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The Shear Alfvén continuum in an asymmetric plasma configuration that is an exact
solution of the equilibrium equations of ideal magnetohydrodynamics is treated, It is
found that the Alfvén continuum has two components: a continuous component that is
characterized by modes defined over the entire magnetic surface, and a discrete compo—
nent characterized by modes localized with a finite decay length on specific magnetic field
lines. The localized modes, the nonsymmetry induced Alfvén eigenmodes (NAE), do not
occur in symmetric plasmas.

l The shear Alfvén continuum of ideal magnetohydrodynamics has received considerable
interest in the past because of its potential importance for plasma heating and current
drive, and because of its possible effects on plasma stability. The key feature of the shear
Alfvén wave in the continuum is its spatial singularity about surfaces of constant pressure.
What is known about the Alfvén continuum has arisen principally from studies of Alfvén
wave phenomena in MHD equilibria with spatial symmetries, such as the one—dimensional
cylindrical screw pinch and the two dimensional toroidal tokamakt Equilibria without
symmetries have received minimal attention, in part because the existence of asymmetric
MHD equilibria has not been clearly established. Recently, however, several classes of
asymmetric ideal MHD equilibria have been found [1]. These particular equilibria are
parallel to a straight, infinite, magnetic axis (3 axis). The magnetic lines of force twist
about the axis and form closed magnetic surfaces. In the limit of plasma ,6 << 1 the
Cartesian components of the magnetic field B are

Bx = —- B0 e’“ sin(rt:r) /2, B1, = Bo e‘“ sin(my) / 2 , '1

Bz = BB is“ cos(it:r) + 6"“ cos(rty) ] / 2 , t )

where Bo is the value of magnetic field at z = 0 on the axis a: 2 y = 0, and K. is a length
scale parameter. The magnetic field lines are embedded in the surfaces F = const, i.e.
B . VF = O, with

F($, y, z) 5 e2“ sin2(.‘cx) + 2[1 — cos(m) cos(K.y)] + e‘2“ 511120;?!) . (2)

see Fig. 1. In the limit 2 —+ $00 the cross section condenses into an infinitely thin sheet.
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The Alfvén continuum, i.e. its frequencies and modes, in the limit of small plasma
(i, is governed by a single second-order ordinary diflerential equation along the magnetic
field lines [2]. If 2 is used as a label along the field line chosen the mode equation becomes

ad; [nag—Z] +As(z)u<z> = 0. (3)
where p = 31/0,, 3 = 4/(BZQ), Q = Liz/(VF)? and A = hoping/35. In these definitions,
[Jo and p are, respectively, the vacuum permeability and the plasma mass density, while
B, and B are, respectively, the 2 component and the magnitude of B normalized with
respect to 80/2. For the time dependence of the mode the ansatz u(z, t) = n(z) exp (iwt)
was made, A equals the frequency squared divided by the square of the Alfvén speed on
the magnetic axis. The coefficients p(z)=— p(x{z), y(z) z) and 5(2) in Eq (3) have to be
taken along the magnetic field line 1;: m(z), y: y(z). The field line orbit'is determined
by the coupled system of diflerential equations

div/dz = Balm. y, Zl/lw, 21, Z) , dy/dz = B‘s/(35': y. Z)/Bz(z,y, 2:) - (4)

If A N we is real, Eq. (3) is self—adjoint, provided R E chino pu‘du/dzlfg is bounded. The
latter condition in practice reduces to the requirement that n(z) be bounded asymptoti~
cally, as 2 —) :l:oo.

Within these premises, the nature of the Alfvén spectrum still depends on the details
of the asymptotic behavior of u(z). Two general classes of solutions and therefore spectral
components can be identified according to whether the integral I E If: u2(z)dz is
bounded or not. If I is bounded, A is a discrete eigenvalue. The associated mode u(z)
is a discrete or localized eigenfunction which falls off to zero asymptotically for lzl —> Do.
If I is unbounded, A is in the continuous spectrum and the associated mode u(z) is an
extended eigenfunction which stretches along the whole infinite length of the field line.

On magnetic surfaces close to the axis, [m], lnyl << 1, Eqs. (4) can be solved analyt-
ically. There results 27(2) = 2:0 [Ze‘M/(em + e"“)] 1/2, y(z) = yo [2e"’/(e’“ + e""‘)]1 2,
where no and yo are the transverse coordinates of the field line in the plane 2 = 0.
Equation (3) becomes

d w, 2 do e“":t0+e“"”yo _d—z [(e"‘xo+e yo) dz~—] + Wooshflaz) Au(z) 0 (5)

For 0;: 1/02/13 = 1, Eq. (5) can be solved by substituting nr(z.)—w arctan[sinh(nz)]. This
yields the equation, dzu/dr2 + A u—— 0, which, for A real, has the solutions,

u(z) = (11 sin [x/A arctan(sinh 2)] + (1; cos [fiarctarfisinh 2.)] , for A > 0 , (6)

21(2) = d3 exp [V—A arctan(sinh 2)] + d4 exp [—\/ -A erotan£sinh z)] , for A < 0 , (7)

where (dhdmdmah) are integrating constants, and a has been set equal to 1.
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On the stable side of the spectrum, where A > D, locaiized eigenmodes do ex—
ist. The boundary conditions u(:l:oo) = 0 for Eq. (6) are satisfied with A = Am =
m2, m = 1, 2, 3,... with the corresponding eigenfunctions n1(z) = l/coshz, u2(z) =
sinh z/cosh'2 z, u3(z) = (1 —- 3sinh2 z)/cosh3 2, etc. In Fig. 2, the eigenfunctions 211(2)
and um(z} are shown, Note that the analogue of Eq. (3) does not have localized solutions
in axisymmetric configurations as follows from the theory of differential equations with
periodic coefficients. In nonaxisymmetric toroidal MHD equilibria, however, provided
such equilibria exist, localization seems to be possible again [3].

In addition to discrete modes, the or : 1 solutions also yieid continuum modes. For
A 35 An., all solutions (6) and (7) asymptotically tend towards a nonvanishing constant,

at least at one end of the configuration. This implies the divergence of the integral
I . Consequently, the continuous spectrum consists of the entire complex to plane. If
Im(w) < 0, the continuum modes are unstable. Symmetric and antisymmetric stable
continuum modes are shown in Fig. 3, while examples of unstable continuum modes
are shown in Fig. 4. The occurrence of an unstable Alfvén Spectrum characterized by
Im(w) < 0 in a static equilibrium contradicts conventional results. However, modes in
the unstable continuum generally will not contribute to the wave dynamics of the plasma
equilibrium because they are tied to specific inhomogeneous boundary conditions that
must be specified at the singular ends of the equilibrium, 2 —> dzoo. If these conditions

are not satisfied, the unstable continuum modes do not appear.
For field lines with 0 < a < 1 the spectrum and the modes have to be determined

numerically. The dependence of the eigenvalues A1 — A3 on a is shown in Fig. 5. For a.
fixed value of A a sequence of continuum modes is shown in Fig. 6, displaying a smooth
transition as a varies from zero to one. For 1 < a < 00 the spectrum and the modes can
be obtained by replacing or with 1/0; and z with —z.

Concerning the global behaviour of modes on the whole magnetic surface the following
picture emerges from Figs. 5 and 6. There are frequency domains (in? ~ A) in which a
single Alfvén continuum mode, i.e. with fixed frequency, is able to cover smoothly the
whole surface, 0 g or 5 00, just as in, for example, antisymmetric equilibria. A phase on
each field line and a poloidal mode number at one arbitrary position z = const are free.
Interspersed between these continuum domains there are frequency domains in which
on at least one field line the mode extension shrinks to a finite value. It is conceivable
that the interaction of the plasma with tag. externally applied waves or fast particles is
concentrated in or excluded from this region.
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Fig. 1: Magnetic surface F = 1.0 for
«~23 < z < 2.3. With four field lines.

Fig 2: Eigenfunctions 111(2:2:) (dashed) and 1110(2)
(solid).

Fig.3 : Stable continuum modes u(z) for eigenvalue
parameter A = I/x/i’: (dashed) and A a NBA/5

(solid).

Fig‘ 4: Unstable continuum modes 11(2) for
eigenvalue parameter A = —-1/\/§ (dashed) and

A = —1flO/fl (solid).
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Fig 5: Dependence of A1 (lower curve), A2
(middle curve) and A3 (upper curve) cm field (I'm:

position a.

Fig. 6: Dependence of continuum modes 21(2) on
field line position a: a = 1 (upper thick curve),

a a 10—1, 104, 10'3 (curves in descending
order) and a = 0 (lower thick curve). With

A = 1N5 fixed,


