coordinates (ψ, θ, ϕ),

B = β(ψ, θ, ϕ)∇ψ + I(ψ)∇θ + J(ψ)∇ϕ = ∇ψ ×∇(θ − ιϕ),
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where ι(ψ) denotes the rotational transform, and I(ψ) and J(ψ) are the toroidal and poloidal

currents, respectively. Equation (3) now becomes

J
∂B

∂θ
− I ∂B

∂ϕ
= F (ψ)

(
ι
∂B

∂θ
+
∂B

∂ϕ

)
.

If B is Fourier transformed,

B(ψ, θ, ϕ) =
∑
m,n

αm,n(ψ)ei(mθ−nϕ),

this requires that the condition

[mJ + nI − F (mι− n)]αm,n = 0

should be satisfied for all (m,n). This can only hold if αm,n = 0 or

F (ψ) =
(m/n)J(ψ) + I(ψ)

(m/n)ι(ψ)− 1
.

Since the left-hand side is independent of m/n, this relation can only be satisfied for one

particular value of this ratio, M/N say. The magnetic field variation over the flux surface

then only contains the corresponding helicity

B =
∑
k

αkM,kN(ψ)eik(Mθ−Nϕ),

and thus can be written as B = B(ψ,Mθ−Nϕ). It follows, in other words, that the magnetic

field in an intrinsically ambipolar configuration must necessarily be quasisymmetric. By

adding the E × B velocity to the parallel flow velocity carried by f̄a1 it is straighforward

to show that the plasma rotates in the symmetry direction (when the temperature gradient

vanishes), as one would expect.

In order to assess the robustness of this result, we now consider the effect of electrostatic

turbulence on the radial electric field. The magnetic field is assumed to be general, i.e., not

necessarily quasisymmetric. We start by constructing a vector field

G =
b×∇ψ

B
+ uB,

where b = B/B and the function u(ψ, θ, ϕ) is chosen so that

b · ∇u =
2

B2
(b×∇ψ) · ∇ lnB,
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which implies ∇ · G = 0. The integrability condition for this equation is satisfied if the

equilibrium has isotropic pressure in lowest order, i.e., j × B = ∇p0. In a quasisymmetric

field u = −F (ψ)/B2. We now take the scalar product of G with the momentum equation

∂(ρV)

∂t
+∇ · (ρVV + pI + π) = j×B,

where ρ is the plasma density, V the flow velocity, π the viscosity, and I the identity tensor.

On an average over time and over a flux surface we obtain

〈j · ∇ψ〉 = −〈∇ · (ρVV + pI + π) ·G〉

= 〈(ρVV + π) : ∇G〉 − 1

V ′(ψ)

∂

∂ψ
〈V ′(ψ) (ρVV + π) : G∇ψ〉 , (4)

where V (ψ) is the volume within the flux surface ψ. This expression for the average ra-

dial current in terms of viscosity π and Reynolds stress ρVV is quite general. However,

interesting conclusions can be drawn if we assume that any turbulent fluctuations obey the

orderings usually made in gyrokinetic theory. The viscosity is in lowest order given by the

parallel viscosity tensor

π = (p‖ − p⊥) (bb− I/3) +O(δ2p), (5)

where the pressure anisotropy is of order (p‖ − p⊥)/p ∼ δ, and the flow velocity is usually

assumed to be of order

V ∼ δvT ,

where vT is the thermal ion speed. It follows that the Reynolds stress in Eq. (4) is smaller

than the viscosity, ρVV � π. However, since fluctuating quantities in gyrokinetics may

vary on the the gyroradius length scale ρ while equilibrium quantities only vary on the

macroscopic scale length L, the Reynolds stress and fluctuating portions of viscosity in the

last term of Eq. (4) are not necessarily negligible. On the other hand, if we take an integral

over the volume between two flux surfaces, ψ1 and ψ2, so as to get an expression for the

volume averaged radial current,

∫ ψ2

ψ1

〈j · ∇ψ〉 V ′dψ =
∫ ψ2

ψ1

〈π : ∇G〉 V ′dψ − [〈(ρVV + π) : G∇ψV ′〉]ψ2

ψ1
, (6)

then the second term on the right becomes smaller than the first one if the separation between

the flux surfaces is much larger than the gyroradius. This is because if ∆r ∼ (ψ2−ψ1)/|∇ψ|
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is the characteristic distance between the flux surfaces and ∆V ∼ V ′|∇ψ|∆r the volume

between them, then ∫ ψ2

ψ1

π : ∇G V ′dψ ∼ δp∆V,

is much larger than

[〈(ρVV + π) : G∇ψV ′〉]ψ2

ψ1
∼ δ2p∆V (L/∆r), (7)

if ∆r � δL. In other words, on a volume average taken over a radial length scale exceeding

the gyroradius (but possibly still smaller than the macroscopic length), the radial current

is determined by parallel viscosity alone. Insofar as the parallel viscosity is determined

primarily by neoclassical processes, we thus expect the average radial electric field to be

set by the condition of ambipolar collisional transport. Small-scale “zonal flows” may be

produced by Reynolds stress, but the average radial electric current is not. The point is that,

in a tokamak or a quasisymmetric stellarator, the radial current produced by neoclassical

tranport is comparable to that driven by the Reynolds stress (in terms of the δ-ordering),

but in a non-quasisymmetric stellarator the neoclassical current is a factor δ−1 larger and

therefore dominates.

Before closing, it is appropriate to discuss two issues. The first one is whether the parallel

viscosity is indeed set by collisional processes or turbulence. In principle it is possible

that strong turbulent fluctuations may affect the first-order distribution function f̄1 to such

an extent that the parallel viscosity departs from its neoclassical value. This is however

difficult to achieve within the gyrokinetic ordering, where it can be shown that the collision

frequency must be very small, of order δ2vT/L, in order not to exceed the rate at which

turbulent fluctuations scatter particles in velocity space through the fluctuating electric

field. Furthermore, if turbulence did affect the parallel viscosity, it would also change the

bootstrap current from its neoclassical value, contradicting observations both in tokamaks

and stellarators.

A second point of interest is what happens to the prediction (6) in the limit of a qua-

sisymmetric magnetic field. The parallel viscosity tensor (5) satisfies

∇ · π = −1

3
∇π‖ + b∇‖π‖ + π‖(κ− b∇‖ lnB),

where π‖ = p‖ − p⊥ and

κ = b · ∇b = ∇⊥ lnB + µ0∇p0/B
2
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is the curvature vector. Therefore〈
(∇ · π) · (B×∇ψ)

B2

〉
=
〈
π‖

3B2
(B×∇ψ) · ∇ lnB

〉

and 〈
(∇ · π) ·B

B2

〉
=

〈
π‖∇‖ lnB

3B

〉
,

and it follows that 〈(∇ · π) ·G〉 = 0 if the quasisymmetry condition (3) holds. This means

that parallel viscosity does not contribute to the radial current (4) if the magnetic field is

quasisymmetric. In a non-symmetric device it is the dominant term, as we have seen, whereas

in a quasisymmetric field the current is instead determined by Reynolds stress and off-

diagonal components of the viscosity tensor. This reflects the situation in a tokamak, where

the radial electric field is set by turbulent and neoclassical transport of angular momentum.

As already mentioned, it is not possible to achieve exact quasisymmetry. It is therefore

natural to ask how nearly quasisymmetric a stellarator must be in order for it to behave

like a tokamak in terms of intrinsic ambipolarity. The answer depends on the collisionality

regime, since the non-ambipolar current is sensitive to collisionality. In the low-collisionality

“1/ν-regime”, the diffusion coefficient scales as

Da ∼ ε
3/2
h δ2 Ta

maνa
,

where εh is the effective helical ripple and νa the collisionality. The nonambipolar current is

thus of order

〈j · ∇ψ〉 ∼ ε
3/2
h δ2 Ωa

νa
,

where Ωa is the gyroradius. This current exceeds that driven by the Reynolds stress on a

volume average, Eq. (7), if

εh >
(
νaL

Ωa∆r

)2/3

.

In other words, if the average is taken over the volume between two flux surfaces a distance

∆r = Nρa apart, with N > 1, then

εh >
(
L

Nλ

)2/3

.

If the mean-free path λ = vTa/νa is long, it is difficult to achieve intrinsic ambipolarity in

practice.
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In summary, we have shown that a stellarator plasma can rotate freely only if the mag-

netic field is quasisymmetric. Otherwise the radial electric field is set by the condition that

the collisional transport be ambipolar, and the plasma rotation is clamped at the corre-

sponding value, at least in the absence of strong momentum sources. On a radial average,

this conclusion also holds in the presence of electrostatic turbulence, as long as the usual

gyrokinetic orderings are satisfied. Locally, turbulent Reynolds stress can however produce

zonal flows, which therefore deserve study, particularly as they may affect the turbulent

transport [16, 17].
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