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Abstract. We implement the effective field theory for gravitating spinning objects in the
post-Newtonian scheme at the next-to-next-to-leading order level to derive the gravitational
spin-orbit interaction potential at the third and a half post-Newtonian order for rapidly ro-
tating compact objects. From the next-to-next-to-leading order interaction potential, which
we obtain here in a Lagrangian form for the first time, we derive straightforwardly the corre-
sponding Hamiltonian. The spin-orbit sector constitutes the most elaborate spin dependent
sector at each order, and accordingly we encounter a proliferation of the relevant Feynman
diagrams, and a significant increase of the computational complexity. We present in detail
the evaluation of the interaction potential, going over all contributing Feynman diagrams.
The computation is carried out in terms of the nonrelativistic gravitational fields, which
are advantageous also in spin dependent sectors, together with the various gauge choices
included in the effective field theory for gravitating spinning objects, which also optimize the
calculation. In addition, we automatize the effective field theory computations, and carry
out the automated computations in parallel. Such automated effective field theory computa-
tions would be most useful to obtain higher order post-Newtonian corrections. We compare
our Hamiltonian to the ADM Hamiltonian, and arrive at a complete agreement between the
ADM and effective field theory results. The derivation presented here is essential to obtain
further higher order post-Newtonian corrections, and to reach the accuracy level required for
the successful detection of gravitational radiation.


http://arxiv.org/abs/1506.05056v1
mailto:michele.levi@upmc.fr
mailto:jan.steinhoff@aei.mpg.de

Contents

1 Introduction 1
2 The EFT for gravitating spinning objects in the PN scheme 2
3 Next-to-next-to-leading order spin-orbit interaction 7
3.1 One-graviton exchange 7
3.2 Two-graviton exchange and cubic self-interaction 11
3.2.1 Two-graviton exchange 11

3.2.2  Cubic self-interaction 12

3.3 Cubic in G interaction 19
3.3.1 Three-graviton exchange 19

3.3.2  Cubic self-interaction with two-graviton exchange 20

3.3.3 Two-loop interaction 21

4 Next-to-next-to-leading order spin-orbit potential and Hamiltonian 24
4.1 Resolution via canonical transformations 27

5 Conclusions 29
A TIrreducible two-loop tensor integrals 29

1 Introduction

In light of the upcoming operation of second-generation ground-based interferometers world-
wide, such as Advanced LIGO in the US [1], Advanced Virgo in Europe [2], and KAGRA
in Japan [3], we may witness a direct detection of gravitational waves (GW) within the end
of the decade, which will open a new era of observational gravitational wave astronomy.
Inspiralling binaries of compact objects are of the most promising sources in the accessible
frequency band of these experiments, where they can be treated analytically within the post-
Newtonian (PN) approximation of General Relativity [4]. As the search for the GW signals
employs the matched filtering technique, there is a pressing need to obtain accurate waveform
templates, using the Effective-One-Body (EOB) formulation to model the continuous signal
[5].

Recently the fourth PN (4PN) order correction has been completed for the non spinning
case [6], and it is necessary to reach a similar accuracy level for the spin dependent case,
as such compact objects are expected to be rapidly rotating. Of the spin dependent sectors
the spin-orbit sector contributes the leading order (LO) spin-dependent PN correction, and
represents the most dominant spin effects. The LO spin-orbit correction at the 1.5PN order
has been obtained by Tulczyjew already at 1959 [7]. Yet, the next-to-leading order (NLO)
spin-orbit interaction has been approached much later, first at the level of the equations of
motion (EOM) in [8], and [9], and then within the ADM Hamiltonian formalism [10]. The
next-to-next-to-leading order (NNLO) spin-orbit interaction was first derived in Hamiltonian
form in [11, 12], building on [13, 14], and then at the level of the EOM in [15, 16].



In this work we apply the effective field theory (EFT) for gravitating spinning objects
in the PN scheme, formulated in [17], at the NNLO level, which was first treated in [18]. We
derive the NNLO gravitational spin-orbit interaction potential at the 3.5PN order for rapidly
rotating compact objects. The EFT for gravitating spinning objects [17], builds on the novel,
self-contained EFT approach for the binary inspiral, which was introduced in [19, 20] for the
non spinning case, and where an extension to spinning objects was first approached in [21],
considering the seminal works in [22, 23] for spin in flat and curved spacetime, respectively.
The EFT for gravitating spinning objects enables to directly obtain the EOM via a proper
variation of the action [17, 24]. Furthermore, it also enables to obtain the corresponding
Hamiltonians in a straightforward manner from the potentials derived via this formulation
[17]. Indeed, from the potential, which we obtain here in a Lagrangian form for the first time,
we derive the corresponding NNLO spin-orbit Hamiltonian, and then compare our result to
the ADM Hamiltonian in [11, 12]. We arrive at a complete agreement between the ADM and
EFT results.

The spin-orbit sector constitutes the most elaborate spin dependent sector at each order,
see [17] for the LO and NLO levels, and [18] for other sectors at the NNLO level. Accord-
ingly, we encounter here a proliferation of the relevant Feynman diagrams, where there are
132 diagrams contributing to this sector, and a significant increase of the computational
complexity, e.g. there are 32 two-loop diagrams here. We also recall that as the spin is
derivative-coupled, higher-order tensor expressions are required for all integrals involved in
the calculations, compared to the non spinning case. Yet, the computation is carried out in
terms of the nonrelativistic gravitational (NRG) fields [25, 26], which are advantageous also
in spin dependent sectors, as was first shown in [27], and later also in [17, 18, 28, 29]. We also
apply the various gauge choices included in the EFT for gravitating spinning objects [17],
which also optimize the calculation. In addition, we automatize the EFT computations here,
and carry out the automated computations in parallel, where we have used the suite of free
packages xAct with the Mathematica software [30, 31]. Such automated EFT computations
would be most useful to obtain higher order PN corrections. It should be stressed that in
order to obtain further higher order results, all lower order results are required, consistently
within one formalism, and so also in that respect the derivation presented in this work is
essential.

The outline of the paper is as follows. In section 2 we briefly review the EFT for
gravitating spinning objects in the PN scheme, and present the Feynman rules required
for the EFT computation. In section 3 we present the evaluation of the NNLO spin-orbit
interaction potential, going over all contributing Feynman diagrams, and giving the value of
each diagram. In section 4 we present the NNLO spin-orbit potential EFT result, and from
it we obtain the corresponding EFT Hamiltonian. We then compare our result to the ADM
Hamiltonian, where we resolve the difference between the Hamiltonians, using higher order
PN canonical transformations, and arrive at a complete agreement between the ADM and
EFT results. In section 5 we summarize our main conclusions. Finally, in appendix A we
provide the additional irreducible two-loop tensor integrals required for this work.

2 The EFT for gravitating spinning objects in the PN scheme

In this section we present the effective action, and the Feynman rules, which are derived
from it, and are required for the EFT computation of the NNLO spin-orbit interaction. We
employ here the NRG fields, as applied with spin in [17, 18, 27-29]. Here, we briefly review



and build on [17, 18, 24, 27, 28], following similar notations and conventions as those that
were used there. Hence we use ¢ = 1, 1, = Diag[1l, —1, -1, —1], and the convention for the
Riemann tensor is R¥,,3 = (9(11’56 — 95T + Fﬁafl))ﬁ - Fﬁﬁfl))a. The scalar triple product

appears here with no brackets, i.e. @ x b-¢= (@ x l_;) - ¢. The notation fE = (gil;d is used

for abbreviation. In fact, the generic d-dimensional dependence can be and is suppressed in
what follows, and d can be set to 3, except for computations which involve loops, where only
the d dependence from the generic d-dimensional Feynman integrals, see appendix A in [18],
should be considered.

First, in terms of the NRG fields the metric reads

e2? —e2? A;
Jpw = ( —62¢AZ’ _6_2(25'72‘]' + 62¢AiAj >
o 14204207 + 3¢ —Aj —2A;¢ — 24,47
T\ -4, - 2Ai¢ — 2Aj¢2 _5ij + 2¢5¢j — 055 — 2¢25ij + Q(bO'ij + AiAj + §¢35ij ’
(2.1)

where we have written the approximate metric in the weak-field limit up to the orders in the
fields that are required for this sector.
We recall that the effective action, describing the binary system, is given by

2
S=5+> St (2.2)

I=1

where Sy is the pure gravitational action, and S),, is the worldline point particle action for
each of the two particles in the binary. The gravitational action is the usual Einstein-Hilbert
action plus a gauge-fixing term, which we choose as the fully harmonic gauge, such that we
have

1 1
Sy = Sgn + Sar = ——— [ d'z/gR+ ——— [ d* ,THTY 2.3
g EH + OSGF 167G 1'\/5 + 397G x\/ggu ) ( )
where T'* = T'h, g7
From the gravitational action we derive the propagators, and the self-gravitational ver-

tices. The NRG scalar, vector, and tensor field propagators in the harmonic gauge are then

given by
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where Pij;kl = % (6ik5jl + 5i15jk - 25@']'6191)-
The Feynman rules for the propagator correction vertices are given by
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where the crosses represent the self-gravitational quadratic vertices, which contain two time
derivatives.

The Feynman rules for the three-graviton vertices required for the NNLO of the spin-
orbit interaction are given by
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where the first three vertices are stationary, and can be read off from the stationary Kaluza-
Klein part of the gravitational action. The next four vertices are time dependent, and contain
up to two time derivatives.

The Feynman rule for the four-graviton vertex required to the order considered here is
given by

/d4$ (AﬁZAJ(?tAJ), (215)
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where this vertex is stationary.
Next, we recall that the minimal coupling part of the point particle action of each of
the particles with spins is given by

1
Spp :/d)\ [—mv u? — §SWQ“"} , (2.18)
where A is the affine parameter, u* = dz* /dX is the 4-velocity, and Q*”, S,,, are the angular

velocity and spin tensors of the particle, respectively [17]. We parametrize the worldline
using the coordinate time ¢t = z°, i.e. A = ¢, so that we have for uy = dat [dX: ud =1,



u' = da'/dt = v'. Since the spin-orbit interaction is linear in the spins, only the minimal
coupling part of the action, i.e. that which appears in eq. (2.18) is required. We stress that
in the spin-orbit sector both mass and spin couplings play central roles in the interaction.

Let us then present first the mass couplings required for this sector. The Feynman
rules of the one-graviton couplings to the worldline mass required for the NNLO spin-orbit
interaction are given by

u—:—m/dtgb[l—i—;vQ—kgv‘l—k--l, (2.19)
i Lo, 3 4
e-——- =m dt Aﬂ) 1+§U +§U +oee (2.20)
1 i 15
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where the heavy solid lines represent the worldlines, and the spherical black blobs represent
the masses on the worldline. The ellipsis denotes higher orders in v, beyond the order
considered here.

For the two-graviton couplings to the worldline mass required here, we have the following

_ 1 2 [ 9 2 ]
< = 2m/dzt o [L-gv e (2.22)

/ Z r 3 2 -
T = m [ dt pAR" |1 — vt 4|, (2.23)

< =— ;m/dt poivivd [L4---]. (2.24)

Finally, for the three-graviton couplings to the worldline mass required here, we have

Feynman rules:

the following Feynman rules:

<:_ém/dt¢3 [1+---], (2.25)
.4 :%m/dt P2A [L+---]. (2.26)

Let us go on to the spin couplings required for this sector. These are given here in
terms of the physical spatial components of the local spin variable in the canonical gauge



[17]. First, we have contributions from kinematic terms involving spin without field coupling
[17]. To the order we are considering, these are given by

Lkin:_§'§+

- 3 5
S.Txa (1 + ZUQ + §v4> , (2.27)

where S;; = €k, Qij = €18, €5 is the 3-dimensional Levi-Civita symbol, and al = ot
We recall that all indices are Euclidean.
The required Feynman rules of the one-graviton couplings to the worldline spin are thus
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where the (gray) oval blobs represent the spins on the worldlines.
For the two-graviton couplings to the worldline spin, the Feynman rules required here
are:

& = [ dt [QEiijk (3ZA] o+ Aj o) UZ)] , (2.31)
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Finally, we also have to include three-graviton spin couplings. For three-graviton cou-
plings to the worldline spin, the only Feynman rule required here is

- :/dt [4€ijk5kaiz4j (bQ] . (2'36)

Note that similarly to the NLO, where the two-scalar spin coupling is absent, here at NNLO
the three-scalar spin coupling vanishes due to the use of the NRG fields, and our gauge of
the rotational spin variables. Its appearance is then deferred to higher PN orders, which is
advantageous.

3 Next-to-next-to-leading order spin-orbit interaction

In this section we evaluate the relevant two-body effective action by its diagrammatic expan-
sion. As explained in [18], in the NNLO spin-orbit potential, which is evaluated at 3.5PN
order, we have diagram contributions up to order G, coming from all 12 possible topologies
appearing at these orders, as displayed in figures 1-6 below: one topology at O(G), two at
O(G?), and nine topologies at O(G?). For the construction of the Feynman diagrams we use
the Feynman rules presented in the previous section, see [18] for more detail. We have a total
of 132 diagrams contributing to the NNLO spin-orbit interaction. Eventually, we will also
have contribution from terms with higher order time derivatives coming from the point-mass
2PN order [32], and up to NLO spin-orbit [17] sectors

We denote 7= ¥} — @a, r = |7], and 7 = L. Labels 1 and 2 are used for the left and
right worldlines in the figures, respectively. All of the diagrams should be included together
with their mirror images. Accordingly, the (1 <+ 2) notation stands for a term, whose value
is obtained under the interchange of particles labels. Finally, a multiplicative factor of f dt
is omitted from all diagram values.

3.1 One-graviton exchange

For the NNLO spin-orbit interaction we have 8 one-graviton exchange diagrams as shown in
figure 1. In addition to the one-graviton exchange diagrams, which already appeared in the
NLO spin-orbit sector [17, 28], new diagrams are added here by inserting further propagator
correction vertices. Tensor Fourier integrals of up to order 5 are required here, due to the
derivative-coupling of spin, which makes the computations heavier, see [18], and appendix A
there.

At the NNLO level we inevitably obtain terms with higher order time derivative, i.e. with
accelerations and precessions, and these are all kept until they are treated rigorously in the
resulting action [17, 24], see section 4 below. Finally, we recall that there are several ways
to evaluate diagrams with time derivatives, which differ only by total time derivatives. Our
convention for their evaluation is, that time derivatives from the spin couplings are taken on
their respective worldlines, whereas those from the propagator correction vertices are taken
symmetrically on the worldlines.

The values of the one-graviton exchange diagrams are given as follows:

2G G
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Figure 1. NNLO spin-orbit Feynman diagrams of one-graviton exchange.
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Figure 2. NNLO spin-orbit Feynman diagrams of two-graviton exchange.
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3.2 Two-graviton exchange and cubic self-interaction

3.2.1 Two-graviton exchange

For the NNLO spin-orbit interaction we have 15 two-graviton exchange diagrams, as shown
in figure 2, where they either contain a two-graviton spin or mass coupling.

The two-graviton exchange diagrams also require only tensor Fourier integrals. We
encounter here two-graviton exchange diagrams, which involve time derivatives, either from
the spin couplings or from propagator correction vertices.

The values of the two-graviton exchange diagrams are given in the following;:

8G2m?2

Fig. 2(al) = — 3 28, X i Ty — SG;?Q [251 X 7 - 2}21)2 Sy X Ty - oty - n] (3.9)
Fig. 2(a2) = 4G:3 { 1 X 71+ Uy (vl Uy — A - ity - 7l — (Uy - 1) ) + gl X U] - UaUs - ﬁ]
+ 4G:m2 (S x 71 @261 -7 = B - ) — Sy x 7 - @
4G:2m2 U n51 X T Uy — 4GPm; Sy X 7 - s, (3.10)
Fig. 2(a3) = — 4ij1% [51 X 71 - o (T - Up — 4Ty - il - 7 — 3(Ta - 7)%) + 1 x Ty - Tala - 7
. 4G:,7L%772 TR TP Al PRETANY (3.11)
Fig. 2(b) :46’:73’”%1)551 X 71 - Ty, (3.12)
Fig. 2(c) = — 46::73”1%@%5’1 X - Uy + 4G2 51 X Uy - d1, (3.13)
Fig. 2(d) = — 4G:§"3 S X - Boly - Ty + S1 X Ty - ol - ﬁ] (3.14)
Fig. 2(e) :SG:;n%ﬁl -?725"1 X 11 - Uy + 8G22m% S1 X Ty - as, (3.15)
Fig. 2(f1) = — 26’2:173””251 X 7 T — % [351 X i - Ty - By + 3Sy x i - T (12
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3.2.2 Cubic self-interaction

For the NNLO spin-orbit interaction we have 49 cubic self-interaction diagrams, as shown in
figure 3, where the cubic vertices contain up to two time derivatives.

The cubic self-gravitational interaction diagrams require first the application of one-loop
tensor integrals up to order 3, in addition to the Fourier tensor integrals, see appendix A in
[18]. Here, we encounter time derivatives from the spin couplings, the propagator correction
vertices, and the time dependent cubic self-gravitational vertices.

The values of the cubic self-interaction diagrams are given as follows:

G*m3 - 4G2m%

3 S1 X 17Uy +
r

Fig. 3(al) = [35 i T - T +4§1 X 7l - Tyl

8G2 8G2
Sl X dq - Uy +
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Figure 3. NNLO spin-orbit Feynman diagrams of cubic self-interaction.
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Figure 4. NNLO spin-orbit Feynman diagrams of order G® with no loops.
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3.3 Cubic in G interaction

3.3.1 Three-graviton exchange

For the NNLO spin-orbit interaction we have 7 diagrams at order G® with no loops, as shown
in figure 4. These three-graviton exchange diagrams are constructed with either one-, two-,
or three-graviton spin couplings.

The values of these diagrams are given by
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Figure 5. NNLO spin-orbit Feynman diagrams of order G3 with one loop.

3 2
G°mims;

Fig. 4(a3) = — 2= S| -0y X 7, (3.75)
Fig. 4(ad) :2%51 Ty X (3.76)
Fig. 4(b1) = — 16GjT% Sy - 0y x 7, (3.77)
Fig. 4(h2) = — %ﬁl Ty X 1, (3.78)
Fig. 4(b3) :Mi Ty X (3.79)

4
r
3.3.2 Cubic self-interaction with two-graviton exchange

For the NNLO spin-orbit interaction we have 21 diagrams at order G* with one loop, as shown
in figure 5. These diagrams contain both cubic self-interaction and two-graviton worldline

couplings.
The values of these diagrams are given by
G3 3

Fig. 5(al) =32 TTQ S -0y x 7, (3.80)
G3 2

Fig. 5(a2) :8%51 Ty X 7, (3.81)
G3 2

Fig. 5(a3) :8%51 Ty X 7, (3.82)
G3 2

Fig. 5(ad) =8—— 2.8, . 5, x i, (3.83)

r
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3 2
G°mims;

Fig. 5(a5) =2=— 7 Sy - Ty X 7, (3.84)
Fig. 5(a6) :2%5} Ty X 1, (3.85)
Fig. 5(a7) = — 8% S\ - Ty X i, (3.86)
Fig. 5(a8) = — 2%51 0y X i, (3.87)
Fig. 5(a9) = — 2%51 7 X 7, (3.88)
Fig. 5(b1) = — GZ”% Sy x i, (3.89)
Fig. 5(b2) = — GZ"% Sy -7 x i, (3.90)
Fig. 5(b3) :%@ Ty X, (3.91)
Fig. 5(b4) =0, (3.92)
Fig. 5(b5) :SW@ Ty X 7, (3.93)

2
1G3mim3 -

Fig. 5(b6) =5 —— 251 - 71 x 7i, (3.94)
Fig. 5(b7) :%%@ Ty X (3.95)
Fig. 5(cl) = — 2GjT§ Sy - Ty x 7, (3.96)
Fig. 5(c2) = — %51 Ty X 1, (3.97)
Fig. 5(c3) = — 2%51 LTy X, (3.98)
Fig. 5(c4) = — %%ﬁl LTy X T, (3.99)
Fig. 5(c5) = — %%ﬁl LT X 1. (3.100)

Note that the total value of the diagram in figure 5(b4) equals 0, although it does not stand
for a short distance contribution.

3.3.3 Two-loop interaction

For the NNLO spin-orbit interaction we have 32 two-loop diagrams at order G2, as shown in
figure 6. These diagrams contain two cubic vertices or one quartic vertex, and even include
cubic vertices with time dependence. As explained in [18], they contain two-loop Feynman
integrals of three kinds: Factorizable, nested, and irreducible. The factorizable two-loop
diagrams do not contribute at the NNLO level, and they yield here purely short distance
contributions, of the form 6(1)(F), which are contact interaction terms. For other two-loop
diagrams calculations should be made, keeping the dimension d general, and the limit d — 3
is only taken in the end.
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(b1) (b3) (b4) (b5)

N N
_/ N
(b6) (b8) (b10)
_ <’ g B / »
(b11) (b12) (b13) (b14) (b15) (b16)
(c1) (c2) (c3) (c6)
(d1) (d2) (e1) (e3)

Figure 6. NNLO spin-orbit Feynman diagrams of order G* with two loops.
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For the irreducible two-loop diagrams, which are the most complicated, irreducible two-
loop tensor integrals of order 3 are encountered here. These are reduced using the integration
by parts method to a sum of factorizable and nested two-loop integrals, as explained in [18],
and see appendix A there. In addition to the irreducible two-loop tensor integrals, which
were given in appendix A of [18], egs. (A1ll), (A12) there, two further irreducible tensor
integrals are required here, and we provide them in appendix A below.

The values of the two-loop diagrams are given in the following:

Fig. 6(al) =0, (3.101)
Fig. 6(a2) =0, (3.102)
Fig. 6(a3) =0, (3.103)
Fig. 6(ad) =0, (3.104)
Fig. 6(a5) =0, (3.105)
Fig. 6(b1) = — 32 GjT% Sy x 7, (3.106)
Fig. 6(b2) = — 25—4%51 Ty X 7, (3.107)
Fig. 6(b3) :1—56%51 LT X 7 (3.108)
Fig. 6(b4) :%%i Ty X7, (3.109)
Fig. 6(b5) :zGiTBSl T x 7, (3.110)
Fig. 6(b6) :g%i T X 7 (3.111)
Fig. 6(b7) :%%i Ty X (3.112)
Fig. 6(b8) — — %Gj’fg Sy x 7, (3.113)
Fig. 6(b9) = — %%S} Ty X i, (3.114)
Fig. 6(b10) = — 2%5} Ty % i, (3.115)
Fig. 6(b11) :2GiT351 T X 7, (3.116)
Fig. 6(b12) = — é%s} LTy X, (3.117)
Fig. 6(b13) :é%bﬂ Ty X (3.118)
Fig. 6(b14) :%GZ”% Sy - By x 7, (3.119)
Fig. 6(b15) = — %%S} LTy X, (3.120)
Fig. 6(b16) :%S} Ty X T (3.121)
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3 2
G°mims

Fig. 6(c1) = —4=—7 Sy - Ty x 1, (3.122)
G3 2

Fig. 6(c2) :4#51 LTy X 7, (3.123)
G3 2

Fig. 6(c3) =12——"28, . 5, x i, (3.124)

T'
G3 2
Fig. 6(c4) = — 28%51 Ty X 7, (3.125)
) G3myim?2 - . . . -,
Fig. 6(c5) :#Sl 28] X 71 — 205 X 7, (3.126)
G3 2

Fig. 6(c6) :%S1 (125 x 7 + 226, x 7], (3.127)

Fig. 6(d1) =0, (3.128)

Fig. 6(d2) =0, (3.129)
G3 3

Fig. 6(cl) =16—— 28, - & x i, (3.130)

16 G3

Fig. 6(c2) =~ %Sl Ty X 7, (3.131)
16G°

Fig. 6(e3) = 5 MS& U1 X 7. (3.132)

T

4 Next-to-next-to-leading order spin-orbit potential and Hamiltonian

Summing up all of the Feynman diagrams from the previous section, we obtain the NNLO
spin-orbit interaction potential for a binary system of compact spinning objects as follows:

5 = Gmeo
VNNLO = — 1—651 X 271 . C_L‘l’ULl1

+ 47 - 1721)% — 32}11 — 31)2 + 67 - nv%vg <71 — 601 - iUy - 71U « Uy + 677 - Tivs - ﬁv%
+ 303 (T - 71)% + 30 (T - 71)% — 15(T) - )2 (Ts - 7)2) + Sy x 7 - T (vivd

— 20 - Tyvs — 2(T) - Uo)? + 3v5 — 601 - ity - 7ivs + 3v3(Ty - ) + 3vi(Ty - 1)

[Sl X 71 - Uy (51)12}1 Uy — 31)12}%

2

+ 15(271 . ﬁ)2(172 . ﬁ)2) + §1 X U1 - U (171 . ﬁ’U% — 201 - Uy - Uy + 207 - ﬁ’U%
Gm2

—»

+ 205 - ﬁv% — 60 - 71 (Ts - ﬁ)Q)} + [Sl X 1101 (41)1 a1y -

—4272-’561-172—{—61-ﬁv%—v%62-ﬁ+4271-ﬁ51-52—4171-ﬁ’[fg-(lé

+ 3dy - AT - 7)? — 31 - AW(Ta - 7)2) + 251 X 7 - @1 (V3T - 7T — To - 7T - Ty

+ vy - ﬁ’U% + Uy - ﬁUQ — 307 - ’I’L(Ug . ﬁ)Q) — 51 X U1 - d (122}% — 127 - Uy + 5’[)%
—4?71-77?72-77—%(?72-77)2)—%51Xﬁ-ﬁz(?ﬁz-ﬁﬁl-ﬁz—ﬁl-ﬂvg

+vidy - 7 — 20y - V) - G + ATy - W0y - Go — a2 - (T - 7)? — 3dy - 71(T2 - 7))
—251X’L71-272(6271-61—61-’L72—U1 a2+21)2 a2—171 ﬁc_ig ﬁ)

— S xdy - 02(601—41)1 1)2—1—51)2—61)1 nivy - 1 — (Tg - n))

+ 28, Xn-ag(v%vg-n—i—vl-m)2—3v2-n(vl-n) )—l—Slxvl-c_ig(v%—Qv%

+ 40 it 7 — (T 7)%) — Sy x Tp - @2 (v] — (B 'ﬁ)Q)]
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Gmar =
5 [Sl X 11 - U1 (1}%1)2 -7l — Ug - V] - Vg + U1 -m)% 4 Uy - m)% — 30y - (v - n)z)
,

—§1 X ﬁ172(171 ﬁv%%—@ ﬁv% — 31 ﬁ(l_}é ﬁ)2) —51 X U1 172(3’0% —{—22}5

—

. 1 & - o L
—3vl-nvg-n—(g-n)Q)]——Gmg[Slxn-al(v%—(2 )2)
—|—4§1X’L71-(Z1’L)2 n—{—651><a1 Voo - 11— S X 1 - 62(’01 (

v - )%
—251 xﬁl-agvl 7”L+Sl ﬁ-vl(vg—(ﬁg-ﬁ)z) —§1 Xn-ﬁg(vg—(ﬁg-ﬁ)z)

— - =

+6§1le-vzvg-ﬁ—i-glXﬁ-ﬁl(561-62+61-ﬁ62-ﬁ)
—|—2§1Xﬁ-51(2171'52—2272-62+271-ﬁ62-ﬁ)—§1X171-6162-ﬁ
— 81 X @ B3y - @y + @y - iy - 7) + S) X @y - Tado - 7
—2§1xﬁ-&2(61-172+61-ﬁ172-ﬁ)—§1xUl-cfgch-ﬁ

— 98y X @y Ga (A7) 7 — Ty - ) + Gy x Ty - dadiy - 71+ 281 x 71+ 7 (20 - G
— 20y - do + U1 - Tds - ’I’L)—{—2Sl><ﬁ 61(’03 (272-ﬁ)2)+4§1X271-5152-ﬁ

5

—251><n-1)2(271 o — 2Uy - do + Uy - Tidoy - n)+251><v1 Uads - T

+12Sl><a1 Uty - n+251><_'-_’2(1)%—201'ﬁ?72'ﬁ)
A8y X T G (201 7~ Ty - 7) + 281 X By - oy 7]

1 A 5 L o
+—Gm27“ S1 XM -dyde -+ 51 XM -dody -7+ 7S] X dy-doy

5 o5 — - = -

—i—Slxal a2+251><n asvq - n—|—251><v1 az—i-San-UlaQ-ﬁ

5
- =

—Slxn Uods - n—ZSlxn Ao Us - n+7S1><vl dy — S1 X Uy - o

- = — —

+2§1 X 1 - dydy - 1+ 1451 X aq - 62} + ZGm2T2§1 X 1 - Ao

Sy x it - vy (130] — 410 - Uy + 2805 — 160 - it - 7t — 8(1 - 71)?

—12(T - 7)%) — 281 x 71 - Vo (v} + T, - Tp — 803 — 560 - 7Ty - 71 + A(T - )

2G mimeso

— 62(3y - 71)?) + Sy X T B (78 -7 - 387 - 7) | - (S x 7t 7 (20F

3
r
+ 77 - 1)2—3?)24-12?71 Vs - n—lﬁ(vl ) +4(172 ) ) —251 Xﬁ-ﬁg(ﬁl-ﬁz

—U%+4271-ﬁ272-ﬁ—4(171-ﬁ)2)—§1X171'272(2271'ﬁ—5172'ﬁ)}

2G%2mim
—#{Slxn vl(2a1 7+ do - n)—|—51><n a1(3v1 7+ 20y - n)
.
~ ~ ~ G?m2r1 -
=28 X 7t Gl 71+ 280 X @y Ty + 251 x Ty dp| — T 52 (281 x - a7
T

—|—4§1Xﬁ51(271ﬁ—ﬁgﬁ)+2§1><ﬁ’[72(61ﬁ—|—1452ﬁ)
—251Xﬁ-&g(ﬁl-ﬁ—18ﬁg-ﬁ)+l4§1 X61-61+27§1X61'772+§1X?71-62

G2m1m2

+12§1><172'672}— 5 [6§1><ﬁ-171(3171-ﬁ—172-ﬁ)
T
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N - G?*m2r=

—251Xﬁ-ﬁg(?ﬁl-ﬁ—5ﬁg'ﬁ)+7slX271-172} — 1 22|:51Xﬁ'271(3271'ﬁ
r

— 4Ty ) + 28 X - By (0 7L+ 150 - 7) + 278 x Ty - B

G? ; ; 17G%m3
—M[Slxﬁ-alJrﬁslxﬁ-@] _fEmy
.

G3mimy

my 3 N

251 Xn-ag
4r

3 2

5G°mims;

+ {51Xﬁ-271—51Xﬁ'172]+ |
31,3
G°m;

ré

1 [51Xﬁ-171
r

S x| + [Su i1 = Sy i i) + (15 2). (4.1)
This potential still contains higher order time derivatives of the velocity and spin. These can
be handled at the level of the EOM through a substitution of lower order EOM. However, it
is often more useful to perform the elimination of higher order time derivatives at the level
of the potential, and to also transform to a Hamiltonian.

For the reduction of higher order time derivatives we follow the procedure outlined in
[24, 33], and its explicit extension for spin variables in [24]. It should be stressed that this
procedure is in general not equivalent to a substitution of EOM at the level of the potential,
but rather to a redefinition of variables, which removes the higher order time derivatives.
Yet, as long as this redefinition contributes only linearly to the sector, its result is identical
to an insertion of the lower order EOM. Indeed, this is the case in the NNLO spin-orbit
sector considered here. In the point-mass potentials the accelerations start to appear at the
2PN order, so that the redefinitions would contribute quadratically only at the 4PN order.
The LO spin-orbit potential at 1.5PN order also contains time derivatives, but the required
redefinitions would contribute quadratically only at the quadratic level in the individual
spins. The higher order time derivatives can therefore still be removed here through a simple
insertion of lower order EOM into the potential.

Next, we can perform a Legendre transformation to obtain a Hamiltonian. For that we
need to replace the velocity in terms of canonical momenta, which reads

i 1. Gma i i R 2G ok 3Gma koo
v1 =Py — 529@129% + or [ — 6% + 7Py +n'ii - p2] — T—2€z‘jk”]52 T Omir? €ikjn" Sy
+£[_56.Aij*.?+44.Aij*.?_i_ﬁ‘.ij“.?_‘.?
o2 ikjP2251 - P1 €ikjP2O31 - P2 €ikjT D3N - P11 - P2
+ 26ikjnkS%]§1 . ];2 — 2]5%52 X 17 - 51 — Gniﬁ . 5252 X 17 - 51 — 3niﬁ . 5152 X 71 - ];2
S oo = Loz .- - = 35G2m1 ; 6G2m2 ]
+ 6171 - PoSo X 1 - P — Hn'Sy X Py -pg] + Teikjnksg + TeikjnkS%
sz N I . . N I
+ 82 [1661']1@]9%5% “p1+ 5€ijkan{€p% - QOfijkp%S{Cn )

+ 24€ijknj5fﬁ-51ﬁ -ﬁz — 10}5%51 X ﬁ]gl — 24niﬁ-]§25_"1 X ﬁﬁl + 8}5125"1 X ﬁﬁz

i P Lo P & >z i S 7G2m2 i
+ 24071 - poS1 X 1 - po + 16n'Sy X Py - po — 6eijkanf(n . pg)Q] + 5,3 el-jkn]Sf
5G%m?3 ,
TT?)QEU]CTLJS{C, (42)

where we have used the abbreviation ﬁa = Pa/Mmq. This results in a compact Hamiltonian:

Gmarz o 7 o7 7 D A O z oz o o
HEMO = 162 [51 X 71 - P (4P1P1 - P2 + P1P3 + 101 - Pops — 14(p1 - p2)* + THT — 3
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+ 24 - P3P - i+ 12p) - s - Tipy - o + 18P - Py - p3 — 15p3(py - 71)?

— 30p1 - pa(Pa - )% + 693 (P2 - )2 + 75(p1 - 7)* (2 - 7)* — 30py - W(p2 - 7))

— 48y X - po(202P1 - P2 + PiD3 + 2D1 - Pap3 — 2(p1 - po)? + 6Py - WPpa - 70

+6p1 - fipa - i3 — 3p3(p1 - 7)? — 3p3(po - 7)* + 15(py - 1) (P2 - 7))

— 28y % 1 - pa(6p1 - 7APT — 12p3p2 - 7L — 2p1 - W1 - P2 + 10p2 - 7ipy - po + 9p1 - 7P
— 14py - P2 + 21ps - A(Py - 7)% — 27p1 - A(Pa - ﬁ)Q)] % [Sl x iy (1157
+35p1 - P2 — 44pF — 144(py - 7)* — 86(p2 - 7)%) — 481 x i - pa(11pF — 14py - po
165 - b - 7+ 8(51 - 7)) + 351 % B - ha (4151 - 1 — 2855 - 1)

G?*m3 = L o= ~ » oz R L7 S O
+ 167“32 [251 X 1 - P1 (21p% + 17py - po — 41p3 + 117py - ipy - 7@ + 24(p; - 71)?
—66(p2 - 7)%) — Sy X 7t - pa(13p7 + 228p1 - o — 20253 — 24p; - ﬁﬁg -7+ 32(p; - 71)?

Gm1

— 328( - 1)) = 251 % f1 - 52 (6201 - 71 — 175> - 7) | + [19151 X - fy

- S 3G3m?2 - - - S
—31251xﬁ-pQ}+%[9slxﬁ-pl—1ﬁslxﬁ-pz]
T
9G3 3
+ o [5Sl><n p1—851><n pg} +(1H2). (4.3)
"

The Poisson brackets are the standard canonical ones, as shown in [17].

4.1 Resolution via canonical transformations
If the EFT Hamiltonian obtained here in eq. (4.3) is physically equivalent to that of [11, 12],

then there exists an infinitesimal generator g of a canonical transformation such that

AH = {H,g} = {Hx + Hipxn + Hi3, 9XN10 + 9NLo + 9opn )
= AHopx + AHspy + AHSSC + AHSO™O, (4.4)

where here we have dropped contributions to sectors beyond linear in spin and beyond NNLO,
and where

AH = Hgpr — HAaDM- (45)

Thus, the contribution to the NNLO spin-orbit sector comprises

AHIYYO = {Hy, g 3R10} + {Hipn, 9320+ + {HES, gopn ) (4.6)

and we also have here contributions to lower orders, given by

AHNLO = {HNagNLO}

AHopx = {HN, gopn } (4.7)
so we also require that the canonical transformation is consistent with the equivalence at
NLO of the spin-orbit, and 2PN non spinning Hamiltonians.

Similarly to the construction considerations in [24, 28], we find for the infinitesimal gen-
erator of PN canonical transformations for the NNLO spin-orbit sector, gﬁ%LO, the following
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general form:

SO
INNLO —

Gm2 =

[ﬁﬁ

rao (72 7)° ) +

L . . . . 2
+ g10P1 - Pap2 - 7+ gr1pap1 - i+ grapape - 7+ gi3py - 7t (ﬁz . ﬁ)

<g1p1 + goP1 - P2 + G35 + g4 <p1 ﬂ) + gsp1 - P2 - 10
P1 X

i (geip1 - 7+ gspiha - 7+ goPr - Do -

. 2 . 3 . 3 . .
+914 <Z51 ﬁ) D2 - 11+ g15 (ﬁl ﬁ) + 916 <Z52 . ﬁ) ) + P2 X1l <917]5%ﬁ1 -1
+ g18P3P2 - 7+ g19p1 - Dap1 - T+ gooP1 - DaP2 - T+ go1Pap1 - T+ goopaps - 7t

. . 2 . 2 . 3 . 3
+923I51'ﬁ<252'ﬁ) + 924 (ﬁl'ﬁ) P2 - T+ gos <ﬁ1'ﬁ) + 926 (ﬁz'ﬁ) )]

GZ
+ =23 [ P1 X P2 (g2rmi1 + gasmnz)

Py x it <Z;1 -7 (gaomni + gsoma) + pa - i (gz1my + gzams)

)

P X 7l (51 -7 (933 + gaama) + Pa - 7 (gasma + 936m2))] . (4.8)

We should also have the generators contributing first to lower orders, as noted in
eq. (4.6), so that their coefficients are already set from eq. (4.7). For the NLO spin-orbit
sector we have the generator from eq. (7.8) in [24, 28] with its coefficients set to the values
=0, g5 =0.

1
=55 4 (49)

=0
2

1
g1 = —5, 92

B )y 93

We should also take into account the generator, which contributes first at the 2PN non
spinning sector, from eq. (7.10) in [24] with its coefficients set to
g1=0, g2 =

1
_55 93:05 g4:05 95205 96:05 gr = —~ (410)

e

Thus, we plug in eq. (4.6) our ansatz for QI%ONLO from eq. (4.8), together with the fixed
generators in egs. (4.9), (4.10), and we compare that to eq. (4.5). Comparing O(G) terms
fixes the O(G) coefficients of g¥Q; o to the values

91:1_76’ 92:_2, 932_3, 94:0’ g5:_£, 96:0’ 97:0’

1 7 5 1 15
98 = 1g g9 =0, gu=-3 =15 92=7 913 =~"15° g14 =0,
g15 =0, 916 = 0, g17 =0, 918 =0, g19 =0, 920 = 0, 921 =0,
g22 =0, g23 =0, g24 = 0, 925 = 0, g26 = 0. (4.11)

This eliminates all of the O(G) terms in the difference. Comparing the remaining O(G?)
terms in the difference fixes the O(G?) coefficients of g3Q1, to the values

9 1 39 3 31
927 = 16’ g28 = 5R g29 = g’ g3 = 1’ g31 = g’
11 1 51
932 =~ 933 = 2, 934 =—75; 935 =0, 936 = ——. (4.12)
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This eliminates all of the O(G?) terms, as well as all terms at O(G®) in the difference. Hence,
we have shown that the ADM Hamiltonian and the EFT Potential at NNLO spin-orbit are
completely equivalent.

5 Conclusions

In this work we implemented the EFT for gravitating spinning objects in the PN scheme
[17] at the NNLO level, which was first treated in [18]. We derived the NNLO spin-orbit
interaction potential at the 3.5PN order for rapidly rotating compact objects. Such high
PN orders are required for the successful detection of gravitational radiation, as the EOB
Hamiltonian, e.g. , requires parameters for the even higher 5PN and 6PN orders in the point-
mass case, in order to produce good waveforms. From the NNLO spin-orbit interaction
potential, which we obtain here in a Lagrangian form for the first time, we directly derived
the corresponding Hamiltonian. We then compared our result to the ADM Hamiltonian result
[11], and arrived at a complete agreement between the ADM and EFT results. Therefore, in
order to complete the spin dependent conservative sector to 4PN order, it remains to apply
the EFT for gravitating spinning objects [17] at NNLO to quadratic level in the spin, taking
into account finite size effects was already done in [24].

The spin-orbit sector constitutes the most elaborate spin dependent sector at each or-
der, and accordingly we encountered here a proliferation of the relevant Feynman diagrams,
where there are 132 diagrams contributing to this sector, and a significant increase of the
computational complexity, e.g. there are 32 two-loop diagrams here. We also recall that as
the spin is derivative-coupled, higher-order tensor expressions are required for all integrals
involved in the calculations, compared to the non spinning case. However, the computation
is made efficient through the use of the NRG fields, which are advantageous also in the spin
dependent sectors, together with the various gauge choices included in the EFT for gravi-
tating spinning objects [17]. In addition, we automatized the EF'T computations here, and
carried out the automated computations in parallel. Hence, it is clear that for higher order
corrections automated EFT computations, utilizing the NRG fields, should be implemented,
and are most powerful and efficient. It should be stressed that in order to obtain such higher
order results, all lower order results are required consistently within one formalism, and so
also for that the derivation presented in this work is essential. This work then paves the way
for the obtainment of the next-to-NNLO spin-orbit interaction potential at 4.5PN order for
rapidly rotating compact objects, once this level of accuracy would be approached.
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A Irreducible two-loop tensor integrals

In the evaluation of the irreducible two-loop diagrams we encounter irreducible two-loop
tensor integrals up to order 3. These are reduced using the integration by parts method to a
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sum of factorizable and nested two-loop integrals, as explained in [18], and see appendix A
there. In addition to the irreducible two-loop tensor integrals, which were given in appendix A
of [18], the two following reductions are also required here:

K} P / 1
/Ell?2 F(p— k)" k3 (p— ko)® (kn —ko)®  d =4 Jig, [’f% (p—Fk1)* k3 (p— k2)*

/ ki k] ! /
B k2 (p— k)2 k2 (p— ko) (k1 — ko)?  d—4J;

1
k3 (k= k2)” k3 (p — ka)*
p'p? — p'k] — pIki + 2kik]
1K2 k% (p— kl)Z k% (p— k2)4
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