
Equilibrium reonstrution on W7-X stellarator using FuntionParametrizationA.Sengupta1, J.Geiger2, P.J.M Carthy11Dept. of Physis, University College Cork, Assoiation EURATOM-DCU, Cork, Ireland2Max-Plank-Institut f�ur Plasmaphysik, Euratom Assoiation, Greifswald, Germany1. IntrodutionW7-X [1℄ is a fully optimized stellarator of the Helias type, with a �ve-fold toroidal symmetry(i.e., �ve toroidal periods), under onstrution at the Max-Plank Institut f�ur Plasmaphysik(IPP), Greifswald, Germany. With an average major radius of 5.5 m and an average minorradius of 55 m, the aspet ratio of W7-X is �10.After the analysis, using Funtion Parametrization (FP), of the vauum on�gurations ofW7-X with magneti islands [2℄, the analysis at �nite-� was started last year and reported[3,4℄. The results of [2℄ were enouraging enough to use FP again. Magneti on�gurations inpresene of plasma pressure are important beause of signi�ant hanges to the vauum uxsurfae topology at �nite-�. W7-X is fully optimized in the sense that the plasma inueneon the magneti on�guration has been strongly redued by the minimization of bootstrapand P�rsh-Shl�uter urrents. This provides good MHD stability properties up to <�>= 5%.Additionally, good fast partile on�nement at �nite-� has been inluded in the on�gurations.For the present study we negleted the presene of magneti islands in the equilibriumon�gurations. Islands in �nite-� onditions an be simulated only with odes like HINT[5℄ or PIES [6℄ whih are omputationally too demanding to be used for statistial analyses.Furthermore, the external oils of W7-X were assumed to be aurately positioned, and error�elds arising from, e.g., oil misalignments, were not inluded in our statistial model.2. Database generation and hoie of preditors for FP modelThe database generation details, along with the riteria for the hoie of the �nal set of(�8000) observations in the database, were desribed in [3,4℄ and so will not be repeated here,but for the bene�t of the readers we are quoting again the parametrization of the plasmapressure p(s) and the toroidal urrent I(s) pro�les:p(s) =Pni=1 aibi(s) ; I(s) =Pni=1 idi(s)where bi(s) and di(s) are polynomials of degree i in the normalized toroidal ux s andrepresent the ith moment of the pressure and the toroidal urrent distribution, and n = 4.However, we will disuss the major di�erene of this study with [3,4℄, namely, the hoieof preditors for the FP model. For the oil urrents, the hosen preditors were the (6)urrent ratios, while the plasma size aeff formed a preditor itself. For the plasma pressure andtoroidal urrent data, the independently- generated oeÆients ai and i of the p(s) and I(s)representation were used as preditors in [3,4℄. However, their inlusion involves the problemof having to derive them from (noisy) experimental pressure and toroidal urrent pro�le data.Sine the oeÆients of the higher order moments beome inreasingly sensitive to noise, the
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quality of plasma parameter reovery rapidly worsens with inrease of noise level. That is whywe hose the more robust approah of a Prinipal Component Analysis (PCA) of the pro�le data,and the signi�ant prinipal omponents (PC's), meaning those PC's with signi�ant eigenvaluesor variane, were the inputs to our model. The atual PCA was arried out on the noiselesspro�le data, and the orresponding eigenvetors of the signi�ant PC's were stored. The noisyPC's were then alulated by a linear ombination of the stored (noiseless) eigenvetors withthe noisy pro�le data. The advantages of this method are the following:(i) the PC's do not show strong sensitivity to
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Figure 1: Error pro�les of iota reoveryfor di�erent noise levels. Solid line: -FP model; Dashed line: q-FP model.

noise when derived from noisy pro�le data;(ii) a PCA of the pro�le data an be arried outfor any funtional form of the pro�le.The PCA of the pro�le data showed that the �rstfour PC's aounted for the entire 100% of the radialvariation for both p(s) and I(s). This ompleted theset of 15 preditors for our regression. The PCA re-sult was expeted, beause the simulated pro�le datawere generated from the parametrizations of p(s) andI(s), where the pro�le variables vary linearly with theoeÆients a1 - a4 and 1 - 4, respetively.The basi plasma parameters hosen for the re-
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Figure 2: Central- and edge-iota reov-ery error as a funtion of measurementnoise, with noise on J-pro�le quoted onabsissa.

overy were the pro�les (as funtions of an e�etiveux surfae radius reff ) of �- and the Fourier o-eÆients of the magneti �eld strength (Bmn), thegeometry (Rmn,Zmn) and the periodi renormaliza-tion funtion (�mn), wherem and n are, respetively,the poloidal and the toroidal Fourier mode number.However, instead of the onventional method of poly-nomials in reff , whih proved to be too imprati-al to be used with 15 preditors, we hose a modi-�ed method to reover the plasma pro�le parameters.This method involved a PCA of the pro�le funtion,valued at 21 radial points, with the signi�ant PC'sforming the response variables for the regression model, as desribed in [3,4℄. The model wasthen tested on a separate test dataset. The model oeÆients, determined from the \training"dataset (�5000 observations), were ombined with the (quadrati or ubi) ombinations of thepreditors in the test dataset (�2400 observations) to reover the radial moments of the plasmapro�le variables. The reovered moments, or PC's, were then linearly ombined with the radialeigenvetors to get the reovered plasma parameters at the 21 radial points.
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3. Adding measurement noiseFor the reovery of the parameters of the plasma magneti on�guration, the followingnoise sheme was used to perturb the \measurements". For the oil urrents, we hose to adda small error to the urrents, even though the estimated unertainty is very small. The errorwas quanti�ed as 0.1% of the database rms values of the urrents, or 11 amps for the modular�eld oils and 7 amps for the planar oils. This level of noise in the oil urrents was keptonstant throughout the \experiment". For the toroidal plasma urrent, the urrent densitypro�le, J(s), is usually the known quantity (from transport analysis) with its unertainties, sonoise was added to J(s) obtained by �nite di�erening the database I(s). The added noise wasx% of the database rms values of J(s) as a funtion of the ux oordinate s. The relative noisex was uniform along the pro�le. The values of x were from 1% up to 50%. The noisy ~J(s) wassummed to generate a noisy ~I(s) pro�le. The edge value ~I(s = 1), however, was replaed bythat orresponding to the known, estimated noise level (0.1% random noise and 0.5% systematinoise, on the maximum expeted urrent of 50 kA) for its independent measurement.For the pressure data a basially similar
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Figure 3: Flux surfae reovery in the bean-shaped plane. Quoted are perentage noiseon J(s). Blue: VMEC surfaes; Red: FP-reovered surfaes.

sheme was followed, the noise being y% of thedatabase (ux-dependent) mean value of thepressure. However, the value of y ranged from0 only up to 20% as it is usually antiipatedthat the plasma pressure is more aurately de-termined than the urrent density. The noisesan for aeff was limited to 10% of the databasemean value.4. Reovery resultsFig 1 shows the error pro�les for �--reoveryusing -FP (solid lines) and q-FP (dashed lines)for various values of measurement noise. Plot-ted along the absissa is �eff , whih is the nor-malized reff . The -FP reovery errors are sig-ni�antly smaller for low levels of noise, but this superiority of -FP weakens as the noise levelis ramped up. For noise �20%, q-FP errors are smaller, though only very slightly, than -FPerrors. The two sets of plots in �g 2 show the perentage error for the reovery of entral- andedge-�- as a funtion of perentage measurement error, the absissa showing the noise san onJ(s). The urves plotted in dots are for the reovery of entral-�-. We again �nd that for low lev-els of measurement noise -FP is learly the better model, but its di�erene with q-FP dereasesas the noise inreases. At 13%, the blue and red dots oinide, before the q-FP urve goes belowthe -FP. The urves plotted in `+' desribe the results for edge-�- reovery. One di�erene withentral-�- reovery is that the blue and the red urves now meet at 20% of measurement noise,
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the other being the larger edge-�- error ompared to the entral-�- error for exat measurements,and the larger entral-�- error ompared to the edge-�- error at high levels of measurement noise.Fig 3 shows the bean-shaped ross setion of the W7-X ux surfaes on the toroidal angle �=0plane, for one randomly hosen ase in the test dataset. The VMEC ux surfaes are shownin blue, while the FP-reovered surfaes are in red. The upper panel shows the -FP reovery,while the lower one orresponds to q-FP. The reovered ux surfaes ompare well with theobserved ones up to 10% noise. The positive aspet of the ux surfae reovery is the �ttingof the indentation. Above 10% measurement noise, the reovered surfaes do deviate from theobserved surfaes, but the q-FP seems to show a smaller deviation. Fig 4 shows the omparisonof the VMEC ux surfaes with the FP-reovered surfaes in the triangular plane for �=36, forthe same observation as plotted in �g 3. The tip of the triangular ross setion on the outboardside shows a greater sensitivity to noise, as the deviations start from there at �10% noise.5. Conlusions
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Figure 4: Flux surfae reoveryin the triangular plane. Quotedare perentage noise on J(s).Blue: VMEC surfaes; Red: FP-reovered surfaes.

Equilibrium reonstrution of W7-X magneti on�gu-ration at �nite-� using essentially non-magneti measure-ments showed exellent reovery auray at low levels ofmeasurement noise, usually up to around 10% on J(s), us-ing a ubi polynomial model. This supported earlier re-sults on vauum analysis. The results obtained with exatinputs would be very useful in a rapid generation of a largedatabase, thereby avoiding the use of time-onsuming equi-librium odes. With inrease of measurement noise the ini-tially superior performane of the ubi model weakened,and �nally reversed (though only slightly in general). Inthe worst ase senario of the hosen noise limits, that or-responded to 50% of J(s)-pro�le noise, 20% of pressure pro-�le noise and 10% noise in aeff , the two models performedsimilarly. However, -FP should still be the reommendedmodel due to its overall reliability.Referenes[1℄ Beidler C. et al 1990 Fusion Tehnol. 17 148[2℄ Sengupta A., M Carthy P.J., Geiger J., Werner A. 2004 Nul. Fusion 44 1176[3℄ Sengupta A., Geiger J., M Carthy P.J. 32nd European Physial Soiety onferene onPlasma Physis, Tarragona, Spain (June 27 - July 1, 2005) P2.047[4℄ M Carthy P.J., Sengupta A., Geiger J., Werner A. 15th International Stellarator Work-shop, Madrid, Spain (Otober 3 - 7, 2005) P2-09[5℄ Harafuji K., Hayashi T. and Sato T. 1989 J. Comp. Phys. 81 169[6℄ Reiman A.H. and Greenside H.S. 1986 Comput. Phys. Commun. 43 157
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