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1 Introduction

Tree-level and one-loop scattering amplitudes of ten-dimensional super Yang-Mills (SYM)
have been recently determined using a method based on two fundamental principles: lo-
cality and BRST invariance [1-3]. Locality refers to the expansion of amplitudes in
terms of cubic graphs with definite propagator structure [4, 5], and BRST invariance
is a property of pure spinor superspace that guarantees manifest supersymmetry and
gauge invariance [6]. Even though the notion of BRST invariance is motivated by the
pure spinor formalism of the superstring [6], pure spinor variables are long known to sim-
plify the description of ten-dimensional SYM [7, 8], as will be corroborated once more by
this paper.

In the subsequent, we will describe the two-loop extension of this method and use it to
derive the five-point two-loop integrand of ten-dimensional SYM in an intuitive manner.
In doing so, we follow closely the organization found in a beautiful paper by Carrasco
and Johansson [9] which makes the symmetry between color and kinematic degrees of
freedom [4, 5] manifest and thereby leads to the supergravity integrand without any extra
effort [10]. As an additional benefit of the pure spinor superspace representation, the
kinematic numerators are manifestly local due to the very nature of our method (bypassing
the inverse Gram determinants in [9]) and do not require any constructive input from
unitarity.

As the main result of this paper, the color-dressed five-point two-loop amplitude of
SYM in ten dimensions will be explicitly constructed in (4.15), following the guidelines
of the method described in section 3. The polarization dependence is furnished by two
local kinematic building blocks T 345 and 17"

7273|475
and inspired by string theory whose bosonic components can be downloaded from [11].

written in pure spinor superspace

Thanks to their compatibility with the Bern-Carrasco-Johansson (BCJ) duality between
color and kinematics [4, 5], the corresponding supergravity amplitude is a straightforward
corollary [10] and given in (4.16).

Since our results are formulated in ten dimensions, standard dimensional reduction
gives rise to their lower-dimensional counterparts [12]. In section 5, the UV divergences
of maximally supersymmetric SYM and supergravity in the two-loop critical dimension
D = 7 are written in terms of SYM tree amplitudes. As a consistency check [13], the
superspace expression for the supergravity UV divergence in (5.9) matches the low-energy
limit of the closed-string amplitude [14]. However, type IIB superstring two-loop ampli-
tudes violate the U(1) R-symmetry as a consequence of S-duality [14-17] while supergravity
and its two-loop UV divergence in D = 7 dimensions conserve it. This apparent paradox
is resolved by the prefactor (7 — D) in the R-symmetry violating components that ap-
pears once the ten-dimensional superstring kinematic factor is dimensionally reduced to
involve a D-dimensional dilaton state. The same mechanism applies to the one-loop UV
divergence, where a prefactor of (8 — D) along with a D-dimensional dilaton reconciles S-
duality properties of the superstring amplitude [14, 18] with R-symmetry of supergravity,
see appendix C.



Figure 1. The Jacobi identity implies the vanishing of the color factors associated to a triplet of
cubic graphs, C; 4 C;+C}, = 0. In the above diagrams, the legs a, b, ¢ and d may represent arbitrary
subdiagrams. The BCJ duality states that their corresponding kinematic numerators N;(¢) can be
chosen such that N;(¢) + N;(¢) + Ny(¢) = 0.

2 Review

2.1 BCJ duality between color and kinematics

Bern, Carrasco and Johansson (BCJ) proposed an organization scheme for gauge theory
amplitudes based on cubic vertices where color and kinematic degrees of freedom enter on
completely symmetric footing [4, 5]:

g—loop __ ‘ dng Nl<£)CZ
A= a2 om0 2

The sum is understood to encompass all “cubic” graphs I'; with n external legs, g loops
and only trivalent vertices as well as appropriate symmetry factors to avoid overcounting.
The propagators Py ;(¢) refer to the squared momentum in the k*™™ internal line of the 7*®
graph. The color tensors C; are obtained by dressing each vertex of I'; with a factor of
fe¢, the structure constants of the gauge group, and each internal line by §%°. Finally,
the kinematic numerators N;(¢) encode the dependence on polarizations and (external
or internal) momenta k, ¢. They furnish the only ingredient of (2.1) that cannot be
immediately read off from the graphs, and they will be in the main focus of this work.

Triplets of color tensors Cj, Cj, C), associated with diagrams i, j, k that differ in only
one propagator (see figure 1) vanish due to the Jacobi identity

fabefcde + fbcefade + fcaefbde =0 (22)

valid for any gauge group. The BCJ conjecture [4, 5] states that amplitudes in (2.1) can
be represented such that for any vanishing color triplet C; + C; 4 C}, the corresponding
kinematic decorations N;(¢) + N;(¢) + N (¢) of diagrams 1, j, k vanish as well. This state-
ment is illustrated in figure 1 and understood to hold for any value of the loop momenta
£. Of course, the momentum in the four external lines represented by a,b,c,d and the
subdiagrams beyond them have to be the same in the three graphs ¢, j, k.

Once a gauge theory amplitude (2.1) has been cast into such a “BCJ form”,

Ci—i—Cj—i-Ck:O = Ni(£)+Nj(€)+Nk(€):0, (2.3)



then the corresponding gravity amplitude follows from trading color tensors for a second
copy of the kinematic numerators, C; — N;(¢) [10]

oo Py, Ni(t
- [l TR

The second copy of Nl(é) does not need to stem from the same gauge theory or satisfy
the kinematic Jacobi identities (2.3). The polarization tensors of the resulting gravity
amplitudes (2.4) are then given by the tensor products of the gauge theory polarizations
contained in N;(¢)N;(¢). We will apply this double-copy construction to the two-loop five-
point amplitudes in ten-dimensional SYM and the resulting type Il supergravities, see
section 4.6. When dressed with non-supersymmetric numerators Nz(é) of pure Yang-Mills,
our results for N;(¢) might serve as a convenient starting point to investigate two-loop
five-point amplitudes in half-maximal supergravity.

2.2 Ten-dimensional SYM

Ten-dimensional SYM can be described in a super-Poincaré covariant manner using a set of
superfields {A,, A™, W, F.,.,,} [19]. They depend on the ten-dimensional superspace co-
ordinates {x™, 0%} with vector and spinor indices m,n =0,1,...,9 and o, 5 =1,2,...,16

of the Lorentz group. The linearized equations of motion [19] in momentum space!

DaAﬁ + DﬁAa = V%Am, D A, = ('YmW)a + km Ay
1
Do Fpn = Qk[m(rYn}W)Ou DO&W’B = Z(’ymn)aﬁan (25)
involve light-like momenta k2 = 0 via plane waves e** and fermionic covariant derivatives
D=2t Yomoy, (D D} =m0 (2.6)
=900 3 @ 281 = Tap%m '

with 16 x 16 Pauli matrices? YaB = VBa subject to the Clifford algebra 'yggvn)ﬂ”’ = Mg

The equations of motion (2.5) identify 8+ 8 on-shell degrees of freedom associated with
a gluon and gluino. Their polarizations are described by a transverse vector k,,e™ = 0 and
a spinorial solution to the massless Dirac-equation k:m’y;”ﬁxﬁ = 0, respectively. In a gauge
where §“A, = 0, they enter the explicit #-expansions via [20-22]

2 (1 m 1 m 1 mn
Ay = ek <26m(7 e)a - g(X’Yme)(’y 9)04 - Ekmen('}/pe)a(efy p@) + - ) . (27)

2.3 Multiparticle superfields

Ten-dimensional SYM arises from the massless sector of the open pure spinor super-
string [6]. Tts i*" scattering state is represented by the integrated vertex operator Uj
which involves all of {A%, AT W& F 1 along with various worldsheet fields. In string

LOur conventions for (anti-)symmetrizing n vector indices include a factor of 1/n!.
2Pauli matrices frequently appear in their antisymmetrized combinations with symmetry properties

Yog ' = —vga”’ and v 5" = 45" which are normalized like v™" o Fr=L(ymy™ —4"y™)8.
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Figure 2. Interpretation of multiparticle superfields as tree-level subdiagrams where the external
states are represented by multiparticle labels B = 12...p.

calculations, the latter act on additional vertex operators via operator product expansions
(OPEs) and build up so-called multiparticle superfields [23]

«

= g [ALG 42+ AL - (16 2)

1
A= [A1F2 AL (KL A (W W) — (1 2)}

el (2.8)
W = (0" WA, + WS - A) — (162)

P = Fpnk? - AY) + B R 4 g (i) — (16 2) |

In the point-particle limit, these string-inspired generalizations of linearized SYM accom-
pany the tree-level subdiagrams seen in figure 2. They capture, for instance, the reducible
parts of the subsequent five-point two-loop amplitudes and have generalizations {Aif'“p ,
ATs e Wi s Fp P} to any number of states [23], see figure 2. We will use multiparticle
labels such as B = 12...p to keep the multiplicity of superfields unspecified, i.e. W5 can
become either W{* or W, upon setting B =1 or B = 12.

The non-linear version of the equations of motion (2.5) are solved by the generating
series of multiparticle fields [24]. The non-linearities are reflected by the contact terms
~ (k' - k?) in their multiparticle equations of motion

2D (AR = Vb A + (k' k%) (ALAG + ARAY)
Do Ay = (ymW ') + kit A2 + (K- K)(ALAL, — ALAL)
1
DaWiy = 1(0"™)a’Fyfy + (K- K3)(ALW5 — AZW7) (2.9)
DaF#zzn = k},%(fanm)a - kv?(’?’mwm)a + (kl ) kQ)(A}ngm - AiFgm)
+ (kl ) kz)(A}L('YmW2)a - A?L('mel)a - A}n('YnWQ)a + A?n('YnWI)a) )

where the notation k75 , = k" + k3" + ... + k" will be used throughout this work.

2.4 Pure spinor superspace

The physical components of superspace expressions in SYM can be conveniently extracted

using a bosonic pure spinor A* which is defined to obey [7, §]
(M™A) =0. (2.10)

Corollaries of this pure spinor constraint include (AY")a(Aym)g = 0 = (Ay"9P4X) which
will frequently enter the subsequent manipulations. Pure spinor superspace is defined by an



extension of the standard ten-dimensional superspace coordinates {z™, 6} to {z™, 6%, \*}
subject to the following component prescription [6]

(A" 0) (A" 0) (AP 0) (Aymnpl)) = 2880 . (2.11)
The order A36° is singled out by supersymmetry and the cohomology of the BRST operator
Q=)D, . (2.12)

BRST-closed superfields QS(0,\) = 0 give rise to supersymmetric and gauge invariant
components (S(0,\)) under (2.11) whereas BRST-exact superfields E(0,\) = QX(0, \)
yield (E(6,)\)) = 0 [6]. Expressions of order A\3¢® with a different tensor structure as
compared to (2.11) are uniquely fixed by group theory since this tensor product contains
only one Lorentz scalar. The required group theory manipulations are automated in [25].
As the central idea of this work and preceding papers [1-3], scattering amplitudes
(S(0, X)) in ten-dimensional SYM are proposed by constructing a BRST-invariant super-
field S(0,\) whose kinematic poles reproduce the expected Feynman diagrams. In this
approach, the superfield S(6, \) carries the kinematical data of state i through the super-
fields {A%, AT, W&, Fi 1 whose equations of motion (2.5) determine the BRST variation.
For example, the unintegrated vertex operator of the superstring,

V= \*AL, QV;=0, (2.13)
suffices to write down the three-point tree-level subamplitude in pure spinor superspace,
A"(1,2,3) = (1Vals) = (e1 - e2)(e3 - k1) + e (x2YmX3) + cye(1,2,3) . (2.14)

This sample calculation based on the f-expansion (2.7) and the prescription (2.11) illus-
trates how all the component amplitudes are supersymmetrically embedded into BRST-
closed superfields such as Vi VoV3. We will limit our subsequent discussion of two-loop
amplitudes to their superspace representatives since the component extraction for any
superfield numerator can be performed in an automated way [25, 26|, and the resulting
components can be downloaded from [11].

3 Field-theory amplitudes and BRST cohomology at two-loops

Multiloop superstring amplitudes computed with the pure spinor formalism give rise to
superspace expressions in the cohomology of the pure spinor BRST charge [27, 28]. As
explained in [6], superfields in the BRST cohomology translate to gauge invariant and
supersymmetric component expansions. Since ten-dimensional SYM and type II super-
gravities arise in a certain limit of superstring theories, their scattering amplitudes belong
to the BRST cohomology as well. Multiloop integrands for these field-theory amplitudes
are strongly constrained by demanding BRST invariance and the propagator structure ex-
pected from Feynman diagrams. Together with a string-inspired set of admissible kinematic
building blocks, these requirements will allow us to fix the two-loop five-point amplitudes.



3.1 BRST properties of kinematic numerators

Inspired by the discussion of section 2.1, multiloop amplitudes of ten-dimensional SYM
theory are organized in terms of cubic graphs

—loop __ < dng <Nl(€)>cz
A= | oo 2 mraw: 3

Maximal supersymmetry suppresses any graph I'; with a triangle, bubble or tadpole sub-

diagram [29]. In the superspace setup of this paper, the numerators N;(¢) will be given by
local pure spinor superspace expressions, whose form is suggested by the propagator struc-
ture Py ;(¢) of its corresponding cubic graph. Requiring BRST invariance of the integrand
in (3.1) largely determines the mapping between cubic graphs and superspace numerators,
and the subsequent examples are completely fixed when assuming a string-inspired ansatz
for admissible kinematic building blocks.

If individual numerators are not BRST invariant by themselves, their BRST varia-
tions must lead to cancellations among different graphs to yield an overall BRST-invariant
integrand. That is only possible if the BRST variation QN;(¢) cancels one of its propaga-
tors Py ;(¢). Therefore, the superspace expression of N;(¢) is constrained by the following
requirement:

each term of QN;(£) must contain a factor of Py, ;({). (3.2)

Otherwise the BRST variation of the integrand (3.1) would have a non-vanishing residue
at the simultaneous pole [ [, P ;(¢) and could not vanish.

We will use the following notation to distinguish between superspace integrands and
integrated expressions,

—100 dDé dDT‘ —100
()
dP¢ dPr (3.3)
APTIOP(1,2,3, . n) = /(27T)2D<A2_100p(1, 2,3,...,nlt,r)),
where A%271°°P(1,2.3, ... n) denotes the planar single-trace contribution of AZTIP i) the

trace basis of C; [30]. In the following sections we will use the method outlined above to
construct the SYM and supergravity five-point two-loop integrands. They lead to BRST-
closed integrated amplitudes once the freedom to shift or rename the integration variables
¢, is taken into account.?

3.2 The SYM two-loop four-point amplitude

Recall that the two-loop four-point amplitude of the pure spinor superstring [31-33] can
be written in terms of a single kinematic factor

1 mn TS TS
T34 = 6*4()\’Ymnpqr)\)F1 ng [FB (AysWa) + Fy ()\’YSWS)} + (1,2 ¢ 3,4)

QT 2534 =0,

3The diagrammatic bookkeeping of BRST variations in the appendix A automatically freezes this free-

(3.4)

dom by means of the automorphism symmetries of the different integrand topologies after the cancellation
of propagators resulting from the BRST variation of the numerators.
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Figure 3. The planar integrand of the SYM two-loop four-point amplitude.

whose BRST invariance follows from the equations of motion (2.5) and the pure spinor
constraint (2.10). Since superstring amplitude reduce to SYM amplitudes in field-theory
limit, the most natural expression for the planar four-point two-loop integrand is given by
_ T 23,4
220+ 1) 2 (00— k)2(0 — k12)? (1 — ka)2(r — k34)?
n Tyaj2,3
€2T’2<€ + 7')2 (E — k4)2(£ — k41)2 (7’ — k3)2(7’ — k23)2 '

The contributing double-box graphs are depicted in figure 3, and BRST invariance of its

A27loop(1 9 3 410, 1)

(3.5)

numerators is inherited from (3.4). Furthermore, it has been shown at the superspace level
that [34]
(T 93,4) = 519523A47°(1,2,3,4) , (3.6)

hence, the amplitude (3.5) agrees with the result of [35]. The Mandelstam invariants are
1 2 1 2
Sij = (k‘l . k‘j) = 5(]{3@ -+ kj) R Sivig..ip = i(k” + kiz —+ ...+ kip) . (37)
A rigorous derivation of (3.5) as the field-theory limit of the two-loop open superstring
amplitude [31] is expected to closely follow the closed-string discussion in [36].
3.3 Five-point building blocks in pure spinor superspace

By the aforementioned no-triangle property of maximal SYM [29], the two-loop five-point
amplitude involves double-box and penta-box diagrams along with their non-planar coun-
terparts. The numerators for the pentagon subdiagrams are known to depend linearly on
the loop momentum [9], and therefore the five-point amplitude will require vector building
blocks in addition to scalar building blocks.

For the scalar building block, one can use the multiparticle version of (3.4)

1
TA,B\C,D = 674()"7mnpqr)‘)FZmng [Fg‘S(AVSWD) + FBS(AVSWC)} +(A, B+ C,D). (3.8)

The symmetry properties of T} 34 described in [31] do not depend on the single-particle
nature of the superfields and directly carry over to (3.8),

Tapic,p =Tp.ac,0 = Tepiass Tasiop+Teciap+Toasp=0. (3.9)

The latter follows from the gamma-matrix manipulation (AYjnperA) (AYs))a = 0. For five
points, the BRST variation of (3.8) follows from multiparticle equations of motion (2.8),

QT23145 = 512(ViTo 315 — VaT1 3145) 5 (3.10)

and the terms without a factor of s1o drop out by virtue of the pure spinor constraint.



In analogy to the one-loop vector building block of [18], the scalar two-loop building
blocks (3.8) allow for a vector counterpart? suitable to represent linear dependencies on /,

T1m,2,3|4,5 = ATT2,3|4,5 + A?T1,3\4,5 + AQ”T1,2|4,5 + WFQ,3|4,5 . (3.11)
The last summand W, 34,5 is designed to cancel the term (Ay"W;) within QAT i.e.
QWY 5145 = — (A" W) Ta 305 — (A" W2)T1 3145 — (A" W3)T1 2145 - (3.12)

In a symmetrization convention where W Fy" = W ™" + W3 F™", its explicit superfield
representation is given by

m 1 m ]
Wilisin,2 =35 Ay W) Eyf (0 Ws) (Vs Wis) i
_ L

128

1 n r
+ %(WS’YmStW4)<)\7npqrsA)(Af)/twf))Fl pFQq + (5 A 37 4) :

(Y™ W5) (Vo Wit ) FS Oy Wi Fi (3.13)

The BRST variation of 7", 5, 5 in (3.11) then connects with the scalar counterpart (3.10),

QT 3145 = K"ViTo g5 + k3" VaTh 3145 + k3" VaTh o145 - (3.14)

The symmetries (3.9) of the scalar building block and the form of W7, 3145 in (3.13) imply

Toaas = T2s)as)r  Tlagas) = Taspe + Toasps + Tasps) - (3.15)

Note that the two-loop building blocks of this section are functionals of all the exter-
nal labels, e.g. T} k. a0 be specialized to any permutation (i, 7, k,p,q) of (1,2,3,4,5).
This surpasses the constraints on superspace numerators at tree-level [1, 2] and one-
loop [3] where individual external legs need to be globally associated with unintegrated

vertices (2.13) or their multiparticle versions [23].

4 The two-loop five-point amplitudes in SYM and supergravity

In this section, we assemble the five-point two-loop amplitudes from the six topologies of
cubic diagrams without triangles [9] depicted in figure 4.

4.1 Color factors

The color factors 053%45, ceey Cg%% associated to the diagrams of figure 4 encompass seven

factors of fe¢, the structure constants of the gauge group. Their contractions follow from
dressing each cubic vertex® of the diagram with a factor of f?¢ and each internal line with

“The following definition can be generalized to multiparticle level 17 5145 = T4 5,c|p,r if the corre-
sponding uplift of (3.13) is projected to the symmetries of (3.15).

®The color factors C£g>345, ngus and C§§§45 contain an extra minus sign w.r.t. [9] due to our choice of
drawing graphs without crossing lines.
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Figure 4. The six topologies of two-loop five-point diagrams whose color factors are given in (4.1)
In a BCJ representation subject to (2.3), the numerators satisfy N® = _N() a5 well as N) =
N = — N and the explicit superspace expressions for N9 and N(®) are given in (4.2) and (4.3)
respectively.

by bg-1bg i
bQ C1
bl Ca

Cr Cr—1 €3

az  Gp-1Qp
az dl
ay ds

ds dsfl dS

Ta,Bjc,D

Figure 5. The numerator for the general massive double-box is given by T4 g|c,p in (3.8).

a Kronecker delta in the adjoint representation of the gauge group,

12345 f460f5befalhfbadfcdgfgjdf/ﬂ] 012345 f4def650fa1hfcdgfebafgjdth]

12345 flaCthCfadng] fed5f933fhbe 012345 f4eCf5befa]hfbadfcdgfgj?)fhﬂ

12345 f4eCf5dbfajhfbeafcdgfgj3fh12 012345 f120fadbfb35fcagfe3dfghefh4] (41)
Using the procedure described in [30] they can be translated into a trace basis lead-
ing to color structures of the form N2Tr(t't263t445), Tr(t't2t3t45), N Tr(t*5)Tr(t1t%3),
Tr(tH)Tr(t) Tr(t't2¢3) and N Tr(t?)Tr(t't2t3t*). The gauge group is left completely gen-
eral at this point such that its generators ¢’ are not necessarily traceless. The number of
colors N, stems from the trace of the identity matrix.

4.2 Planar cubic graphs and superspace numerators

The BRST cohomology principle (3.2) suggests the scalar multiparticle building block
Ty Bjc,p in (3.8) to furnish a massive double-box numerator, see figure 5. This conjec-
tural identification is based on the fact that all the f-independent propagators in figure 5

,10,



are canceled by some summand of QT4 p|c p, see e.g. (3.10). Moreover, the symmetry
Ta,Bic,p = Ta,B|p,c 1s compatible with the no-triangle property and the kinematic Jacobi

B C B C B D
o= I+ = JI( - JI{
A D A D A C

The dictionary in figure 5 implies that the planar five-point double-box in 4(d) is repre-

identity:

sented by the numerator

d
N1(2)3\4 5 = T12,3)45 - (4.2)

The scalar and vector BRST transformations in (3.10) and (3.14) allow to construct a
candidate for the penta-box numerator of figure 4(a) as

1 1
1534500 = §(€m + b — k)T a5t 3 (Th2,314,5 + Th3,2145 + T23,1]4,5) - (4.3)

This expression is designed from the cohomology principle (3.2) since ¢/-dependent propa-
gators are canceled under the BRST variation,

QN 450 = 5 (ViThias [2 — (0~ k)] 4 Vo g [(€ — k) — (€~ ko))

(4.4)
+ V3T oja 5[ (€ — k12)® — (£ — k123)2]) .

Both the composition (4.3) from scalar and vector superfields and the form of the BRST
variation (4.4) resemble the one-loop pentagon numerator, see (4.5) and (4.6) of [3].

As illustrated in figure 6, the numerator in (4.3) depends on the averaged loop mo-
mentum £,,, + (£,,, — k}23) from the two terminal edges of the pentagonic worldline segment.
This makes sure that the numerator inherits the reflection symmetry of the cubic diagram
in figure 4(a) [9],

N(‘l)

1,2,3|4,5(£) = _Néflg),1|5,4(k‘123 —1) . (4.5)

(a

Also, the symmetry of N;

2) 3 5(6) in 4,5 is compatible with the no-triangle property:

Finally it is easy to show the kinematic Jacobi identity [9]
(d) (a) (a)
Nisas = Nizgas(0) = Nop 14500 5 (4.6)

which interlocks antisymmetrized penta-boxes with double-boxes.

4.3 Planar two-loop amplitudes in SYM

The numerators (3.8) and (4.3) for planar double-box and penta-box diagrams are sum-
marized in figure 6 and satisfy the BRST cohomology principle (3.2). Hence, we propose
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3 4 BN~ ks 4
2
2 Y] r Vi T
| g i °
Ti2,314,5 N1(f12),3|4,5(£’ r)

Figure 6. The mapping between the double-box and penta-box graphs and superspace numerators.

The vertical bar in the notation ...|... separates the two worldline segments.
B S C B C B
0 = = + B C D
A7 D A D A
Figure 7. The derivation of Nl(;)3|4 5= Nl(g)3|4 5= _N1(;)3\4 5 from a kinematic Jacobi identity and

the no-triangle property. A similar analysis leads to Nl(?2)’3|4’5 = —N1(f12)73|4’5.
the following single-trace five-point integrand for (3.3):
(a)
A27loop(1 2.3.4 5’6 7’) _ 1 |: N1,2,3\475(€)
o Cr2(0+7)2 L0 — k1)2(0 — k12)2(0 — k123)% (1 — k5)2(r — ka5)?
(d)
n N 12,3/4,5
Ky (€ — k12)? (0 — K123)2 (1 — k)2 (r — kas)?
N

+ 5,12|3,4
k3o (0 — ks)2 (€ — ks12)2 (r — ka)?(r — ka4)

5 +cye(1,2,3,4,5)| .
(4.7)

Given that cyc(1,2,3,4,5) instructs to add the four cyclic images of (1,2,3,4,5), the ex-
pression in (4.7) is manifestly cyclic, and its BRST invariance is easily checked with a
diagrammatic bookkeeping of the associated integrals, see the appendix A for more details.

4.4 Non-planar cubic graphs and superspace numerators

In contrast with the one-loop level [29], single-trace subamplitudes at two-loops are no
longer sufficient to infer the kinematic structure associated with all color tensors. Candidate
expressions for the non-planar diagrams in term of the planar numerators can be obtained
from the BCJ duality and have been worked out for the five-point two-loop case in [9].
Non-planar double-boxes follow from the no-triangle property and the kinematic Jacobi
relation shown in figure 7,

N(e) — N(f) _ _N(d)

12,3|4,5 12,3|14,5 — 12,3|4,5 ° (48)
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The numerators for non-planar penta-box diagrams are obtained from a sequence of similar
BCJ moves and given by [9]

Nl(f)2),3\4,5(£) = _Nl(,a2)73|4,5(€) (4.9)
N1(f2)|4,3|5(£’ r) = Nl(jlz),s\gA(f) + Néfig,ug(r) (4.10)
+ %(T12,5\3,4 +Tos113.4 + Th52134 + Taas)1,2 + 354012 + Tas 3)1,2) -

As a non-trivial consistency condition on the superspace numerator (4.10), one can check
its compatibility with the BRST principle (3.2) through the BRST variation

2QN1(,C2)|4,3\5(€7 r) =V5T11 234 [(f +7r+ k5)2 — (0 + 7«)2]
iyl — (0~ k0)?] + VaTysa (6 — ko)? — (€ — k1o)?]

+ V3T475|1,2 [7”2 —(r— k’3)2] + VZIT3,5|172 [(7“ - k’3)2 —(r— /‘334)2} .
(4.11)

Moreover, (4.10) satisfies the required self-symmetries [9]. For example, a rotation by 180°
(with a simultaneous flip of the vertex next to particle 5) maps the diagram to itself up to
relabellings:

(6,r) = =N}

() c
N, 4,31,2|5

1,2]4,3/5 (ksa — 1 k12 —0) (4.12)

This is respected by the expression in (4.10) provided that®

]‘321<T3:Z,5|1,2 + Tf”,g,5\3,4> = (Ti52134 + Tos113.4 + T3541.2 + Tus 31,2) - (4.13)

Clearly, the difference of the superfields on the two sides is BRST closed, and a component
evaluation confirms (4.13). In fact, any BRST-closed and local expression obtained from
permutation of T 314 5, k}nT{n,Q,?,\z;,s or kfan”‘z’gMﬁ is checked to have vanishing components,
i.e. any element in the BRST cohomology formed from the above two-loop building blocks
requires kinematic poles.

The above numerators N@, ... N can be mapped to the four-dimensional coun-
terparts of [9] by identifying each permutation of T} 34 5 and Tﬂg’g‘ 45 with certain spinor
helicity expressions specified in the appendix B. This mapping is only of formal nature and
does not result from a (straightforwardly applicable) dimensional reduction and special-
ization to four-dimensional spinor-helicity polarizations: the ten-dimensional superspace
numerators are local expressions of polarizations and momenta while the spinor-helicity
expressions of [9] contain highly non-local inverse Gram determinant factors.

6Surprisingly, (4.13) is also the condition for BRST invariance of the corresponding closed string five-
point amplitude at two loops.
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4.5 Non-planar two-loop amplitudes in SYM

The color-dressed SYM amplitude follows from assembling the six topologies of cubic dia-
grams depicted in figure 4 [9]. In a shorthand notation for the propagators

(a)
I
L2345 7 2020 4 1)2(0 — k1)2(€ — k12)2(€ — k123)2 (r — k5)2(r — kas)?

O 1
L2345 = Cr2(0+7)2(0 = k1)2(€ — k12)? (€ — K123)? (1 — k)2 (£ + 7 + ka)?
© 1
I —
1,2,3:4,5 £2T2(£ + ?”)2(£ — /{1)2(£ — k12)2 (’I” — k3)2(7“ — k34)2(€ —+7r+ k‘5)2 (4 14)
@ 1 '
I p—
1,2,34,5 k%2£27"2(€ + 7“)2@ — k12)2(£ — k’123)2 (7’ — k‘5)2(?" — k45)2
(0 1
I —
L2345 7 |2 0202(0 + 1)2(€ — k12)2(€ — k123)2 (1 — ks)2(r + £ + ka)?

I
234D T2 202(0 4 1)2(0 — Kig)2(€ + 7 + k3)2 (1 — k5)2(r — kas)?

we have

[ =

a a a 1 b b b
N ,2),3|4,5 (6) C£22’>45 1{2),3,4,5 + ZNl(,Q),3|4 5(6) C’§2)345 I{,%,3,4,5

(

1

1 d d
: O 1005

AZTP (1, 7) =

C c 1
N1(72)|4,3|5(£ T) 052)345 I£ 2) ,3,4,5 + N1(2)3|4 5

+ [\

L 7
+ ’Nl(g?3|4,5 CS?MS 15,62),3,4,5 + N( )

f f
4 1V12,3045 0523;45 Il(,z),3,4,5 +sym(1,2,3,4,5) .

(4.15)

The notation sym(1, 2, 3, 4,5) instructs to sum over all the 120 permutations of (1,2, 3,4, 5),
and the symmetry factors % and i avoid overcounting in the permutation sum [9]. The
coefficients of all inequivalent trace configurations in (4.15) following from (4.1) are checked
to be independently BRST invariant, i.e. the complete color-dressed amplitude (4.15) is
BRST closed. More details can be found in the appendix A.

4.6 Two-loop amplitudes in supergravity

Since the color-dressed two-loop five-point SYM amplitude (4.15) is written in terms of
numerators which satisfy the BCJ color-kinematics duality, the corresponding supergravity
integrand is readily obtained by squaring its numerators [10]

2—1 b (b
M Oop( ) |N123|45( )|2 12345+4|N1(2)3‘45( )|2 12)345
d
‘N1(02|43|5( )|2 12345+7|N123|45’2I£2)345 (4‘16)

‘N1(§)3|45‘2112)345+ ’N123|45’2 12345+Sym( 2,3,4,5),

where \N(i)|2 is a shorthand for NON® with i = a,b,¢,d,e, f. The amplitude (4.16)
describes type IIB or type ITA supergravity if the SO(10) Weyl spinors within the “right-
moving” numerators N have the same or opposite chirality as compared to the “left-
movers” N(®). BRST invariance with respect to the left-movers N is inherited from the
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SYM amplitude (4.15) since the accompanying right-moving numerators NG gatisfy all
the Jacobi identities of the color factors C*). The argument extends to the right-moving
BRST variation upon exchange of N and N,

5 UV divergences

In this section, we compute the UV divergences of the above two-loop five-point ampli-
tudes in SYM and supergravity and rewrite the kinematic factors in terms of SYM tree
amplitudes. They are confirmed to match the low-energy limit of the corresponding su-
perstring amplitudes. For completeness and comparison across different loop-orders, we
provide a dimension-agnostic representation of the one-loop five-point UV divergences in
the appendix C.

5.1 Two-loop UV divergences in SYM

In the above BCJ representation of the two-loop five-point SYM amplitude, the kinematic
numerators are at most linear in the loop momentum. Together with the no-triangle
property, this implies that the double-box diagrams dominate in the UV regime of large
¢2. Tn an expansion around the two-loop critical dimension D = 7 — 2¢ [37], the planar and
non-planar box graphs contribute as follows in the UV [35, 38|,

d7726€ d?*QE,,,. (277.)46714 B 7T+ 0(6)
/ Cr2(0+71)2 (0= k1)%(0 — ki2)? (r — ka)?(r — ksa)?  20(4m)7e =v (5.1)
)(6) VAP (5.9)

/ d7 2€£ d7_2€’l" (27.[.)46—14 T+ O
Cr2(04+ )20+ +k3)2 (€ — k1)2(0 — k12)2 (r — ka)2 — 30(4m)Te

whereas penta-box diagrams are regular in the dimensional regularization parameter e.
The superspace representations for the single-trace subamplitudes (3.5) and (4.7) yield
the following UV divergence in the critical dimension D = 7:
A271o0p (1 93 4) ‘UV =v®) (T1 234 + Tapj23) = —V(P)<T1,3|2,4>

15 451,3

V(p)<T12,4|3,5 N T5351,4 N 11 342,5 N N T51,3|2,4>

512 523 534 545 S51
(5.3)

AP (1,2,3,4,5)| = -
uv

The associated counterterm is the supersymmetrized operator Tr(D?F* 4 F®) which also
finds appearance in the tree-level effective action of the open superstring at order o/ 3 [39, 40].
Superspace arguments of [34] and a component evaluation via [25] confirm that the kine-
matic factors in (5.3) are related to SYM tree amplitudes via

AQ—loop(l7 2,3,4) ‘UV = V(P)31231:),823Atree(17 2,3,4)

A27loop(1’27374’ 5) ‘ B V(P)M Atree(1’2’3’4, 5) (5.4)
AZﬁlOOP(l, 37 2, 4, 5) uv - 3 Atree(l, 3, 2, 4’ 5) .
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The 2 x 2 matrix M3 has been introduced in [41] to describe the momentum dependence
of the o/-corrections in open superstring tree-amplitudes [42, 43] (see also [44, 45]). Its
entries are given by

Mo = [ ™11 M2 mi2 = —S$13524(81 + S2 + 3+ sS4 + S5) (5.5)
3 =
mo1 M2

mi1 = 83[—81(81 + 289 + 83) + 8384 + 3421] + 8185(81 + 85)

with me; = m12}2H3 and maoy = m11|2H3 as well as s; = 55,41 subject to s5 = s15. As a
main virtue of writing the UV divergence (5.4) in terms of A™°(...), it is agnostic to the
choice of kinematic variables and can be adapted to any spacetime dimension by choosing
the appropriate representation of the SYM tree.

Upon combination with the non-planar sector, the color-dressed amplitude (4.15) for
traceless gauge group generators Tr(#') = 0 yields the UV divergence

2 oop _ {V(P)NZ +120v® 4 V(NP))}
5 uv c
T
Tr(tt263t449) Atree(1,2,3,4,5)
X - Mg - R 2,3|2,3,4,5
{ (Tr(t1t3t2t4t5) 37\ atree(1,3,2,4,5) ) T (2,31 ) (5.6)
_ 12N, (V<P> n V<NP>) {Tr(t1t2t3)Tr(t4t5)
x 535 [520 A (1,3,2,4,5) — s34 A™(1,2,3,4,5)] + (4,5[1,2,3,4, 5)}
after expanding the color factors C; in a trace basis. The notation (a1, az|a1,as,...,a,)
instructs to sum over all possible ways to choose two elements out of the set (aj, as,...,an),

for a total of (3) terms. The coefficients of the multitrace color structure Tr(t!t2t*)Tr(¢*¢°)

stem from the kinematic factor

Tiogas | Tosnjas | Taio)s
< ?|7 + 7‘7 + 7|7

> = 52 [524A7°(1,3,2,4,5) — 534 A7%(1,2,3,4,5)] , (5.7)
512 523 513

which reduces to the four-dimensional expression 345(21% + 2+ Z%) in [9] under the

mapping (B.1). Similarly, the single-trace kinematic factor in (5.3) is mapped to the
spinor helicity expression (12345 + 22 (835 — 2812) + cyc(1,2,3,4,5) from [9] under (B.1).

512
5.2 Two-loop UV divergences in supergravity

According to their BCJ construction, the penta-box numerators in the supergravity ampli-
tude (4.16) involve up to two powers of loop momentum whereas double-box numerators
remain independent on ¢. Accordingly, the leading UV contributions in D = 7 — 2¢ dimen-

sions are given by

MGIooP oy =2 (V(P) + V(NP)> {‘<T1,2374>‘2 + (T | + ‘<T1,42,3>‘2} (5.8)
2 2 2
M| (V(P) . V(NP)> { [(Ti2304,5)] N [(Ti2,413,5)] N [(Ti2,503.4)]
uv S12 S12 512

2
+ ’<T§T721,5|1,2>‘ + (1?2|17273747 5)} . (59)
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As a consistency check of the proposed supergravity amplitude (4.16), the above UV di-
vergences have to agree with the low-energy limits of the two-loop closed superstring am-
plitudes [13]. Indeed, the kinematic factors in (5.8) emerge in the low-energy limits at
four-points [31] and five-points” [14]. The polarization dependence can be written in terms
of SYM tree subamplitudes: at four points, the superspace arguments of [34] imply that

’<T1,2\3,4>’2 + }<T1,3|2,4>|2 + ’<T1,4\2,3>‘2 = (sTy + si3 + s33)|s12523A"°(1,2, 3, 4)}2 , (5.10)

and a ten-dimensional type IIB component evaluation at five points yields [14]

2 2 2
[(Ti2314,5)] [(Ti2,413,5)] [(T12513,4)| - 2 D=10
A SRR g DRI 4 (T )+ (L210,23,4.5) |
] . ) (5.11)
(A2 ) o (Ae2s45)) f 1k
= Atree(173727574) 0 5 Atree(1’372’47 5) _% . (Z)h4

The 2 x 2 matrix M5 with entries of order s?j

(a')®-correction to the open five-point superstring tree-level amplitude [42, 43] and can be
downloaded from the website [46]. The matrix

S = (512(513 + s23) 512513 ) (5.12)

has been introduced in [41] to describe the

512813 s13(S12 + S23)

captures the Mandelstam invariants in the field-theory limit of the KLT relations [47]. The
shorthands h® and ¢h* in (5.11) refer to type IIB components with zero and two units of
R-symmetry charge such as five gravitons h® or four gravitons and one (axio-)dilaton ¢h?,
respectively.

5.3 UV divergence and R-symmetry

As seen in (5.9) and (5.11), the UV divergence of the supergravity two-loop five-point
amplitude is given by the same superspace expression that arises in the low-energy limit
of the corresponding closed-string amplitude computed in [14]. Furthermore, the string
amplitude for R-symmetry violating states such as ¢h* does not vanish; its characteristic
coefficient —3/5 in (5.11) agrees with expectations from S-duality considerations for the
type IIB string [14, 16, 17]. These facts give rise to worry that the two-loop UV divergence
in supergravity might violate the R-symmetry as well.

However, that is not the case.® To see this, note that the two-loop UV divergence of
supergravity occurs in the critical dimension D = 7 whereas the string ¢h* amplitude (5.11)
is computed in D = 10. Furthermore, recall that the graviton polarization hy,, is the
traceless part of €(m€n) while the dilaton wavefunction (&, — Emkn — k:nEm)qZ) covers the
trace part with respect to the little group whose reference momentum k,, satisfies k-k =0

"The five-point superstring computation in [14] leads to a different representation of T p|c,p and
T 3145 in terms of the non-minimal pure spinor variables [28]. However, BRST-invariant expressions do
not depend on the representation of their composing building block.

8We thank John-Joseph Carrasco and Henrik Johansson for helpful email correspondence on this point.
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and k- k = 1 [48]. Care must be taken when amplitudes involving dilatons are computed
in general dimensions D, since the dimensional reduction of the little group trace yields

e-é=(D—-2)¢ . (5.13)

Note that the four-dimensional dilaton state is tied to R-symmetry anomalies in D = 4
supergravities with A/ < 4 supersymmetry, see e.g. [49].
In fact, using the component form of the building blocks T3 34 5 and T7%, 3145 available

to download in [11] one can check that the kinematic factor (5.11) in D dimensions becomes?

2 2 2
T T T D
‘< 12,3\4,5)‘ I }< 12,4|3,5>‘ 1 |< 12,5|3,4>‘ 4 ’<T:?31 - 2>‘2 n (172“72737475)
512 512 512 A 11
~ T 1 . kb
Atree(1,2,3,5,4) Atree(1,2,3,4,5)
=2 Tt . S[) . M5 . t X
Aree(1,3,2,5,4) Aree(1,3,2,4,5) (7—D)
S on?

5
(5.14)

Therefore, the ¢h* contribution vanishes in the critical dimension D = 7 relevant for the
two-loop supergravity UV divergence, and the R-symmetry violation is circumvented.

6 Conclusion and outlook

In this paper the two-loop five-point amplitudes of both SYM and type II supergravity
in ten dimensions were computed using the BRST cohomology method of [1-3]. The
supersymmetric kinematic numerators are manifestly local, and their derivation follows an
intuitive mapping between cubic graphs and superspace building blocks as guided by their
BRST variation. Inspired by the BCJ-satisfying four-dimensional representation of [9],
ten-dimensional numerators for all the planar and non-planar diagrams were written down
in a form compatible with the color-kinematics duality.

The compatibility of the BRST principle (3.2) with the color-kinematics duality has
already been encountered for tree-level m-point numerators [50] and one-loop five-point
numerators [3]. Both of these cases emerge naturally from the field-theory limit of the
corresponding superstring amplitudes, in the same way as the resulting BCJ subamplitude
relations at tree-level [4] have an elegant derivation from string theory [51, 52]. This
suggests that the superstring is a convenient starting point to understand the duality
between color and kinematics in a broader context, see e.g. [53] for an example at reduced
supersymmetry.

The string theory derivation of this work’s results is an open problem since the genus-
two five-point worldsheet correlator in [14] was determined only in the low-energy limit.

9The dimensional reduction of this component calculation is performed after expanding the contracted
ten-dimensional Levi-Civita bilinears €™"1"2 ¢, po. pg = —9!6,[,7;1 Op2 - 6;5’] due to the contractions
(T™)(T™) between left- and right-moving superfields. If state 1 is chosen to be a D-dimensional dilaton,
then the only dependence on D stems from e; - &, = (D — 2)¢.
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Still, the kinematic building blocks T3 34 5 and 17" 3145

in [14] in variables of the non-minimal pure spinor formalism [28] which gives rise to the

have an alternative representation

same component expansions when combined in a BRST-invariant manner. In particular,
their appearance in the UV divergence (5.8) of the supergravity amplitude and the low-
energy limit of the closed superstring is identical, confirming the general expectation of [13].
Once the completion of the correlator in [14] beyond the low-energy limit is achieved, it
would be desirable to reproduce the present field-theory amplitudes, using for example the
techniques of [36]. Also, a derivation from the non-minimal pure spinor version of the
ambitwistor string [54] would be desirable.

It would also be interesting to study the higher-point construction of the two-loop SYM
amplitudes. In this case, a sequence of BRST-covariant tensorial building blocks is required
to describe higher powers of loop momentum in (n > 6)-gon subdiagrams. At one loop, the
analogous tensors have been found in [55] and used in the BRST cohomology derivation
of the six-point one-loop SYM amplitude in [3]. Furthermore, the general form of the
BRST principle (3.2) motivates to assemble higher-loop amplitudes in the same manner
as described in this paper. The four-point BCJ representations at three and four loops
in [5] and [56] are expected to provide valuable guidance. For the design of superspace
numerators, the superfields of higher-mass dimensions constructed in [24] will play an
essential role, and the low-energy limit of the three-loop superstring amplitude in [57]
constrains the leading ¢/-dependence in the numerators.
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A Diagrammatic bookkeeping of BRST variations

In order to verify the BRST invariance of the integrands (4.7) and (4.15), it is convenient
to devise a diagrammatic bookkeeping for the effect of the numerators’ BRST variation on
their associated loop integrals. This exploits the central requirement (3.2) that each sum-
mand in the BRST variation of a particular numerator must contain an inverse propagator
of its associated integral. The need of redefining loop momenta to see the cancellation
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among different terms is bypassed once the remaining propagators are represented by a

graph and manipulated through its automorphism symmetries.

To understand how this comes about, recall the BRST variation of the planar penta-

box numerators N'% (¢) defined in (4.3),

1,2,3/4,5

QN1 ,2,34, 5(6) (VlT? 3l4,5 [Z — (€ — k1) ] + V2T1,3\4,5 [(f - k1)2 — (£ - k?12)2]

(A1)
+ V3T oa 5 [(£ — k12)? — (€ — k‘123)2}> :

Therefore, the combined effect of the BRST variation on the product of N(® and its
associated penta-box propagators is given by

20N 5145(0)
527’2(5 + 7“)2(5 — k1)2(€ — klg) (£ k}123)2 (7’ — k5)2(7“ — k45)2
- 1 " { ViT5 3145 ’ (A.2)
r (E + 1")2(T — ]{5)2(’/“ — k‘45)2 (( — ]{31)2(€ — /{312)2@ — k‘123)2
—ViTa3u5 + VoT1 3145  —VoT1 3145 + V3T1 245 —V3T1 945 }
(00— k12)%2(0 — k123)% 20— k1)?(0 — k123)%  02(0 — k1)%(0 — k12)?

whose diagrammatic interpretation is given in the following figure:

3 4 3 4
QNl(az 3|45(£)11(,a2),3,4,5 = ViTo345 { — | }
2 5 2 5
1 1
3
3 4, 4
+ VoI 34,5 { | - | }
2
1
1 g 5
5 ; NPT
+ V3T o145 { I - }
1 5 1 5

So it is clear that out of the six terms in (A.2) only two distinct integral topologies occur.
Together with remaining graphs in figure 4, the BRST variation of the color-dressed five-
point two-loop amplitude in (4.15) turns out to be captured by the five integral topologies
Je) . Js) depicted in figure 8. Given the shorthands I®), ... I(/) in (4.14), they
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Figure 8. Five topologies of integrals occurring in the BRST variation of individual graphs

arise from the following BRST variations

2QN1(?2),3|475(@I§?2),3,4,5 =ViTog05 (S50 a5 — F 5 a5)
+VaTh 3145 (Jl(g?i)’)A,S - 2(0:;2}54) + VaTigjap (Jz(%ﬁ,m - Jéil,g,l,z)
2@fo3,3|4,5(E)I§?3,3,4,5 “ViTo a5 (S5 a5 — H 55 05)
+ VQTL3I4,5 (szfg,,zm - Jé%%i,&s)) + V3T1,2|4,5 (Jz(%‘fi,4,5 - J?S?é?i,4,5)
2QN§3\473|5(€’ 7“”%?2)73,4,5 :V1T2,5\374(J1(%?,’4)1,5,2 - 1(055%43)
+ Vol 534 (Jl(,aés,g,zm - Jz(?f%,g),l) + V3T 512 (Jé,aig,%,E)A - J?Eifg,ll)
+ Vil (558 01 — TS 58) + VaTiosa (55310 — i3
2QN1(;)3|4,5I§?2)737475 =ViTa 3145 — VoT1 314,5) Jl(?;%,zlﬁ
20N 1(3?3|4,5I§?2),3,4,5 =(ViTa305 = VaTi 315) T 505
QQNf§7)3|4,5I§?;),3,4,5 =(ViTo 345 — VaT1 3a5) J1(g5,:);,4,5,

43)

(A.3)

see figures 9 and 10 for a diagrammatic illustration of these identities. Using the BRST
variations (A.3), the kinematic identities (3.9) and the automorphism symmetries

(a1) () (a2)  _ qla2) (a3)  _ q(as)
J1,2,3,4,5 =J15432 J1,2,3,4,5 = J2,1,3,4,5 ) J1,2,3,4,5 = J1,2,3,5,47
(aa)  _ (aa) _ qlaa) (a5)  _ qlas)  _ qlas)
J1,2,3,4,5 =J21,345 =~ J1,2,3,5,47 J1,2,3,4,5 = J271,3,4,5 = J12354> (A4)

one can show that (4.15) is BRST closed.

B Comparison with the four-dimensional solution

Just like the ten-dimensional numerators presented in the main text, the four-dimensional
numerators written in table 1 of [9] are composed of scalar and vector building blocks. The
numerators can be mapped into each other once the building blocks are replaced as'®

1 1
Ti23145 — Y12 | 845 — 3512 | + 1812(723 —M13)
(B.1)

1
o345 = vas(ks® — k") + 5 (12(k5" — KT) + v23(k5* — k5") + 31 (k7" — k5]

The formal replacement rules in (B.1) do not imply that dimensional reduction of (T12,3)4,5) and
(T1" 314,5) yields the combinations of ;; on the right hand sides.
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1 1

Figure 9. When multiplied by their corresponding mtegrands of (4.14), the BRST variations of
the non-planar penta-box numerators V. 1( 2) 34,5 and N 1,2,34,5 admit a diagrammatic interpretation.

3\ 4
QN D, 105 = ViToias — ViTigias) :[[
2 -7 5

QN5 9545 = Vilasns — VTiajs) 5
27

4

(o]
Lo/ N\ —
[N

Lcjlll

2
QNS)SM 5 Iffz)g a5 = MTozp5 — VaTi45) ) \
5)

Figure 10. The diagrammatic interpretation for the BRST variation of the double-boxes after
multiplication by their corresponding integrands given in (4.14).

where «;; is built from spinor helicity expressions [i j] and §%(Q) defined in [9],

[12][34][35][4 5]
gul//\pkitkgkgki

"2 = 6%(Q) (B.2)

The denominator is totally antisymmetric in 1,2, ...,5 and introduces a spurious singular-
ity in the determinant Det(k!") or the directed volume of the momenta kf', k%, k3 and kf
with four-dimensional vector indices p, v, A, p.

Given that this spinor helicity building block ~;; = —~;; satisfies

0 = y12 + 13 + 714 + 715 (B.3)
0 = (712 + 713) (523 — S45) + Y23(s12 — 513) + Ya5(514 — 515) , (B.4)
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one can straightforwardly check that the superspace identities
0= (Th23145 + Ti2453 + Th253.4)
0="(T3"% 512+ Tous3 T T asps — Tio345) (B.5)
5
0= (Ti5934+ Tos 134+ Ta5.412 + Tus 31,2 — k(T34 510 + 115 53,4))

are all respected by the mapping in (B.1).

C One-loop UV divergences

At one loop, the four-point UV divergences in SYM and supergravity are well-known
from [38, 58]. Using the pure spinor superspace representation of the five-point one-loop
amplitudes in [3] and the identities in the appendix B of [23] we write the five-point UV
divergence in terms of SYM tree amplitudes.

C.1 One-loop UV divergences in SYM

The counting of loop momenta is identical in SYM amplitudes at one- and two-loops, hence,
the box diagrams dominate in the (8 — 2¢) dimensional UV regime at one-loop via
d872e€ (27.(.)2678 - i+ 0(6)

C(0—k1)2(€ = k12)2(0 — k123)>  6(dm)de (C.1)

The UV divergence in the critical dimension D = 8 is characterized by a supersymmetrized
F* counterterm [58]. From the pure spinor superspace representations of the four- and five-
point one-loop amplitudes in SYM [3], one can extract the UV divergence,

Al-loop(1 9 3 4 ’ __' C.2

( y Ly Iy ) UV 6(47T)4€< 1 2,3,4> ( )
Al-loop(1 9 3 4 5)‘ i <V12T3,4,5+V1T23,4,5+V1T2,34,5+V1T2,3,45+V51T2,3,4>
T uv 6(471')46 512 5923 S34 S45 S51 ’

see [3] for the scalar one-loop building blocks T'4 . This reproduces the pure spinor
analysis of F* amplitudes in [59], and the same matching can be found for the six-point
one-loop amplitudes in [3]. An equivalent representation in terms of SYM tree amplitudes,

i

Ao (1,2,3,4)| = Atree(1,2,3,4 ok
(7 )’ )UV 6(47T)46512$23 (7 » 9y ) ( )
Al=loop (193 4, 5) ‘ _ i 5 Atree(1,2,3,4,5)
Al=loop(1.3 2 4. 5) ) luov — 6(dm)te 2 | Atree(1,3,2,4,5) ) °
reproduces the (a)?-correction to superstring tree amplitudes [42, 43] with P, defined
by [41]
p, = [ 512534 834545 — S51512 513524 (C.4)
512534 513524 — 524545 — S51513
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Together with the non-planar sector, the color-dressed one-loop amplitude with traceless
gauge group generators Tr(¢') = 0 gives rise to the UV divergence

T
1-loop iNe [ Te(t'263¢44°) Atree(1.2.3.4, 5)
.A = . P2 .

~6(4n)le 2,3/2,3,4,5) (C.5
5 lov o 6(4m)te \ Tr(tledt3titd) /4“96(1,3,2,4’5)> +(2,3 ) (C.5)

+

a Z>4 {ﬂ(t1t2t3)ﬂ(t4t5)345 [504A™¢(1,3,2,4,5) — 534A"(1,2,3,4,5)]
)€

+(4,5|1,2,3,4,5)} .

The kinematic factor along with the multitrace

ViTozas  Viod345  VaiToas
+ +
5923 512 513

) = 515 [521A™%(1,3,2,4,5) 53 A"*(1,2,3,4,5)] (C.6)
closely resembles the superfield structure of (5.7) and was denoted by Cjj2345 in [23, 59].

C.2 One-loop UV divergences in supergravity

The UV behavior of n-point supergravity amplitudes at one loop is affected by any p-gon
diagram with 4 < p < n. At four- and five-points, the leading UV divergence in dimensions
D = 8 — 2¢ can be assembled from scalar box integrals and tensor pentagon integrals. In
the pure spinor representation of [3], this amounts to

v v

1—loop 2 tree 2

= T = A 1,2,3,4
M, v (47r)4€|<V1 b34)| (47r)4€’512823 (1,2,3,4)]

. 2

1-loop| @ m o | [(ViaTs45)]

ME) Uv - (47'(')46 {‘<V1T273’4’5>| + | — 8127 + (2 — 3,4, 5) (07)
2
W T:
[WTisa5) " +(2,3]2,3,4,5)] }
5923

This is the low-energy limit of closed-string one-loop amplitudes, see [14, 18] for the discus-
sion of the five-point kinematic factor as well as (5.12) and (5.5) for Sy and M3, respectively.
As discussed in section 5.3, the components with a D-dimensional dilaton and a graviton
depend explicitly on the dimension D via (5.13), and one gets

2 2
VioT: Wi T D
(VAT . )| + M+(2H3,4,5) + K”M+(z,3\2,3,4,5)] ‘
19y 812 323 11IB
~ T 1 : R
Atree(1,2,3,5,4) Atree(1,2, 3,4, 5)
= ~ . 5’0 . ]\43 . X ,
Atree(1’372’5’4) Atree(1’3’2’4’ 5) —D
( ) 4
— : ¢h

(C.8)

The factor (8 — D)/6 in the ¢h* contribution implies that its five-point one-loop UV
divergence in (C.7) vanishes in the critical dimension and does not violate the R-symmetry
of type IIB supergravity, see the corresponding discussion along with the two-loop UV
divergence in section 5.3.
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