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1 Introduction

Higher-spin theories have been studied in significant detail in the last years.!

In par-
ticular the three-dimensional case has received significant attention due to a conjecture
by Gaberdiel and Gopakumar [7] about a duality between YWx-minimal models and three-
dimensional higher-spin theories containing one complex scalar field and with gauge algebra
hs(A). More precisely, Wy-minimal models are two-dimensional conformal field theories

which are given by Wess-Zumino-Witten coset models of the form

SU(N), ® SU(N ),
SU(N)k+1

(1.1)

This conjecture was put forward for the t’Hooft limit thereof in which N,k — oo at fixed

0< N

A=——-<1. 1.2
- N+Ek— (12)

The above t’Hooft coupling is to be identified with the A parameter of the hs(A) higher-
spin theory. This duality is interesting because two-dimensional conformal field theories are
among the best understood interacting quantum field theories. Furthermore higher-spin
theories are much simpler than full string theories [12] particularly in three dimensions [13,
14] because higher-spin gauge fields are non-propagating in this case. The Gaberdiel-
Gopakumar conjecture therefore provides a relatively simple example of an AdS/CFT
duality from which one might hope to understand the general nature of these dualities in
more detail.

An explicit construction of an hs(\) higher-spin theory in three dimensions is
Prokushkin-Vasiliev Theory [15]. Its physical field content is given by a complex scalar?
with m? = —1 4+ A2 and a tower of higher-spin gauge fields with spin s = 1,2,3,...,00
obeying Fronsdal equations [16] at order 1 in perturbations around AdSs. This is pre-
cisely the spectrum required by the Gaberdiel-Gopakumar conjecture. However, a priori
Prokushkin-Vasiliev Theory contains an additional sector consisting of Killing tensors and
a further set of gauge fields which are not related to Fronsdal fields.? The field-theoretical
interpretation of these fields and their role within the Gaberdiel-Gopakumar duality is to
the best of our knowledge unclear. At order 2 in perturbation theory these fields will
generically interact with the physical sector. We will refer to them as twisted fields in the
following for reasons that will become clear in section 2. In this respect four-dimensional
Vasiliev Theory [17] is simpler than the three dimensional one as it is possible to formulate
the theory without the need for introducing a twisted sector.

It was known since the work of Vasiliev [18] that to order 1 in perturbation theory all
twisted fields can be set to zero consistently after an appropriate field redefinition. As we
will establish in section 3 this field redefinition is not unique and will lead to free parameters
in the second-order equations of motion. We will show that there exists a unique point in

!See e.g. [1-3]. For a non-exhaustive list of reviews we refer to [4-11].

2More precisely we will restrict ourselves to a truncation of Prokushkin-Vasiliev Theory with this physical
field content. Off the start Prokushkin-Vasiliev Theory contains two complex scalars [15].

%Note that this issue is unrelated to the problem of light states (see e.g. [7]).



parameter space which allows for trivial solutions of the second-order twisted fields and one
can therefore truncate Prokushkin-Vasiliev Theory to its physical sector at this point. For
any other choice of the parameters the twisted fields cannot be set to zero consistently at
order 2. Interestingly, there exists another higher-spin theory in three dimensions that is
free of twisted fields by construction, which is the D-dimensional Vasiliev theory [19] at
D = 3 which corresponds to A = 1. We will comment on this further in the conclusions of
this paper (see appendix G for technical details).

For vanishing scalar field the physical sector of Prokushkin-Vasliev Theory can be
described by hs(A) @ hs(A\) Chern-Simons Theory [20, 21] (see [22, 23] for an introduction).
For a non-vanishing scalar field much less about the dynamics of the theory is known, and
in particular a full action is not yet available. This is because Prokushkin-Vasiliev Theory
contains auxiliary coordinates and fields which have to be solved for in order to obtain
equations for the physical and twisted fields. To the second-order this becomes a task of
considerable technical difficulty and so far this has been studied mostly at the linear level
(with [24-30] among the exceptions). At the linear level the system obeys free equations
of motion and therefore the higher-spin fields and the scalar do not interact.

In this paper we will systematically extract and analyze the second-order equations of
motion of Prokushkin-Vasiliev Theory for both physical and twisted fields. In particular
we will compute the backreaction on the higher-spin gauge fields ¢, (s due to the scalar
® directly from Prokushkin-Vasliev Theory to order 2 in perturbation theory. We do so
for A = % For this analysis we reformulate perturbation theory in a manifestly Lorentz-
covariant form. The theory at A = % is technically simpler to deal with but we expect its
features to be generic.

From the metric-like perspective it is expected that this backreaction has a com-
pact form:

_ 9

Upm(s) +--- S T (s) s (1.3)

with a priori undetermined coefficients g;. Up to terms proportional to the cosmological
constant A and the scalar’s equations of motion the canonical currents J,, ) read

Tm(s) = (=) @ (Vi — Vin)'® + O(A) . (1.4)
In section 4 we fiz the coefficients gs by requiring closure of the scalar’s gauge transforma-
tions at A = % and therefore determine the cubic action of the physical sector.*

In order to relate the backreaction obtained directly from Prokushkin-Vasiliev Theory
to (1.4) a field redefinition quadratic in the scalar field ® is needed containing terms of
the form

l
—
> Vi Vi Vu.  Vy @'V VY, V@ (1.5)
l
Field redefinitions of this type are also necessary to formulate Prokushkin-Vasiliev The-
ory in a manifestly Lorentz-covariant manner. These redefinitions contain generically an

“The general case will be presented elsewhere [31].



infinite number of derivatives and are therefore potentially non-local. In particular they
allow for a complete removal of the backreaction in (1.3), as was first shown in [32]. Our
analysis highlights the urgent need for a better understanding of the class of allowed field
redefinitions in Prokushkin-Vasiliev Theory (see e.g. [33]).

Summarizing, our results are the following:

e The second-order Prokushkin-Vasiliev Theory at A = % possesses free parameters
specifying the truncation to the physical sector. Only at one point in parameter
space can one consistently set all second-order twisted fields to zero.

e The backreaction on the second-order physical fields is computed explicitly in a man-
ifestly Lorentz-covariant manner, in particular at the point in parameter space men-
tioned hereabove.

e We determine the cubic action describing the physical sector of the theory by enforc-
ing closure of the gauge transformations for the scalar. The coupling constants g

are thus fixed and read ]

gs = m (1.6)

Along the way, we reformulate perturbation theory in a manifestly Lorentz-
covariant form and we also systematically compute all cohomologies relevant for our
second-order analysis.

We have structured this paper in such a way that the reader should be able to fol-
low the presentation of our results without any detailed understanding of Prokushkin-
Vasiliev Theory. The equations of motion for twisted and physical fields are extracted
from Prokushkin-Vasiliev Theory but to second-order this is a technically involved task.
After reviewing necessary ingredients for our analysis in section 2 we will only quote the
extracted equations of motion and discuss their implications in section 3. In section 4
we will discuss the cubic action in a self-contained way. In section 5 we will then outline
how we extract the equations of motion from Prokushkin-Vasiliev Theory leaving the more
technical details to the appendices. The reader not interested in the way the results are
obtained may simply skip section 5, whereas the reader interested in the procedure should
read the latter section and then move to sections 3 and 4. In section 6 we discuss our
results and give an outlook.

2 Ingredients of higher-spin theories

In the following we summarize all the necessary ingredients for presenting our main results
in section 3. This section is structured as follows:

Section 2.1 will review some basic facts of the metric-like and frame-like formulation of
higher-spin theories.

Section 2.2 will present the higher-spin algebra hs(%). We will briefly discuss how this
algebra is constructed and outline a particularly useful oscillator realization.



Section 2.3 details the free equations of motion for the various fields of Prokushkin-
Vasiliev Theory. These involve not only scalar fields and higher-spin gauge fields, but
also additional fields whose interpretation is not obvious as we will discuss.

Section 2.4 explains the structure of the non-linear equations of motion for these fields.
We will discuss their form at both first and second order in perturbations around an
AdSs-background. This section will furthermore introduce the basic quantities we
calculated for this work.

Section 2.5 discusses whether some of the interactions terms in the equations of motion
of section 2.4 can be removed by field redefinitions. This question will be related to
studying the cohomologies of the adjoint and twisted-adjoint covariant derivative.

Section 2.6 details how these covariant derivatives can be expressed in Fourier space and
uses this fact to derive conservation identities for currents in Prokushkin-Vasiliev
Theory.

Some readers might want to skip some of the following subsections as they mostly review
well-established material [15, 34] for the discussion of our results in section 3. We summarize
all conventions used in this paper in appendix A.

2.1 Frame-like and metric-like formulation of higher-spin theories

Historically massless spin-s fields were first described by introducing a totally-symmetric
tensor field ¢y, ..m, With vanishing double trace [16],

O vk, , = 0. (2.1)

For non-vanishing cosmological constant A the free equations of motion then take the form

n ]' n n
Fos(s) = B¢m(s) = Vi Vum(s—1) + 5 Vi Vit mm(s—2) = 77 0im(s) + 2 gmmPm(s—2)n™
=0, (2:2)

with m? = A(s — (D + s —3)(s — 2)). Furthermore g, and V,, denote (A)dS,, metric and
the (A)dS,, covariant derivative respectively. The equations of motion are invariant under
the following gauge transformations:

5@@(5) = vmem(s—l) ) (23)

for a traceless gauge parameter
Epm(s—3) = 0. (2.4)

An alternative approach, pioneered in [35], is to describe the higher-spin theory in terms
of higher-spin generalizations of the spin-2 vielbein and spin-connection. So far a fully
non-linear theory can only be formulated using this formalism. In the following we will
restrict ourselves to the three-dimensional case, for which the number of spin-connections



does not grow with the spin as opposed to what happens in higher dimensions [36]. We
denote the spin-s vielbein and spin-connection by

eam(sfl) 7 wa(sfl),b 7 (25)

where both fields are traceless in their fiber indices. In the three-dimensional case we
can furthermore dualize the spin-connection to a symmetric tensor of the same type as
the vielbein

wam(sfl) = % wam(S*Q)bvc . (26)

In the following we will denote the (A)dS; background fields by Ay, and j;,. At the lowest
order in perturbations around the (A)dS, background the Fronsdal field can be identified
with the totally-symmetric part of the higher-spin vielbein

gom(s) = 6&(5_1)th e ham . (2.7)

The free equations of motion are generalizations of the vanishing torsion and Riemann
tensor equations in gravity and are given by

Ta(s—1) — Vea(s_l) — %, N wa(S_Q)C =0, (2.8&)
Ra(s—l) = Vwa(s—l) + €%, ho A ea(S_Q)C =0. (2.8b)

The Fronsdal equations are then found in exactly the same way as for the spin-two case,
that is, by solving the zero-torsion constraint (2.8a) for w = w(Ve) and then plugging
the solution into the second equation (2.8b). In three dimensions all higher-spin fields
including the spin-2 field are topological, i.e. the Fronsdal equations (2.2) or equivalently
the frame-like equations (2.8) do not describe any local degrees of freedom. Also in three
dimensions there is the following isomorphism:

Spy ~ sly ~s0(1,2), (2.9)

which allows to convert every vector index into two spinorial two-component indices with
the help of the matrices o2 € {I,01,03}. Every symmetric and traceless rank-k so(1,2)
tensor is therefore isomorphic to a spinorial symmetric tensor of rank 2k

velk) oy (2.10)

This dictionary will be used extensively in the following. Furthermore we will consider
only the case of negative cosmological constant in the rest of our discussion.

2.2 Higher-spin symmetry

The higher-spin algebra is a key ingredient of higher-spin theories. It links together a
number of higher-spin fields into a single connection, or more generally into a single module
of the algebra [37-40]. The higher-spin algebra is constructed from a certain quotient of
the universal enveloping algebra of the AdSs-isometry algebra, which can be also equipped
with some discrete elements or further tensored with matrix algebras.



The AdSs-isometry algebra is semi-simple, so(2,2) ~ sp(2) @ sp(2), which leads one
to consider quotients of the universal enveloping algebra U(sp(2)). One then considers the
associative algebra [39, 41],

Aq(2,v) = U(sp(2))/<02 + i(s o u2)> , (2.11)

where the denominator denotes the two-sided ideal generated by the quadratic Casimir Co
subtracted by some number parametrized by v € R. With respect to its commutator the
associative algebra forms a Lie algebra which decomposes into (as a Lie algebra)

Aq(2,v) = C@hs(N). (2.12)

Here we defined the higher spin algebra hs(\) with A = %(V + 1) while C is the identity
component of the universal enveloping algebra.

In this work we will focus on the case v = 0 (i.e. A = 3) for which a particularly
simple oscillator realization of this algebra can be given, which we will briefly review in the
following. Let {,} be a set of two canonically commuting oscillators, obeying

[Jas Yp] = 2i€ap - (2.13)

Using this definition we can realize the sp(2) algebra by considering the combinations
Top = —%{Ja,9s}, which satisfy

[Taa: Tpp] = €apTap - (2.14)

The associative algebra Aq(2,0) can then be constructed by considering even functions of
these oscillators, i.e. f(J) = f(—g). Using (2.13) one can easily check that

1

3
Cy = —§T°‘5Ta5 =—

1 (2.15)

which indeed corresponds to the case v = 0. The AdSs-isometry algebra contains two
copies of sp(2). It is convenient to introduce a Clifford pair® ¢ and

$*=1, ¢*=1, suchthat {¢,9}=0, (2.16)

which we further assume to commute with all g, oscillators. The Clifford element ¢ ensures
the doubling of sp(2). There is not yet any particular reason for introducing 1 but as we
will see this element is important for the theory to describe non-trivial dynamics. Using
these definitions we can realize the AdSs algebra as follows

AP
La,B = _Z{yaayﬁ}7 Paﬁ = ¢Loz,8 . (2'17)

"We do not collect the Clifford elements into a doublet {v;,%;} = d;; because, as will be discussed
below, the vacuum solution for Prokushkin-Vasiliev theory breaks this symmetry.



Here and in the following we set the cosmological constant A = 1. Using (2.13) and (2.16)
one can easily check that the definitions (2.17) indeed obey the expected commutation
relations

[Laa7 LBB] = eozBLa,B > [Laou Pﬁﬁ] = eaBPaB ) [Paom PBB] = EaﬁLaﬁ . (218)

The algebra can be effectively dealt with by replacing functions of operators g, with func-
tions of ordinary commuting variables y, that are multiplied with the help of the Moyal
star-product

(f*9)(y) = f(y)expi (aayaeaﬂaiﬁ) gly) = (2;)2 /d2u dZve™ e fy 4+ u) g(y +v),

(2.19)

where any boundary terms are to be dropped when using the integral form.

For v # 0 a deformed oscillator realization can be given but the corresponding star
product is not a Moyal product [42]. This makes the case v = 0 technically simpler,
although we expect it to possess features similar to that of the more general Prokushkin-
Vasiliev Theory.

Note that in the following we will refer somewhat loosely to functions of not only ¥,
but also ¢ and 1 as taking value in the higher-spin algebra.

2.3 Free equations of motions

In this section we will explain how free equations of motion for matter and higher-spin
gauge fields can be constructed from higher-spin symmetry. The relevant objects to de-
scribe higher-spin fields and matter fields are a connection one-form w and a zero-form
C respectively which are functions® of vy, 1 and ¢. Unless stated otherwise we consider
bosonic fields only which corresponds to restricting the fields to even functions of y,. As
we will discuss C and w additionally encode twisted fields which are necessarily present if
we want to describe non-trivial dynamics in this language.

Empty anti-de Sitter space, which is a vacuum solution of the higher-spin theory, can
be described by a flat connection €2

dQ=Q A%, (2.20)
that can be written in terms of the generators of the AdSs-isometry algebra (2.17) as
1 1
2 = 5@ Loa + 55 Paa (2.21)

where again w® and h® denote the spin-connection and vielbein of AdS space.” The free
equations are then given by

Dqow =0, DqC =0, (2.22)

5Note that we allow for a y,-independent components of the gauge connection, which results in an
additional spin-1 field component of the connection.

" Allowing the vacuum connection to have non-zero values for higher-spin fields one can describe matter
fields on a more general background, e.g. a higher-spin black hole [43-45], but in a linearized approximation
and therefore neglecting the backreaction of matter fields. In this work we will however only consider a
pure AdSs-background.



where we have introduced the AdSs covariant derivative Dgq:
DoF = dF — Q AF 4 (=1)FIF A xQ, (2.23)

where |F| denotes the form-degree of F. One can easily show that the covariant derivative
is nilpotent of degree 2, i.e. Dg o Dg = 0. Furthermore the free equations are invariant
under the following gauge transformations

Sw=d¢—[Q,&,, dC=0. (2.24)

Note that the ¢-dependence of P, in (2.21) and the identity [¢f, g1b] = &{f, g} imply
that the covariant derivative Dq acts as follows:

Da{g(y, ¢la) + g(y, ¢lx) ¥} = Dg(y, ¢|z) + Dg(y, ¢lz) ¥, (2.25)

where we have conveniently defined the adjoint and twisted-adjoint covariant derivatives

1
D=V — 5 6h*[Laq, o). = V = 6h*y, 0. (2.26)
~ 1 )

D=V =361 {Laaso}. =V + %(l)h“a(yaya — YY), (2.27)

where V is the usual Lorentz-covariant derivative:

1
V=de —§w’m[Laa, o, =d — wy,0Y. (2.28)

The above differential form of the operators D and D can be easily derived using (2.19).
An important difference between the adjoint covariant derivative D and the twisted-adjoint
covariant derwative D is that the former commutes with the y,-number operator 38y, i.e.
it slices fields into finite-dimensional modules each having a fixed degree in y,, while the
latter mixes components with different even (odd) powers of y,. Both covariant derivatives
are nilpotent as an immediate consequence of Dq o Dg = 0.

Due to (2.25) it is useful to decompose w and C as follows:

w(y, ¢,1) =y, o) + &y, 9), C(y, ¢,%) = C(y,¢) + C(y, )0 (2.29)

We refer to the fields @ and C' as physical and to @ and C as the twisted sector of the
theory.® Using (2.25) the equations of motion and gauge transformations split as

D& =0, 6w = DE, DC =0, §C =0, (2.30)
D& =0, 6e = DE, DC =0, 6C=0. (2.31)

By expanding in y, we can see that the equations of motion have the following content:

8In [15] they were called auxiliary, but we use the term twisted since many of the fields in the physical
sector are auxiliary as well. Twisting is related to the type of higher-spin algebra representation they take
values in as compared to the physical fields.



Higher-spin frame-like fields, the vielbein and the spin-connection, are contained

Two

. (y7 77 )

while splitting the equations (2.31) with respect to ¢ leads to the generalized zero-
torsion and zero-curvature conditions on these fields:

7o) = vea™ e A= — g (2.33a)
R =y o p e — o (2.33Db)
which are exactly (2.8) in the spinorial language of (2.10) and are therefore equivalent
to the Fronsdal equation (2.2) as explained in subsection 2.1. It is clear from this point

of view that the higher-spin fields are topological since (2.22) and (2.24) describe a
flat connection.

physical scalar fields encoded in C. Indeed, the component form of the equa-

tions (2.31) projected onto the two orthogonal subspaces by II4 = % are

Ve ik 5 Shy, O =0, (2.34)

and tell us that C¢® parametrizes the first derivative of Cy. Contracting (2.34) for
n = 2 with an inverse vielbein leads to

hi (Vi Ce™ +ihg2Cl) = 0, (2.35)

where the contraction with the vielbein produces a trace of C*@W | which is identi-
cally zero, and which we have therefore left out altogether. Combining the resulting
equation with (2.34) for n = 0,

\/eNE= %hwéf =0, (2.36)
we recover the Klein-Gordon equation,

0cy = —5Cx, (2.37)

for two real scalars.?

The rest of the equations express the remaining components as derivatives of
the scalar:

Caor) = (4i ¢ hi, Vi) C(2) . (2.38)

9 According to [15] the scalars obey CT = C'_ | which follows from the reality conditions (C(¢))" = C(—¢)
where yl, = yo and (¢9)1 = ¢g.



Therefore, the dynamical content of DC = 0 is given by two scalar fields.'0 Let
us note that the mass corresponds to a conformally coupled scalar, but Prokushkin-
Vasiliev theory is not conformal. The value of the mass is given by the sp(2)-Casimir
operator computed on the given oscillator representation as can be seen by comparing
with (2.15).

A twisted zero-form denoted by C. The equations for C' decompose into an infinite set
of Killing equations

Véi(n) F e Cﬂlol(nfl) —-0. (2.40)

This can be seen by observing that the above covariant constancy condition pre-
cisely coincides with the condition for a 0-form gauge parameter £(y,¢) to be a
Killing tensor:

Also, it is obvious that the above component equation (2.40) does not, unlike its
physical counterpart (2.34), mix different components of C. It is not clear what the
physical interpretation of such Killing tensors is and their role within the Gaberdiel-
Gopakumar conjecture is unclear. They generically mix with dynamical fields at the
interacting level, as we explore in section 3. Let us note that a non-vanishing value
for v, as defined in subsection 2.2, would lead to the following vacuum value for the
twisted zero-form [15]:

C=v. (2.42)
We will discuss this point in more detail in section 3.

A twisted one-form called @. One could think of it as the gauge field associated with
C. In this case the corresponding equations look like those for C’, but imposed on
one-forms. Moreover, just as for C, it is not clear what the physical interpretation of
this set of fields is — they are definitely not related to Fronsdal fields. In particular,
their role within the Gaberdiel-Gopakumar duality is unclear.

2.4 Non-linear equations of motion

In the last subsection we have restricted our attention to the free theory. In this section we
will discuss the non-linear equations of motion. By expanding these equations of motion
around an AdSs-background and considering linear fluctuations one recovers the free equa-
tions of w and C discussed in the last subsection. Let us denote the fields of the non-linear

10 At this point it is clear that there is no need for doubling of the scalar fields. Indeed a single scalar
field on the AdS or a more general higher-spin background can be described along the same lines by taking
C be a function C(y) of yo and imposing

dC+ A, «C—CxA_ =0, (2.39)

where A4 (y) are two flat connections of Ag(2,0). This equation is consistent, but how to introduce non-
linearities in C' therein is not known. The Prokushkin-Vasiliev construction allows to construct consistent
nonlinearities for such free equations of motion, but then one does need the ¢ element (and in fact also ).
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theory by W and B, whose linear order fluctuations are then the fields w and C. Interac-
tions for these fields can a priori arise from allowing for the most general nonlinearities on
the right-hand side of their equations of motion, that is [46, 47],

dw = FW (W, B), (2.43a)
dB = FB(W,B). (2.43D)

Equations of motion of this form are said to be unfolded and are further constrained
by Frobenius integrability, i.e. by consistency with d?> = 0. The structure functions
FW(W,B) and FB(W, B) are assumed to be expandable in B:

FVY(W,B)=V(W,W)+V(W,W B)+ V(W ,W,B,B) +..., (2.44a)
FB(W,B)=V(W,B)+V(W,B,B) +V(W,B,B,B) + ..., (2.44D)

where our notation is that the functions V are linear in each argument. The first interaction
vertices are given explicitly by the higher-spin algebra:

VW, W)=W AxW | V(W,B)=W B - B+~W .

We shall also refer to the vertices V as cocycles,'! and they can be extracted from the
Prokushkin-Vasiliev equations as we will detail in section 5. Notice that the deviation of
W from a flat connection is proportional to B.

As a consequence of Frobenius integrability, the equations enjoy a gauge symmetry
with a gauge parameter &:

W = d€ + 55€VFW(W, B) =d¢ — (W, ¢, +0(B), (2.45a)
6B :SéiBFB(W,B) —¢+xB—-B+£+0O(B?). (2.45b)

We stress that the deformation of the gauge symmetry is governed directly by the higher-
spin algebra to the lowest order only. The fully non-linear gauge symmetry algebra is
a deformation of the higher-spin algebra in the form of an open algebra with structure
‘constants’ that depend on the fields themselves (algebroid).

The simplest background solution for these non-linear equations is provided by a flat
connection €2 of the higher-spin algebra at vanishing matter field B = 0. We take {2 to be
the AdSs flat connection of (2.21) and then expand up to the second order:

W=0+w+wP+..., B=C+C®4 ... (2.46)

"Duye to the integrability condition the vertices V can be also interpreted as Chevalley-Eilenberg cocycles
with value in infinite-dimensional modules that W and B take values in [48, 49]. Since these modules
are infinite-dimensional it is difficult to say anything directly. A prescription to write a solution for the
structure functions is given by Vasiliev equations, which can be thought of as a tool to generate the required
interaction terms.
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Linear fluctuations: for the first-order perturbations w and C one finds, in general,

dw={Q,w}, +V(Q,Q,C) — Dow =V(Q,Q,C), (2.47a)
dC=0xC—CxQ s DgC=0. (2.47b)

We thus see that w may generically not be a flat connection as it can have a non-vanishing
source represented by V(€2, Q, C). For Prokushkin-Vasiliev Theory on the AdSs-background
we will find V(£2, €, C) = 0 (up to a field redefinition of w, see section 5.5). This statement
implies the flatness of higher-spin-connections to the first order and is related to the non-
propagating nature of higher-spin fields in three dimensions.'> The gauge transformations
at linear order are given by

Sw=d¢—[Q,&,, 6C=0. (2.48)

Splitting the fields into twisted and physical components as in (2.29) we obtain the following
equations of motion:

D=0, DC=0, (2.49)
D=0, DC=0, (2.50)

which are the free equations of motion discussed in the previous subsection.

Second-order fluctuations: the second-order perturbations w® and C®), which are
our main concern in this paper, obey a system of equations which contain source terms a
priori involving first- and second-order fields:

Dow® = w Axw+V(Q,Q,C%) +V(Q,w,C) + V(Q,Q,C,C), (2.51a)
DoC® = [w,Cl, + V(Q,C,C). (2.51Db)
In Prokushkin-Vasiliev Theory we can remove V(€, 2, C(Q)) by a field redefinition of w?),

so that the sources on the above right-hand sides depend on the first-order fields only. The
gauge transformation of the second-order fields are then given by

V(Q,w,C)
Sw ’

Again, we can split these equations into physical and twisted components. The linear-order

dw® = Dag® — [w, €], +£ sC® = ¢, C].. (2.52)

equations of motion allow us to consistently set all first-order twisted fields to zero, and
doing so we obtain the following set of equations:

~ A

D@ =& Axe+V(Q,Q,C,0), (DCYy = @, CY)y (2.53a)
(D&Y =V(Q,0,0), DC? =v(Q,C,0). (2.53b)

Let us stress again that the cocycles depend linearly on all their arguments and that their
1-dependence is also linear. We will study (2.53) extensively in section 3. The cocycle

12Tn higher dimensions, and in particular for D = 4, or on more complicated backgrounds the latter
cocycle is non-zero.
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V(Q,Q,é, é), which is bilinear in the scalar fields, yields the matter backreaction that
sources the Fronsdal equation to the second order, i.e. it encodes the generalized stress-
tensors. We will analyze this term in section 3.2.

Note that by (2.53b) we can not set the second-order twisted fields to zero consistently.
But by performing field redefinitions one might be able to remove the source terms appear-
ing in its equations of motion and afterwards set these fields to zero. We will indeed show
that this is possible for Prokushkin-Vasliev Theory. We will discuss field redefinitions in
the next section.

2.5 Field redefinitions and cohomologies

It is natural to ask whether we can remove terms from the above equations of motion by
a field redefinition. As an example let us consider the cocycle J = V(£ 2, C, C’), which is
part of the equation of motion for the gauge-connection (2.53a),

DO =& Ax@+ . (2.54)

We can perform a field redefinition of the type

A~

o - 0@ 4+ FQ,C,0), (2.55)

where F' is linear in every argument. Field redefinitions quadratic in C’, such as F', contain
generically terms of the form

Z fn,m,l éa(n)u(l) CAioz(?n)y(l) ya(n—i-m) ’ (256)

n,m,l=0

where one has to appropriately contract with H** and h*® for redefinitions of form-degree 1
and 2 respectively. Following standard (but unfortunate) terminology we will refer to such
field redefinitions as pseudo-local. By (2.38) a pseudo-local field redefinition generically
contains an infinite number of derivatives of the physical scalar field for each spin, e.g.
2s = m + n for zero-forms.

If the cocycle J is exact, i.e. J = DF(Q, C’, C’), then it can evidently be removed by a
pseudo-local field redefinition @@ — &@ + F (Q, C,C ). On the other hand, the consistency
of (2.54) with D? = 0 leads to

DI+ D Axéo—& AxDi =0. (2.57)

Upon using the first order equation of motion D& = 0 this implies that the current J is
also closed, i.e. DJ = 0. Therefore in order to make sure that the cocycle J cannot be
removed by a pseudo-local field redefinition we have to check whether it is an element of
H?(D, C’é), the cohomology of the nilpotent operator D with respect to pseudo-local field
redefinitions of form-degree 1 which are quadratic in C.

This discussion generalizes to the other non-vanishing cocycles in (2.53) by considering
cohomologies for the covariant derivatives D and D with respect to field redefinitions
that are linear in C’, linear in both C' and w, or quadratic in C. The notation for the
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degree n | H*(D,CC) | H*(D,C) | H*(D,&C)
1 non-empty | non-empty | non-empty
2 empty empty non-empty

Table 1. Cohomologies of various form-degrees n and classes of field redefinitions.

corresponding cohomologies changes in the obvious way. In appendix E we have analyzed

various cohomologies, and the most relevant results of this analysis are summarized in

table 1. Hereafter we briefly discuss various implications of these results.

Form-degree-2 cohomology H?(D, C’C’) for field redefinitions quadratic in C: this co-

homology is trivial and therefore any J on the right-hand side of (2.54) can be re-

moved by a pseudo-local field redefinition of the type (2.56). Thus any backreaction

of the scalar fields on the higher-spin fields, including the spinorial counterpart of the

canonical s-derivative current (1.4), can be removed by a pseudo-local field redefini-

tion which generically contains an arbitrary number of derivatives of the scalar field

for each spin.'® Such redefinitions should not correspond to physically allowed ones.

A possible interpretation for the fact that an arbitrary backreaction can be removed

is that the class of pseudo-local field redefinitions (2.55) is too broad. Unfortunately

a criterion which restricts the class of field redefinitions to the physically allowed

ones is not yet known.'* More comments on this important issue can be found in the

conclusions to this paper.

Form-degree-1 cohomology H!(D, C’C’) for field redefinitions quadratic in C: the non-

emptiness of this cohomology [32] allows for sources to the twisted zero-form’s equa-

tions of motion,

DC® =y, C,0),

that cannot be removed by a pseudo-local field redefinition

E0) 5 6@ 4 ¢(E,0),

(2.58)

(2.59)

which would imply that we cannot consistently choose Cc@ =o. Beyond the second

order the twisted zero-form C? would therefore generically produce source terms to

the physical equations of motion, i.e. higher-order analogs of (2.53a). We will discuss

this in more detail in section 3.

Form-degree-2 cohomology HQ(D,QC’) for field redefinitions linear in both & and C:

the equations of motion for the twisted gauge fields to the second order are given by

(D& =V(Q,0,0).

(2.60)

13The fact that the canonical s-derivative current can be removed by a pseudo-local field redefinition

was first shown in [32] and led to the development of an integration flow [50], which maps all physical and

twisted fields in a field frame in which they obey the free equations of motion.
1A conjecture regarding this point was put forward in [33].
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As in the previous case the non-triviality of this cohomology therefore might prevent
us from setting the twisted field @ to zero consistently. We will return to this point
in section 3.

We note that table 1 also lists the results for H“?(D, () and H!(D,wC) for later
reference.

2.6 Conservation

As explained in the last subsection the cocycles V(Q,9Q,C,C) and V(Q,C,C) of (2.51)
have to be closed or, differently put, conserved with respect to the covariant derivative
D. This provides an important consistency requirement to cross-check the validity of our
calculations. Let us consider ¢-forms, which are bilinears in the free fields C' = C(y, ¢|x):

Jo =, (y, Olz) datt AL A date with¢=0,1,2,3. (2.61)

Obviously the cocycles V(Q,Q,C,C) and V(Q,C,C) correspond to ¢ = 2 and ¢ = 1
respectively. The operator D defines a complex on g-forms J,:

0—>J0—>J1—>J2—>J3—>0, (2.62)

In the following we will mostly work with Fourier-transformed fields,

Cly.6) = / ag e O (€, Bl) (2.63)

which leads to the Fourier-transformed expressions for J,
3, = [ dganky(€n.v) (€ ole)Cn ~olo). (2.64)

The sign flip in ¢ for one of the zero-forms €' is due to the fact that C in the splitting (2.29)
is associated with the v-dependent term. The kernel K, is given for the various form-
degrees by

KO :K(§7n7y)7 Kl :haaKaoc(ganay)7 K2 :Haajaa(§777,y)a KSZHJ(&TLZJ)

Notice that boldfaced K, denote forms whereas non-boldfaced ones such as K denote
components. We have used the definitions

H = h*, A h97, H = Hoo N B, (2.65)
which obey the following identities:

1
P AR = ZEO‘VH[B‘S + 3 more, (2.66a)

1
H AR = 6(6%/35 + e H | (2.66b)
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Now with the help of the equations of motion for the Fourier-transformed fields,

7

VC(E, +olz) = *§¢hw (fafa - 3§3§> C(&,+ol|z), (2.67a)

VC(n, —¢lz) = +%¢h““ (Nana — O1OT) C(n, —¢|x) (2.67D)

and of the identities (2.66) we find the following Fourier representations for D:

DK (& n,y) = h*OaaK(&,n,y) (2.68a)
D Kaa(61,) = {H O K a” (€1,0), (2.68b)
DH Jua(61,4) = GHO JaalE:1,9). (2.68¢)
where we have defined
O = 3 [t~ 000) — (ata — 0505) + 2,28 (2.69)

Similarly the cocycles V(€,&,C) in (2.53b) need to be conserved with respect to the
twisted-adjoint covariant derivative D. Let us therefore also consider p-forms which are

linear in €' and @:
3, = [ agan {Ly(6.n.9) C16 6a) . ~6a) + Ly(€m9) 2(6. 0le) Clnola) | . (270
where L, and [q are given by

Ll = L(§7 7, y) ) L2 = haaL&&(ﬁv m, y) ) L3 = HaaSOzOé(ﬁ: 7, y) ; (2713‘)
I_-l = E(év , y) ) [2 = haaf/aoz(&a m, y) ) I_-S = Haas’aa(é-v m, y) ) (271b)

Using the equations of motion for & and C we again obtain a Fourier representation for D:

DL(&?%y) = haalaaL(§7n7y) ) (272)
ayReTe] 1 ao v
-Dh LaOé(£7 mn, y) = ZH IOCVLOé (57 mn, y) 9 (273)
where we have defined
Toa = & [ (Voo — O8O — (€ata — 505 + 20m,00] (2.74)

Analogous expressions hold for the barred kernels (2.73) upon replacing I, with I,
defined as

fOéOé

= [ (Watta — 0202) — (nama — O00) + 206,05 (2.75)

As will be discussed in section 3 we checked conservation for all cocycles studied in
this paper.

~16 —



3 Presentation of results: second-order backreactions

In this section we will discuss our main results obtained by studying the equations of
motion (2.53). We will postpone a detailed explanation of how we extracted the various
cocycles from Prokushkin-Vasiliev Theory to section 5. As explained in section 2, the
Prokushkin-Vasiliev Theory at hand contains two (real) physical scalars, encoded in the
field C, as well as one physical (although non-propagating) higher-spin gauge field for every
spin, encoded in the connection @w. In addition, the theory also contains a twisted sector,
represented by a twisted zero-form C, and a twisted gauge connection @. Let us first focus
on the twisted sector in subsection 3.1 before discussing the second order analysis of the
physical sector in subsection 3.2.

3.1 Twisted sector results

In the following we will discuss whether we can find solutions of our theory for which all
twisted fields vanish. We are interested in such consistent truncations because the role of
the twisted fields within the AdS/CFT-duality and their field-theoretical interpretation is
unclear — as was discussed in section 2.3. Therefore a trivial solution for these fields seems
to be the most natural choice.

We will first discuss the twisted sector at linear order. We will see that we need to
perform a field redefinition in order to set the first-order twisted fields to zero consistently.
This field redefinition is not unique and will lead to the appearance of free parameters in
the second-order equations of motion, which can in turn be fixed by going to a field frame
for which backreactions to the second-order twisted zero-form C'?) and to the twisted gauge
connection @ can be removed by a pseudo-local field redefinition.

This process will involve pseudo-local field redefinitions and therefore it is by no means
guaranteed that the theory after the redefinitions is equivalent to the theory before because
of the non-localities involved in this step.

As we will show in the following there is only one choice for the free parameters which
allows for trivial solutions of the twisted sector. This suggests a relation to the integration
flow procedure [15] — as we will discuss at the end of section 3.1.2.

3.1.1 Linear order

We mentioned in section 2.4 that the cocycle V(€,Q, C) in the linear equations of mo-
tion (2.47a) for the connection w vanishes only up to a field redefinition. We will explain
this field redefinition in more detail now.

As will be discussed in section 5 analyzing Prokushkin-Vasiliev Theory leads to the
following equations of motion for the twisted sector [51]:

(E@ﬁb:1%QALCU::%Haa@a+%8$ﬂya+¢3gﬂﬁ@g¢hﬂ¢hzo, (3.1a)

DC =0, (3.1b)

where H** was defined in (2.65). Notice that there is a source term to @ linear in the
scalar field C' and therefore we are interested in performing a field redefinition of & which
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removes this source term. After having performed such a field redefinition we can set the
linear-order twisted fields to zero consistently. As discussed above this is the truncation of
the theory we are interested in. The most general solution of the inhomogeneous differential
equation (3.1a) is given by a particular solution thereof together with the general solution
of the complementary homogeneous equation.

As was first shown in [51], a particular solution of @ in (3.1a) is M; with

1
My = i¢ﬂfuxj/ dt (2 = 1) (ya + it 0%) (ya + it ' 0Y)C(yt, ¢) . (3.2)
0

Now, let us find the solution R of the complementary homogeneous equation, i.e. DR = 0.
We are interested in this solution only up to gauge transformations thereof. Therefore
we want to identify two solutions R and R’ which differ only by a gauge transformation,
i.e. R — R = De. The most general solution of the homogenous equation — up to gauge
transformations — is therefore an element of the cohomology with respect to the nilpotent
operator D and linear functionals in C of form-degree 1, i.e. R € H! (D, C’)

This cohomology is non-empty as can be seen by comparing with table 1. Indeed we
show in appendix E that it forms a two-dimensional space with a representative given by'®

1

1
R= oh* / at (2 = 1) {go (vatia — £20408) Co(ty) + 2dot ™"y, 0Ci(ty)} . (3.3)
0

Here C’B and C’F are the even and odd parts of C with respect to y, whereas gg and dyp
are parameters accounting for the two-dimensional nature of this cohomology. The above
representative has been chosen to look almost exactly like the particular solution M; with
the crucial difference that we had to split C into bosonic and fermionic components Cy and
Ce. As we discussed in section 2.3 we consider the bosonic Prokushkin-Vasiliev Theory,
for which the odd components of C vanish identically, i.e. Cy = 0, and therefore the
cohomology is only one-dimensional. But in the next section we will also briefly discuss
the behavior of Prokushkin-Vasiliev Theory without imposing the bosonic truncation and
we therefore kept Cp in (3.3) for future reference.

In the case of the bosonic theory the general form of the field redefinition removing
the source term of (3.1) is therefore given by

1 1 .
M{ =M +R= ¢h / dt (* = 1) (§o YaYa + 2iyat 0% — Got 2040Y%) Cu(ty), (3.4)
0

where we defined gop = 1+gop. After performing this field redefinition & (y, ¢|x) — @ (y, ¢|z)+
M we can consistently choose trivial solutions for the twisted fields

0=0, C=0, (3.5a)
The parameter gg will play a key role in the following subsection, where we discuss the
second-order equations of motion of the twisted fields. Anticipating the results to be
discussed therein, the situation is that the second-order twisted fields can be consistently
set to zero only at a particular point in the parameter space of M], namely go = 0.

15We have a map from C which is a direct sum of two non-isomorphic irreducible modules, i.e. Cs and
CF, to the direct sum of the same modules in which @ takes values. Therefore the space is two-dimensional,
which is a simple instance of Schur’s lemma.
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3.1.2 Second order

In this section we will discuss the equation of motion (2.53) for the twisted scalar field to
second order before analyzing the corresponding equations for the twisted one-form. In the
scalar sector the equation of motion is given by

DC® =y(Q,C,0). (3.6)

We can analyze each y,-component of (3.6) separately as the adjoint covariant derivative
D commutes with the y,-number operator y”dy. We will try to follow a similar approach
as for the linear order and check if we can find a field redefinition which removes the source
term on the right-hand side of (3.6). This question is of particular interest as by (2.42) the
Ya-independent part of the Killing tensor C' at zeroth order specifies the A-parameter of the
hs()) higher-spin theory.'® If the y,-independent component of the source term V(Q2, C, C)
cannot be removed by a field redefinition then the identity component of C' is necessarily
deformed at second-order in perturbation theory. Note that (3.6) arises from (2.51b), which
we repeat here for convenience:

DoC? = [w,Cl, + V(Q,C,C). (3.7)
By t-counting this reduces in the twisted sector to
DC® = [y, Oyl +V'(2,C,0), (3.8)

where we chose the linear solution C' = 0. Using (3.4) we can perform the field redefinition
W — @+ M] and afterward consistently set @ = 0, as discussed in the last subsection.
Having done so (3.8) will reduce to (3.6) but the field redefinition M{ will lead to an
additional contribution to the cocycle INJ(Q, C, C’) which is then given by

V(Q,C,C) = My, Cyl, +V'(2,C,0), (3.9)

and will therefore depend on gy in the bosonic theory. From Prokushkin-Vasiliev Theory
one extracts the following explicit form of the source term in (3.6):

P(Q,C, ) = phoe / €2 Koo (£, n,y) C(E, 8l2)C(n, —6]2) (3.10)

where the kernel K, is given by

1
Kaa(ganay) = /0 dt {; etw=)=tn)¢ &a ((1 - t2)<£a - 77a) + (1 — t)an)

5 SO (1 ) o+ €0) — (1~ 1))
1 .
(P = DD G (5 — )y — m)a — 2y — Mok + o Eat)
1 .
F = DO G (54 €0y + o~ 2y~ Dt + o) | -

16The interpretation of the y,-independent component of C at second and higher orders is less clear.
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In order to check whether there is some field frame in which we can set the y,-independent
component of C to zero, we have to check whether V(Q, C , C‘) |y=0 is a non-trivial element in
the cohomology H'(D, C’C’) Performing the integration over t in K4 (&, 7,y = 0) we obtain

Kaa(&ﬁ,y = O) = f(ﬁf) ((1 + gO) Nalla — (1 - gO) gaéa) ) (3'11)

3sin(x)).

where we have defined f(z) = 4(x cos(z) — 2~
The Fourier representation of D in (2.68a) reads h**Oyq. The operator O, does not
mix different powers of y,-oscillators. Therefore we can deduce that for V(Q,C, C)|,=o to

be exact its kernel has to be of the form

Koa(€.1.5= 0) £ 000 (1) = & (e — &a) (FE) + F/(8)) . (3.12)

where F'(z) is an arbitrary function. By (3.11) this is only the case if
go=0 (3.13)

and one can easily check that there exists a solution for F(n¢) at this point in param-
eter space which is given in appendix B.2.1. Therefore we can consistently set the y,-
independent component of C to zero only for this choice of gg.

At this stage one might wonder what will happen if we also consider fermionic exci-
tations. In this case the cohomology H'(D, C’) is two-dimensional and the field redefini-
tiont” Ml

o 1 ax ! 2 ~ . -1 ~ =2 A
W= 3y + R = qoh [t = 1 ooy + 20t 0 — o 20202)Cuty)
+ (Yoo + 2 do yat 04 — t2040%)Cr(ty) }
(3.14)
therefore contains an additional free parameter dy = 14+dy. As shown in appendix B.2.1 by
performing an analogous analysis as for the bosonic theory the y,-independent component
of C' can consistently be set to zero only for the choice

Go=do=0. (3.15)

In fact we also show in appendix B.2.1 that at this point in parameter space all y,-
components of the cocycle ]7(9, C , C’) are exact and can thus be removed by a pseudo-local
field redefinition. Therefore the two parameter ambiguity introduced at the linear level by
removing the source term in (3.6) with a field redefinition M is uniquely fixed by choosing
a field frame in which we can consistently set C(? = 0.

Having fixed this ambiguity by (3.15) we will now analyze the twisted gauge sector.
We will also consider fermionic excitations. The equations of motion for the twisted gauge
fields to second order were given in (2.53b) and read

(D) =V(Q,0,0). (3.16)

171t can be shown that including fermionic fields does not change the form of M;.
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However as we stressed around (2.53b) this equation only holds after a redefinition of

2). We will discuss this field redefinition in more detail now. The equation (3.16) can

o
w
be derived by considering the 1-dependent part of (2.51a) and using the fact that we set

C= 0, which leads to
(D&Y =V (Q,0,C) +V(Q,Q,CP) (3.17)

From Prokushkin-Vasiliev Theory one obtains the following expression for the second

source term:
V(Q,0Q,CP) = LH (y, + i) (ya + i0Y)CP (w, ¢|2)1 w0 (3.18)

It is therefore of the same form as the corresponding source term (3.1a) at linear order.
Performing a field redefinition, @ — & + Ml(Q) with

1
P = Lonee / At (¢ = D{(91 Yoy + 2iyat 04 — g1t 20800 (ty) (3.19)
0 ¥ (ot + 20yt~ 0% — 12RO (1)}
removes the source term V(€ €2, C (2)) in (3.17). This can be shown as for the linear case but
now this field redefinition, apart from removing the source term f)(Q, Q, 6(2)), also leads
to an additional contribution to V'(Q,&, C) due to the fact that the equation of motion
for C? is given by (ﬁé(Q))¢ = [w, 6’1/1]* as opposed to the linear case DC' = 0. Therefore
after performing this field redefinition we obtain (3.16) with its source term V(, &, C)
now depending on the parameters dy and g1 We will show in appendix B.2.2 that only for
the choice
go=do=g1=di, (3.20)
the source term V(2, &, C') in (3.16) is exact and can therefore be removed by a pseudo-local
field redefinition.
Summarizing, we have shown that only for the parameter choice

Jo=do=g=d1 =0, (3.21)

there exists a field frame in which we can consistently set all second-order twisted fields

to zero:
c?=o, o? =0. (3.22)

However it is important to stress that it is not at all obvious whether the theory in this field
frame is equivalent to the theory before the field redefinitions because of the non-localities
involved in this step. Furthermore, it is shown in appendix E that the cohomologies
HO(D,CC) and H'(D,&C) are infinite-dimensional and therefore one would generically
expect an infinite number of free parameters to enter the third-order equations of motion
due to the redefinitions of C® and &® at second order. However these ambiguities do

not enter the second-order equations of motion.'®

8The cohomologies are infinite dimensional with respect to the AdSz-isometry algebra. However the
fact that the tensor product of various C fields are irreducible higher-spin algebra modules (up to permuta-
tions) [52] makes the cohomology one-dimensional with respect to the higher-spin algebra. In other words
higher-spin symmetry relates various irreducible AdSs-isometry algebra components.
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Interestingly this can be compared to the integration flow formalism pioneered in [15].
The integration flow by construction maps all physical and twisted fields in a field frame in
which they obey the free equations of motion. This is achieved by a pseudo-local Backlund-
Nicolai-type mapping [53]. In this formalism one can therefore consistently choose a so-
lution with vanishing twisted fields. The fact that there is only one point in parameter
space which allows for a trivial twisted sector suggests that this point should correspond to
the integration flow solution of the twisted sector. However integration flow also leads to
free equations of motion of the physical fields and therefore corresponds to a different field
frame for the physical sector. We will discuss possible interpretations of this observation
in the conclusion to this paper.

3.2 Backreaction on the Fronsdal sector

In this subsection we will analyze the implications of the cocycle J = V(Q,Q,é, é)
of (2.53a) and its relation to corrections of the Fronsdal equation (2.2) due to the presence
of scalar fields. From the metric-like formulation of the theory one expects these correc-
tions to be of the form (1.4), which upon combining all spins into a generating functional
expressed in terms of C leads to?

1 . R
Z w ja(2s) ya(QS) = C(y7 ¢) C(ya _(Z)) 5 (323)

corresponding to the two-form
Jean — qgeeguay Cly, ) Cly, —o) . (3.24)

The cocycle J = V(Q,Q, C, C’) should be related to the canonical current J°", (3.24), by
a pseudo-local field redefinition. But as we discussed in section 2.5 the cocycle J is exact
and therefore can be completely removed by a pseudo-local field redefinition. However the
physically allowed class of field redefinitions should allow us to relate the current J to the
canonical current J°*", but should not allow for a field redefinition which also removes the

J can

canonical current . This suggests that the class of pseudo-local field redefinitions is
too broad.

In the following we will calculate the cocycle J in the field frame in which we can
consistently set the twisted fields to zero. But let us stress that there is no rigorous
argument that this choice corresponds to a physically allowed field frame.

Due to the fact that we do not have control of the physically allowed field redefinitions
the following analysis is only meant to illustrate the tools one would have to apply in
order to extract the second-order corrections to Fronsdal equations if this class of field
redefinitions was known.

At the second order the Fronsdal equations (2.2) acquire a source ()

Fys) = BOom(s) + -+ =lmg(s) - (3.25)

19This correspondence only holds up to improvement terms to make the metric-like current (1.4) traceless
on-shell as (3.23) is on-shell traceless.
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We will refer to the source j,,(5) as the Fronsdal current. The double trace of the Fronsdal
operator vanishes. In spinorial language the Fronsdal operator therefore decomposes into
two components, F(as) and F(9,_4), which respectively correspond to its traceless and
trace part.

The second order equation of motion (2.53a) is given by
DO® =140 Axb. (3.26)

In this subsection we will not consider the contribution of & A x&, which is independently
conserved by (2.50) and would lead to self-interactions of the Fronsdal field governed by
the higher-spin-algebra. We will therefore only focus on the first term corresponding to a
backreaction of the scalars in the Fronsdal equation (3.25).

Extracting J from Prokushkin-Vasiliev Theory is a technically involved task. We post-
pone the discussion of how we calculated J in Fourier space to section 5 and only present the
result here. In Fourier space the current J is of the general form (2.64) and therefore reads

)= gee / A€dy Ko C (€, 612)C 1, — 1) (3.27)
where the kernel K, is given by

Koo = YaYa f1(EN, €, yn) + yaa f2(60, Y€, yn) + yana f3(En, y€, yn)
+ Eaba f4(En, yE, ym) + Nana f5(Em, Y€, yn) + Eana fo(Em yE,ym),  (3.28)

and f1._¢ are functions determined by our calculation in section 5. The precise form of the
current J as extracted from Prokushkin-Vasiliev Theory is given in appendix B.1.2. Let
us illustrate the interpretation of the various terms in (3.28) by considering a term in the
kernel of the form

Koo = -+ Eav) o) Ya@—N—1) €)™ (ym)™ (€)' + ... . (3.29)

By expanding the corresponding two-form J in its spin-components, ie. J =

ity %Ja(k)yo‘(k), one obtains the following tensor structure from this term

Jointm-N-nry ~ -+ Fnd HPOED o0 v v Convamn (@) C"Ysanaim) (—9)
Yo (3.30)

The constant f}\lf’,”]&[’l is worked out in appendix C.1.1. The spin-components of J,) can
uniquely be decomposed in three pieces

Ja(k) = HﬁﬁAa(k)ﬁﬂ + Haﬁ Ba(k—l)ﬁ + Haaca(k—Q) ) (331)

where A, B, C are zero-forms which are completely symmetric in all their spinorial indices.
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3.2.1 Independently conserved subsectors

The adjoint covariant derivative D commutes with the y,-number operator v 9y and there-
fore each spin-component of the current J is conserved independently. However, as we will
explain in the following, each spin-component splits even further into various independently
conserved subsectors. To see this let us define

G =(E£n)a. (3.32)

In (3.28) the kernel K,, was parametrized by six functions fi._g({n,y€,yn). Using these
(= we can define the following contractions

1 1
Zl = §y<+7 ZQ = iyc ) Z3 = 5777 (333)
and we can then decompose the kernel K, as follows
1
_ (nym) yn—1r,m—1
Koo =) D 1] K{nm) zn=1 7y (3.34)

n,m

where we defined

K™ = yoyo kU™ (Z3) + yall Zo k"™ (Z3) + yaly Z1 k"™ (Z3)
G Z3 R (Z3) + (¢ ZRRS T (Zs) + CHCT T Za kS (Z3), (3.35)

In the expression above any negative power of Z; is understood to be set to zero. This de-
composition has the following nice property: each kernel K, &Zm) is independently conserved
with respect to the adjoint covariant derivative D as was first shown in [54] and therefore
corresponds to an independent coupling. Among those only one is proportional to the
canonical current (3.24), while the others are proportional to improvements which do not
contribute to the Witten diagram computation. Note that the spin of the kernel K&Zm)
is given by 2s = m + n + 2 and therefore this decomposition splits each spin-component
further into independently conserved pieces. This splitting crucially relies on the fact that
we are expanding around an AdSs-vacuum and does generically not hold on a more general
background on which the covariant derivative would mix various spin components.

For bosonic fields the kernel K, is invariant under  — —n. This symmetry exchanges
Zy1 with Zy and therefore the sectors (n,m) and (m,n) are no longer independent for the
bosonic truncation of the theory.

3.2.2 Solving the torsion constraint

We can decompose the covariant derivative as D = V + ¢Q with Q = —h**y,04. The

cocycle J can be split into J = J° + ¢J' and the second-order gauge connection &) in its

generalized Riemann and torsion components as in (2.33). We can then rewrite (3.26) as
7'? = ve® 4 Qu® = Jt, R'® = vw® + Qe® = J0, (3.36)

where we have dropped the second term on the right-hand side of (3.26) as discussed in
the previous subsection. The explicit form of J*, which can be found in appendix B.1.2,
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shows that the higher-spin theory has non-vanishing torsion. In particular the current J is
of the form (3.27) and therefore only depends on ¢ through the zero-forms C. Therefore
J0 is obtained by considering the symmetric part of K, in (3.27) with respect to & and 7
while J! is obtained from the anti-symmetric component.

We therefore need to solve the torsion constraint in order to find the source to the

Fronsdal equations (3.25). This can be done by defining

w® =w@(e)+ QI (3.37)

2)

where Q'J! is the contorsion two-form and w(®(e) is the solution for w® in terms of

vielbein e at vanishing torsion. Plugging this expression into (3.36) gives

72 = ve@ 1 Qw(2)(e) =0, (3.38a)
R® = vw®(e) + Qe? =j, (3.38b)

where j is given by
j=10—-vo . (3.39)

It is important to note that the operator Q! is well-defined and in the basis (3.31) reads?

2

2
-1 .
Q™ Naw) = %hﬁﬁAa(k)ﬁﬁ — ho Bak—1)8 — T2

haaCa(—2) - (3.40)

In the following subsection we will study j more closely and discuss how it is related to the
Fronsdal current (3.25).

3.2.3 Obtaining the Fronsdal current

In this subsection we will first derive that j, in a decomposition analogous to (3.31), has a
vanishing B component. This observation will allow us to relate this object to the Fronsdal
current jp,(s) appearing in (3.25).

Let us first note that the nilpotence of D and the conservation of J imply the following
relations:

D?=0 — {V,Q} =0, VZ4+Q%*=0, (3.41)
DJ=0 — v+t =0, QI +VvI=0. (3.42)

Using these relations one derives
Vj=VR® =0, Qj=QR® =0. (3.43)

These relations correspond to the differential and algebraic Bianchi identities respectively.
The first condition implies that the Fronsdal current j is conserved with respect to the
Lorentz-covariant derivative V. The second condition implies that

v H 12 2 _
h‘a /\Jua(k—l) = ha A RI(JOE(kfl) =0. (344)

20k > 0 is implied in the relation above as there is no torsion constraint to be solved for the case of spin 1.
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By using (2.66b) one can show that this is only guaranteed to hold if and only if B =0 in
the decomposition (3.31) and therefore

Jak) = H5j 85 + Haajo(r-2) - (3.45)

The vanishing of B therefore provides a consistency check of our calculations and we checked
explicitly that our results pass this test. The decomposition (3.45) allows us to relate j to
the Fronsdal current: the two above components of rank k& + 2 and k — 2 correspond to
the trace and traceless parts of the Fronsdal current j,,(s) with 2s = k + 2, in accordance
with the mapping between spacetime and twistor indices explained in section 2.1. These
components can be conveniently expressed by

Ja@sr2) =Y. > d"™ Copuiny (@) C*Yagnin) (—9) (3.46a)
I n+m=2s

jix(?s—Q) = Z Z Cn,m,l éa(n—l)y(l) (¢) CAﬂ/(l)oz(m—l) (_¢) . (346b)
I n+m=2s

n,m,l

We summarize some of our explicit results for the coefficients a™™! and ¢ of j in the

following subsection.

3.2.4 Explicit results

The explicit expressions for the full j are rather involved. In the following we will therefore
only illustrate its form by considering the following two interesting components:

Spin 1: we find a source for the two-form d&® (with ©® = &®(y = 0)), which is
pseudo-local and reads

dw® =j = gP? <Z a (éggy(m(cb) O (—¢) + Coay(0) C*Wgg (—¢)>
l€aN

-y azéﬁy(o(@é"(l)ﬁ(—@),

1€2N+1
where the coefficients are given by
i(—)! 1
N (+2)2(1+4)
One can decompose this result with respect to ¢ to obtain equations of motion for two

spin-1 fields. We checked that the coefficients obey the conservation identity (C.22),
which holds if the coefficients of the first two terms are equal while the coefficient of

(3.47)

a; =

the third term can be arbitrary and does not affect conservation. At the linear level
one can choose the connection w to take values in hs(1/2) @ hs(1/2) and therefore it
will not contain any spin-1 field. To the second-order however a source term for the
spin-1 field is produced by the scalar fields. This source term can be removed by a
pseudo-local field redefinition and might therefore just be a result of our particular
choice of field-frame, but unless one has full control of the physically allowed field
redefinitions it is difficult to draw any definite conclusions from this result. We will
further discuss this point in the conclusions to this paper.
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Spin 2: from our discussion in subsection 3.2.1 it follows that we have five independently
conserved subsectors (3,—1), (2,0), (1,1), (0,2), (—1,3) for (n,m) in the case of
spin-2. However we are considering bosonic fields and therefore the sectors (n,m)
and (m,n) are not independent as also discussed in subsection 3.2.1. Thus the back-
reaction of the scalar fields splits into three separately conserved components for

spin-2:
R®) =j. . =JG=0 4 gah 4 720 = yhere RZ) =Vw® 4+ byt Aeld) . (3.48)

We find the following expressions for these components

JEY =m0 (3.49)
JED = BB 4 Hoof Y (3.50)
J20 =¢. (3.51)

For the expressions above we define

Jﬁ’g” = Z a (éa(4)y(z)(¢) C"D (=) + 3 Copvy (9) Oy(l)a(z)(—¢)) ;o (3.52)

=

a(4) =D b ( 1(0)C" (=) = Ca@y(9) C’”(l)a@)(—ﬁb)) , (3.53)
l€2N

= > 0@ "V (-9), (3.54)
le2N

where projection on the ¢-independent part is implied. The coefficients are then

given by
a_z'H 1 6 ., 9 1 6 7 3
DT \T+1 2410 T 3402 4B+ 4+l 541 4T+D)”
it 1 13 4 1 1 1
by =— - 5 — + - — + ,
AV \2+1 (3+D2 4(3+1) 441 5+1 6+1 4741

b,_ll 1 7 3 .t . 1 1 L
P \B@ 02 T 1201410 241 341 34+0) 46+0) 6°)°

As a consistency check we confirmed that the backreaction is conserved by us-
ing (C.22). Let us note that these expressions can be straightforwardly expressed
in metric-like language by using (2.38). The canonical current (3.24) is part of only
one sector, namely Jo(fj_l). Therefore the class of physically allowed field redefini-
tions should allow us to completely remove the other non-vanishing and independently
conserved current J(%l). Furthermore both currents are generically of pseudo-local
fo(rm) (2.56). If we truncate them to some finite value of [ in (2.56) we observe that
1,1

aa ~ can be removed by local field redefinitions whereas Jﬁ;’l) can only be removed

by a pseudo-local redefinition.

Our calculation shows that the current j is pseudo-local, as illustrated by the two
examples above. One might think that this is an immediate consequence of the fact that
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our calculation also results in a pseudo-local cocycle J. However extracting j from J by
solving the torsion constraint as in (3.39) might potentially project out all the pseudo-local
terms in J. In fact one needs to consider a pseudo-local ansatz if one wants to recover
the canonical current (3.24) upon solving the torsion constraint while keeping ¢ — —¢
symmetry, which is the case for Prokushkin-Vasiliev Theory. We discuss this point in more
detail in appendix C.1.6 and C.2.6.

4 Fixing the cubic action

In this section we explain how to determine completely the cubic action for the physical
sector of Prokushkin-Vasiliev Theory. In the previous section we presented our results
concerning the second-order physical equations of motion for the various fields presented in
the theory and in particular we obtained the backreaction to the physical gauge connection
at order 2 in perturbation theory. As explained in section 3.2, upon solving the torsion
constraint this backreaction is the source for the Fronsdal tensor. From the standpoint
of an action principle, these currents correspond to 0-0-s-like couplings. In the frame
formalism that we have been dealing with so far such couplings would read

2 ng / e~ /\ja(s—l) ) (4.1)

where j,(,_1) is a conserved two-form, bilinear in the physical scalar field C (y =0). In
the metric-like picture we deal with currents j,, ) with jeeh = —%jm“(sfl) €y, dz™ A
da” being the two-form dual thereof. The corresponding cubic couplings are known and
classified: they read

Scurrents = 2 Z % /@m(s)jm(s) ) (4.2)

with the corresponding currents given by derivatives of the scalar fields, that is,?!

Jm(s)(®) = (—0)° 0 (Vi — Vin)*® + A(..), (4.3)

for which we refer to [55]. These currents are hermitian and all prefactors are introduced
for convenience (although the i is needed in order to make odd-spin currents hermitian
too). The second term in the above right-hand side denotes terms proportional to the
cosmological constant A which are needed to make the current conserved on AdS3. We
have chosen to express the above currents in terms of one complex scalar field ® and its
complex conjugate ®*, which are to be identified with the II1-projected components of
C(y = 0), that is, ® = II,C(y = 0) and ®* = II_C(y = 0). As one can check, odd-spin
conserved currents can be written down only if at least two real scalars are involved. As
in this section we are interested in dealing with even and odd spins altogether, the above
thus constitutes the minimalistic option involving one complex scalar, which corresponds

2'Whereas in the rest of this paper we have set A = 1 in this section we restore it for the purpose of
keeping track of the terms which vanish in the flat space-limit.
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to the truncation of Prokushkin-Vasiliev Theory we consider. As one can verify, the above
expressions for the currents indeed yield cubic couplings in (4.2) which are unique up to
field redefinitions and boundary terms.??

The form of the spin-s coupling is thus known for all spins. However, to the best of our
knowledge the relative coefficients gs of (4.2) have never been determined before. Indeed
these are left arbitrary at the cubic level, where the cubic cross couplings are invariant
independently. These gs coefficients in fact constitute the last piece of information needed
to determine completely the cubic action for the physical sector of Prokushkin-Vasiliev
Theory at A = % Indeed, the kinetic pieces are known and the higher-spin self-couplings
are also known: they can be extracted from the Chern-Simons action which describes the
pure gauge sector [20, 21] (see below).

Presumably, the relative coefficients gs could be read off by comparing (4.2) with the
Prokushkin-Vasiliev backreaction. Such is, however, a non-trivial task, because the Frons-
dal currents that are so produced still contain infinite pseudo-local tails of derivatives and
it is not clear which class of field redefinitions one should use in order to map these tails to
canonical form (4.3) (see previous section). Another possibility is to start from the consis-
tent cubic action and proceed with the quartic Noether analysis. If a quartic completion
exists thereof, quartic terms will be found which make the action gauge invariant to quartic
order, and the relative coefficients g5 are expected to be fixed in this manner.?> However
there is a simpler way of determining the value of the relative coefficients g5, which we now
detail. The idea is to look at the deformation of the gauge transformations for the scalar
®, so that we can write down the complete cubic action including the relative coefficients
without having to go through the full quartic Noether analysis but only employing the
known solutions to the so-called admissibility condition [57, 58] (see [59] for an example
in which admissibility condition was used to this effect in a simpler context). Note that
we are not going to repeat the analysis of the admissibility condition from scratch. The
most general solution for the theory at hand has already been discussed in the literature.
We only match the metric-like result with the known solution to the effect of fixing the
metric-like action.

The coupling (4.2) is on-shell gauge invariant to the lowest order, that is, under § O =
0 and 5(0)g0m(3) = Vm&m(s—1) We have

5(0)SCURRENTS ~0, (4-4)

where =~ denotes an on-shell equality and we have neglected boundary terms as we will do
through the rest of this section. This interaction term is abelian but deforms the gauge
transformation rules for the scalar field. Differently put, in order to make the term off-
shell gauge invariant we need to assign transformation rules to the scalar field, so that the

22 As we are about to explain these currents deform the gauge transformations of the scalars. Evidently
the currents are unique only as equivalence classes in the space of such couplings, for improvements which
do not deform the gauge transformations can always be constructed.

2 Also one could think of using more modern methods such as the BRST-Antifield ones, which are
particularly suited for addressing quartic-order issues. They are reviewed e.g. in [56] and in Chapter 4
of [10].
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terms in the above right-hand side are canceled by the gauge variation of the scalar kinetic
piece. Here we are simply expanding the full invariance condition 65 = 0 to order 1 in
perturbation theory, that is,

505 4 Mg — ¢, (4.5)

In the above, S is the kinetic piece:
U= / det|h| (Vi® V2D + m2®*®) + S = St ans + S, (4.6)

where Sé(s)) is the quadratic piece of the full Chern-Simons action for a higher-spin gauge
connection valued in hs(3). Recall that

k 2
Scsz/tr wANdw ——wALAQ ], (4.7)
47 3

where k is the Chern-Simons level, @ = @(y, ¢) is the higher-spin connection and we do not
take twisted fields into account, thereby dropping . The trace?* is trf(y) = f(0). The
quadratic and cubic pieces are extracted from the above action by perturbing around the
AdS3 vacuum  of (2.21), that is, performing w — Q + @:

k 2
Sé(s))—l—Séé):M/tr(d;/\ddz—%l/\@/\w—3&1/\@/\&1), (4.8)

where S((,? is part of SM in (4.5), which thus contains two terms: S = Séls) + ScURRENTS-

The way one determines the deformation of the gauge transformations for the scalar
is identifying terms proportional to the equations of motion for the scalar in (4.5). This
goes as follows: the Chern-Simons cubic self-coupling in (4.8) is off-shell invariant on its
own under the zeroth-order gauge transformations for the higher-spin connection. Thus
60 8™ roughly reads

ORI OYC R—— / €% C(E.D), (4.9)

where C(E,®) is the expression obtained by taking the divergence of the currents (4.3)
when integrating by parts, so that as indicated it is linear in both the scalar field ® and
the equations of motion & = &£(®) thereof. By definition £ ~ 0 and hence C ~ 0. On
the other hand, the gauge transformations for the higher-spin gauge connection do not
get deformed by the above cubic cross-coupling. This is evident by noticing that only the
equations of motion for the scalar appear in the above right-hand side. Therefore §(1)S(0)
yields the following expression:

s 5O = sMgl0) = / E(®)sM . (4.10)

The variations 6()® are linear in ¢ and in ® itself. Now integrating by parts in (4.9) in
order to write its integrand as £(®) x (...) and comparing with the above right-hand side

24To be precise, f(0) is a super-trace [4], but since we consider bosonic higher-spin fields f(y) = f(—y),
it reduces to a trace.
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one can read off the searched-for variations §(1)®. They depend on the relative couplings
gs, since they depend on the current. The ‘trick” we will now use is, instead of solving some
consistency condition for the quartic Lagrangian, to solve some consistency condition for
the first-order gauge transformations of the scalar field. This workaround will prove to be
much quicker in determining completely the relative coefficients g,.

Let us consider the following consistency condition, which is part of the Noether
procedure:

Expanding this equation in perturbation theory and retaining the piece of order 2 we obtain

@%$W¢zagw@+ﬁ&w@—q¥%&m—§H@¢. (4.12)
Solving the above consistency condition for §)® should fix the relative coefficients g5 which
it depends on. In general, doing so is as hard as solving the corresponding consistency
condition for the cubic interaction term involving the currents, for one needs to find a
quartic completion (2@ such that the above condition is fulfilled. The trick is to restrict
one’s attention to Killing tensors, that is, to gauge parameters £ and € such that § (O)QDm(S) =
Vmém(s—1) = 0 and similarly for e. In such a case the last term in the above right-hand

side is zero, because 8@ is proportional to the higher-spin field and hence 520)522)4) is

zero on Killing tensors by simply using the chain rule. Further noticing that 6[(21](1)f1> =0
we find

50, 50]® ~ 5\

¢ 5 0c [576](0)<I> on Killing tensors £ and e. (4.13)

This condition is necessary but non-sufficient in order for the variations 6()® to be con-
sistent at order 2 in the Noether analysis. The advantage of this procedure is now clear:
we are solving (part of) a second-order consistency condition in which no second-order
quantity enters. Note that the above requirement also goes under the name of admissibil-
ity condition for the scalar couplings [57, 58]. In words, it says that the first-order gauge
transformations should close to an algebra on the scalar field when restricting to rigid pa-
rameters, i.e. the scalar field needs to sit in a representation of the higher-spin algebra of
rigid symmetries.

Remarkably, there is a well-known solution to the above condition on §(V)®: the gauge
transformations for the scalar derived from the Prokushkin-Vasiliev theory are known to
pass the above admissibility condition.?® These gauge transformation are given here below,
and we observe that there are no free coefficients therein. According to section 2.4 we have?S

sWC =1¢C,, (4.14)

where ¢ = £(y, ¢) is the first-order piece of € appearing in section 2.4.27 The above
transformation rules can indeed be checked to satisfy the admissibility condition (4.13).

25In some sense such laws of transformation are the unique ones solving the admissibility condition [60].
20For ease of notation the §C® of section 2.4 is here denoted just by 5V C.
2TWe set to zero consistently the 1)-dependent part of € since we choose & = 0.
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Recalling that C is embedded into C as C = C’"L/J + C and splitting the gauge parameter
as & = &, + @&, the interplay between ¢ and v is seen to lead to

N = [&, Cle + ¢{&e, C}s. (4.15)

From Prokushkin-Vasiliev Theory the transformations of the scalar field ® = II,.C/(y = 0)
thus read

24
(5(1) — tr{ﬁe, C+}* - 22 é'Oé 25 2)C+a(25 2) Z (2( ) &'m o l)vm(s 1)(1)

- (2= 2)!
(4.16)

where we have used (2 38) in order to express éa(gs_g) as derivatives of C (y = 0) and have

defined & =), 23 @) e (2572)ya(2572).28 Comparing the last expression above with the

one obtained from cublc action cross-couplings (see beginning of this section),

(1)@ = Z(Qi)sgsgm(sfl)vm@il)q)? (417)

we read off the relative g coefficients. They are the following:

1

T (4.18)

gs =
Let us note that the restriction to Killing tensors also implies that (4.16) is, in fact, the
only Lorentz-invariant combination one could write which is linear in the scalar and the
gauge parameter — up to the relative factors. This is the solution to the admissibility
condition (4.13) at the Lagrangian level. The complete cubic action for the physical sector
of Prokushkin-Vasiliev Theory thus reads

SCUBIC = S((‘(&);) =+ Séb) SéCZ%LARS + SCURRENTS

2
_F alondo—20none—2onone
47 3
(4.19)
+/det|h| (Vi ®* V2D + m>@* )

+2ng/ o /\Ja(s 1)

where the above cross-couplings can be rewritten in the metric-like language of (4.2) since
at cubic order the identification (2.7) holds [61, 62]. Note also that the Lagrangian which
solves the admissibility condition will depend on the chosen HS algebra. For different
values of A in hs(A) the coupling constant are hence expected to be different (see [31] for
the corresponding analysis). Below we give explicit expressions for some low-spin currents.

Some comments are in order. Firstly we note that the above scalar transformation
rules generically hold for Killing tensors only. For generic gauge parameters £ the right-
hand side of (4.17) would include terms with derivatives of the gauge parameter, produced

T

28The reality conditions, &' = —&, require the gauge parameter ¢ to be imaginary [15].
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by integrating by parts in (4.10) to isolate £(®). Such terms can always be removed by
redefining the scalar field, which will supplement the currents (4.3) with improvements.
A unique combination of improvements is required to uplift (4.17) beyond killing tensors.
The above procedure thus fixed the deformed gauge variations of the scalar up to field
redefinitions. Requiring the gauge transformations to contain no derivatives of the gauge
parameter determines the field frame to be the Prokushkin-Vasiliev one. The choice of
redefinitions that recovers the higher-spin algebra structure constants is perhaps more
natural, as it is (among other things) the one associated with the usual stress tensor in the
spin-2 sector, as we detail below.

Secondly let us stress that in so fixing the g5 coefficients, although we have determined
completely the cubic action, it is not implied that a quartic completion thereof exists.
Indeed, the condition we have solved is necessary but non-sufficient. A priori, there might
be no consistent quartic completion, a unique one, or many. It could be argued that
the very existence of Prokushkin-Vasiliev Theory indicates that such a quartic completion
does exist. However, our cubic action is free of twisted fields, whereas we have only proven
that the latter can be consistently set to zero in Prokushkin-Vasiliev Theory to order 2 in
perturbation theory. We thus consider it an open issue whether or not one can achieve full
consistency starting from our cubic action.

The above result and its simplicity are to be contrasted with the pseudo-local nature of
the Prokushkin-Vasiliev backreaction, in which the above simple coefficients are well hidden
and hard to extract. It is important to stress, however, that the gauge transformations are
blind to the addition of off-shell conserved currents on top of the above ones. In principle

those can be pseudo-local. For instance, one can obtain conserved currents of spin s as®’

]m(s) = (.QMD - vmvm)k]m(sfﬂc) + A( . ) . (420)

It is however conceivable that the higher-derivative tail which is seen to arise from
Prokushkin-Vasiliev’s equations boils down to a pseudo-local contribution to the canonical
currents, precisely in the same fashion as the canonical stress tensor differs from the spin-2
current given below by terms of the form (4.20).

Another important comment is that one can write down the cubic cross-couplings
corresponding to the above ones before the torsion constraint has been solved for. Such an
action term would read

/ b (@(y, 6) % NIy, 6)) . (4.21)

where @(y,¢) takes values in the higher-spin algebra and contains both vielbeins and
spin-connections, and J™ is the backreaction that has the property that the Fronsdal
current it yields upon solving the torsion constraint is the canonical s-derivative one (see
appendix C.1.6 and C.2.6).3° This way of writing the coupling is more natural from the
Prokushkin-Vasiliev vantage point. The coefficients g5 are the same.

The subleading terms in A can be conveniently extracted from the corresponding ambient space form
but we do not specify them in the following.

39The Fronsdal current that it corresponds to is however traceless and differs from (4.3) by improvement
terms.
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It is instructive to give explicit forms for the spin-2 and spin-3 currents for which the
deformation of the scalar gauge transformation does not involve derivatives of the gauge
parameter. For the sake of generality we restore the cosmological constant A and do not fix
the mass term of the scalar field m? = pA entering the mass-shell equation (O —m?)® = 0,

where 11 = A2 — 1 and in our case \ = %

Spin-2 current. In the case of spin-2 we can construct a current that differs from the
canonical stress tensor by a trivial improvement term of the type (4.20). Such a spin-2
current reads

+2A(1 — p)g™™P* P — gMROOP* — g™ P OP (4.22)

and the induced gauge transformations are as anticipated; without derivatives of the gauge
parameter:

§® = —26mV, & . (4.23)

Spin-3 current. In the spin-3 case one builds a current differing from the canonical form
by improvement terms and the result is given by

—imB) = YLYRYIRE* _ HFYVLYRYR | 3V VLYY — 3V VLD
+2A(4 — 3p)g™™ BV™D* — 2A(4 — 3p)g™™ BFVTD (4.24)
9 9 3 3
— SO OOVIRT g OPTVIE — D QVIORT 4 Do 9TV,

The corresponding induced gauge transformation on the scalar again do not display any
derivative acting on the gauge parameter due to the above field-redefinition terms, so that
we have:

5® = —% £mmy NV, ® (4.25)

which is given for g3 = i.

Summarizing, we have used admissibility condition to fix the last piece of arbitrari-
ness in the cubic action for the physical sector of Prokushkin-Vasiliev Theory. The solu-
tion to this consistency condition is the transformation rules for the Prokushkin-Vasiliev
scalar, precisely. The terms (4.19) form the unique cubic action for the physical sector of

Prokushkin-Vasiliev Theory.?!

Frame-like action. There is yet another way in which one may think of constructing
the cubic cross-couplings discussed hereabove. One can write down a quadratic action for
scalar fields in the following way:

SRR = Za2k/hw/Ra(2kl)uRua(2k1) y (4.26)
k

3! Note that we do not need to repeat from scratch the analysis of admissible HS algebra which is already
present in the literature. The original result here is to match the metric-like result against to the structure
constant of the known admissible HS algebras to the effect of fixing the Lagrangian of the theory to
this order.
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where the free curvatures are defined as R = (DC)1. For generic values of the agy coef-
ficients the above term involves all components Ck) of the physical scalar. However, as
explained in [63] one can tune the coefficients so that all components C*) with k > 2 drop
out, i.e. only the first two (bosonic) components, C'(y = 0) = ® and C** are involved. The
corresponding coefficients are a,, = m Up to boundary terms the above expression
is the first-order action for scalar fields, and yields the standard kinetic term upon solving
for C as in (2.38). It is important to stress that such an action can be written in RR-
like form in AdS-space or for massive fields only, and not for massless fields in flat space,
since it relies on the presence of the yy-piece in the h**(yaya — 0a0q)-part of D. Indeed
reintroducing the cosmological constant A we see that it multiplies this term as Ah®“y,yq
so that it degenerates in the flat limit.

One can now turn on interactions by simply replacing the background derivative D
with D, = D — [&,e], = d — [Q + @, e],, which is similar to the Yang-Mills interactions
considered in [63]. The action is then found to be consistent up to the cubic level following
the standard arguments of the Fradkin-Vasiliev approach [64, 65]. Indeed the variation is

proportional to the free equations of motion:
k—
55 =23 a [ honl€ RIE ™ Regon (4.27)
k

and therefore vanishes on the free mass-shell R = 0. We note, however, that the interacting
action also contains quartic terms, which we neglect at cubic order. This action must be
the cubic action we have constructed in this section, as it is gauge invariant under the same
deformed gauge transformations 6C = €, C’w] The RR-like action is however pseudo-
local, since it involves all components of C (y) even if we restrict to a particular spin in @,
and differs from the local cubic action constructed above by a boundary term and further
by a bulk term proportional to F' = dw — @ * Aw. It would be interesting to see which
of the two actions it is easier to extract correlation functions from, as they are computed
in [29, 66]. It is also interesting to point out that in the cubic action constructed via the
Noether procedure the coefficients which we determine parametrize the interactions, and
it is a requirement about consistency of the interactions which fixes them.

As a final comment let us note that the RR-like action is formally consistent to the
cubic order over any background that is described by a flat connection €2 of the higher-spin
algebra, e.g. a higher-spin black-hole. If 2 has non-vanishing components beyond the spin-
2 sector the action in the free approximation will depend on higher components Co(2k)
with £ > 1, which brings in higher derivatives®? in the equations of motion as in [45].
While for the simplest background, which is AdS, the s—0-0 vertices are gauge invariant
for any s separately, it is not so on more general backgrounds. On those gauge invariance
requires a relative normalization of different vertices to be fixed in terms of the trace of
the higher-spin algebra. It should be stressed that the mass of the scalar field that can be

32This indicates a difference between the Cauchy problem where data is given at ¢ = 0 and the Taylor-like
problem that arises within the unfolded approach (the components C**) parametrize on-shell derivatives
of the scalar field at a point). While the solution to the unfolded problem is always given by some C (y|zo),
the Cauchy problem can change.
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consistently coupled is also fixed by the representation theory of the higher-spin algebra in
order to compensate the variation of the scalar-current coupling. Let us also recall that a
scalar cannot be coupled to a Chern-Simons theory for an sl(/V) algebra with N > 2, and
having a consistent coupling requires the hs(\) algebra.

5 Extraction of the physical equations

In this section we explain how the equations of motion (2.50) and (2.53a) for the physical
fields presented and discussed in section 3 are extracted from the master equations of the
Prokushkin-Vasiliev theory. In a nutshell, the procedure for doing so goes as follows: one
considers master equations for master fields. The master fields depend on a doubled set
of oscillators, that is, on the y,’s of section 3 but also on some z,’s which obey analogous
commutation relations (see below). The components of the master fields along the new z,
oscillators are purely auxiliary, and the role of some of the master equations is to allow
one to solve for them in terms of the physical fields (those that multiply y, oscillators
only). The other master equations become the higher-spin equations of motion once we
plug the master fields with their z,-dependent part solved for (z,-on-shell forms). As one
can prove, the obtained equations no longer depend on z,. In the rest of this section we
detail this procedure and obtain the first- and second-order equations of motion for the
physical higher-spin gauge connections and scalar fields.

5.1 Master fields and master equations

The Prokushkin-Vasiliev master equations are expressed in terms of three master fields

W:Wm(yvza¢7w‘x)dxmv B:B(y7z7¢a¢‘x)7 ‘Soé :Sa(y7za¢7w’x>' (51)

The master field W is a spacetime one-form which includes the higher-spin gauge connec-
tions and dreibeins as well as auxiliary components. The zero-form master field B includes
the (complex) scalar field and also auxiliary components. The master field S,, is completely
auxiliary in the sense that it can be completely expressed in terms of the zero-form B, as
will be explained below. All master fields are functions of the spacetime coordinates x™,
the Clifford factors ¢ and 1 introduced in (2.16), and two sets of (mutually) commuting
oscillators y, and z,, i.e. they obey

Ya¥Yp = YBYa ZakB = ZB%a Yazp = 2pYa - (52)

The y, oscillators are those of section 2.2 which are involved in the star-product (2.19),
whereas the z, oscillators are new ones, satisfying the following commutation relations:

(Yo Ygl = 2i€ag [Zas 28)x = —2i€q3 - (5.3)

The corresponding star-product, generalizing (2.19), reads

1
f(y,2)xgy,2) = )2 /dQu A% f(y +u, 2z +u)gly +v,2 —v)exp (v%uy),  (5.4)
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where v = 60‘505 and the antisymmetric epsilon tensor obeys €*7eg, = (52‘. All our
conventions are summarized in appendix A. In the rest of this section all star-products will
refer to this ‘enlarged’ star-product. Evidently, upon considering functions of y, only in
the above formula one recovers the y,-star-product of (2.19).

The physical fields of section 2 and 3 — the (higher-spin) gauge connections and
dreibeins & as well as the scalar C' — are embedded into the above master fields via their
zqo-independent components. That is,

B=C+B? +B® +...= B(y) + O(z)
C=C(y)=Cy+C (5.5)
C=M,C+N C=Cy +C_,

so that, as explained in subsection 2.3, the identity component of C' is the physical scalar.
For the connection we have

W= wt+WH LW ... = W(y) + O(z)
w=w(y) =w+ay (5.6)

w=uw+ ge.

We have also displayed the ‘twisted’ fields, which are discussed in section 2.3. As is ex-
plained in section 3, one of the main points of this paper is to study the possibility of
consistently setting them to zero, at order 2 in perturbation theory. The actual gauge
connections and dreibeins w(z)% 2 and e(z)%} 2" are extracted as explained in (2.32).
Also note that Cy are the projgcted componergs of C with respect to the projectors Il.,
that we have used in (2.34).

The main prescription of Vasiliev-like theories (including Prokushkin-Vasiliev Theory)
is to use part of the master equations to solve for the z,-dependent part of the master fields
in terms of the physical sector. One then plugs these z,-on-shell forms into the dynamical
master equations thereby extracting the physical equations of motion for the physical fields.
As will be seen, the dynamical master equations are linear covariant constancy conditions
in the full y, and z, space, and plugging the master fields with their z,-part solved for
therein is really what produces interactions. The Prokushkin-Vasiliev master equations

read as follows:3
dW =W AxW, (5.7a)
dB x sx = [W, B * x|, (5.7b)
dS, = W, Salx, (5.7¢)
0={Bx*x 8}, (5.7d)
[Sa, Sl = —2ieqg(1 + Bx x), (5.7e)

33For the original Prokushkin-Vasiliev theory the master equations formally read the same as Equa-
tions (5.7), although for master fields W, B and S, which depend on two extra Clifford-like elements p
and k, and the Kleinian > in (5.7) is replaced by k. However we may project out these two extra el-
ements by declaring W = W(y, z,¢,v¢), B = B(y,z,$,v) and So = pSa(y, 2, ®,1), yielding the Vasiliev
theory [34]. Then sitting at A = % (v = 0) corresponds to the theory we study, and which we keep naming
Prokushkin-Vasiliev Theory although it is really a truncation thereof [15, 51].
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where the last three equations above are those that allow one to solve for the z,-dependent
part of the master fields and the first two will then generate the physical equations for w,
e and C' (and for the twisted sector as well). Here above the Kleinian s = exp (iy®z,) was
introduced, which has the properties s x 2 = 1 and

wxf(y,z) =f(—y,—2)x . (5.8)

The above Prokushkin-Vasiliev equations are invariant under the following gauge transfor-
mations parametrized by the master gauge parameter & = &(y, 2,9, ¢|x):

W =d§ - W, €., (5.9a)
OB * 3 = [€, B * 5]y, (5.9b)
0Sa = [€,Sal« - (5.9¢)

Let us note that the meaning of the last two master equations above is perhaps more easily
understood when they are rewritten in the following manner [67]:

AW =W AW, (5.10a)

AT = WV, Tagls, (5.10b)

dSa = WV, Suls (5.10¢)

{80, Sp} = Tug, (5.10d)
[Tag, Sylx = Sa€py + Saeay - (5.10e)

Here (5.10d) defines the zero-from T,z that together with S, constitutes the five generators
of osp(1]2), two odd plus three even ones, as can be seen by inspecting (5.10d) and (5.10e)
which are the defining relations of the osp(1|2) algebra. One then recovers the system (5.7)
by setting B * s = —4(8% * So + 1).

Before moving to perturbation theory of the above master equations we should point
out that the original Prokushkin-Vasiliev system of equations is more general [15], and the
theory that we are interested in and which is introduced hereabove is really a (consistent)
truncation thereof. As explained in section 2.2, the original Prokushkin-Vasiliev theory
is really a one-parameter family of theories, each of them based on the algebra hs(\).
The parameter ) is then related to the vacuum value of C, which is denoted by v. The
truncation of interest to us is that which corresponds to setting v = 0. In some sense
this theory is technically simpler, since we can make use of the explicit realization of the
star product (5.4), which we cannot do for generic values of A (or v). Also, with respect
to the original theory proposed in [15] we address the so-called reduced version thereof
(see footnote 33), although we expect it to have features similar to those of the more
general theory.

5.2 Vacuum values and z,-dependence

The above Prokushkin-Vasiliev master equations are background independent. However,
we will be interested in perturbative field excitations propagating on the (pure) AdSs
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vacuum solution. The vacuum of section 2 is given by

1 1 . i
0= §wo“”‘L;{M - §¢h°‘aLza with L}, = —z{ya,ya}*. (5.11)
In order to start the perturbative analysis we further need to define the background val-
ues for the two other master fields. As we are interested in pure AdSs we choose the
following [15]:

W=Q, B=0, Su=za, (5.12)

and it can be easily checked that (5.7) are satisfied using [zq, ], = —2i02e. We further
stress that W is taken to be equal to the above ) at zeroth-order, so that there are no
higher spins turned on, and the scalar field is set to zero, so that we work on a vacuum
with no matter. Lastly, the auxiliary master field S, takes the simplest non-zero form.
In particular this form is consistent with the fact that the components multiplying z,
oscillators are auxiliary as S, is to be purely auxiliary. Note also that, as explained in
section 2.2 we work at v = 0 which is why the twisted scalar field has a zero vacuum value.

For practical purposes we will rewrite the master equations in terms of new master
fields, shifted by their background values as

So = 2o +2iA,, W—Q+W, B — 2iB, (5.13)

where the extra factors of 2¢ are included for convenience. We shall be working in the
bosonic theory, which is implemented by declaring W and B to be of even degree in the
total number of y, and z, oscillators, while S, is taken to be of odd degree. This is
consistent with the aforementioned background values. In terms of the Kleinian operator
» of (5.8), the bosonic projection can be rephrased as follows:

w*xBxx=D8, wHxWxx=W, wrxk Ao xx=—As . (5.14)

The new, background-shifted and bosonic master equations now take the form

DoW =W AW, (5.15a)
DoB = W, Bl., (5.15Db)
W = Do Aa — W, Aals s (5.15¢)

0B = [An, B« (5.15d)

DAY = Ap* A + B * 5, (5.15¢e)

where we are using the AdSs covariant derivative of (2.23).

The prescription for extracting the physical equations of motion from the above master
equations is now as follows: one solves the last three master equations for the z,-dependent
part of the three master fields in terms of their physical, z,-independent parts (for Sy, which
will be seen to be proportional to z,, we solve in terms of the physical components of the
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other master fields). More precisely, we obtain such z,-on-shell forms by making use of the
following integration formulas:

3t (z,y) = g(2y) — falz,y) = 0ze(z,y) + zaI'1 (g(2,y)) (5.16a)
0 f(zy) = ga(2,y) = f£(z,y) = €(y) +2°To (ga(2,9)) , (5.16b)

where the homotopy integrals are defined as*

1
T, (f(2)) = / AL f(2t). (5.17)
0
One thereby obtains
B = B(y,¢,v) + 2°To ([Aa, Bls) , (5.18a)
Ao = 02€(y, 2,0,0) + 241 (A, * A + B x 3) , (5.18b)
W =W (y,d,9) + 2°To (Do As — W, Aalx) - (5.18¢)

The ‘initial data’ B(y, ¢,v) and W (y, ¢, 1) are the physical, z,-independent fields, en-
coding the higher-spin gauge connections and dreibeins as well as the scalar fields to all
orders, as described more precisely in the previous subsection. The arbitrary function e
is commented on below. Now, upon plugging the above z,-on-shell forms into the first
two master equations (5.15a), (5.15b) one can, without loss of generality, evaluate them at
z =0, yielding

DoW|.—o = WA*W|,_, , (5.19)
DQB|Z:0 = [W,B]*|Z:0 ’ (520)

and in the rest of this work we will always assume the equations to be evaluated at z = 0,
even when not explicitly stated. The reason one can take the above equations at z, = 0
is simply that, as one can prove, once we have plugged the solutions (5.18) therein these
equations no longer depend on z,. This fact is non-trivial, and for its proof we refer
to [4, 9, 68]. Once we know the equations are z,-independent, putting z, to zero is not
a loss of generality, but makes the following computations easier as we can neglect terms
that otherwise would have canceled each other in non-trivial ways.

In section 5.4 we expand these two equations order by order in perturbation theory,
thereby extracting physically meaningful equations of motion for the first-order C‘(y,¢)
and &(y, ¢) and then taking the procedure to order 2, describing C® and ©®. Let us note
that such a procedure will also yield equations of motion for the twisted sector, formed
by C and & as well as for their second-order versions C® and @®). However, before
proceeding with perturbation theory there is one more step to perform, which is related to
Lorentz invariance and to the arbitrary initial data 0%€(y, 2, ¢,v) found in (5.18b). This
is discussed in the following subsection.

34For n # m the nested homotopy integrals can be resolved as I',, o I, = —(Tn —Tw)/(n —m). For
n = m one needs [ dtt"logt, etc.
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5.3 Lorentz invariance in the Schwinger-Fock gauge

In the previous subsection we have explained how the physical equations of motion are
obtained by solving for the z,-dependence of the master fields as in (5.18) and then plugging
the obtained expressions into the first two master equations (5.19) (and further evaluating
at z, = 0). However, in solving for the master field S, we find (the derivative of) an
arbitrary function 0%€(y, z, ¢, 1) in the solution, as is displayed in (5.18b). This master
field, however, should be kept completely auxiliary, that is, completely determined in terms
of the other fields of the theory. The usual way of removing the arbitrariness in €(y, z, ¢, 1)
is to impose the Schwinger-Fock gauge:

2%8, =0. (5.21)

As is easy to check, this gauge choice implies €(y, z, ¢, ¥) = €(y, ¢, ¥), and hence the first
term in the right-hand side of (5.18b) vanishes identically.?® Evidently, going to such a
gauge leaves one with only a subset of the original gauge transformations. As we will see
below, at order 1 in perturbation theory the residual gauge parameters are simply the &’s
of (5.9¢) which are independent of z,. At higher orders the z,-dependent part of & will
be non-zero but expressed in terms of the z,-independent components thereof. Differently
put, there is a gauge freedom in the solution for S, and one chooses to fix the gauge —
leaving unaffected the part of the gauge freedom endowing the physical fields, that is the
zo-independent part of £&. As we will be working in the above Schwinger-Fock gauge for
the master field S,, expression (5.18b) becomes

Ao = 2o (A * A + B x 3) . (5.22)
The issue with Lorentz invariance is now that the generators L}, of the original *-
product or also their naive extension to the yq, zo Weyl algebra L}? = —%(yaya — ZaZq) do

not preserve the above condition, i.e. 2%05S, # 0, where dpS,, is the gauge variation of S,
from (5.9¢) with A = 1A®*LY? (explicit computations can be found in appendix D). One
then concludes that, in this gauge, neither LY, nor L% provide us with a proper realization
of the Lorentz generators on all the master fields present in Prokushkin-Vasiliev’s equations.
One might be tempted to instead conclude that there is a tension between the Schwinger-
Fock gauge and Lorentz invariance. However, as we will see below one can identify other,
field-dependent generators that realize the Lorentz symmetry.

Any proper set of Lorentz generators should satisfy the following requirements: (i)
they ought to transform all fields covariantly and the corresponding gauge variations of the
fields should close to the Lorentz algebra,®0 (ii) they have to preserve the Schwinger-Fock

gauge. Fortunately, one can find generators which satisfy both of them, and they read [60]:

Lig=LY - i{sa,sg}* — LY —Top. (5.23)

3%Indeed, given that the second term in the right-hand side of (5.18b) is proportional to z, the gauge
2%8Sa = 0 implies 2%9%€e(y, 2, ¢,%) = 0, and noticing that 2“0 is the number-of-oscillators operator in
za-space, we conclude that € cannot depend on z, — unless it is non-analytic in z,.

36We will, however, allow for generators which realize the algebra only with respect to the fields’ variations,
i.e. we allow for algebroids.
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Using (5.7d) and (5.7e) one proves straightforwardly that 20, S, = 0 for A = %AQBLZB =
AS. As for the closure of the algebra, there is a subtlety: the above generators do not
close to the Lorentz algebra per se. The Lorentz algebra is only recovered when computing
commutators of the fields’ gauge variations, while the above commutators obey

SL?,

oL
BB
[Lia,L%ﬁ]* - EaﬁLig + 5Ba[ Eﬂ’B]* — 5—B[L;a,B]*. (5.24)

The above issues are presented in further detail in appendix D.

It might be helpful to point out that, at zeroth order in perturbation theory S, = z,
and hence L® = LY. This fits nicely with the fact that for S, = z, the condition 2*S, = 0
is trivially satisfied and preserved under the ‘naive’ Lorentz generators LY. Note that this
also implies that at zeroth order W indeed is the chosen background 2 as in (5.12). At
first and higher orders the expression (5.23) acquires a dependence on the auxiliary field
Sa, and the correct Lorentz generators are no longer the naive ones.

Finding the correct Lorentz generators (5.23) is not the end of the story: we need to
define the spin-connection accordingly ! Indeed, the spin-connection is naturally defined to
be the coefficient of the Lorentz generators in W, and the spin-connection thus enters via
the following equation:

1
W= §wa6L35 +W, (5.25)

where W is assumed to be independent of w®?. In terms of this (correct) spin-connection
the perturbation theory looks a little different from that obtained by (wrongly) declaring
the coefficient of LY to be the spin-connection. This relabeling amounts to a (pseudo-local)
field redefinition from the point of view of the physical theory in terms of C' and &. The
above is the correct object to be called a spin-connection when in the Schwinger-Fock gauge.

Our last point before considering the perturbative analysis in the next subsections
is to comment on the Lorentz-transformation rules of the fields, now with respect to the
corrected generators. By spin-connection we mean the one defined by (5.25). Under a
local Lorentz transformation, in the Schwinger-Fock gauge the master fields are rotated

as follows:
1 ao S 1 (6707 (0% ro S 1 ax TYZ
Ol W+ iw L, (B)| = 3 (dA*Y — w®, A" L, — [W, iA L2« (5.26a)
1 . 1 OB *
_ _ B
1 1 oS,
68, = iAﬁﬂ[L%ﬁ,Sa]* = 5Aﬂﬁ(s—B[Lgﬂ, B],, (5.26¢)

where we assumed that B and S, are expressed in terms of B according to (5.18a)
and (5.22), and the left-hand side of the first line is understood as

5<vv + ;wnga(BQ =W + %maaLfM(B) + %waaéLza(B) : (5.27)

As anticipated, the tensors are rotated covariantly by the Schwinger-Fock Lorentz gen-
erators, even though the generators themselves do not close to the Lorentz algebra —
see (5.24). Hence, requirement (i) announced at the beginning of this subsection is fulfilled.
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Let us point out, finally, that in order to derive the above transformation rules one crucially
uses two facts: for the last two lines one uses the (anti-)commutation relations of S, with
itself and with B — see (5.15) —, while for the first line it was sine qua non to correctly
identify the spin-connection as in (5.25) and to use the Lorentz algebra. Note, also, that
the above transformation rules for W and B are the same we would obtain from (5.9) upon
using & = %AO‘O‘L&, except for the fact that the spin-connection (respectively its varia-
tion) is contracted with L, on the left-hand side (respectively right-hand side) of (5.26a),
not with L}%. Again, some more details about the issue of Lorentz invariance in the

Schwinger-Fock gauge can be found in appendix D.

5.4 Manifest Lorentz-covariant perturbation theory

Having identified the correct Lorentz generators (5.23) to be used in the Schwinger-Fock
gauge (5.21), in this subsection we develop a manifestly Lorentz-covariant perturbative
expansion of (5.7). We want to perform a redefinition of W for the practical purpose of
making manifest Lorentz covariance with respect to the background. We do so in a two-
step fashion. First we perform the following redefinition of the master gauge connection
which makes manifest the covariance with respect to the spin-2 sector, as well as removing
the vielbein e from W:

1 1
W = W+ §W(WL<SW +5 pe® LY =WHw+e. (5.28)

For notational convenience in the above right-hand side, the new, redefined W will still be
denoted as W. In terms of that new W, and with all other fields shifted as in (5.13), the
master equations (5.7) read as follows:

1 L1 ;

DW= W A*W = SR L}, — 56T Ly, — ée% A€’ {Sn,Sals, (5.292)

DY“B = (W, Bl , (5.29b)
i 5 Aq

LAY = Ay *x A% + B x (5.29e)

where we have introduced the curvature tensor R and Torsion 7',
R = dw®® — w®, AW —e%, ANe¥Y, T = de®™ — 2w®, Ae" ™, (5.30)
and the new covariant derivative is given by
aa)

1 1
D =de —iwaa[LYZ o, — ieao‘[éL;a, o, (5.31)

in which the difference with (2.23) is in that the spin-connection is now contracted with L7,
instead of LY . It is important to note that in the first master equation here above we have
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dropped a term proportional to z,, which we know will not contribute to the corresponding
Zo-independent equation, for by definition the latter is obtained by evaluating the master
equation at z, = 0.37

It is now evident that in the above master equations there are no spin-connections
appearing outside of covariant derivatives. Hence the master equations are manifestly
Lorentz covariant when we correctly identify the spin-connection as in (5.25), and the
‘price to pay’ for making that property manifest is to have some extra terms in the equa-
tions (5.29a), (5.29¢).

We are close to being able to formulate the perturbative master equations. Our last
step is the following: the redefinition (5.28) makes manifest Lorentz covariance with respect
to the whole spin-2 sector. However, as we are interested in perturbation theory we choose
to make it manifest with respect to the background only, that is, we set w and e in (5.28) to
w = %wo‘aLfm and h = %(Z)ha“Lga, the AdS3 background spin-connection and dreibein.

Because the curvature R and torsion T' of (5.30) vanish for this background the resulting
equations read

DY W = WA %W — %ha,, AR"{Sq,Sats ) (5.32a)
DY“B = W, Bl,, (5.32b)

and all other equations in (5.29) remain unchanged. Note that we have introduced the
background version of the covariant derivative D¥#, that is

_ 1 1
D =de —iw‘m[LYZ o, — ihaa[gzﬁLY o, . (5.33)

aQ) a)

Now using (5.16) we can again determine the z,-dependence of the master fields by inte-
grating (5.29¢)—(5.29¢), which leads to a slightly different result than (5.18):

B = B(y,¢,¥) + 2T ([Aa, Blx) » (5.34a)
Ag = 2zaT1 (Ay % AV + B 52), (5.34b)
W =W(y,¢,¢) — 2"To ([h, ] + W, Als), (5.34c)

where this result already takes into account the Schwinger-Fock gauge (5.21), which is
why the last term in (5.29¢) has been dropped, on the account that 2T, <55“j‘§’ > =0.
Note that in the z,-dependent part of the last equation hereabove the background spin-

connection is not present. Indeed such a term would break manifest Lorentz covariance and
would arise if we had not identified the Lorentz generators correctly in the Schwinger-Fock
gauge, as can be seen by comparing with (5.18).

3"Evidently, terms proportional to z, appear in other master equations in (5.29), e.g. in the third
one (5.29¢). However one should remember that such is not one of the master equations that will yield
a physical equation of motion. Rather, as we already noted the last three master equations allow one to
solve for the z,-dependence of the three master fields, and only the first two master equations are to be
evaluated at zo, = 0 — after plugging therein the master fields with their zo-dependence solved for.
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5.5 Order-1 perturbations

As discussed earlier, one of the goals of the present work is to explore the backreactions
on the different fields of the Prokushkin-Vasiliev theory at order 2 in perturbation theory.
However, in order to do so we found it was needed to carefuly analyze the first-order
perturbation theory first. This will also provide a warm-up exercise in view of the next
subsection. As we have explained already, the procedure is to plug the solutions (5.34)
into the master equations (5.32) and evaluate the result at z, = 0. Also, let us stress
once again that the order of the operations plays a crucial role here: if one evaluates the
expressions (5.34) at z, = 0 first and then plugs the result in (5.32), the dynamics is lost.
The interactions come from the z,-dependence precisely !

At order 1 it should be evident that the right-hand sides of (5.32) are just zero, which
simply stems from the fact that the fields start at order 1 now, as they have been shifted
by their background values (and those right-hand sides are quadratic in the master fields).
We thus have DY*WM) = 0, D¥2B() = 0, so that the physical first-order equations of
motion read

D“MNJAO:O, D“BO>70:0, (5.35)

where it is implicit that the master fields now stand for the corresponding z,-on-shell forms
of (5.34). The first-order versions of (5.34) then are

BY = C(y, o) + Cly, d) (5.36a)
1 1
A((xl) = Za / dtt é(_Ztv ¢)eityz Y+ 24 / det é(_zta ¢)eityz ’ (536b)
0 0

1
W(l) =w(y,¢) +@(y, d)Y + / dt(1—-t)te haazazaé(_Zta ¢)eityz + My, (5.36¢)
0
where M is given by
1
MQ:—;/(ﬂﬂ—ﬂ¢hwzwwz@dl—ﬂ—ﬂl+ﬂt%ﬁﬂﬁ—d@y (5.37)
0

Note that we have split C(y, ¢, ) and w(y, ¢, ) in their twisted and physical component
(see section 2 as well as 5.1). After some algebra, substituting (5.36) into (5.35) yields the
following result:

Do =0, (5.38a)
Dl = SHO (g + 308 (g + 100, 6) (5.38)
DC =0, (5.38¢)
DC =0, (5.38d)

where H** = h9, A h¥® and the physical-space covariant derivatives D and D are defined
in (2.26).
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The equations for &, C' and C are exactly as in (2.30) and (2.31). The equation of
motion (5.38b) for the twisted one-form @ is the one displayed in (3.1). It differs from (2.30)
by a source term involving the physical scalar fields. As explained in section 3.1.1 we wish
to consider solutions of (5.38) for which the twisted fields & and C' are zero. As is further
detailed in section 3.1.1, the above source term can be removed by performing the field
redefinition ©(y, ¢|z) — @(y, ¢|z)+ M;. In other words we are finding a particular solution
to the inhomogeneous first-order equation for @w. Hence the equations of motion in the
twisted sector are exactly given by (2.30) after performing this field redefinition, i.e.

Do =0. (5.39)

Therefore we can consistently consider the trivial solution for the redefined fields (5.39)
and (5.38b), that is, @ = 0, C = 0, which we assume in the following.

After having performed the field redefinition of @ by (3.2) the one-form W at linear
order is modified: instead of (5.36¢) it is now given by

WW = &(y, ¢) + My + Myt = &y, ¢) + M), (5.40)

where the solutions (3.5) have been used to eliminate the terms involving twisted fields in
the right-hand side of (5.36¢). However the above field redefinition is not unique: as exposed
in section 2.5, the generic zero-mode for the homogeneous equation (5.39) is parametrized
by an arbitrary parameter go (in bosonic theory). This means that the generic form of
W after performing the field redefinition that removes the source term of (5.38b) is the
following:

WO = &(y, ¢) + Mip + Ry (5.41)

This fact will play a crucial role in the following subsection, where we address the second-
order backreactions on the twisted fields. Recalling the results presented in section 3.2, the
situation is that the twisted fields can be consistently set to zero at second-order only at a
particular point in the parameter space describing the zero-mode (3.3).

5.6 Order-2 perturbations

In spirit, the second-order analysis much resembles the first-order one: we solve for the
zo-dependence of the second-order master fields, plug the result in the first two master
equations and evaluate the latter at z, = 0, thereby obtaining the physical-space second-
order equations of motion for the fields. As can be expected, however, the details are
much more intricate, and as we will see here below at order 2 the Prokushkin-Vasiliev
theory truly becomes non-trivial, namely the fields start to interact. However, as the
computational procedure has been made clear in the previous subsection and we wish to
keep the presentation concise we shall skip some specifics of the calculations and shall not
display the obtained expressions explicitly. The latter are to be found in appendix B.1.

— 46 —



The z,-dependence of the second-order excitations is again easily computed from (5.34)
and is found to be

BA = C@(y,¢)p + €A (y,9) + 2Ty ([AD, BYL,), (5:422)
A(OCQ) - Zarl <A1(/1) * A(l)y> + Zarl <B(2) * %> 9 (542b)
W = 6O (y, 6) + 0 (y, 6w — 2To (b, AP + VD, AV, (5.42)

where we split again the z,-independent parts of the master fields into their physical
and twisted components. To obtain the physical equations of motion one now has to
insert (5.42) as well as (5.40), (5.36a) and (5.36b) into the first two master equations at
second-order,

DYZW(2)|220 = (W(l) A — iH"‘O‘AQ) *AS))]ZZO , (5.43a)
DY B |,y = WD, BW],|.—0. (5.43Db)
In the following the evaluation at z, = 0, which is always meant after all star-products
have been performed, will no longer be indicated explicitly. It is important to note that we
will only consider the case where we have chosen vanishing solutions for the linear twisted
fields as in (3.5).
After some algebra the above equations are turned into

DY4(CPy 4 C?)) = — D2 <[Ag3>, é¢]*> +[& 4 My, Cy),, (5.44)

D (& +&@y) = D%2"To (b, AP, ) + DY2"To ([ + Mp, AV, )
+ (@ + M) Ax(@ + Myp) —iH** AD % AD | (5.45)

Splitting again these equations in their physical and twisted components we arrive at the
following equations of motion:

(DCP)y =V(,0), (5.46a)
DC? =y(Q,C,0), (5.46Db)
(D@ =V(Q,a,C), (5.46¢)
DO® =V (@,0)+V(Q,Q,C,C), (5.46d)

with the physical cocycles found to be

V(©,0,6,0) = (M) Ax(M) — iH* AD + AD + 027To My, AL (5.47a)
+DY%20T <[h, 2ol <A,<}> X A(l)”>]*>+DYZz°‘I‘0 <[h, 2l <B<2> " %>}*> ,

V(@,w) =w A, (5.47D)
V(@,C) = [@,Cyls (5.47¢)
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and those pertaining to the twisted sector reading

V(Q,C,C) = —DY%2'Ty, <[A9>, Ow]*> + My, G, (5.48a)
V(Q,&,C) = {&, My}, + DY2:"T, <[w, A(yl)]*> : (5.48b)

Obtaining an explicitly z,-independent expression thereof is a task of considerable technical
difficulty and we will outline the main techniques we used for performing this calculation in
the next subsection. The final form of the various cocycles, with no z,’s involved anymore,
is given in section 3.1.2 where we present the corresponding results and comment on them,
whereas the explicit expressions for some of them are collected in appendix B.

5.7 Explicit evaluation of cocycles

As commented on at the end of the previous subsection, evaluating the cocycles displayed
there is not an easy task. In order to do so we have developed some methods for computing,
which we now illustrate on the following example:

(May) N*(My)],— (5.49)

which is found in (5.47a). Each of the M;’s hereabove contains a scalar field C, and it turns
out to be computationally advantageous to consider the Fourier transformations thereof,
given by (2.63). We will furthermore adopt the convention that the wave vector of the first
C field is denoted by € and that of the second field (for the above piece the one in M) by
n. This is important as for each term in the cocycle (5.47a) we will obtain an expression
of the form

/ aedn £(y,€,m) C(&, $lo)o C 1, dla)p = / dedn f(y,£,1) C(€, 6lx) C(n, ~olz), (5.50)

so that this convention amounts to associating a wave vector n with the master field that
comes with a flipped sign for ¢.

Now using the bosonic version of (3.2) and (5.37) for M; and M» we can rewrite (5.49)
hereabove using the integral representation of the star product (5.4) as

1 . . .
— 553 A hﬁﬁ{ / dt dgd¢ dnyd?ud?v (1 —t)(¢? — 1)eldvmn—ity(E—u)Fivu (5.51)
7T

Xl + a1 =) = (14 061y + 0 = n)sly + 0 = 1)s [O(E o) Clo —ole).
After shifting uy — uq — @ and vy, — v — t(y + £)a the above expression becomes
1 .
= 35 3P" A nP? {/ dtdgde dnd®ud®v (1 —t)(¢? — 1)R%e™ (5.52)
T

X (u = qn)a[(Ya + ta — qna)(1 — 1) — (1 +1)&a]

X (ysg+v—tly+8&s—ns)(ys +vs —tly+&)s— ms)} C(& olz) C(n, —¢lz)
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where we have defined R? = expi (q(y — t(£ +y))n). We can now evaluate the integrals
over u and v by using the following identities:

1 .
@ / d*ud®v e =1, (5.53a)
1 )
@) / d*ud?v ™ uyvp = ieqp (5.53b)

whereas this type of integral vanishes if the number w,’s is different from the number of
ve’s. Using these identities we arrive at our final result for (5.49), that is

/dt dqd?¢d®n (¢* — 1)R? {_4@ H (T2S2% + q(1 — t)*1aS2) (5.54)

1 ~ N
b A (g a12835%) e olo) OO =)

where we have denoted certain combinations of 44, 7o and &, by S? and T2, whose defi-
nitions are found in (B.6). One could simplify this expression further by using the basic
identity (A.10) for two-forms, but evaluating the resulting expression is rather cumbersome
and can be done most easily using a computer algebra program. The piece which we have
explicitly evaluated in this subsection is part of the cocycle (5.47a), which is by far the
hardest one to compute. In appendix B.1 we display, however, the simplest form we obtain
for the whole of it.

Consistent truncation to the physical sector: the above computation is an example

of how to explicitly evaluate a piece on the right-hand side of equations of motion for the

physical gauge connection. However, hereabove we do so in the field-frame corresponding to

the redefinition of W by (3.2). We now explain how to obtain the expression for the cocycle

studied above in the field frame corresponding to using the redefinition M; at o = dy = 0,

that is, the frame for which the second-order twisted fields can be trivialized consistently.
At §o = dy = 0 the redefinition M is given by

i ! .
3ty = 0 [t = 1) (= aly = o sin (19) C(6. ) = 5 (M = M)
0
(5.55)

This form suggests that the expressions for the redefinition M; can be obtained by anti-

symmetrizing over t, over g or over both ¢ and ¢ for terms that are of the form (M) x X,

X x (M) or (M1y) A x(Myv) respectively. For the example (5.49) we would therefore

need to anti-symmetrize with respect to q. The resulting expression is a bit more intricate

as it involves additional types of exponentials. It is therefore advantageous to calculate the
various cocycles with respect to M; and then impose appropriate antisymmetrization.

6 Discussion and outlook

Briefly put, our results are the following:

Twisted fields: the second-order Prokushkin-Vasiliev theory at A = %, with first-order
twisted fields set to zero, possesses free real parameters. Only at one point in this pa-
rameter space can one consistently set all second-order twisted fields to zero without
redefining the physical fields.
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Physical sector: the backreactions on the second-order physical fields in this theory
have been computed explicitly in the Schwinger-Fock gauge in a manifestly Lorentz-
covariant manner, in particular at the point in parameter space mentioned hereabove.

Cubic action: we have determined completely the cubic action describing the physical
sector of the theory. The relative coupling constants gs parametrizing each spin-s
canonical current were fixed by solving the admissibility condition, which is part of
the Noether procedure.

Along the way, we have also shed light on how to formulate perturbation theory in a
manifestly local Lorentz-covariant way in the Schwinger-Fock gauge and have also system-
atically computed all cohomologies relevant for our second-order analysis. Hereafter we
comment and expand on the above results.

Let us first comment on twisted fields. When truncating the theory to linear order in
perturbation theory, it was known since the work of Vasiliev [34] that one can indeed set
these fields to zero after a field redefinition of the twisted gauge connection @. In section 3.1
we establish that there is a two-parameter ambiguity in this field redefinition. The twisted
gauge connection w will enter the equations of motion when we expand the theory to
second order in perturbation theory, as in (3.8). Changing the two parameters do and go
in the redefinition (3.14) thus modifies the twisted scalar’s equation of motion accordingly.
As for the second-order twisted gauge connection @2 one first removes the backreaction
depending on c® along the same lines as for the corresponding first-order equation. The
remaining backreaction depends on two other parameters d; and gi- The most general
second-order theory is thus parametrized by four parameters (two in the bosonic case).
As we explain in section 3.1, there is a unique point in parameter space where the second-
order backreaction on the twisted scalar and twisted gauge connection can be removed by a
pseudo-local field redefinition. That point corresponds to the values CZ()J = go,1 = 0, for the
parameters defined in (3.4) and (3.19). Only for this single point in parameter space there
exists a truncation of Prokushkin-Vasiliev Theory to its physical sector to second order
in perturbation theory. For any other set of values for the parameters the backreaction

2) is non-trivial in cohomology, and hence cannot be removed by any

on either C? or &
pseudo-local field redefinition.

Let us stress once again that we analyzed Prokushkin-Vasiliev Theory only up to
order 2 in perturbation theory, and we have nothing definite to say about higher-order
perturbation theory. The field redefinitions which allow us to consistently set the second
order twisted fields to zero are not unique as our cohomological analysis of appendix E
shows. In fact they form an infinite-dimensional parameter space of possible field redefini-
tions, whereas at order 1 the redefinitions of & form a two-dimensional parameter space.
However this infinite set of parameters presumably boils down to only one independent
parameter by higher-spin covariance. Beyond this we can only say that two scenarios are
possible: it could be that at order 3 the truncation to the physical sector leaves us with
free parameters or not.

One should also note that there exists a so-called non-local integration flow for the
Prokushkin-Vasiliev Theory [15, 50]. In brief, this is a pseudo-local, non-perturbative field
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redefinition that maps the original theory to a free one. In particular it achieves the
decoupling of the twisted fields at all orders. In comparison with our findings, this means
that the first-order part of the integrating flow’s field redefinition on @ corresponds to
the redefinition (3.14) of & at dy = o = 0. However the integration flow also leads to
free equations in the physical sector. This is compatible with the fact that, as we prove
in appendix E, the relevant cohomology is trivial and therefore any backreaction to the
physical equations of motion of the second-order gauge field can be removed.

All of our discussion highlights the urgent need for a better understanding of field
redefinitions in Prokushkin-Vasiliev Theory and their locality properties. Allowing for any
kind of field redefinition, including pseudo-local ones, should not be physically allowed as
one can then remove any backreaction of the matter fields to the gauge fields at order 2.
It is easy to implement the requirement that field redefinitions should be local and not
pseudo-local. However, this is not the correct criterion, as can be seen e.g. by noticing that
pseudo-local tails in our physical backreaction cannot be removed by local field redefini-
tions. Another possible criterion might be the asymptotic behavior of the pseudo-local field
redefinitions. But as we checked in appendix F, field redefinitions that should be physically
not allowed seem to have the same asymptotic behavior as physically allowed ones — at
least to leading order. It is also important to note that the field redefinition performed
in (5.28) which enforces manifest Lorentz covariance (with respect to the background) is
of the pseudo-local type. Similarly, the field redefinition of C® which removes the back-
reaction thereof at gy = do = 0 is also pseudo-local. It is unclear what the functional
class corresponding to acceptable pseudo-local field redefinitions is. Ultimately, ‘accept-
able’ means that the said class of field redefinitions does not change the observables as
for example correlation functions. Those should correspond to redefinitions allowing us to
remove everything from the backreaction but the canonical currents of section 4 (once the
torsion constraint is solved for). Such a requirement is conceptually clear, but is neverthe-
less difficult to translate explicitly in terms of restrictions on the functional class of field
redefinitions one should allow for.3®

The interpretation one should have of the twisted fields is unclear to us. These include
Killing-like tensor fields, sitting in finite-dimensional representations of the AdS3 isometry
algebra. From the perspective of Minimal Model Holography [7], there does not seem to be
any natural boundary dual for them. Thus, having in mind this duality one could conjecture
the existence of a non-perturbative formulation of a higher-spin theory in dimension 3
involving no twisted fields and defined at any value of the A parameter. In particular it
would be interesting to find out whether one can reformulate Prokushkin-Vasiliev Theory
without twisted fields at the non-perturbative level.

In fact there exists another three-dimensional, matter-coupled higher-spin theory which
involves no twisted fields: the Vasiliev D-dimensional theory [5, 19, 67] is defined with-
out the twisted sector and can be consistently considered at D = 3, as we discuss in
appendix G. One can choose to couple a twisted sector to this D-dimensional Vasiliev The-
ory at D = 3 and in fact also for any D, even though it is not required by consistency and

38See e.g. [69] for a discussion of flat-space non-localities in the context of amplitudes computation.
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its original formulation does not include it. As we discuss in appendix G, in comparison to
Prokushkin-Vasiliev Theory the D-dimensional theory has different features, and a mani-
festation thereof is the equations of motion for the spin-1 sector and the behavior of the
twisted sector. Furthermore the D-dimensional theory at D = 3 corresponds to A = 1 and
at present it is not known how to embed this point into one parameter family of theories.

Lastly, let us comment on our findings regarding the cubic action for the physical sector
of the Prokushkin-Vasiliev theory, which are presented in section 4. Let us stress again
that we have fixed completely the cubic action, and we have done so by solving a necessary
but non-sufficient quartic-order condition (4.13), the so-called admissibility condition. This
means that our cubic action is not guaranteed to be consistent at quartic order. Differently
put, it is not necessarily true that we can find quartic terms to add on top of our cubic
action such that it is consistent at that order. In general, it may be that the spectrum
needs to be enlarged in order to achieve full consistency starting from our cubic action. In
particular, it would be most interesting to find out whether twisted fields are required in
order to achieve consistency to all orders for generic values of A.

Let us further comment on the possibility of removing the entire physical backreaction
by means of a pseudo-local field redefinition. Although it signals a lack of control at the
level of the equations of motion, it could make sense at the level of the corresponding
action. The boundary terms produced by an exact current J = DU should be kept at
the action level while they are neglected for the equations of motion. In a rather daring
fashion, one might then think of this feature as realization of the AdS/CFT lore, since by
performing a (pseudo-local) field redefinition we are producing a left-over boundary term.

Let us close by highlighting some open questions and possible continuations of the
present investigations.

e An obvious generalization of our results would be that of considering the Prokushkin-
Vasiliev theory at generic values of A, which is especially interesting from the
AdS/CFT perspective.

e Understanding the role of the twisted sector, if any, in the context of Minimal Model
Holography seems a prime issue. In light of the Gaberdiel-Gopakumar duality one
would like to either construct a theory involving no twisted fields or try to make sense
of twisted fields from the boundary perspective.

e A related issue is that of completing the cubic action (4.19) to quartic order, if possible
at all. More particularly, one would wish to see whether a completion thereof exists.

e Another possible direction of investigation, although potentially intricate technically,
is to explore the equations of motion at order 3 in perturbation theory, paying special
attention to the possibility of setting the twisted fields to zero consistently and making
sure the whole parameter space of the theory is taken into account.

e Last but not the least, we mention the most pressing issue of correctly characteriz-
ing the functional class of field redefinitions one should allow for in the context of
Prokushkin-Vasiliev Theory and in other higher-spin theories more generally. These
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should leave the correlation functions invariant and we expect them to yield the
canonical currents (1.4) starting from the backreaction computed in this work.
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A Notation and conventions

Our symmetrization convention and index notation go as follows: indices denoted by the
same letter without further subindices are assumed to be symmetrized without extra factors.
For example, X,Y, is understood as X, Yo, + Xa,Ya,, without further normalization. If
symmetric indices sit on the same object we further contract the notation as follows: a
symmetric rank-n tensor will be denoted as Tj,(,), which means the tensor components
Ty, ..o, are completely symmetric in the exchange of any two indices. Note that this can
lead e.g. to expressions of the form XaYa(n_1), which should be understood as X, Ya,.. .a, +
(n — 1) terms.

The master fields entering the master equations (5.7) are W = Wy, (v, 2, ¢, ¥|x)da™,
B =By, z ¢, ¢|z) and So = Sa(y, z, ¢, ¢|z). We work at A = $ so that B has zero vacuum
value. W is shifted by the AdSs background connection 2 = %WO‘O‘LQCY + %d)h’mLaa as
W — Q+ W. The auxiliary field S, is shifted according to S, — zo + 2iA,. The shifted
master fields obey the master equations (5.15). The breakdown of master fields into field
components is as follows: for the scalar one has

B=C+B% +B% +...= B(y) + O(z)
C=C(y)=Cy+C (A1)
C=1,C+0.C=0C, +C_.
For the connection it reads
W=w+WD WO ... = W(y) +0O(2)
w=w(y) =w—+oy (A.2)
w=w+ ¢e.
For all these fields the full y,, z4-space star-product is

f(y,2)xg(y, 2) = (271r)2 /dzu d*v f(y +u,z +u) gy +v,2 —v)exp (iv%uy) . (A.3)

In particular we have [ya, ygls = 2i€ag, [2a; 28]x = —2i€qg.

— 53 —



We use various covariant derivatives through the text. The AdSs covariant derivative
is given by

DoF = dF — QA «F + (—1)FIF A 52, (A.4)

where |F| denotes the form degree of F. The covariant derivative acts as Dq(X + X)) =
DX + (DX)1, where

1
D =V = 360 [Laa, o) = V = 6h°y, 0 (A.5a)
~ 1 ]
D=V~ 56h"{Laa, o} = V + %qﬁho‘a(yaya —Y), (A.5b)
V=de —%w‘m[Lw, o], =d — w*y,0Y. (A.5¢)

In the process of extracting physical equations from master equations in section 5 we also
use the following covariant derivative:

1 1
D" =de —§wo‘°‘ [LYE o], — 5600‘ [OLY ., %, (A.6)

a? oo

as well as its background version

DYZ:dO*%waa[LYZ .]*7%haa[¢LY .]*' (A7)

ao) o)

Our conventions for index contraction and raising / lowering are as follows:

Pey, = o7 (A.8)

Yo = yﬁ%’a > yoz = €a6yﬁ 5 v

so that A,B* = —A“B, = —AB = BA and €12 = €2 = 1. Our derivatives have indices
which are raised and lowered in the usual way, so that 9, = 0° €8as 0% = B 0p and we have

(%yg = €af, 8ay/8 = 6045 , 80{21/5 = 55 , 8O‘yﬁ = —(Sg , (Ag)

and analogously for the z,-oscillators. Last but not least we recall the following identities
for the background vielbein:

ooV 1 v [e70% 1 (e Ye

B Backreactions

In this appendix we will summarize our results concerning the various backreactions in
Prokushkin-Vasiliev Theory. We will first focus on the backreaction to the Fronsdal fields
in section B.1 and then discuss the twisted scalar and gauge sector in section B.2.

B.1 Fronsdal sector

In the following section B.1.1 we will collect the raw expressions for all the contributions to
V(Q,Q, C , C’) in Fourier space and then in section B.1.2 summarize our strategy to simply
relate these expressions by partial integration and Fierz identities.
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B.1.1 Raw expressions for the backreaction on the Fronsdal sector

In the following we will first summarize the result for the backreaction V(2,Q, C,C) when
using the field redefinition M7, as discussed in section 3.1.1, and then explain how the
results for the redefinition M| can be obtained from it.

It is convenient to introduce the following exponents that appear in various structures

below
Q =expi(tg(n+y)(y +£)) , P =expi(t(n+y)(y+§)), (B.1a)
K =expi(y — qn)(y + t€) R' = expi (t(y — q(n +v))€) , (B.1b)
R* =expi(q(y —t(E+y))n) - (B.1c)

The Fourier images of the functions involved in the computation when setting to zero the
linearized twisted sector are:

1
Ao = 24 / dt te™ WO C (¢, pla)ep (B.2)
1 S i
My = qoh [t =1y = aly — e Cle. o). (B.3)
1
M, = %th““ /0 dt (—zaya(1 = 1)* + (1 = *)2a8a) "W HC(E Glz) . (B4

A lengthy but straightforward computation of all the terms of the backreaction, in complete
analogy with the example discussed in section 5.7, yields the following result. The terms
therein are to be added up as they are and integrated over the homotopy parameters t, ¢
and the wave-twistors &, 7 after multiplying with C (&, qﬁ)C’ (n,—9¢):

DY*2°T¢ ([h, zaT1 (Ay % A”)]x) = %Z H 2 P (= &)a(n = &)a, (B.5a)
02T ([, 20l (B s )], = % H 12 P (5 — €)a(n— E)a, (B.5b)
D" Ty (M, AJJe) = & H* g1 — )t {Shéa ' +€ 5} | (B.5¢)

DY T (Mot Ay) = & H (gt OME ~n) — (1 1) (1 + 9)al& e (B.50)
— 1q°Ca(§ +y)a +1q* (L = 1)°(1 = @) (1 +y)alé +9)a) Q
3 RN (@ (€4 p)al€ — maln+1)sCH @, (B5e)
DY*2"Tg (A, x May)) = % H (gt*(§ = m)aCi +at°(1 = 0)* (€ + y)alé = Mo (B5M)
— 2qCL 1+ y)a + 121 = 1)g(1 = 0)*(€ +y)a(n + y)a) Q
5 AR R (0 + )al ~ v)a€ +1)sCH) Q. (Bg)

—iHAg* Aq =i H* 2¢°Q (y + E)a(y + 1)a (B.5h)
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Mo s AMyp = 7 H* {CLO2+ (10§ +y)aCh+ (1=1%g(n+1)aC2  (B.5)

+qt(1— )2 (1= @)’ + Y)alé +¥)a} Q

1
+ 5 WA D (tg (0 +9)aCal§ +9)sCF) Q. (B.5j)
My AMyp = —= (¢* = DH (T385 + (1 — )*1a.52) B (B.5Kk)
+ é R ARPP (¢ — 1)g naT2S3S3) R?, (B.5])
M)+ AMatp = _TZ Ho (% — 1) (=T4Sh +t(1—q)*Siéa) R (B.5m)
- é he ARPP (82 — 1)t S,Sh¢sTS) R (B.5n)
M+ AMytp = % He (2 - 1)(¢* - 1) K (UUZ(U'U?) + 4iULUZ) . (B.50)

where we denoted

=(1=t)a— 1=t (1=Qya—qna) ,  Ub=@+t&—n) (B.6a)
=(1-ma—1-* (1 -tya—t&), Ui=@u—a—~Ea, (B.6D)
Tl = (1= )0 — (1= )*(y +1)a, Sh=0-qya—am—¢,  (B.6e)
= (1=t — 1=y — qn)a, =(1—t)ya—t&E—n.  (B.6d)

In evaluating various cocycles the following formulas were useful:insertions being carefully
tracked we find

D2 T (fu(y. 2))|_y = i O fa(u,0), (B.7a)
D2 T ([h. 2 f (v, D))y = —H 4L (4.0) (B.7b)
DT ([h, 2T (£(5,2) % ), = —5 HOROLS0,~y) . (BT

It is the sum of the above expressions, i.e. (B.5a)—(B.50), that we checked against the conser-
vation identity (2.68c) and found to consist of several independently conserved quantities.

Result for the redefinition Mj: if we perform a pseudo-local redefinition (3.4) that
allows for the removal of the backreactions to the twisted-sector at second order then we
need to modify the formulas above. The bosonic projection implies that M is given by

(My — Myl,,_,) .

(B.8)

[\DM—A

M = Lghoa / At (22~ 1)(y — Oaly — Oa sin (tyE)C(E, |z) =

This form implies that the corrected backreaction can be obtained by anti-symmetrizing
over t, over ¢ or over both ¢ and ¢ the terms of (B.5a)—(B.50) that are of the form (M;)*X,
X * (Myy) or (M) A *(My1)) respectively.
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B.1.2 Simplified backreaction on the Fronsdal sector

Due to Fierz identities that can be combined with integration by parts over t or ¢ there
is no unique way of presenting the final result. One of the simplest forms is summarized
below. Our general strategy was to get rid of four-fermion terms by trying to represent
them as derivatives of the exponents with respect to t and ¢, times a prefactor that is only
bilinear in spinors.

The four-fermion structures in front of R! and R? can be reabsorbed by total deriva-
tives. For the contributions containing the () exponential there are certain four-fermion
terms left, which is much less than the 15 coefficients of the most general ansatz. As for
the K-terms, the four-fermion terms can be removed up to a single term.

Finally, the full expression for the backreaction splits into the following two indepen-
dently conserved components

JPV = guevEr | ey (B.9)
where we have defined
g = o [ drdgdedn (UG, + 38, €& (. ~6). (B.10)
gt — e [ ardgdg dn O, + 304 + ) €& 0000 —0), (B
and the various kernels are given by
9, = {d1yaya + d2éaba + dsnata + da€ana + ds&aya + deTaya
— d7(Yana(yn) — £aya(yé) — Lana(én))}Q,
= = )4 D+ D 0ata — Eaa) — (0 + D+ Dt
— (=D = Dyaa + 1+ q)yaya — (¢ — 1)t +1)(2¢t — ¢+ )éana) K
— 2e(g = DX+ D= 1+ D08 ana s
30y = {p16ada + P2natia + P3(t€atla + Eala + Tala) } P,
IE = {p1€aba + p2latla + p3Yaba + Pa¥alla + p3€atia} R
+ %62' (#* = 1) {&amat +2) = Yana } Ki ,
JR? _ _ R <tq_>_>_tq R1—>R2>
gom  THa)
where the functions K; and K, are given by
Kq = expiq(yn) = K=o, (B.12)
Ky = expit(yl) = K=o, (B.13)

and the coefficients are functions of ¢, ¢ and are given by

1

d18

i
(—q+4¢* =33 +4qt — 9Pt + 43t +8¢° 2+ *t2), p1= Zt(_l +q)(1+q+1),
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7

i
dy= =2 (=30 +3¢" + 4gt + ¢°t = 8¢°t + 3¢°t"), pr=—7(=1+a)q,
i i
dgz—i(—q+2qt+q2t), pazzt(—1+q)2(1+q4rt),
i i
dy= Z(3q—2q?—2qt—3q?t—2q31t+10qzt2+2q3t2), pa= —Z(—l +q)?,
i i
ds = —7(=2¢"+3¢° = 2qt +20"t=6¢°t+2¢°t*+¢°1*) . ps= 1 (=1+q) (= 1+t +qt(1+1)),
i
dg= Z(q —2¢% + 2qt + 3¢°t — 2¢°t — 241 + 2¢31?),
1
d7= Z(—qt + 2¢°t — 2¢%t* — 24312 + 34°17),
pi= i1~ 1) = (-t 1) ps= o (~t+1)
4 ’ 4 ’ 2 '

Result for redefinition M]: as explained around (B.8), it is easy to navigate to the
point where the backreaction for the twisted zero-forms vanishes. The terms J¥ and J¥
are left untouched. For the R' and R? structures we apply

> : JL <JR2 — R ) . (B.14)
t——t 2 q——q

For the JX we apply both ¢ and ¢ anti-symmetrization. The only subtlety is about the K

JLA <JR1 —JR
2

and K, terms of JB' and JRl, since they are a combination of the boundary terms produced
by K, R' and R? but it turns out that the rules (B.14) can be applied to them as well.
B.2 Backreactions on the twisted sector

In the following we will summarize various aspects of the backreactions arising in the
twisted sector of Prokushkin-Vasiliev Theory. We will first focus on the backreaction to
the twisted scalar field in appendix B.2.1 and then analyze the gauge sector in section B.2.2.
B.2.1 Scalar sector

Without the bosonic projection a computation similar to the one discussed in section 3.1.2
but with the s¢ insertions being carefully tracked yields

V(Q,C,C) = —D¥*2"T <Ay * C 4+ Cp % W(Ay)]> + (M) x Ctp — Cp « m(My)), (B.15)

where M = M + My and w(f(y,z)) = 3% f 2 = f(—y, —z). This results in

P(Q, 6, C) = phoe / €2 Koo £, n,y) C(E, 8l2)C(n, —6]2) (B.16)

with the kernel K, given by

1
1 i
Kaa = /0 dt {2 el(y(l t)+tn)E fa ((1 _ t2)(§a + na) + (1 . t)2ya)

_ %ei(y(l—t)—tf)ﬂ Nex ((1 _ t2>(77a + {oz) _ (1 o t)zya) (Bl?)
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+ %(tz — D) (y — ¢ — Yoy — £ = n)a
+ %(ﬁ — D)W (y 4 € 4 n)a(y + € + n)a} :
The contribution to the Killing constant is
DE®,y = A0y =0) = [ ey B Koaly =0 C€ 0)C0~0),  (B18)

where we have used (2.26) and the kernel K, (y = 0) is given as

Kaa(y = 0) = {f(0€) (Nana + Eaba + 28ama) + (Nata — Eaba) (f(nE) + 9(n€)/2)} ,

(B.19)
with the coefficient functions given as
sinx) 1 i(2+:v2—2008x—2xsinm)
) = (oose =) L0 gta) = - .

Taking the most general zero-form that can contribute to the Killing constant

[ e PuecE o)Cm o), (B.20)
the derivative (2.68a) generates a single tensor structure

(Mafa — Eaba) (F(n8) + F" (1)) - (B.21)

Therefore the first term in (B.19) cannot be represented as an exact form. However this
term is precisely canceled if we take the ambiguity in M;, discussed in section 3.1.1, into
account. As we explained in section 3.1.1 the ambiguity is given by (3.3), which in Fourier
space reads

1 A~
R [ @ [ an = non {gnmn + €t Culé.olo)
~ 2oyataCr (€, dl) } cos (tyg).

This ambiguity will lead to an additional contribution to (B.15) which is given by R x
Cyp— Cpx m(R1). Its yo-independent component will modify (B.19) by

gO¢haa(§a§a + "7a77a)f(77§) - d0¢haa(§ana)f(77£) . (B'22>

Combining it with (B.19) and comparing with (B.21) we see that it can be made exact at
go = —1, dy = —1 with
i (—1 4+ T
F(z) = 2(26) + Acosz + Bsinz, (B.23)
x

where A and B are integration constants corresponding to fermionic and bosonic com-
ponents of the super-trace belonging to HO(D,C'C'). The choices go = —1 and dy = —1
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obviously correspond to go = 1+ g9 = 0 and do=1+dy =0 in (3.14). Therefore, the
ambiguity in making a redefinition given by elements R € Hl(f), C‘) is fixed by requiring
exactness of (B.15), the corresponding kernel (B.17) having the form

|
Koo = 5 008 € (1= ) (6 +1m0) + (1= 0)7ya)

WA=t—=ton (1=t (N + &) — (1 —)%ya) (B.24)

+ - = 1)y — & —n)aly — & —n)ac?sint(y — n)é

S R S N

+ 1 =D +E+maly+€+ n)ae™ sintn(y + €) .

Exactness of K., beyond y, = 0: in order to check whether all the y,-components
of the above backreaction, and not only the Killing constant, are exact it is quite useful
to find the corresponding generating function that represents the above backreaction in
the basis of appendix C.2. One can easily extract generating functions for the coeflicients
of the corresponding tensor structures in this basis. This is done using the following
representation of the identity under the contour integral sign of appendix C.2:
w B9 1 a1

Faw) ~ oo s fe e B ), (B.25)

where w = 771, 8= X! and v = Y 1. The equivalence relation ‘~’ is defined in (C.59).

We then arrive to the following contribution for the scalar sector where integration in ¢
is implicit:
w(go+1)(t271)
2—2w?t?
w(t2—1)(4do—2(go+2)) (wt? 1)
4—4w32t2
w(tzfl)(4d0+290)(wt2+1)
J — 1—4w2i2 ) (B.26)
w(t2—1)(2do—2(go+2)) ((2w—1)t2—1)
8w?t2—8
w(t2—1)(4do+2g0) ((2w+1)t2+1)
8—8w?2t?

0

We will now fix g9 = —1 and dy = —1 and show that for this choice this backreaction is

exact. Furthermore, the above choice cancels any odd power of « in the corresponding
generating functions but leaves all even powers. In the following we will study the even
powers in v and analyze whether or not they are trivial in cohomology.

With this choice for the redefinition and expanding in 8 and ~ up to order ™ and ™
one gets the following result:

[ AL (8) + Bl ()]
2 (AT (1) + B ()]
an _ 1| @l —om e -nma - .27
s S [AS (1) + B ()10
0
2o (1) (1=t + (E—1)™) (1 — )]

— 60 —



In the expression above we define

A = = ()™ + ™) 0" (o)™ + 0™
Bil), = —tu" (0" 4 (=0)™) =t (u" + (= )m) v
AR = (t (0" (=)™ (=0)™) 4 0™ = ()™ (o))

WY 4 ()L um+n+1
B2 = —t( (T ()™ (o)) 0" = ()™ (o))
+ ™™ o (—u)™" — um+”+1)
An%’?n = ou” ( mtl g 2u™ +2(—u)™ + (—v)™) = 2u™ — 2(—u)"™ + (—v)m)
u? (W™ + (—u)™) "
BY = (—tvu™ (v + 1 (2u™ + 2(—uw)™ + (—v)™) = 2u™ — 2(—u)" + (—v)™)
—tu® (W™ (—u)™) "

where again the integration over t is implicit and we defined u =1—t and v =1+ ¢.
To show its exactness it is first important to use the Fierz identity freedom to bring
the above expressions to a canonical form. We then distinguish various cases:

For n > 0 and m > 0: labeling by DJ},?,)H the exact term associated with the term

B"y™ we get
2 1 m+2 n m—+2 n
o _ W on (I—t)m (1 +1t) (t+ 1) =2(1 —1t)
J”g’”_S(l—wQ)/o dt[Q ( (m+ Dwi—1)  (m+Dwt+1) >

4w (1 =) (m+n+1)(1 —t)m"
B (m +1)(wt + 1)
t(2mn 4+ m +3n 4+ 2)(1 —t)"(1 4+ t)"
(m+1)(n+1)
t2mn+m+3n+2)(1+¢)™(1—t)"
(m+1)(n+1)

N 1=t)"1+t)"2m+1)(n+1) —wim+n+2))
wim+1)(n+1)
N 1+)™(1 -t (wm+n+2)—2(m+1)(n+1)) 2(m—n)(1l—t)ymtntl
wm+1)(n+1) (m+1)(n+1) ’
(B.28)
where m € 2N is even, otherwise there is no need for an improvement.
For n > 0 and m = 0: the exact term is given by
1 (D) (C1Hw) (=24 n(= 14w) +20w) n (=122)" (6+3n+2(n+2t)w—(24+n)w?)
J(O) _ / dt —1+tw 1+tw 7 B.29
m,n 0 4 (_1 + t2) w ( )

where again m € 2N is even as otherwise there is no need for an improvement.
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For m > 0 and n = 0: again we can construct an exact term which is given by

_ 1
(=)™

1
JO :/ d :
"o 2004t ()

(B.30)

where again m € 2N.
Note that we have used slightly different conventions for the sign of n and m here as
compared to appendix E in which they were defined as v~ and g~ ".

B.2.2 Gauge sector

Let us recall that the equations of motion for the twisted gauge fields to second order read
(D) =V(Q,@,0). (B.31)

As explained in subsection 3.1.2 the source term will in general depend on gg, dy, g1 and
di. An explicit calculation shows that the source term is given by

P(0.,0) = o [ dedn {Kon C&, o) 0 ~0J2) ¥ + Koo 016, 612) Cn. 0le) 0]

(B.32)
The kernels are given by
1 1 .
Koo = /0 dt {4(t2 = 1) (Yo — 1o — &) (Yo — 1l = Ea) 'WTDEED
+i (t* = 1) 90 (Ya¥a + Nt + Eaa — 2YaTla) cos(t(y — n)E)e™"
3 (2 1)do (gocer + Earia) cos(t(y — )E)e™”
%na(ya — Eo 4 (2t — 1)) el Dy—tEn (B.33)
—i(tQ ~1)(a — &a + 10) (Yo — Ea + 1)/ TN EHE
—i(tz —1) 91 (Yalor + Eaba + Natla — 26n) cos(ty(€ —n))e™
5 = 1)1 e~ ) cos(ry(e — m)e™ |
and also by
Koo = /01 dt {_4(752 ~1)(Ya +&a = 10) (Ya + Ea — 1a) VT
*i(tQ —1) 90 (Ya¥a + Eaba + 2yaa + Matla) cos(t(y + &)n)e™
3 (P = 1) do (garia + Euata) cos((y + E)n)e™
+%§a(—ya + N + (2t — 1)&,) ell(1-Dy—tmlE (B.34)

1 . —
7 = D — & = 10) (o — Ea — na)e @ FE
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1 .
+Z (t2 - 1) g1 (yaya + &aa + NaNa + 2§a77a) cos(ty(f + 77))6187

5 (B = 1) (i + o) cos(iy(€ + )}

We will show that this term is exact only for the choice gy = dy = g1 = d; in the following.
We will discuss this for the kernel K, here, but we also checked that the kernel K, can
be removed. For this purpose it is advantageous to decompose the kernel K, as follows

% _ (7704 + ya)ga (na - ya)fa (77a + ya)(na + ya)

Kaa_%<J1£a§a+J2 (s+7) s s—T +J1 (s+7)(s+71)

(Mo = Ya)(Na — Ya) (Mo + Ya) (Mo — Ya)
(s—7)(s—71) +J (s+7)(s—1)

+J5

) exp(iT&n + isy& + iryn) .
(B.35)

The contour integration is with respect to the variables s+7, s—7 and r. Asin appendix C.2
the J; are formal series in these three variables

Ji=Y I rrs) =) (s —1)"(s+ 1) "ki(r), (B.36)
n,m n,m
where we defined J,"" (7,7, 8) = (s — 7)™ (s + 7)"k;(r).

This decomposition is similar to the one of appendix C.2 but we had to slightly modify
it as we are now considering the twisted-adjoint covariant derivative D acting on functionals
linear in both C and & as opposed to the adjoint covariant derivative D acting on functionals
quadratic in C in appendix C.2.

As discussed in appendix C.2 the twisted-adjoint covariant derivative only mixes those
J™" which have the same values for m and n. By adding an exact term, which we
parametrize by k), and using the freedom of Fierz identities expressed by three arbitrary
functions y;(r) the coefficients k; change as follows:

KO+ x4,
KO(=14s) = nx1 — xe,
. EO(1+s) — + X5,
5F = (L+s) =mxatxs | (B.37)

(_1 +n)X27

(1 - m)X?n
EO (=1 + s2) + my2 — nxs

where we denoted x; = 0,x;. We distinguish various cases for n and m.

For m =1 or n =1: by (B.37) for the choice of n = 1 or m = 1 the components
k4 and ks respectively can not be changed by Fierz identities and adding an exact form.
These components therefore have to vanish up to polynomials. Upon defining o = r~! this
leads to

(n,m) = (1,-1) - (di + g0 — g1 — do)t1 ~ 0,
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(n,m) = (1,2 — (g0 + g1 —do — d1)(1 — t?a) & ~ 0,
(n’m) = (_17 1 — (90 — g1 — dq +d0)172 ~0,
(n,m) = (-2,1) — (di —do+ 91— go)(1 + ) T ~ 0,

where 7 = (0,0,0,0,0,0)" and @ = (0,0,0,0,v,0)" with v = (=1 + #?)gz%— and
integration over t from 0 to 1 is implicit. These equations then imply that

go=g1=do=1dp (B.38)

and it can be easily checked that all other sectors (1, m) and (n, 1) for m,n < 0 also vanish
up to polynomials for the choice (B.38).

For n < 0 and m = 0: in this case we can remove the corresponding components of
the kernel K,, by adding an exact form with

k;(O) — /1 dt(fl +)1+)"r+t)(-n+2r—2-n)t)+ (r—t)2Fr+t)+ (1 —-t) "1+ t)(—n+2r+ (2 — n)t)
0 2i(1 —r2)(r —t)(r+1t) ’

where we have restricted ourselves to the choice g9 = g1 = dg = di = —1 for the sake of
obtaining an expression of reasonable size. However we also made sure that this holds for
the general case (B.38).

For m < 0 and n = 0: in this case the source term identically vanishes for the choice
go = g1 = dop = d1 = —1. We also checked that it is exact for values different from —1.

For n < 0 and m < 0: an exact form similar as in the case n < 0, m = 0 can be
constructed. We will not give its explicit form here as it is quite involved.

By a completely analogous procedure we also checked that the kernel K, is exact with
respect to the twisted-adjoint covariant derivative D. Therefore we have shown that for the
choice (B.38) we can fully remove the source term V(Q,&,C) in (3.16) by a pseudo-local
field redefinition.

C Basis

In this appendix we will summarize a few aspects of two different basis for the various
backreactions studied in this paper. We will first focus on the index form in subsection C.1

and then study the integral form in subsection C.2.

C.1 Index basis

This appendix is devoted to describing the various details of the index form for the backreac-
tions discussed in section B. This form can be obtained by Taylor expanding a backreaction,

1 (0% (0%
J(y) :ZyJa(k)y T (C.1)
— J!

In the following we will discuss in appendix C.1.1 how one can efficiently obtain the in-
dex form J, ) from the Fourier-space expression of section C.1.1. Then we will discuss

— 64 —



in section C.1.2 how one can derive a conservation identity in this formalism, which we
generalize in section C.1.3 to other form-degrees. As we will see the index representation
is only fixed up to Fierz identities which we will discuss in section C.1.4. In section C.1.5
we will then focus on how to solve the torsion constraint, as discussed in section 3.2.

C.1.1 Obtaining the index basis from Fourier space

The most general two-form structure for the physical backreaction reads

n,m,l v n,m,l v
Ja(?s:m-i-n) = o HaaCa(n 1)V(l)C (l)a(m—l) + Qg HCYB Ca(n—l),@u(l)c (l)oz(m)
+ a5 ™ Ho Catuyun " Vam-vs + o™ HP Catuy0C" Vamy  (C2)
n,m, n,m,l v
+ a3 ™ H CouyyC"Vatmys + a5 ™ HP CauyuyC"Vamys

where as, ag and a4, as are not really independent unless the fields have additional Yang-
Mills indices. There is an additional ambiguity due to Fierz identities, which we will
discuss below.

We can extract these coeflicients from expressions in Fourier space which have the
following most general form (omitting all integrals):

HYE (amyny (8 Yo (a—an—my (€)™Y (ym) B (ne)
x expi(ay + byn + &) P(t, q) C(€,)C(n, —¢), (C.3)

where a, b, ¢ are possibly functions of ¢, g, constants or zero. Then the coefficient of

()

AN B// oy
HPAHED o an_pm Coamamun C* " samaim) (C.4)

is found to be

(_)AN+BN(_i)AII+B”+AI+B/+l+C/<m + n— AI/ _ B// + 2)!
(n— AN(m — Bl — C")!
X /dt dq an_A,bm_B/Cl_ClP(t7Q)7 (05)

fn’m’l(A/, B,, C/|A”, B”) _

which is related in a simple way to a; by

anml fn 1,m— ll(A/ B/ Cl|0 0) an,m,l :fn—l,Tn,l(A/ B/ C/|1 0),
ag™t = prm=LlAT B C'0,1), almh = prml( Al B C'2,0),
ap™t = frmlA BLC0,2), ag™ = frml A B O ).

Note that for vanishing parameter a in (C.5) the corresponding term has to be replaced by
0,4 and analogously for b and c. Therefore the coefficients fy; T/L of (3.30) are given by

f]7\1[n]\14l = (—1)NFM () NEMAntmt2 o 4y N M4 2)1. (C.6)
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C.1.2 Conservation in index form

Since there is only one three-form structure

~

HCo(yo)C" Y iy (C.7)

imposing the conservation leads to a single identity among six «;" il

az,,m,l 7U(n+l+§)(n+l+3) _ 042 1,m+1,l—1 (m+1) +a n 2,m+2, lo'(m+1§(m+2) + O[z,m,l72%g

+a'g,m,la(m+l+2)(m+l+3) 'g—i—l ;m—11-1— (n+1) + an+2m 2,0 — a(n+1)(n+2) + anml 2(?7)

+a n+1 m—1,1 a(n+1§(n+l+3) + ag—l,m—i—l la(m+1)§m+l+3) _ 0/61 sm,l— 1(m67n) (CS)
Jrarlwrl m—1,142 — o(l+§)(z+1) g lmALi2 a(l+2§(l+1) + ol LmL zg 4 gpHLm—L o

ta n+1,m—1,l+170(l+1)3(n+l+3) B ag,m,l (m+g+2) n ag,+1,m 10— 1%0 +al” Lma+1,1+1 —o(14+1) (m-+1)

+a ? 1,m+1,1+1 o(l+1)§m+l+3) . agml(m+n+2) + g 1,m+1,l—1 30 + ;Hrlm 1LI+1 — U(l-i-;)(nﬂ—l) — 07

where o = i/2 is the coefficient in the equations of motion

véa(k) _ _2O_¢haaéa(k—2) + Uqf)hﬂlgéa(k)ﬁﬁ- (Cg)

C.1.3 Index form of differential at degree 0 and 1

The most general one-form structure reads

nml % n,m,l v
Ka@s=m4n) = haaCatn-1)v)C" Y am-1) + B3 ha” Cotn-1)800)C""Y a(m)

n,m,l v n,m,l v
+ 85" 16 CotmywyC* P aim-1ys + BY™ WP Coty 501y C" P agmy  (C.10)

n,m,l v(l n,m,l v(l
+ B85 B Comyny OV amyss + B8 PP Comypvny C*Va(mys

which leads to the following transformations of «; that parametrize DK (¢ is omitted):

n—1m+1,l— 1(m+1) +l8nml 2U(n+l+3) +6n 2m+2120(m+2)(m+1)

Sa m,l _
@2 4 2 2 2 ’
5an ;m,l _ 271,m+1,l+1 QU(m +21)(l + 1) + Z,m,l%n ’
1 2 I+4)(1+1 _
5anml: Z 1,m+1,0 — (m2+ )+ﬂnml+1 O'(TL+ ; )( + )+Uﬁz7m7l 1?
5 nml _ an+2m—2]1 _2U(n+1)(n+2) n,m,l 20m<m+l+3) n+1,m—1,l—1_(n+1)
ay : + By e 4 B —
2 2 2
(50[” ,m,l _ O_/Bg,m,l—l + /Bg,m,l+1 20(m +1 —2|- 4)(l + 1) + ;)H-l,m—l,l —(n2+ 1) :
samml — grrlm—Li+1 —20n(l+1) 4 g LmLi —20m(l +1) 4 g (n+m+2)
2 2 2
5 nm,l n—1,m+1,l4+2 20(1 + 1)(l + 2) n—1 m+ll
Qg =5 1 0,
5an ,m,l _ ;z+1,m—1,l+2 20(1 + 12)(l + 2) + Iz—l—l ;m—1 l 7
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50[71"07m7l: n+17m—1,l_0n(n+l+3) + ;L—l,m-i—l,lo'm(m_"l) _’_Bgml 17n7

2 2 4

_ —on(l+1
(504;”7“— ;z+1,m 1,1+1 Un(2+ )+Bnml< %)
5ag7m,l:ﬁ;+1,m1,l+1a(n+l+24)(l+1) L gprimtis 10 +5§mle,
[+2)(I+1

6azml_ gml7+ﬁnml+1 ( +2)( + ) (Cll)
Sapml — 512@+1,m—1,l+20(l +22)(l +1) 121+1,m—1,l%’
50[711,m,l: gfl,m+1,lam(m+l+3) + ;Lfl,erl,l_O-n(n"i'l) _l_ﬁgml 1771’

2 2 4
5a;ml g 1,m+1,l+10(m+l—;4)(l+1) + ;’L 1,m+1,l— li_i_ﬂnml

_ — [+1
safy! = gyt S i1 ),
I+2)(1+1

6O[gml_ﬁgml +/6nml+10( + 2)( + )7
5 nm,l __ on—1m+1,14+2 U(l+2)(l+1) n—1,m+1,10
g’ = D3 9 3 97
5agml_ gl,m+1,lg(m+1)(;n+l+4) + g+1,m1,l_an(§+l) +Bgml 17’
6agml_ g+17m—17l_0(n+1)2(n+l+4) +5n 1m+1lo-m(’n27’+1) +5nml 17:
5a2ml_ g,m,l+la(l+1)(;n+l+4) _i_ﬁgml lg_'_ﬁn—klm 1,0 — (n4+1>7
5a?,m,l :Bg,m,l+1o-(l+1)(;7‘+l+4) +I8nml 12 +Bn 1m+1,0 — (’I’I’L4—|— 1)’
5 n,m,l n+1,m—1,l+10(n+1)(l+1) n—l,m+1,l+10(m+1)(l+1) n,m,l_(n+m)
o5 = fs — % 5 e

As a consequence of DD = 0 such a’s obey the conservation identity (C.8). Applying D

to the most general zero-form

n,m,l A Av(l
Y Ca(n)u(l)c ()a(m) ’ (012)

n,m,l m,l .

gives a variation of 8" that does not affect "

51 = AL o (n 41)) + 4"V 20m(m + 1)),

5y = rml(_p) 4 ALY (96 (1 4 1) (m + 1))

085" = 4 (—m) 4 4" B 20 (L4 1)(n + 1)), (C.13)
83 = A2 (o (14 2)(1+ 1) + 4o

085" =y (—o (14 2)(1+ 1) = "o,

3y =0.
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C.1.4 Fierz identities

Not all of the six a’s are independent due to the Fierz identities, which also play an
important role in simplifying four-fermion terms in the backreaction of appendix B.1.2.
There are three independent Fierz identities that can be obtained from

A Av(l4+1 A A (l
Hz,uca(n—l)u(l-l—l)o (+ )oc(m) + H;" Cflu,a(n—l)u(l)cY ()a(m)'y
- H,” Cya(n—l)u(l)cy(l)a(m)u =0, (014)

by contracting or symmetrizing x with some of the C’s and symmetrizing p with a’s:

HaoCom-1w31)C" " Vagm) + Ha" CatmuyC"Vagmyy

— Ho" Catn-1y)C"Wa(mery =0, (C.15a)
H o Catn-1waenC""  Vaimy + HChatmuyC"Vagmyy

—H"Coratn-130)C"Vamery =0, (C.15b)
Ho Cotn-1waiyC"  Vagmyy + H CampunyC*Vagmynn

— HCotn1yyC"Wagmiry, =0.  (C.15¢)

This leads to the following transformations of the coefficients that do no affect the expres-
sion but only its presentation in terms of a’s:

5 nm,l _ n—1m,il-1 5 nm,l __ n,m—1,1 5 nm, _ n—1m,l
CEQ — 61 9 Ct4 — _61 9 OJG — 61 9
nm, _ nm—1,1—1 nm,l _ n—1m,l nm,l n,m—1,1
dovg = ¢, , dag =€ , dag™ ™ = —€ , (C.16)
5 nm, _ n—1m—1]-1 5 n,m,l n—1,m—1,1 5 nmd _ n—1m—1,1
Oél —_— 63 9 a2 — _63 9 Oé3 — 63 .

Here all €’s are understood to be vanishing for the case of at least one negative index. The
conservation identity is invariant under Fierz transformations. Analogous formulas can

be derived for Fourier-space representation of two-forms, but it is somewhat difficult to

_ na(Wé)—&alyn)
(n¢) ’

There is a natural way of fixing all Fierz transformations. Any one- or two-form J(y)

effectively use Fierz identities due to the appearance of fake poles like vy,
can be decomposed into three zero-forms as
Iy) = HP0505A(y) + Ha” y*95B(y) + Haay y*C(y) , (C.17)

which in components corresponds to (3.31). One can solve for the Fierz transformations
that map six a’s into just three sets of coefficients as

1 ~ ~
§ : n,m,l v(l a(n+m+2
A= za (n+m+2)!ca<n+1)v(l)c D ameny y* T (C.18)
1 A A
n,m,l v(l a(n+m
B(y) = lb e CannC D gmy ™ (C.19)
1 N N
n,m,l v(l a(n+m—2
C(y) = E ¢ (TL +m— 2)!Ca(n—1)u(l)0 ()a(m—l) Yy (nt )7 (CQO)
n,m,l
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which requires us to impose the following relations among a23456 by applying

Fierz identities:

n—1,m+1,1 n+1,m—1,1 n,m,l n,m,l n,m,l
Qy _ % _ o @y _ 93 (C.21)
n(n+1) m(m+1) 2m+1)(n+1)’ n m

that can be solved unambiguously for €]3" 3’l. In fact, there are three invariants Iy, I5, Ig of
the Fierz transformations and the a, b, ¢ coefficients are linear combinations thereof,

an,m,l — Ig’m’l

)
m—-n n,m,l—1
m+n+2°

—m n _ n _ _
cn,m,l — Ié’b,m,l 2 + 7Ig,m,l 1 Iz,m,l 1 7
m+n\m+n+1 m

I

bn,m,l(m+n) — IgL,TYL,l _'_Izl’hmJ +

where we have defined

l 1,m—1,1 -1 1,1

Is = ag,m, + a§+ m=Ll aZ ym+1, ’
n,m,l n+1lm—1,01—1 n,m,l+1

Is = Qg — Qg — Oy )
l -1 1,0-1 I+1

Iy = o™ 4 ol gttt

In terms of the a, b, ¢ coefficients the conservation identity is given by

m((l + m)(2 + m)a—1+n,l+m,—2+l _ (1 + n)(2 + n)a1+n,—1+m,—2+l) ((122)

241 3+ — _
LB (14 ) (2 + m)a I (14 n) (2 4+ n)al Tl

_%(1 + n)ab1+n,—1+m,—1+l _ %(1 + l)(2+l—|—m+n)0((1 +m)b—1+n,1+m,1+l + (1 4 n)b1+n,—1+m,1+l)

7%(m + n)(2 +m 4+ n)b"’m’l + %(1 + l)(2 + l)g(cfl+n,l+m,2+l _ Cl+n,71+m,2+l)

—14n,14m,l 14n,—14m,l _ _
_"_O'C gc ) _ %(1 + m)ab 14+n,14+m,—1+l 0.

3 3

By only considering the terms proportional to ¢ in the above expression the action of V
on (C.17) can be obtained.

C.1.5 Fronsdal currents

In solving for the Fronsdal current from the backreaction one needs to evaluate j = (I —
VQ1J as we discussed in section 3.2. Assuming that the backreaction is given in the
form (C.17), the middle component of j vanishes as discussed in section 3.2 and hence

i) = HP0505i(y) + Haay*y"i () . (C.23)
where

. n,m,l 1 A Ay a(n+m

i) =2 ar™ i Catrn)© @ ey yo ) (C.24)
n,m,l

. n,m 1 A v a(n+m—

Jy)= ) cf ’lm%(n—nu(z)c D ampy y* 2. (C.25)
n,m,l ’
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The coefficients a’}’m’l and c}?m’l for the Fronsdal current j can be expressed in terms of
those for J given in the basis (C.17):

anzmyl — an,m,l 20—
F (n+m+2)(m+n)
X (=(24m)(a” I L (T4 (44 1HmAn)a TR
+ (2 + n)(_al—i-n,—l—l—m,—l—l—l _ (1 + l)(4 +l4em4+ n)a1+n,—1+m,1+l))
o E —14n,14m,l _ 3114n,—1+m,l
5 (m+n)(b b )
+ g(l + l)(2 + l)(m + n)(b_1+”’1+m’2+l _ b1+"’_1+m’2+l) ’
nm,l _ n,m,l 20 N —1+n,14m,—1+l _ _ 1+4n,—1+m,—1+1 C.26
cp c +(m+n)(2+m+n)( me ne (C.26)

o (1 + l)(l +m+ n)(c—1+n,1+m,1+l _ ncl-i—n,—l-l—m,l—i—l))
oc2+m+n)
2(m+n)(1+m+n)

c@2+m+n)(l+m+n)(1+1+m+n)
2(m+n)(1+m+n)
x (m(1 4+ m)b~HIrml _n(1 4 n)(2 4+ m + n)pt T tEml)

—14n,14m,—241 1+n,—14+m,—2+I
(m(1+m)b n(l+n)b )

_l’_

C.1.6 Local conserved tensors

The canonical spin-s conserved tensor has s-derivatives and is fixed up to an overall factor.
The simplest way to get a generating function for all such tensors is to take

T(ylz) = Cly, ¢|x)C(y, —¢|x) (C.27)

which can be checked to obey V94041 = 0. The freedom in the relative factors can be

taken into account by

~ ~

T (yle) = [ dt fF(O)C(yt, ¢lz)Clyt, —¢lz), (C.28)

where ¢ counts the rank of the conserved tensors. The dual closed two-forms are

A~ ~

" (ylz) = H*0ala | dt f(t)C(yt, ¢lx)C(yt, —¢lz), (C.29)

and an equivalent form in Fourier space (to be compared with the formulas of ap-
pendix B.1.2) is

I (ylr) = H”“/dt (= F(D)E = nal€ = Mae™EDC(E, ¢l2)C(n, —¢la) . (C.30)

The moments f, of f(t) make relative factors in front of conserved tensors. The index form
of the above expression is

mi _ ()" (m+n)! il md _ L nm
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All other o; = 0. The coefficients, of course, obey identity (C.8) that ensures the conser-
vation (it splits into three independent equations). There is no hook part, il = 0, as
discussed around (3.45) and the tensor is traceless ™! =0

nm,l __ (_l)meH-m(m +n+ 2)!(Sl,O
R )7 ) (C.32)

One can use J" in two ways: it is a doublet (with respect to ¢) of traceless conserved

tensors or one can put J" as a source for w(y, ¢). In the latter case one finds a nonzero
torsion and solving for the Fronsdal current as explained in appendix C.1.5 we have that

cZJm’l =0, i.e. the Fronsdal current is still traceless, and
n,m,0 _ (=)™ fmtn(m +n +2)! nm,l _ i(=1)"™ fmn(m +n + 2)!
ap’" = — . ap == ,  (C.33)
(m+1)!(n+1)! (m+2)(m+1)!(n+1)!

i.e. it involves C'C-terms with no more than one index contracted and hence the expression
is local but contains higher derivatives. One can show that the canonical current is exact,
i.e. J = DK, with ¢»™! = pm™t =0 and

il _ 2= (44 2L+ m 4 n) fmga(m + n 4+ D(m + n 4 2)! (.3
N (m+1)n+DB+1+m+n) ' '

We thus see that representing it as an exact form requires a pseudo-local expression. How-

ever, it contains {! in the denominator, which gives a seemingly good asymptotic behavior.
Therefore, the redefinition, which is clearly unphysical appears to be a well-defined expres-
sion. It is also possible to represent it as a V-exact form with
N
il _ (=)™ (%) VT fntn(m +n+ 2)IT [%(4 +m + n)] (C.35)
U1+ L] (m+1D)(n+ D)0 [LE+1+m+n)]

C.1.7 Pseudo-local conserved tensors

Example 1. A simple example of a pseudo-local conserved tensor shows up in the second-
order computations:

J@W)=Hwﬂ/@fﬁﬂﬁ—ma@—nhémﬂm“ﬂéﬁﬁmﬂ%m—dﬂ, (C.36)
which is conserved for any f(t), the corresponding coefficients being
n,m,l (_)m(_i)l+2(m +n+ l)' n,m,l n,m,l 1 n,m,l
ay = il ntm+l A =X T T5% (C.37)

It comes from (B.5a) and (B.5b) terms in the second-order perturbation theory. This gives

nm,l _ (=)™(=0)! frtni(m +n + 2)!
(m+1)!(n+ 1)1

a

(C.38)
Solving for the Fronsdal current as explained in appendix C.1.5 we find that c;i’m’l =0, ie.
the current is traceless and
L (=)™ ((mA4n) frymen — U —1414men + (A+HI+Fm+0) fiiimn) (m 4+ n 4 2)!
F (m+n)l!(m+ 1)I(n + 1)!

I

(C.39)

which leads to a pseudo-local expression.
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Example 2. There is another choice of the coefficients corresponding to a conserved
backreaction

n,m,l n,m,l nm,l 1 n,m,l
" = form Qy =05 9% - (C.40)

These coefficients correspond to a pseudo-local expression and have a considerably worse
asymptotic behavior since there are no damping factorials. In the symmetrized form
we have

= fm (C.41)
The Fronsdal current is found to be a total trace, i.e. azﬁ’m’l =0, and

2+m+n

Example 3: canonical backreaction. As it was mentioned, if one takes the local
conserved tensor j“"(y,¢) and uses it as a source for Dw(y,$) one has to solve for the
contorsion tensor. As a result the Fronsdal current has terms with one pair of contracted
indices. One can solve the inverse problem: what is J¥7(y, $) such that it yields the
canonical conserved tensor as a Fronsdal current, i.e. the terms C’a(n)y(l)é” (l)a(m) with
[ > 0 are absent in j, the canonical backreaction. Such J¥ "(y,®) must be pseudo-local
since one pair of contracted indices produced by the contorsion tensor needs to be canceled
by [ = 1 term from J* "(y, ¢), which thereby produces | = 2 terms and so on. The solution is
(=)™l (m 4 n) (4 + 2L + m + n) foym(m +n + DY2 +m + n)!

nm,l _
T (m+1)!(n + DIl +m+n+ 3)! , (C43)

and the Fronsdal current is exactly (C.32).

This solution is remarkable in the sense that a pseudo-local expression is necessary
in order to get the canonical s-derivative conserved tensor on the right-hand side of the
Fronsdal equations provided that the symmetry ¢ — —¢ of the equations is not broken, i.e.
the same expression JI'7(y, ) appears on the right hand side of (HS) torsion and Riemann
two-forms. In particular this is true for the s = 2 case of the Einstein equations.

The Fronsdal backreaction is exact, i.e. can be represented as J™ = DUF" for some
U™, The expression is quite cumbersome and we give its leading behavior only

an,m,l Z‘l(_l)ler(m""n"‘ 1)!(m—|—n+2)!Gm+n7l

T m+ D+ D)l +mtnt3) (C.44)

kl
Gk,l = =2k fy (llog l+...+ l‘) .

Therefore it has again a factorially damped asymptotic behavior.

C.2 Integral basis

In the following we discuss a basis that we use extensively in our analysis of the coho-
mologies and cocycles in Prokushkin-Vasiliev Theory, which are discussed in appendix E
and appendix B.2. We consider ¢-forms that are either linear or quadratic in physical
zero-forms C and consist of vielbeins. We will focus on the linear case first.

79—



C.2.1 Basis linear in C

For the various form-degrees the most general ansatz for objects containing C linearly is
given by

%:%Mﬂ%ﬂ&mL (C.45a)
_io 7§ ar 1 (T (0 yapia + 1 (1) adl + D (1) 20808 Olyr),  (C.45D)
Jy = 7{ dr Hoo (J{” (Matto + 12 ()7 a0k + I (r)r 20408 Olyr),  (C.45e)
::¢¢jKdTJJJB>@ngyT), (C.45d)

where we have encoded the arbitrary relative coefficients of the different tensor structures
by a formal series in 7-! given by

JM(r Z jrL (C.46)

We normalize the integration measure such that the following equation holds

%d’i‘ T =614 (C.A47)

For illustration purposes let us briefly outline how using (C.46) the zero-form ansatz (C.45a)
can be rewritten as

(%) . [e's) 1. 1 - ) .
5o (St - 5 i (o)
=0 k=

Similarly one obtains the following tensor structure for form-degree ¢ in (C.45):

q=0: iCom (C.48)
d=1e GOy 0 e, G0
g=2:  2HC 4 B oW RS, CotY(C50)
¢=3: GO HC - (C.51)

Where we have have only listed the coefficients of the various powers of y,-oscillators
dropping an overall factorial %

C.2.2 Basis quadratic in (6}

For the discussion of cohomologies with respect to pseudo-local field redefinitions (2.56) that
we present in appendix E it is useful to consider expressions in Fourier space using (2.63).
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We will again use the convention that the first and the second zero-form C is associated
with wave-twistor £, and 7, respectively as discussed in appendix B.1 and therefore

/ 22 JO) (€, 1, y) C (€, 8lz) O, — ) (C.52)

It is convenient to define
C&t = (£ n)a- (C.53)

One can then express the most general ansatz for p-forms consisting of vielbeins and
quadratic in the zero-form C in terms of J®) by

JO — j{ JO s+ s —r)"'K, (C.54a)
JU = ¢ j{ P (T yaga + 50 (s = 1) el + I (s0r) T als + I (s PG
I (s 4 1) 206+ I (s 4 1) M s =) TG ) Ky (C54b)
1
5o =3 7{H““ (7 yaya + I (=) yald + I (s4r) " yala + P (=) 2CECE

I (s 4 1) 26+ TP (s 4 1) M s =) TG ) Ky (CAe)

JB) = % j{HJ(?’)(s +7r) s —r)7IK, (C.54d)
where the contour integrals are with respect to 7, X = s+ r and Y = s — r. Furthermore
we defined

K = exp [— ¢+ 1(82_ Dy 4 L 2+ "’)y<+] . (C.55)

)

Again the coefficient functions Ji(k are formal series in 771, X1 = (s —r) "t and Y~! =

(s +7)~! given by
Ji(k) = Zji(k)(lv n,m)T (s =) (s + 7). (C.56)

Note that inverse powers of 7 lead to contractions between the C fields. The choice of
considering a basis with respect to (% is a very practical one as it turns out to diagonalize
the covariant derivative D. This will be explained in more detail in the following.

C.2.3 Derivatives for linear basis

In the following we consider the action of the twisted-adjoint covariant derivative D with
respect to functionals linear in C. This will be of great importance in appendix E in which
we will analyze the cohomology of this differential. Using the equations of motion for C
given by

V4 5 60 (yaya — 9408) | Cly.9) =0, (C.57)
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one obtains the following action of D on the expressions in (C.45):
Dy =5 §dr (1= )T (yaa + 7 20008) Clur). (.58

- 1 - ~ ~ R
D=3 f ar Ho (TP (7)yaya + ()7 yadl + P ()7 20408 Clyr), (C.58D)

DJ, = f% dr HJ®) (1)C(yT), (C.58¢)

with the coefficient functions given by

T (7) = % 27 — (7> = 1), ] SV (7),
I (r) = [2r — (72 = 1)8] (B0 (1) - 1V (7)),
j§2)(7) = —% [27’ — (72 — 1)87} Jz(l)(T) ,

FO(r) = 3 [(7 = )02 — 270, +2) (S0 () + I(r)

It is convenient to introduce an equivalence relation for formal series in 7! denoted by g
and f,

f(r) ~g(r) it f(1) —g(7) = P(7), (C.59)

with P(7) being an arbitrary polynomial. The latter equivalence relation is useful since
then one has

de f(r) = ?{dTg(T) —  f(r)~g(7). (C.60)

We will use this equivalence relation extensively in appendix E.

C.2.4 Derivatives for quadratic basis

In this subsection we will analyze the action of the adjoint covariant derivative D in the
integral basis and we will keep the freedom in Fierz-transformations as this will be useful
for our analysis. To this end we will consider the following choice of the coefficient functions
in (C.54):
@ _ 1(¢) e oM n1.(9)
J® = J9 (r.r,5) = (s — )™ (s + )" (7). (C.61)

These coefficient functions therefore contain a fixed number of (s — r) and (s 4 r) factors
but an arbitrary power of 7. One can determine the action of D on the various p-forms
of (C.54). After some manipulations and integrations by parts one arrives at the follow-

ing representation:

— k)
—(1—7)k©
| — (0)
pr© L |~ (C.62)
2 0
0
-1 =72k
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1 (mr+m —nr+n—2)kY — 1+ 1)0kY —nklY + (1 = )0k — mikl)
ks m(1 — )k — 201 + PR + 200 — DEY + (m — 2)kY
B k(Y 1 (1 — 2k — 21 — 1D 4 2(m — DK + (n — 2)kL)
KV [ 2] m=-1) =)k + fm—r2+ (m+n—2)r kD - (1-72)0, k" — (m—1)(1-7)k) |
kD (n—1)(1=72)k{Y + m—n+2+(m+n—2) 7]kl + (1-72)8, kY — (n—1) (1+7)k"
KD —on(1 + 7)Y — 2m(1 — 1)kl
(C.62b)
k)
2
Z%Qj (a1 — )Y
Dl | = +almtn—2+m=—n)r+1 -2,k +m[(m+n—2+(m—n)r—(1—72)0, ]k
EP | =2l — 1)+ (140 ]EY = 2ml(m — 1) — (1= 7)o k)
I R L )32Jkg”) -
k)

(C.62¢)

It is important to stress here that in the basis (C.54) the covariant derivative D does not
mix tensor structures corresponding to different m and n values. Put differently, in this
basis D is diagonal with respect to m and n and not only with respect to spin, which is given
by 2s = —(m + n). This property is most useful in identifying independently-conserved
sectors of the backreaction.

It can be shown that the above representation of D squares to zero and is compatible
with the following representation of the Fierz identities:

k) (i)

aTXl '
kS mxy” = orx§)
) R B
5 | = 0 , (C.63)
ky) —(m —1)x3
K —(n = 1)x3’
kg mxy” -+ nx§)

where the X,ék) are arbitrary functions of 7. Using these relations we will study the various

cohomologies quadratic in C in appendix E.

C.2.5 Solving the torsion constraint

Below we give the formulas allowing to map the backreaction to Fronsdal currents, as
discussed in section 3.2, using the D-diagonal basis introduced above. The action of Q!
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in this basis is diagonal with respect to different contractions of the vielbein but it mixes
various components within each diagonal subsector. It is given by

Y= o 1@ (C.64)
2k1(7)
—(n = 2)ka(1) — mks(7)
o —nks(r) = (m — 2)ks(7)
S omAn=2| L m(m = 1ks(r) — 2m(n — Dka(r) + (m — 1) (n — m — 2)ke(7)]
s [2n(n — Dka(7) — 2n(m — Dnks(7) + (n — 1)(m — n — 2)kg(7)]
(

(m+n)[2n(n m—2)ks(7)+2m(m—n—2)ks(7)+(m—n—2)(n—m—2)ke(7)]

To evaluate (I — VQ™!) we also need the representation for V in this basis:

(2

kY = vi®) (C.65)

—i (k1 (7)(m — n) — t (k3(7) + k(7)) — nka(7) — mks(7))

i(m (7% = 1) k1 (1) + 2tka(7) + 2(n — 1)ky )+(m—2)k6(7))

z(n (7‘ —1) kl )—2tk5(7)+2(m 1)k5 ) (n—2)k6(7))

i((m—1) (7% = 1) ka(7) — (7% = DEY(T) — tha(T)(m +n — 2) — (m — 1)tke(T)))

i((n—=1) (7% = 1) ka(r) + (7% = 1) k5 () + ths(7)(m + n — 2) + (n — 1)tke (7))
2it(nkq () — mks(7))

/_\/\

In the following we give some examples for Fronsdal currents and study their relation with
the Prokushkin-Vasiliev currents.

C.2.6 Canonical currents

In the following we will give more details on canonical currents.

Canonical Vasiliev’s currents: in the following we study in more detail the canonical

current sector of Vasiliev’s backreaction that sources the D@ = ... equation. In our
basis this is associated with:
0
0
- 0
E2 =1 , (C.66)
k()
0
0
for (m,n) = (1,1 — 2s) and with:
0
0
- 0
k2 = 0 : (C.67)
2
kD (r)
0
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for (m,n) = (1—2s,1). These two components can be combined into bosonic and fermionic
canonical currents possibly including higher-derivative encoded by higher powers in 77!
which are all individually conserved. The analysis of the local cohomology>? suggests that
the other components of the backreaction should be interpreted as improvements, being in
one to one correspondence with improvements in the metric-like language. This observation
is of key importance to study the very complicated Vasiliev backreaction. Indeed, upon
solving the torsion constraint one can show that only this sector gives rise to canonical
currents together with a possible higher-derivative O tail.

In the following we are first going to study more in details the improvement that
removes the canonical current. It is first convenient to make the choice®® (m,n) = (1,1-2s)

with the vector kz@) given by
kP

0
5% 0
kS 0
- , C.68
e Cr1 (C.68)
k)
kS

setting to zero any higher-derivative tail for the moment.

Conservation is trivial due to the choice m = 1 and, as well, no Fierz identity can be
used to change the constant C' because m = 1.

In order to show that this term is exact one is then left with a single differential equation
to be solved taking into account equivalence up to polynomials in 7. The differential
equation then reads:

[(1 =728, —2s(1 —7) + 2] kN (r) ~ C77 1. (C.69)
The above equation can therefore be conveniently rewritten as:

(1+ 7)28(1 — 7')2;7_ [(1 + 7')72“1(1 — T)71k4(7')} =Cr ! +p(1), (C.70)

or changing variables in terms of w = 77!, as:

— w14 w)P(1 - w)? ?

o [&5(1 )2 (] w)—lm(w)} = Cw+pw™). (C.71)

In this form one can integrate the above as:

—w w2571 w .%'28
Fa(w) = — )S; ) / T [0x+p(x—1)}. (C.72)

Due to the particular form of the solution one can reduce the polynomial function ambiguity
that would produce non-polynomial effects on the solution to only three free parameters:

39By local cohomology we mean that we restrict the space of functionals to be polynomial in the deriva-
tives.
40The choice (m,n) = (1 — 2s,1) is equivalent.
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p(7) = a(1+7) + B(1 —7) + 72571 associated to the possibility of generating single poles
in the integrand, all other polynomial being related to these up to a polynomial shift in
k4(7). At this point we can drop + since it would give a solution that is not meromorphic
inw~ 0.

41 c
2

Requiring for instance® o = —% and § = —% one can recast the solution in terms

of the following series:
B (W) ~ C(1 = w) (1 + w) > 19 Fy (25,25, 25 + 1, —w)

=C(1—w)(14w)> ! i(—l)l“((2s+l_1)! !
1=0

2s + 1)!(2s + l)w

(C.73)

Fronsdal currents from Vasiliev currents: in the canonical current sector one ob-
serves also nice simplifications when solving the torsion constraint. It is indeed easy to see,
restricting the attention for simplicity to the case (m,n) = (1,1 —2s), that the correspond-
ing Fronsdal current, i.e. the source to the Fronsdal tensor after having solved the torsion
constraint, can be obtained from the Vasiliev current that sources Do) as:

1 (1-w*(1+w)? o
Fr. _ 2s —2s+1 -11.(2)
=— — w1l —-w 1+w) k7 (w)] . C.74
S (E Rt vl LU R (RO I E R 0] B AR
The problem of finding which Vasiliev current would give rise to the standard canonical
current as source to the Fronsdal tensor upon solving the torsion constraint, becomes then
similar to the problem of solving for improvements and we actually already have the solution
displaying a one parameter ambiguity. We can indeed integrate the above equation as:

w —w 2s—1 w :L,QS
KD (w) = —2(s — 1) LE )st ) / TE: e (Cx+a),  (C73)

with « arbitrary. The above covers for a given choice of a the case studied in index
form in (C.43). Notice however that changing a we observe two very different asymptotic
behavior of the corresponding coefficients as [ — co. The generic asymptotics is lTll' but for
a given choice of o we get the asymptotic behavior ﬁ Anyway the above is pseudo-local
and it should be what we should match from Vasiliev’s backreaction if it would give rise
to canonical Fronsdal currents without higher-derivative tail.

The canonical current sector of Vasiliev’s backreaction general structure: the
general structure of the canonical current sector extracted from the Vasiliev backreaction
is remarkably simple for any spin. Its structure involves 3 types of terms that combined

together sum up to the function kf):

1 . s )
K ~ g [P (@) log(14w) +5"* (@) log (1 —w) +p3"+ (w)Lia(w) + 3™ (@)Lia (—w) |
(C.76)

41'We can also avoid to fix either o or 8. In this case the difference of the corresponding solutions for two
different values of the parameters encode non-trivial cohomologies at form degree-1 and hence parametrize
ambiguities in defining the corresponding redefinition.
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where pZ@SH)(w) are polynomials of degree at most 2s+ 1 and encode the spin-dependence
of the result. The structure of the Vasiliev backreaction is remarkably simple and similar
to the structure of the Vasiliev current that gives the canonical Fronsdal current. The
difference is given by the dilog contribution and the degree of the polynomial coefficients
that is one power higher, as opposite to the simple polynomial coefficient (1+w)(1—w)?s~!
that we found in the previous paragraph. The above is true both before and after the
twisted-sector decoupling. Notice however that after the redefinition that decouples the

twisted sector the polynomial multiplying the Dilog function becomes of lower degree.

D DMore on Lorentz invariance in the Schwinger-Fock gauge

In this appendix we provide some details related to section 5.3, where the issue of preserv-
ing Lorentz invariance for Prokushkin-Vasiliev Theory in the Schwinger-Fock gauge (5.21)
is discussed.

D.1 Preserving the Schwinger-Fock gauge

For the naive Lorentz generators LY? one finds

0rSa = [LY%,Sa)i = 2857, + %[LY, Bl,. (D.1)
where the variation ¢ on the above right-hand side is a simple functional variation (with
respect to B in this case). The structure of the right-hand side is as follows: in the
commutator with S,, LY# can either act on the oscillator z, that S, is proportional to, or
it can act on the rest of the expression (5.22) for S,. Now, the rest thereof is a Lorentz-
invariant quantity (no free oscillator indices), and is fully determined in terms of B, which
is why we can write the second term in the above right-hand side in such a way.

Evidently, the above transformations do not preserve the Schwinger-Fock gauge z¢S,, =
0. The corrected Lorentz generators L5 of (5.23) do preserve the gauge, and one easily
checks it to be true by using, on top of the definition (5.23), the relations (5.7e). The
result of taking the variation of S, with respect to the correct generators is

5,

IASa = 5B

(LY, Bl (D.2)

which is proportional to z, and hence preserves the Schwinger-Fock gauge 2S, = 0. The
above equation is also compatible with the fact that S, is an auxiliary field.

D.2 Recovering the Lorentz algebra and covariant rotation of fields

First, let us explain how the commutation relations (5.24) for the Lorentz generators in
the Schwinger-Fock gauge are obtained. This is straightforward: looking at the defini-
tion (5.23) and recalling (5.7d), (5.7¢) one finds (5.24), where it should be made clear that
the dependence of L?,, on B is via S,.

Let us now explicitate how a true Lorentz algebra is recovered when looking at the
commutator of local Lorentz transformations on the various master fields. For this we will
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assume the covariant laws of rotation explicitated in (5.26). Let us first look at the scalar
master field B. Using (5.7d) one finds
oB
onB = @[ 1, Bls, (D.3)

where L} = 1A¢“LY . From this, applying a second transformation dy,e to B+ d,, B and

antisymmetrizing with respect to the exchange of A1 and As one concludes that

oB
~ 5l

where one has to use the Jacobi identity. The Lorentz algebra is thus restored on B since

(51\1 o 51\2 - 5/\2 © 5/\1)3 = [6A175A2]*B LT? Lg]a B]* ) (D'4)

the generators LY” truly close to the Lorentz algebra, without extra terms as in (5.24).
Let us then look at the auxiliary master field S,. We know from section 5.3 that the
variation 6y S, with respect to L® = LA®“LS , reads

5,

0aSa =55

(LY, B, (D.5)

since this is precisely what allows one to claim that the corrected Lorentz generators L°
preserve the Schwinger-Fock gauge (see previous subsection). Then proceeding as in the
above case of the scalar master field B one finds

0Sq

(6/\1 © 5/\2 - 5/\2 0 5/\1 )SOé = [5/\175/\2]*8& = 5B

[[L1, L3], Bl (D.6)

and the Lorentz algebra thus closes on S, too.
For the one-form master field W we recall first the splitting (5.25) of W into its spin-
connection and the rest of it: 1
W = 5waﬂL;ﬁ +W, (D.7)

where W does not depend on w®?. Then we note again its law of transformation under a
local Lorentz transformation, which is given in (5.26a). It reads

1 . 1 . 1
(W Loz, ) = L oz, - ez o

The proof then follows that of the other master fields.

As we observe, once the covariance rotation of the fields is proven, the closure of the
Lorentz algebra on the fields follows automatically by simply making use of the Jacobi
identity. The most non-trivial piece of work is thus that of obtaining the transformation
laws, and in particular the above form (D.8).

D.3 Identifying the proper spin-connection

It is convenient to first investigate the zeroth-order implications of the above identifica-
tion (D.7) of the correct spin-connection in the Schwinger-Fock gauge. At zeroth order, as
we already pointed out, L° = LY and hence

_ 1 - 1
W = 5waﬂLgﬁ + W= 5(w&ﬁ +h LY, (D.9)
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so that the redefinition boils down to renaming the part of the background connection
containing the dreibein as W. This is again in harmony with the fact that, at order zero,
L® = LY means that the background gauge connection W is already in the form (5.25). At
first order we have the following relation:

WO = LB 4 Lo LD 1w, (D.10)

and things become more complicated. As one can see, from the standpoint of the naive
identification of the spin-connection the equation (D.7) amounts to a redefinition thereof,
which is nevertheless the identical field redefinition at order zero in perturbation theory.
Things are also simpler at order 1 since Li’g)(z =0)=0.

D.4 Possible sources of Lorentz non-manifest covariance
A possible source of Lorentz non-covariance is when DY? on the left hand side
of (5.32a), (5.32b) acts on terms proportional to z,. But as the spin-connection in (5.33)
is now contracted with LY% terms of this form will lead to a contribution of the type
1 1
<d + §wa°‘[L£{, o})z”fy(y, z) = iwao‘(yaag + 2402)2" fu(y, 2) =0. (D.11)
z=0 z=0

The z,-dependent terms (5.34) will contribute through the vielbein part of (5.33) as

f(y;Z) B ¢hm(ya—i6§)8§f(y,z)
[fu (g(y,z)w” a (—;(phoﬂ (Yo —90%)(Ya — 10) — 3333)g(y,z)¢> ; (D.12)

so that on the z = 0 surface we find for an arbitrary function z”f,(y, z) + 2¥g,(y, 2)¢ a

non-vanishing contribution given by

szy(y,z) - _id)haaagfa(y,O)
[h’ <z”gy(y, zW)] 2=0 B <_¢haa(3/a - i@g)g(y,OMJ) ' (D.13)

Therefore, we have shown that all possible sources of Lorentz non-covariance disappear and
one can therefore use the perturbation scheme outlined in section 5.4 to recover manifestly
Lorentz covariant results at any order in perturbation theory.

E Cohomologies

In the following we will discuss cohomologies of the twisted-adjoint covariant derivative D
and the adjoint covariant derivative D. We will analyze cohomologies with respect to func-
tional classes of both linear or quadratic functionals of the scalar field ' and furthermore
for functional classes linear in the physical gauge connection w and scalar field C. For this
purpose we will use the integral basis introduced in appendix C.2.

E.1 Cohomology linear in C

In the following we consider in detail the cohomology of D with respect to functionals
linear in C. In particular the cohomology at form-degree 1 parameterizes ambiguities in
the redefinitions of @. The analysis of the cohomology at form-degree 2 shows that it is
always possible to remove the linear source to @w. The form-degree 0 cohomology is reviewed
for completeness.
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E.1.1 Form-degree 0
At form-degree 0 the cohomology is entirely fixed by demanding closure. By (C.58a) a
zero-form (C.45a) is closed if the following equivalence relation holds:

(1—72)JO(r) ~0. (E.1)
The most general solution to the above relation is given by

o+ Bt

J(O)(T)Nﬁ,

(E.2)

since any higher power of 7 in the numerator would only contribute polynomially. We there-
fore conclude that there are two elements in cohomology. Plugging this result into (C.45a)
and rewriting the coefficient function as a geometric series we obtain

deOé-FﬁT 7 <Z = -k a(k))

,3 1. a(k
= Z j{dT < Tromiik T1+2m—Fk Eca(k)y ®) (E.3)

m,k=0

= aCi(y) + BC(y),

where we have dropped an overall sign. We thus see that the two elements in cohomology
correspond to the bosonic and fermionic components of C(y).

E.1.2 Form-degree 1

y (C.58b) a closure of a one-form translates to the following relation
(27 + (1 = 72)0;] f(7) ~ 0, (E.4)

where f stands for J2(1) and Jl(l) — Jél) in (C.45b). The above operator sends polynomials
of degree n into polynomials of degree (n + 1):

™ = —(n —2)7"T f sl (E.5)

For n # 2 we can therefore remove an arbitrary monomial k7"*! by shifting f(7) — f(7)+
s-kr™. Note that shifting f(7) in this way is allowed since the countour integral of (C.45b)
is blind to such polynomials contributions. This allows us to restrict our attention to the
following differential equation:

27+ (1 =70, f(7) = L+ 121 =120 [(1+ 1) A= 1) (1) =a+ B (E6)

It is convenient to perform the change of variables w = 7~! which results in the following
differential equation:

2= e =at . (B:7)
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whose solutions can be expressed as

/ B
_(tw)-w) ¢, @ (O‘+W)
flw)= (,u2/ WA= r e (E8)
and upon integration are given by
= a(l —w?) - « 2%—1
1 1
f8(7) = F(7)]a=0 ~ Q%Jrg <1—w2> log <w2—1) : (E.10)

We drop the second solution fg since it is not analytic*? around w = 0 and therefore is not
a formal series in 77!, By (C.58a) an exact one-form is given by

T=i6 § oo (o + 720208) Clur), (1)
where ¢(7) is an arbitrary function, and therefore corresponds to the choices
B ~0 Y~ g (). (£.12)

Therefore for closed one-forms we can set JQ(U and J?El) — Jl(l) independently to be equal
to fo. Exact one-forms satisfy J2(1) ~ 0 and J:,El) — Jl(l) ~ 0. As a result any choice o # 0
corresponds to an element in the cohomology. Therefore the cohomology is two-dimensional
and we can obtain a particularly useful representative by choosing

I~ fage I =TI ~ e, I ISP ~0. (E.13)
A calculation similar to (E.3) shows that this results in the following representative:

1 ! . 1 ! R
191 [t gn( = 1) (oo = £720000) Culty) + o™ [ dtdo(s® ~ Dy, 02Ch (1),
0 0
(E.14)

where we have used the identity

1
dt (1 — 2)t2+=2, E.1
(2k + 1) 21<: —1) /0 (E.15)

This is exactly the ambiguity R, given in (3.3), of the redefinition M.

E.1.3 Form-degree 2

At form-degree 2 we can also solve the closure condition translated in terms of the following
linear ordinary differential equation:

[(1— 7302+ 270, — 2] f(r) ~0. (E.16)

42A B # 0 inevitably gives rise to non-analytic solutions at w = 0 due to a pole of order 3.
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Taking into account the most general polynomial coefficients that can affect the solution
non-polynomially one arrives to the equation

[(1- )02 + 270, — 2] f(r) =ar+ Br2. (E.17)

To study the behavior at infinity one can again perform the change of variable w = % which
results in 8

[W2(1 = w?)O? + w(3 — W)y + 2] f(w) = —g -5 (E.18)

The exact elements are parametrized by f ~ 0 while the cohomology is in correspondence
with the solutions of the above ordinary differential equation that are analytic at w = 0

L. The solutions of the homogeneous equation are not analytic

up to polynomials in w™
at w = 0. In particular the homogeneous solution is a power series in w™! and a and
B produce log(w)-singularities at w = 0. We therefore conclude that the cohomology at

form-degree 2 is trivial.

E.2 Cohomology quadratic in C

In this subsection we will analyze the cohomology of the adjoint covariant derivative D
with respect to pseudo-local field redefinitions, as defined in (2.56) (also see comments
there below). The analysis of form-degree 1 is needed for the study of source terms to the
twisted zero-form C® and form-degree 2 for the backreaction on the higher-spin gauge
fields @®. Form-degree 0 cohomology parameterizes parameterizes the redefinitions of
c?,

E.2.1 Form-degree 0

Note that by (C.62a) the covariant derivative D does not produce any contributions to
Jil) and Jél) of (C.54b). Therefore we can impose m < 0 and n < 0 as greater values for
m and n in (C.61) would only lead to contributions that are projected out by the contour
integral in (C.54b).
The closure condition is required to hold only up to Fierz identities (C.63) and therefore
takes the form:
—k(r) = 2ix3(7)
—(1=7)k(r) — 2i (mxa1(7) — x3(7))
—(L+7)k(7) + 2i (nxa (1) — x5(7))

%i(m — 1) s(7) ~0, (E.19)
2i(n — 1)x2(7)
— (1= 72) k(1) = 2i(mx2(7) + nxs(r))
where we have used the notation x; = 9-x;. We consider the following three cases sepa-

rately:
e m< 0andn <0,
e m=0andn <0 (and m <> n),

e m=0andn=0.
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For m < 0 and n < 0: by summing and subtracting the second and third equations
after multiplying them by n and m respectively we can eliminate y; in the second equation:

—k(T) — 2ix}(7)
—k(7)[T(m —n) +m+n] — 2i (mx5(1) — nx5(7))

R(T)[r(m +n) +m —n] = 2i 2mnx, (1) —mxs(7) —nxs(7) |
2i(m — 1)xs(7) '
2i(n — 1)xa(T

— (1 — 7'2) k(T) — 2i(mxa(7) + nx3(7))

(E.20)

From the fourth and fifth equation we can conclude that y2 ~ x3 ~ 0. The last equation
then implies
o+ Bt

k(1) ~ 12"

(E.21)
as we have learned from the study of the cohomology of D linear in C at form-degree 0.
The coefficient 5 must be set to zero since it cannot be removed by x/ in the first equation,
because )} cannot contain a 7~! pole. This choice of 3 is however incompatible with the
second equation, showing that there is no cohomology.

For m =0 and n < 0: for m =0 only J2(1), il) and Jél) in (C.54b) are not projected
out by the contour integrals over (s — r). Therefore we only have to consider the second,
fourth and sixth component of (E.20). The fourth equation implies x3 ~ 0 and the sixth
equation has again a solution for k(7) of the type (E.21). The parameter § has to be tuned
to solve the second equation in (E.20):

nk(r)(1—7)~0, (E.22)
which implies a = §:
a aw 1
~Y = — = — . E.2
k() 1—71 1-w’ Y=7 (E-23)

Analogous solutions are obtained for n = 0 and m < 0 if one replaces 7 — —7. We
therefore find a cohomology for each pair (n,0) and (0,m). This is equivalent to having
one bosonic and one fermionic cohomology upon combining (n,0) and (0, m) appropriately.
For m = 0 and n = 0: in this case only Jél) in (C.54b) is not projected out by the
contour integrals over (s —r) and (s 4 r). Therefore only the sixth component of (E.20)
has to be considered and the corresponding solution is given by

o+ Bt __ozw2+ﬁw

k(T)Nl—TZ_ 1—w? 7’

1
=—. E.24
w="> (B.24)

This implies that we have again one bosonic (« = 0) and one fermionic (5 = 0) cohomology.
The cohomology (0,0) can be seen to correspond to Tr(C * C').
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E.2.2 Form-degree 1

By using Fierz identities (E.19) and adding exact forms we remove various components of

D = (E.25)

One can distinguish the following cases for m and n in (C.61):

e n <0 and m < 0. One can use an exact form (C.62a) to remove the last component
in (E.25) and the term proportional to 7=! in the first component. Then one can
apply a Fierz identity (C.63) to remove the fourth and fifth entry and the remaining
terms in the first component. This leaves us with

0

S~

Fo = |90 (E.26)

As we will discuss in the following we find one bosonic and one fermionic cohomology
for each spin in this case.

e m =0and n < 0. In this case only k‘él), kY and k‘él) will not be projected out by the
contour integral in (C.54). By choosing xgl) appropriately in (C.63) we can eliminate
the fourth component. We can then remove the sixth by adding an exact form. This
results in

0
(

o | O (E.27)
0
0

and the case n = 0, m < 0 can be obtained from this one by swapping the 2nd and
3rd components and performing 7 — —7. Combining both cases we find again one

bosonic and one fermionic cohomology for each spin.
e m =1and n < 0. In this case only kil) is kept by the contour integral. This
component is unaffected by an arbitrary Fierz identity and by adding an exact form.
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Therefore the 1-form representative can be chosen as:
(E.28)

and again the case n = 1, m < 0 can be obtained from this one by swapping the
4th and 5th components and performing 7 — —7. Combining both cases we find one
bosonic and one fermionic cohomology for each spin, as in the previous case.

e m >0 and n > 0. In this case only the sixth component is not projected out by the
contour integrals. Therefore all 1-forms are trivially exact.

Let us expand further on these cases:

n < 0 and m < 0: non-trivial cohomologies are in correspondence with the solution of
the following condition:

—(r+1f'(r) =nf(r) = (r = 1)g'(7) — mg(7) + 2x1(7)
=2((r+ 1) f (1) = mxa(r) + x5(7))
o 2 ((r — 1)g(r) — s (1) + xb(r) N
P ~m—1) (7 = 1) £() + 2x5(r) O B2
—(n—l)((TQ—l) g(T )+2X2(7'))
2(mx2(7) + nxs(7))

One can easily solve the fourth and fifth equations as

a+ BT+ 2x3(7)

+ 07 + 2x2(T
2 ’ g(r) ~ 2 x2(7)

2

f(r) ~ (E.30)

1—171 1—71

Summing and substracting the second equation multiplied by n and the third equation
multiplied by m we obtain:

—n(T + 1) f(1) + m(r — 1)g(7) +mx5(7) — nxs(r) ~ 0, (E.31)

n(r + D (1) +m(r = 1)g(r) — 2mnx1(7) + mxa(7) + nxs(r) ~ 0, (E.32)

where in the second equation we can drop mx4(7) + nx5(7) due to the last component
which requires it to be a polynomial. Substituting the solution for f(7) and g(7) one

arrives to:
2rY (1) n(la+pr)  m(y+07) 2X( ) o)
-1 (( —1)(r—1) (n—l)(7-+1)> ;YT ~0, (E.33)
n(a+ p7) m(y + 1) , 2itX(7-) 2iY (1)
D=1 T monern  Zmmaln) - ot oy~ 0 (B3

— 88 —



where we have defined X (7) = mx2(7) + nxs(7) and Y (7) = mx2(7) — nx3(7). While the

last equation can be solved to fix x1(f) completely up to polynomials, the first equation
can be rewritten as

infa+pBr)  aim(y+d7)  27Y(7)

(m—1)(r-1) m-1)F+1) 12-1

+Y'(r) ~0. (E.35)

after noticing that without loss of generality one can set X (7) = 0. Taking into account
the form of the homogeneous part of the equation, any polynomial of the type (1 —72)p(7)
on the right-hand side can be reabsorbed by a polynomial shift in Y. Hence, the most
general equation we need to solve is actually

27 in(o+ B1) im(y +671)

QY(T>:_(m_1)<T_1)+(n_1)(T+1)+C+DT. (E.36)

Y/
(T)+1—T

Its solution can be easily found and, after changing variables to w = 771, reads:

1—w?

Am—D(n—1)u? [log(l —w) (2C(m ~D(n—-1)4+2D(m—-1)(n—1) (E.37)

+im(m = 1)(y + 8) + n(n — 1)(a - 8)))
+ log(w + 1)(— 2C(m — 1)(n — 1) + 2D(m — 1)(n — 1)

Y(w)=

—i(m(m —1)(y+9) +nn—1)(a—7p)) D(m —1)(n — 1) log(w)

~ 2i(m(m —1)(w—1)(y - 5)+n( 1) (w )(a+5))]
21

From the above it is clear that any D needs to be set to zero while, without loss of generality,
it is convenient to make the following choice:

m(m—1)(y =) — Bn(n—1) o:i(ﬁn 5m>’

n(n —1) ’ m—1 n—1

(E.38)

which without affecting the positive powers in w up to an overall constant, cancels any pole
in w™!. Plugging now everything back into the first equation one finally gets

(n—1) (2y(m—1)*+ B(n — )n(r — 1)) + 6(m — 1)*(n(r — 1) + 2)

~0. E.39
n(m—1)(n—1) (2 -1) ( )
Its solution is given by
§(m —1)2 )
- _ = — E4
B TENEE (i (E.40)
To summarize we find the following solutions:
flw)y~ao T m tanh (w)} , g(w) ~o [1 — ntanh™ (—w)| , (E.41)

where ¢ is an arbitrary overall constant that might depends on m and n. This gives rise
to one bosonic and one fermionic cohomology for each choice of m and n. Recall that the
above functions should be interpreted as formal series around w = 7= ~ 0.
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The above shows how the cohomology in the space of pseudo-local functionals is non-
trivial. Considering also the local cohomology, the only possibility to have a local cohomol-
ogy is to find a local and exact one-form whose improvement is pseudo-local. This amount
to solving the condition that the following vector has polynomial components in 77 1:

—f(7) = 2ix(7)
—(1 = 7)f(7) = 2imxa(7)
7 _ —(1+ T)f(’i’o) + 2inx1(7) ’ (F.42)
0

— (1 — 72) f(r)

when f(7) is a non-polynomial function. Gauge fixing the third component using x1(7)
one can see that no such solution exists so that there is no local cohomology.

m =0 and n < 0: in this case we can further use exact forms to fix f(7) ~ for=2 +
O(773) so that the term of order 7! vanishes. Non-trivial cohomologies are then in
correspondence with the solution of the following equation:

0

20 ((T+ 1 f(7) + x5(7))
0

=i (7% = 1) f(1) + 2xs(7))
0

—2inx3(T)

DEM = —; ~0, (E.43)

where, due to the condition m = 0, we have set to zero trivially-vanishing pieces. One can

now set to zero xs up to polynomials and arrive to the solution:
o ow

147 14w’

flr) ~ (E.44)

Therefore, we have again one bosonic and one fermionic cohomology.
In the case of a local cohomology we have to find the non-polynomial functions f(7)
for which the following is polynomial:

D = 0 . (E.45)

f(r) = 7 (E.46)
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for any polynomial p. The above infinite solutions are however trivial in local cohomol-
ogy since
—1\ _ .k _ (-1 S N | |
pir ) =7 "=1=("=1p(r ) =7"1=t)p(r""), (E.47)

gives a kM) which is locally exact for any k£ > 0 and the constant gives rise to a trivial
1-form. We thus find no cohomology in the space of local functionals.

m =1 and n < 0: as explained above only the fourth component (or the fifth if we
exchange m and n) contributes after performing the contour integrals. Non-trivial coho-
mologies are in correspondence with the solution of the following ODE:

A—=72)f'(r) = f(r)(n—1)T—n—1)~0. (E.48)

Looking at the form of the differential operator and at its image on polynomials, it is easy
to see that up to polynomials we need to solve:

A=72)f'(r) = f(r)(n—1D1—n—1)=a+ pBr4+~y7 "2, (E.49)

Going to the point at infinity one can drop the v term since it gives rise to poles in w ~ 0
while a and 8 are uniquely fixed up to an overall coefficient, by the requirement that the
expansion in w is analytic at w = 0 and starts from the linear term. One can indeed rewrite
the above equation as:

(L= 721+ 7)o (1= 1) (1 +7)"f(7)] = a+ B, (E.50)
whose solution in terms of w can be easily integrated as

1-w)(1l+w)™ /“’ dx(aj’”l(a + Bx1)

w—ntl 1—x2)2(1+z) L’

flw) = - (E51)
The analyticity condition in w is automatically satisfied due to the absence of poles at
x = 0. Performing the integration one can see that modulo polynomials only one constant
among « and [ remains arbitrary, while the solution takes the form
1-— 1 -n
flw) m o LT 1)) (E.52)

w7n+1

where ¢ is an arbitrary constant that can depend on n. Again we find no local cohomology.

E.2.3 Form-degree 2

At form-degree 2 we can distinguish three relevant cases:
e n<0and m <0,
e n<0and m=0,
e n<0and m=1.

All other cases are either obtainable from the ones above or are trivial.
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n <0 and m < 0: the preliminary step in order to study the cohomology is to
parametrize the most general term that cannot be made exact fixing the freedom in Fierz
transformations and exact forms. At this form-degree this freedom amounts to nine arbi-

2)

trary functions. Three functions x,;” due to Fierz identities and six functions due to the

freedom of adding an exact form D f(l). The resulting expression is given by

P (T 1) f3(7) +nfo(7)+(T=1) f5(7) +mfs(r) —ik1 (T) = 2x1 (7)) —if1 () (mT+m—n7+n—2)

(2mn (r2=1) fu(r)+2n(r+1) fo(r )72mv'f3(7)+2mf3(7')+2(n71)nf4(7')+27112f( )=2mf5(7)+2mnfs(7)
( —2m fo(7)—2nfe(T) —inks(7) —imks(T)—2Y" (7 )) )
—¢<—2”(T+1)f2(7)—2m(7—1)f3( )+n(2(n—1) fa(T)+2f6(1)+ike () +4mxa (7))

p2) _ n(2(m—1) f5 (1) — 2o (1) —iks(7)) —2X’ m) )

i (m=1) (r2-1) fo(r) ~(r=1) (T4 1) F4(7)+ (= 1) fo(m) ~ fa(r) (r(m-+n~2)Fm—n~2))
ey (1) + DX @Y ()

i((n—1) (7271) f3(r)+(7—271) fg(r)+fo( )T (m+n—2)+m—n+2)+(n—1)(7+1) fs(1))
() + X R ()

i(2n(741) fa(T)=2m(7=1) f5(7) —ike(T) —2X (7))
(E.53)

Above we have changed variables defining X (1) = mya(7) + nx3(7) and Y (1) = mxa(7) —
nxs(7) while summing and subtracting the first and the second components in D f(l) after
multiplying them with n and m respectively. At this point it is not hard to see that:

e The last component can be removed by fixing X (7);
e The third component can be removed by fixing x1;
e The fourth and fifth component can be removed upon choosing fs and f3 respectively;

e The first component and the second component can be removed by fixing either fg
or f1 if the conservation condition is enforced.

We then conclude that there is no pseudo-local cohomology at form-degree 2 if n < 0 and
m < 0. One can also show that the corresponding local cohomology is trivial as well.

n < 0 and m = 0: this case is similar to the previous one except that only the first,
third and fifth component of the vector are projected out by the contour integrals over
s+rands—r.

n < 0 and m = 1: in this case only the fourth component contributes and the condition
to be an exact form reads:

[(1—7)n+1+7)f(r)+ (1= 7%) f'(1) ~ k(7). (E.54)

Notice that the choice m = 1 makes conservation trivial so that the only condition to solve
is whether there exist a solution of the above equation that admits a well-defined expansion
around w = 77! ~ 0.

We can then study the above question by considering k(7) = 7% and studying the
corresponding solutions:

L=+ 1+7f(r)+ (1 =72 f'(r) =7F +a+pr. (E.55)
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Re-expressing the equation above in terms of w and fixing the ambiguity up to elements
belonging to the 1-form cohomology, one recovers the equation:

(1- w2) Fw+[1+w—n(l- (,u)]M =", (E.56)

whose solution can be integrated as:

(1 _ w)(l 4 w)—n /w $k—n+1
=— d E.57
fw) w—ntl o (1—2)2(1 + x)—nH! ( )
The solution for £ > 1 has the following structure:
1—w)(1+w)™
f(r) ~ ( w?j—n w) [A ;log(l —w) + By i log(1 +w)] , (E.58)
where for any n and k:
1 xk—n-i—l
Apn = — d , E.
b o f[;_l A2+ a)nH (E-59)
1 k—n—+1
Bjn = v (E.60)

’

- d .
omi Joe 1 (L — 2)2(1 + @) F]

Hence this concludes the proof that the cohomology at form-degree 2 is trivial in the space
of pseudo-local functionals.

E.3 Cohomologies linear in C and @

The cohomologies H™(D,&C) and H™(D,Cw) can be trivially obtained from the coho-
mologies calculated in the previous subsections. This is due to the observation that upon
appropriate relabeling of £, n and y the Fourier representation of D acting on functionals
linear in €' and @, which are given by (2.73) and (2.74), reduce to the Fourier representation
of the adjoint covariant derivative D acting on functionals quadratic in C' given in (2.69).
Note however that the form-degree n is shifted by one as @ is a one-form.

F Asymptotic behavior

Below we collect in detail the large-l asymptotic behavior of the various expressions that

appear in the main text:

(C.33) 1 a™™!||_ o ~exactly zero, (F.1a)
— Al fr
C.34) 1 a™™ 00 ~ min__ F.1b
(C34) = @™ imoo ~ T 3, (F.1b)
2l
(C.35):  a™™| o Nwa (F.1c)
(C.38), (C.39): a™™ |, ~(m;j”+”“ A e ~ Zf’;%” (F.1d)
(C.41), (C.42): ™1 oo ~Frim AN e ~ =P foim,  (F.le)
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<_i)lfn+m

(C.A43) : a™™ o ~ T (F.1f)

(B.9): ™™~ i(_i)l(l?l%gl )t (F.1h)
(C4d) 1 a™™ |0 ~ ((z_j);ilig ﬁfﬁﬁv , (F.1i)
(B.23):  a®%|;_o N(;!)l , (F.1j)
(C.75) :  a™™| oo N% (F.1k)
(B.28) :  a™™!|;_ o le); ., q¢>0. (F.11)

The backreaction obtained from the Prokushkin-Vasiliev theory, (B.9), is quite complicated
but using its large-l asymptotic we see that its D-exact representation J*V = DUV has
large-I asymptotics which are no worse than 71, Apart from the artificial example of (F.le),
all large-l asymptotics have the same damping factor 1/1!.

G D-dimensional theory at D = 3

This section is devoted to another three-dimensional higher-spin theory. Namely, we wish
to consider the generic D-dimensional Vasiliev theory [19], which is known not to require
the presence of any twisted sector. After some simplifications the D-dimensional Vasiliev
theory can be reduced to*?

AW+ W*W =0, (Sa, B* 5}, =0, (G.1)
d(B* 3) + W, B3, =0, [Sa, Sglu = —2i€as (14 B+ 3) | (G.2)
dSa + W, Salx =0, (G.3)

supplemented with the so-called kinematical constraints
[Fas Wl =0, [F3.Bl=0, [Fi5.8)=¢€aySs+€s,Sas [Fag,se=0, (G.4)

where s = e%? is the usual Klein operator and Fgﬂ = —%{yg,yag} + ﬁ{za,25} are the
sp(2) generators of the algebra Howe dual to the AdS algebra so(D,2). The Lorentz and
translation generators of the background anti-de Sitter algebra so(D, 2) are

? ?
L =yt ™), P = Sy} (G5)

and by the Howe duality property they commute to the sp(2) generators.

“3We do not give a detailed account of this theory, referring to the original paper [19] for definitions, to [5]
for a review and to [67] for a brief summary and explanations on how to slightly reduce the field content to
the form presented in this appendix.

— 94 —



In generic D this system describes interactions of all s = 0,1,2,3,... fields and there
is no need to involve a twisted sector, which we recall is a built-in feature of Prokushkin-
Vasiliev Theory studied in this paper. One could, however, choose to add twisted fields and
couple them to the D-dimensional Vasiliev theory. This is done by enlarging the higher-
spin algebra and yields an extended D-dimensional theory. The minimalistic option is to

add a Klein operator k for y¢, i.e.**

Yoo k] = [2a, k] =0,  {y2k}=0, Kk*=1. (G.6)

No modification of the above equations is needed. The vacuum is the canonical one, i.e.
B =0,S, = z4, with

1
Q:Q%@@+mm, (G.7)

where w®® and h® are the spin-connection and vielbein of AdS space. Now the linearized
equations for W =Q +w, B=C and S, = 2z, + 8, reduce to

Dow =0, Dw = %DQSQ , Dq(C ) =0, (G.8)
0:2C =0, 928 =Cxx. (G.9)

These equations can be solved as usual. First, C = C(y“,y, k) is z4-independent and
dC+Q+xC—-Cx*7(Q2) =0, (G.10)

where 7(2) = 5 x Q % 5 is the automorphism that flips the sign of the translation gen-

erator P* = Zyjy”. The equation splits into two different equations for the components

C=C+Ck:
DC=dC+Q+C—-C+Q=0, (G.11)
DC=dC+Q+C—-CxQ=0. (G.12)

The interpretation is straightforward: C obeys the usual equation for higher-spin Weyl
tensors and descendants thereof, i.e. it describes the gauge invariant field-strengths of
higher-spin fields. Instead, C' describes an infinite set of totally-symmetric AdS Killing
tensors, including the Killing constant.

For completeness we also write the solution for w:

w=w+ %hb /(1 —t)dt (izyab”é’(y“, —2t) + 2,4 C(y*, —zt)k) et (G.13)

“Due to the form of generators (G.5) there is an ambiguity on how to couple k to the algebra as to
ensure kP%k = —P®. While the simplest option is in the main text, let us give an alternative realization
that is in the spirit of the Prokushkin-Vasiliev theory. The alternative relations read:

{Ya, k} = {2a,k} =0, {p,k} =0, [Ya, p) = [2a,p] =0, lya. k] = [ya,p) =0, kK =p"=1.

As in the Prokushkin-Vasiliev theory a truncation needs to be imposed such that W and B are p-independent
and Sa = psa(Ya,Ya, k). The vacuum for S, is pz. and it functions the same way as zo in the original
theory thanks to [pza, k] =0, [k, 2] = 0.
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where w = w(y®,y, k) = & + @k also splits into a higher-spin algebra connection @ and a
twisted @, which has the same mysterious interpretation as its Prokushkin-Vasiliev cousin.
Let us point out that, contrary to Prokushkin-Vasiliev Theory, in D > 3 there are non-
trivial sources on the right-hand sides of the first-order equations of motion:

Do=do+Qx0—0xQ= —%ha/\hbyﬁyb”é(ym,()), (G.14)
Do =di+ Qs —o*Q= +iha/\hb8,‘j6bl’é‘(ym,0), (G.15)

which for @ amount to the nontriviality of higher-spin Weyl tensors in D > 3. The sources
disappear at D = 3 except for s = 1, which will be discussed below.

G.1 Confronting two three-dimensional higher-spin theories

From now on we will consider the case D = 3. We are thus left with a three-dimensional
higher-spin theory which also involves a twisted sector, and it is therefore natural to com-
pare it with the Prokushkin-Vasiliev theory studied in the main text. We anticipate the
fact that in Prokushkin-Vasiliev Theory the twisted fields are built in whereas here we add
them ‘by hand’ seems to indicate that the two theories should differ. We find it however
enlightening to compare them precisely, which we comment on in the following.

The above theory at D = 3 also involves Killing tensors, but there is only one Killing
constant therein while there are two in the Prokushkin-Vasiliev theory, the doubling being
due to the ¢-dependence. The field C describes one scalar field and a spin-one field which
are present, while the Weyl tensors for s > 2 vanish identically. In contrast, in Prokushkin-
Vasiliev Theory there is no dynamical spin-one field, which is also clear by noticing that the
interactions among higher-spin fields are Chern-Simons-like. We also see that the spectrum
of the higher-spin algebras do not match, the difference being that there are two Lorentz
scalars in the physical sector of Prokushkin-Vasiliev while there is only one such scalar in
the D-dimensional theory at D = 3 because the spin-one Weyl tensor is equivalent to a
three-dimensional vector.*>

Again let us stress that the key difference with Prokushkin-Vasiliev Theory is that the
twisted sector of the extended D-dimensional theory is not built-in, which we have shown
to be not straightforward in Prokushkin-Vasiliev. The truncation is achieved by requiring
all fields not to depend on k.

When going to the second order in the extended D-dimensional theory we find that the
structure of the backreaction is different. For example, DC® ~ CC + CC and DC? ~
C’C’, while in Prokushkin-Vasiliev we have instead DC® ~ CC + CC and DC®? ~ C‘é,
which illustrates the general statement that the twisted sector can be truncated away in
the extended D-dimensional theory but not in Prokushkin-Vasiliev Theory.

As mentioned above another difference lies in the field content. The D-dimensional
theory extrapolated to D = 3 has degrees of freedom associated with s = 0 and s = 1, the
corresponding energies, which can be read off from the general formulas £ = D + s — 3,
which gives E = 0 for s = 0 and E = 1 for s = 1. The AdS masses are m? = 0 and

5 . . . . . . . .
45The difference is however not drastic since a vector field is dual to a scalar in dimension 3.
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m? = —2. In dimension 3 a vector field is dual to a scalar with m? = 0, so we have two

scalars of the same mass m? = 0. This should be compared with the masses of the scalars
in the Prokushkin-Vasiliev theory, where m? = —1 + \2.

The precise truncation of Prokushkin-Vasiliev Theory we consider in the paper corre-
sponds to A = % and should be dual to the W% -minimal model. The D-dimensional theory
fits A = 1 and should be dual to a 2D free boson theory as it generically occurs in higher
dimensions.?® Both A =1 and \ = % seem to be generic from the bulk point of view, which
only makes it even more surprising to have such different behaviors of the twisted sectors

in both cases.

G.2 Twisted sector

Let us have a closer look at the twisted sector. This discussion applies both to D-
dimensional Vasiliev Theory and to Prokushkin-Vasiliev Theory. We first look at the
gauge twisted fields @ and discuss the field content, gauge symmetries and possible gauge
invariant equations and then show how the twisted zero-forms C' source & via (G.14).

Twisted one-forms. When decomposed into Lorentz tensors (G.14) splits into an infi-
nite set of equations that involve

@G(S“(‘k)»b(s) , k = 0’ 1’ 2, ey (G16)

for every s = 0,1,2,.... There exists a standard technique, the o_-cohomology, used to
analyze the content of any unfolded equation [5, 36]. The procedure consists of taking the
part of the differential that lowers the degree of a fiber tensor. In our case the relevant
operator is [), so that

(O,_a))a(erk),b(s) = he A <(Zja(s+k)c,b(s) + - i 5 (Da(s+k)b,b(sl)c> ’ (G.17)

which is dubbed o_ and can be checked to be nilpotent. The o_-cohomology for all kinds
of AdS-modules was computed in [5, 72, 73]. Following standard techniques, the metric-like
content of & is given by H!(s_). It is easy to see that for s > 1 the only tensor in the
kernel of o_ is given by

d}a(s),b(s) — hcq)a(s)’b(s)’c, (G18)

where ®2(8):6():¢ i not traceless but has only one non-vanishing trace so that the indepen-
dent metric-like fields described by the twisted sector are ®°, s =1,2,...:

(I)a(s),b(s),c , @Q(S),b(s—l)ﬂqn . (G].g)

46The oscillator realization, found in [19], gives the HS algebra as a subquotient with respect to certain
ideal. We note that both hs(\) at A = 1 and the realization of [19] for A = 1 are equivalent and share the
property that the generators with s > 0 form an ideal, which can be seen from the bilinear form [70, 71].
Such decoupling is expected since the s = 0 component is of conformal weight-0 and has the logarithmic
mode. Therefore, the formation of the ideal at A = 1 is in accordance with AdS/CFT. While one might face
certain difficulties in trying to factorize in the realization of [19] at the interacting level, our linear analysis
above is unaffected as well as general statements on the mixing of twisted and physical sectors.
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In addition to the above elements, the case s = 0 is degenerate due to the non-trivial kernel
of o_ given by h® ®. Also for s = 1 there is an additional element given by*” hll®% where
however ®* cannot be identified with the trace of ®®b:c.

To summarize, the indpendent components of & are given by
oe):b(s) — p als):bls).c o® = plogtl o = hed . (G.20)

The above fields, being one-forms, are gauge fields whose metric-like components trans-
form as

§p(s)b(s)e — gegal$)b(s) 4 permutations — trace (G.21)

with a traceless gauge parameter whose physical components belong to H%(o_), and hence
in the metric-like formalism has the same index structure as the higher-spin Weyl ten-
sors. Remarkably, the rigid symmetries associated with these gauge fields are the infinite-
dimensional Weyl modules themselves, in contrast with the physical higher-spin fields whose
rigid symmetries are given by Killing tensors and hence are finite-dimensional at a fixed
spin. For s = 0 one finds in particular

50 = (O +2(d — 2))E, (G.22)

and rigid symmetries are given by (OO + 2(d — 2)){ = 0, i.e. correspond to an on-shell
scalar field.

The rest of the Lorentz components of @ are either pure gauge or expressed as deriva-
tives of ®°. Possible gauge-invariant equations are given by H?(o_). One finds three
independent first order operators:

Ea(s),b(s),c,d ’ Ea(s),b(s—l),c ’ Ea(s—l),b(s—l) ’ (G23)
corresponding to the irreducible components of a two-form with the index structure of a

Weyl tensor:
BN e A pd (G.24)

Note that only the trace of ®° contributes to the last operator in (G.23),
meba(s_l)m’b(s_l)”’n . For the degenerate case s = 0 there are no equations possible since
the cohomology is empty.

Twisted zero-forms. As it was already said, (G.11) describes Killing tensors encoded
in C. The Killing equation (G.11) also splits into an infinite set of equations for a finite
number of fields:

Cols=1).bk) k=0,....,s—1. (G.25)
In particular the first equation of each chain,
Vi G 4 by, OO0 = ) (G.26)

implies, after symmetrizing the indices, the standard Killing equation vegas—1) = .
There is also a degenerate case s = 1 for which we have a Killing constant C.

4"These cocycles of o_ become trivial if the trace constraints on the fiber tensors are relaxed.
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Equations for twisted one-forms. Now we see that (G.14) sets to zero the first two op-
erators from (G.23), imposing equations thereon. The last operator matches the symmetry
of one of the Killing tensor components and yields one more equation:

V,,ds—Dmb(s=1n, —_ Fa(s—1)b(s=1) (G.27)

In particular the Killing constant appears as a source for the s = 1 field V,, ™ = C (y=0).
Nothing dramatic happens for D = 4 and all the conclusions above are still true.

The Killing equations (G.11) or (G.26) can be easily solved using the ambient space
technique, see e.g. [74], the solution for a spin-s tensor being a polynomial in the boundary
coordinates with the powers of the Poincare coordinate z ranging from —(s—1) to (s —1).

As in Prokushkin-Vasiliev Theory, at second order one finds on the right-hand side
of Fronsdal equations some currents built out of the first order fields that include CC.
Therefore, even if the physical scalars and higher-spin fields are switched off at first order
there is a non-trivial source for higher-spin fields at second order due to the Killing tensors.

In appendix E we observe that the definition of the twisted one-forms @ is ambiguous
due to an option to shift them by physical fields of the form h A C. Differently put the
cohomology H! ([)), with coefficients C' in the twisted-adjoint module of the higher-spin
algebra, is not empty. Despite the difference between the way the twisted and physical
fields couple to each other in Vasiliev Theory and Prokushkin-Vasiliev, it is easy to see
that H'(D) is non-trivial also in the former.

G.3 Invariant definition of twisted sectors

Let us conclude this appendix with a small remark on the algebraic interpretation of the
twisted sector. It turns out that, at least algebraically, the definition and realization of the
twisted sector does not require any extra ingredients as compared to those already present
in any higher-spin theory.

Any known higher-spin algebra comes as an associative algebra on which we then define
the Lie bracket to be the commutator of the corresponding associative product. Moreover,
it comes equipped with an automorphism, 7, that flips the sign of AdS-translations, which
in the conformal basis can be seen to exchange translations with boosts and flip the sign of
the dilatation generator. This automorphism allows one to construct the twisted-adjoint
representation, where the action of the higher-spin algebra on itself is twisted by =, i.e.
ader = axx — z * m(a). The twisted-adjoint representation is the one used to describe
degrees of freedom, e.g. scalar fields in the Prokushkin-Vasiliev theory. Given an order-two
automorphism 7 one can build an extended associative algebra that is hs @ hs as a linear
space equipped with the following product:

(a,2) * (b,y) = (axb+x*7(y),x*x7(b) +a*y), a,b,x,y € hs. (G.28)

This is the algebra upon which the higher-spin theory extended with twisted fields is built.
The adjoint representation of the extended algebra contains both the usual adjoint and the
twisted-adjoint representations of the higher-spin algebra it was built from:

[(a,2),(b,y)]s« = ([a,b)x +x*x7(y) —y*7(x),a*xy —y*7m(a) + x*7(b) —bxx). (G.29)
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Given a Klein operator k that implements the automorphism via 7(z) = kxx %k, k? = 1,
the extended algebra is just the algebra of a + = % k.

The algebraic interpretation of the twisted sector is then related to the fact that the
Klein operator realizes the inversion operator I: kK;k = P;, kP;k = K; and kDk = —D,
which are the exact same identities that follow from K; = IP;I, where P;, K;, D, L;; are
the generators of the AdS algebra in the conformal basis. For conformal fields we have
I¢(z) = (2%)"2¢(Z%). Therefore, the twisted sector can be interpreted as describing the
same field content as usual but viewed from the point at infinity. All that being said it is
still not clear what is the physical meaning of the twisted sector in the AdS dual theory.
What is clear is that the above inversion which sends lowest-weight representations to
highest-weight ones clashes with unitarity.

An interesting question to ask is which of the symmetries does a higher-spin theory
extended with a twisted sector realize. The AdS background is given by a flat connection
Q) of the anti-de Sitter algebra whose twisted part is identically zero. Decomposing the
global symmetry equation 02 = 0 into physical and twisted parts we find

0=d¢+[0,¢], 0=d¢+[2,€]. (G-30)

Therefore, the global symmetry algebra is the extended higher-spin algebra hs @, hs. The
vacuum value of the physical B in AdS is zero, which leads to the following additional
constraints on the global symmetry algebra of the vacuum unless B = 0:

0=B*n() —Exn(B), 0=Bxm() —ExB. (G.31)

Here lies one of the crucial differences with the Prokushkin-Vasiliev theory, in which we
have, rather,

In the latter case B can be non-zero along the Killing constant without having to restrict
the global symmetry algebra.*® In the D-dimensional case the second equation of (G.31)
implies that the only B that does not restrict £ is B = 0. This leaves us with only one
option — B = 0 — to preserve the full higher-spin algebra in the vacuum even in the
situation in which the backreaction on the twisted sector can be trivialized (in which one
could in principle treat B as a set of coupling constants).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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